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Equation (4. 50) now becomes Eq. (4. 45). Thus the
difference between Anderson's treatment and that
of the present paper lies in the difference in the two

sets of definitions of G(x) and E(x). Note that
Egs. (4. 46)—(4. 4S) still hold true in the Anderson
tr eatment.
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Using the Cr NMR, the field dependence of the magnetization M(T0, H) at elevated tempera-
tures of single-crystal ferromagnetic CrBr3 has been determined. While an accurate fit to the
M(Tp H) vs H data can be obtained using a two-exchange-parameter first-order renormalized
spin-wave theory, the parameters required differ appreciably from those required for an ac-
curate fit to the previously obtained M(T, 0)-vs-T data with the same theory. A t-matrix two-
parameter-model theory, correct to lowest order in the magnon density, 'but to all orders in
the magnon-magnon interaction, was constructed. Although both the first-order and t-matrix
corrections to the spin-wave energies are sizable, the full t-matrix results only change the
large first-order corrections to M(T, H) by 15%. However, even if one employs the full t-
matrix renormalization there are no pairs of values of the two exchange parameters which si-
multaneously fit the M(T, 0)-vs-T and M(TO, H)-vs-H data. We attribute the inability of the more
sophisticated theory to provide agreement with measurements of more than one thermodynamic
function to be an inadequacy of the two-parameter model rather than an intrinsic failure of the
theoretical approach.

INTRODUCTION

CrBr3 is one of the few ferromagnetic insulators.
The study of its magnetic properties has made pos-
sible detailed comparisons of experiment with the
predictions of spin-wave theory for a Heisenberg
ferromagnet. ~~ Until recently, precise measure-
ments of the temperature dependence of the mag-

netization using nuclear-magnetic-resonance (NMR)
techniques have been confined to the case of no ex-
ternal magnetic field because of the difficulty in
growing large single crystals.

A series of NMR studies have been made on a
CrBr3 single crystal which give information on the
magnetization processes and the mechanisms in-
volved in the enhancements of the NMR signals that
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are observed. In this first paper we give the re-
sults of an experimental and theoretical investi-
gation of the field and temperature dependence of
the magnetization M(T, H) as deduced from the fre-
quency dependence of the Cr' NMR. Only the case
of the external field applied parallel to the c (easy)
axis of hexagonal CrBr3 will be discussed here.
The character of the different resonances, their
angular dependence in a magnetic field, and the
measured enhancement of the rf field as seen by
the nuclei will be the subject of a subsequent paper.

In Sec. II details on the growth of the single crys-
tals are presented, along with the experimental
NMR results. The subsequent theoretical section
presents the motivation for, and the details of,
calculations of the self-energy and of the tempera-
ture and field dependence of the magnetization,
using a two-exchange-parameter model, in which
spin-wave correlations are taken into account.
Use of the t matrix in including all orders of spin-
wave interactions in the low-density limit is an
integral part of this calculation. Section IV pres-
ents some conclusions concerning both the experi-
mental and theoretical results of this paper.

II. EXPERIMENTAL DETAILS AND RESULTS

A. Sample Preparation and NMR Techniques

Tsubokawa's method of growing Cr Br, crystals,
where Cr metal powder is brominzted at about
V50 'C in a stream of argon, usually results in
thin platelets ranging in size from one to several
thousand microns, depending largely on the deposi-
tion temperature. A CrBr3 single crystal of
dimensions 5&&11&&16 mm, with the hexagonal c
axis perpendicular to the largest face, was grown
by the following procedure.

. A reaction container, consisting of an A1~03 boat
about 1.0 cm deep, 1.5 cm wide, and 10.0 cm long,
was loaded at one end with pure Cr metal powder
of —325 mesh particle size and was positioned in
a quartz-lined tube furnace designed so that the Cr
metal would be at a temperature of 750 'C while
the other end would cross a temperature gradient
dropping to approximately 600 'C. A container
of liquid Bra was attached to the input end of the
reaction tube, and the system was provided with
stopcocks at both ends. After thoroughly purging
the system with argon, the liquid bromine was
warmed to about 50 'C and admitted to the system,
while the Cr metal powder was slowly brought to a
temperature of 750 C. The system was kept at
this temperature for three days, whereupon it was
allowed to cool to room temperature and was
purged with argon to remove excess Br2. A thick
piece of Cr Br, was found at what had been the
cooler end of the boat. This single crystal was
quite stable but had to.be protected from moisture

to avoid decomposition.
Although it would be desirable to study a sample

that is ellipsoidal in shape to eliminate inhomoge-
neous broadening of the resonance lines when the

sample is saturated, the tendency of CrBr3 to
flake and deform' when cut discouraged us from
doing this. Therefore, the crystal was used as
is, for which we estimate the approximate demag-
netizing factor with the field parallel to the c axis
to be N~ =0.8(4w). Since the saturation magne-
tization of CrBr, at T = 0 'K is M, = 0.2V kOe we
would expect, for an external field Ho applied
parallel to the c axis, technical saturation to
occur at a field of H,'=N, M, =2. 7 kOe. %e shall
see that NMR studies provide an accurate mea-
surement of H, ' entirely in agreement with the
above estimate.

At applied fields less than H,', Cr' NMR is ob-
servable using marginal oscillators, superregenera-
tive oscillators, and pulsed techniques. Because
the enhancement of the NMR signal decreases
markedly in going from the unsaturated to the
saturated state of the crystal, in the case where
Ho &H', the Cr' resonance was only observable
using the two-pulse spin-echo method. The two
incoherent pulses were applied to a LC resonance
circuit, with the detected signal passing through a
broad-band amplifier before presentation on an
oscilloscope. The NMR frequencies were mea-
sured by monitoring the position of the zero beat
caused by mixing the echo and the signal from a
VHF signal generator and are accurate to at least
3 parts in 10 . To obtain the desired temperature
the sample was immersed in either liquid helium
or hydrogen with the pressure above the liquid
properly adjusted. The resonance coil was ex-
ternal to the Dewar containing the sample and the
cryogenic fluids.

Measurements of T2 as a function of magnetic
field show that Tz varies by less than 810 in the
range 0-6 kOe with T~-75 psec at 1.4'K. The
center of the resonance was determined by varying
the transmitter frequency and optimizing the echo
amplitude at fixed pulse separation v = 40 p, sec,
and recovery of the receiver after the second
pulse precludes measurement of echo amplitudes
at times t &18 p, sec. With Ho &H", the frequency of
the transmitter and the pulse s'eparations could
be fixed, and the line profile could also be examined
by varying the magnetic field.

B. Observations

In zero field and at temperatures from 0.04 to
0. 18T, (i.e. , 1.4-4.2'K), two distinct Cr5S NMR
signals have been observed. 2 ~ One is a set of
quadrupolar split lines identified with nuclei in
the primary c-oriented domains, and the other is
a more intense resonance which has been attributed
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At low temperatures where the spontaneous mag-
netization of each individual Cr3' spin has its maxi-
mum value, this manifests itself in the Cr NMR
in that the resonance frequency shifts as a function
of applied field as would a "bare" Cr" nucleus in
an external field H, defined by Eq. (1) when

Bp &H This is clearly seen in Fig. 1 for the
curve labeled 0.04-1.3T~. Notice that saturation
occurs at Hp = 2 5 kOe in agreement with our earlier
estimate of N~. Thaf the frequency shift is nega-
tive is a manifestation of the fact that the hyperfine
field is negative in CrBr3, and the addition of the
positive applied field leads to a smaller resultant
field rather than a larger one.

As the temperature is increased and v(T, 0) de-
creases, two effects are observed. First, the
field at which penetration occurs becomes smaller
since

FIG. 1. Cr NMR frequency, normalized to its value
at zero external field (Pp= 0) plotted as a function of
Hp for various temperatures, normalized to the Curie
temperature. In the lower left-hand part of the figure
there is indicated the average uncertainty in the ex-
perimental measurements.

to nuclei in domains magnetized perpendicular to
the c axis. 7 The character of the different resonances,
their angular dependence in a magnetic field, and
the measured enhancement of the rf field as seen
by the nuclei will be the subject of a subsequent
paper. Of course, with Hp &H,' there is only one
resonance observed since all nuclei then belong
to Cr ' spins aligned along the direction of the ap-
plied field. In Fig. 1 we show the frequency of
the central component of the quadrupolar split
line (m, = +-', —m. v = +-,') as a function of the ex
ternal field normalized to its value v(T, 0) at Ho = 0.
First, it must be made clear that with Hp &H the
resonance being studied is that of nuclei contained
in the c -oriented domains. Second, it should be
remembered that v(T, 0) varies strongly with
temperature in the region T=0-20.4'K(0. 68rc). 4

In the unsaturated state with Hp II e, the relative
sizes of the up and down c-oriented domains adjust
in a manner such that the external field is exactly
canceled by the demagnetizing field everywhere
inside the sample. %hat is quite remarkable is
how precise is this cancellation, as is evidenced
by the frequency independence of the NMR for
Hp&H,

" in Fig. 1. Careful measurement shows that
at a fixed temperature v(T, HO), for Ho&H,", is con-
stant to 1 part in 104. When Hp &H,", the field pene-
trates everywhere in the sample with the effective

H",(T) = NDM(T, 0). (2)

v(r, H, ) = v(r, O)+(A/h)(5S), „-y"H,(r)
for Ho&H", (T), where v(T, 0) = (A/h)(s)r 0. As a,

function of applied field the fractional change in
the frequency, which is the quantity shown in
Fig. 1, maybe expressed as

v(r, H, ) ~(r, H, (r)) y"H, (r)
v(r, o) M(r, o) v(r, o)

'

(4)

(5)

The last two terms in Eq. (5), which are absent
for Ho &H",(T), are separately plotted in Fig. 2 for
T=18'K (0.55rc). At this temperature ~(T,H, )
initially increases more rapidly with field than does
the y"H, (T) term However. , above a field of
H, = 4 kOe just the reverse is true, and we obtain
the behavior that is evident in Fig. 1 for v(T, HO)/

However, the most interesting effect is the change
in the Cr'~ NMR frequency for Ho &H",(T) which
departs markedly from its low-temperature linear
y'~(HO-H", ) behavior, a direct result of the field-
induced increase in the Cr ' spin magnetization.
This paramagnetic shift may be described by the
nuclear -spin Hamiltonian

~„=A,l (S),„,+y"l H, (r),

where (S)r „ is the thermal average of the Cr '
spin magnetization at temperature T in a field H,
and where H, (T) is defined by Eq. (1). Here A is
the hyperfine coupling constant and is assumed
to be independent of temperature. In the Appendix,
consideration of the effects of A being a function of
temperature will be given. The frequency for res-
onance is then
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v(T, 0).

III. THEORETICAL ANALYSIS

A. Hexagonal Model Lattice

'~i .++
gio

.~Ti&A .

JL'

In the previous theoretical analyses ' of
CrBr3 NMR data, the hexagonal DO~ lattice was
replaced by the hexagonal model lattice shown in
Fig. 3(b). This model lattice was introduced in
Ref. 2, and is characterized by two exchange
parameters, J~ between chromium pairs in the
same hexagonal layer, and J~ between pairs in
adjacent layers. Initially we will use this model
lattice in the following theoretical discussion
despite the fact that recent neutron scattering
measurements' have shown five exchange con-
stants are required to fit the full spin-wave dis-
persion in CrBr3.

This simplification has several obvious moti-
vations. As we have noted, all of the compari-
sons ' ' between theory and experiment in CrBr3
to date have been made using the two-exchange-
parameter model. Since we have measured a dif-
ferent thermodynamic function, we would first like
to see if the model has equal applicability, using

0.05
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O
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FIG. 3. Model lattices used in the study of the thermo-
dynamics of the Cr ' spins in CrBr3. (a) The true DO5CrBr3
lattice. (b} The hexagonal model lattice of Hef. 2. (c) A

rectangular model lattice used in the present paper and
in Ref. 9.

the previously determined J~ and J~, to our new
experimental result. Second, we might expect
the model to be qualitatively correct for long-wave-
length magnons in the basal plane and quantitatively
correct for all magnons propagating along the c axis
since the low-temperature thermodynamics is
dominated by precisely these spin waves. Third,
because we were interested in calculating the
multiple scattering of magnons, for which a pro-
digious amount of computing effort is required
even in asimplifiedtwo-exchange-parameter model,
we felt it ill advised to investigate the thermo-
dynamic properties of the more complicated real
lattice without an initial attempt to estimate the
importance of spin-wave correlations. In Sec. IV
we will return to the appropriateness of this or
equivalent two-parameter models as regards spin-
wave correlations and the comparison to be made
between experiment and theory.

B. Spin-%(ave Theory for Hexagonal Model Lattice

The Hamiltonian appropriate to the hexagonal
model lattice is

D
)- —0.02—

~ —0.03—

—0.04—

—0.05 I i I i I

%=X„—2Zr Z St '
Sy —2Jz, Z S&

' Sg,
(~,» (5, j)

where ( ) and ( ) denote, respectively, nearest
neighbors in the same and adjacent layer perpendic-
ular to the easy (s) direction, Jr and Z~ are the
exchange constants, and X& is the anisotropy
Hamiltonian. Davis and Narath (DN)4 have given
the expression for the spin-wave energies for this
model

PIG. 2. Theoretical deviation of the magnetization as
a function of H~ —=HO-H~, normalized to the magnetiza-
tion at 8,= 0, is shown in the upper part of the figure.
The NMR frequency shift which results from the externa1
field, normalized to the magnetization at IJe= 0, is shown
in the lower part of the figure. It is the algebraic sum
of these quantities which result in the experimental ef-
fects shown in Fig. 1. The curves are drawn for the
following values of the parameters: Jz = 8. 25'K,
Jg ——0.497 ' K, and T = 18 K.

e; (r) = g p, ,a„(r)+6Z,S[i+ (y, y „)"']+4Z,S(l —y,'),

where the + denotes the optical and acoustic branches,
respectively, that result from the presence of two
inequivalent sites, and the anisotropy has been
treated as an effective field H„(T). The latter is
obtained from the ferromagnetic resonance data
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to either M(T, 0) vs T or M(18 K, H) vs Ho but it
is not possible, within the first-order theory, to
fit both the temperature and field dependence of
the magnetization of CrBr, with any single set of
exchange constants. This is illustrated in the
J&-vs~& plot of Fig. 5, where the loci of good
fits to these two thermodynamic functions are
given.

One might think of a number of factors that
might contribute directly or indirectly to the dis-
crepancy between the first-order theory and the
experimental results. For example, (a) magneto-
striction might cause the hyperfine and/or the
exchange constants to explicitly depend on the ex-
ternal field; (b) both of the "constants" might
depend on temperature through the harmonic or

4
He (kOe)

FIG. 4. Comparison of the experimental observations,
at T=18 K, for the field dependence of the NMR fre-
quency with the results of the first-order renormalized
spin-wave theory. The solid line represents the pre-
diction of the theory for those values of the exchange
parameters which give a best fit to the temperature
dependence of the magnetization at zero field. The
dashed line represents the prediction of the theory for
a set of parameters which give a best fit to the field
dependence of the magnetization at T=18 K. The dots
represent the experimental observations.

9.5—

—9.0—

8.5—

of Dillon. ' DN calculated the spin-wave renor-
malization self-consistently to first order in the
interaction for the model lattice. So impressive
was their theoretical fit to their NMR data on

M(T, O) for T&20'K (0.63Tc) that they were able
to bound the exchange constants as follows:

gr -(8 25y0. 10) 'K and cd, --(0.497+0.013) 'K.
However, as we have noted earlier, 9 the DN first-
order theory, with these values of J~ and J~, fails
to describe the field dependence of the magnetiza-
tion. This striking disagreement is illustrated in

Fig. 4, where we have plotted both the experi-
mental data for v (18 'K, H, )/p (18 'K, 0) vs Ho and

the prediction of the first-order theory. ' It is
interesting to note that a satisfactory fit to the
field-dependent data with the first-order theory
can be obtained with different values for the exchange
parameters; namely, 4~=8. 30'K, J~ =0.434 K
as indicated by the dashed line in Fig. 4. However,
now the agreement between theory and experiment
for M(T, 0) no longer exists since the smaller value
of Jz, required causes M(T, O) to decrease more
rapidly with increasing temperature. In fact, we
have found that there are many sets of exchange
constants which separately give satisfactory fits

N

8.0
022 0.40 0.50

JL ('K)

FIG. 5. Sets of exchange parameters (Jz, Jz,) in the
two-parameter first-order renormalized spin-wave
theory which, in varying degrees of precision, "fit"
the experimental observations. The circles represent
values of (Jz, Jz) which fit the field dependence of the
magnetization at T= 18 K. The triangles represent
values of (Jz, JI.) which fit the temperature dependence
of the magnetization at zero field. The dashed lines
represent the bounds on Jz and JL obtained from the
magnetization measurements at lower temperatures
(i. e. , the linear spin-wave region). The point indi-
cated as DN is that obtained in Ref. 4 as the best fit
to the M(T, 0) data. The other points on the curve give
increasingly poorer fits to the same data. Similarly,
the point with the indicated error bars on the lower
M(Tp, H) curve is the best fit obtained for our data,
and likewise the fit becomes increasingly poorer as one
goes in either direction away from this particular point.
The curves for the two thermodynamic quantities M(T, 0)
and M(T p H) do not intersect, implying that no unique
set of exchange parameters exists which simultaneously
provides a fit to both thermodynamic functions.
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FIG. 6. Spin-wave dispersion for the hexagonal
model [Fig. 3(b)] with values of the parameters Jz and

J& appropriate to CrBr&. The value of e& at k=o has
been subtracted from all e& and the wave vectors nor-
malized to the Brillouin-zone-boundary values in the
two directions. The z direction is along the hexagonal
easy axis, and the 3 direction is the plane perpendicular
to the easy axis. Only the acoustic branches are shown.

anharmonic vibrations of the lattice; (c) assuming
neither the field nor the temperature caused mea-
surable changes in parameters that characterize
the hyperfine or exchange interaction, one could
still question the accuracy of the two-parameter
model in describing the true excitations of the
CrBr, spin system. It could be fortuitous that,
with the flexibility of adjusting both of the ex-
change parameters, the first-order theory applied
to the approximate model is capable of fitting
o~e thermodynamic function precisely —but not
two; (d) last, it is entirely possible that the model
is adequate but that in neglecting spin-wave cor-
relations, by stopping at first order, we still have
only an approximate theory.

The first two points are discussed in the Ap-
pendix; suffice it to say here that we do not believe
magnetostriction or inconstancy of the interactions
to be at the root of the discrepancy. Concerning
the accuracy of the two-parameter model, we
will have more to say after full consideration is
given to the investigation of the importance of spin-
wave correlation effects, which we now discuss.

By far the most unusual property of ferromag-
netic CrBr, is the flatness of the magnon disper-
sion relation along the c axis. This is illustrated
in Fig. 6, where we give the spin-wave energy
[Eg. (f)] vs wave vector for the acoustic branch
with the DN values of the exchange constants
(J„,Z~) = (8.25, 0.497) 'K. Since the Curie tem-
perature Tc = 32. 5 'K is large compared to the
c-axis zone-boundary magnon energy, even at
relatively low temperatures there is a substantial
population of spin-wave states with large k, . Now

it is well known for three-dimensional systems
with a single exchange constant that although long-

wavelength spin waves interact only weakly, "
those of short wavelength interact strongly, and

can even form bound or resonant states. 4 For
these short-wavelength magnons, first-order
perturbation theory in the magnon-magnon inter-
action is a poor approximation; in fact, the per-
turbation series diverges. ' DN recognized for
CrBr3 that the presence of these short-wavelength
c-axis magnons at T «T& both invalidates the long-
wavelength expansion used in Ref. 2, and leads to
the strong first-order renormalization they ob-
tained. However, the very fact that the renormal-
ization effects obtained from the first-order theory
are substantial in turn casts doubt on the adequacy
of a first-order calculation. To investigate this
point we have constructed a theory of the spin-wave
inter actions which is correct to lowest order in
the spin-wave density, but to all orders in the in-
teraction. The full summation of the Born series
(of which the DN theory includes only the first
term) is accomplished via the two-spin-wave
t matrix.

C. Rectangular Lattice and t-Matrix Theory

Before describing the t-matrix theory, we note
two interesting aspects of the first-order theory. 4

First, if we slightly adjust the choice of values
assumed for 4 T and J&, we find that self-consistency
may be neglected and a fit to M(T, 0) vs T obtained
comparable to the DN result. Second, if we re-
place the Gossard, Jaccarino, and Remeika (GJR)~
model lattice by a two-parameter ~ectanguIa~
model of the lattice [see Fig. 3(c)] with an ef-
fective J~ = ';IT and an appropriately chosen
reciprocal-lattice volume, we are again able to
achieve excellent agreement with the M(T, O)

data. These results are illustrated in Fig. V.

Now it is not surprising that the self-consistency
corrections may be neglected since they are of
higher order in the magnon density. However,
the magnetization has deviated by only 207o from
its saturation value even at T = 20' K (0.63T&)which
would indicate that the magnon density is relatively
low in the temperature range of interest. Ne will
discuss this point further in Sec. IV. The reason
that the rectangular model is as adequate as is the
6JR model in reproducing the M(T, 0) results stems
from the fact that the dominant transverse thermal
excitations have characteristically small k„and
k„hence, their energies are reasonably well
represented in the ka + k~ approximation. It is
fortunate that both of these simplifications yield
results as good as those obtained by DN, since
the t-matrix renormalization for the original two-
sublattice hexagonal model would be exceedingly
difficult to compute, particularly so if one wouM

require self -consistency.
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FIG. 7. Comparison of the fits obtained to the temper-
ature dependence of the NMR frequency using a first-
order renormalized theory based on a hexagonal model
lattice and a rectangular model lattice. So good is the
theoretical fit for either of the two models that only the
differences between experiment and theory can be shown.
The difference between the theoretical values for the
temperature dependence of the NMR frequency p(T, 0),
normalized to its zero-temperature value, and the cor-
responding experimental observations of v (T, 0) is
plotted as a function of temperature. The dots indicate
the theory for the hexagonal model lattice [Fig. 3(b) j
and the triangles the same theory for the rectangular
model lattice [I'ig. 3(c)t. The rms errors for each
case are shown as the dashed and dotted lines, respec-
tively. The values of the exchange parameters used
were Jz=8. 25'K, J1,=0.497'K (hexagonal), and Jz
= 4', Jl. = JL, (rectangular).

S, = (2S)"'a„ S( ——-S+a )a ].
With the Fourier transformation

1at' Q elk x( at

the Hamiltonian, Eq. (8), becomes

K =&g+Eo+Z Eka„ax+ — Z V(kkkgq)
1

&a, , a, , q

where

X a 2 &2 2*2 /2+&1 /2*) (1O)

V(kik2q) = —4 Z J,'cos(ki 6)
6=x@8

x [cos(kk ~ 6) —cos(—', q ~ 5)]

The Hamiltonian for the rectangular model is

&=&g —2Jr Z S; Sq —2JL Z S( '
Sq . (8)

&k, j& (f, j)
We use the Dyson-Maleev boson representation
for the spin operators '

S,'=(2S)'ika [1—(a, a, /2S)],

and the spiri-wave energy in this model is

tk =IxPsHg(T) + 6elg(l —cosk+ )

+ 94r[1 --', cos (k„a) ——,
' cos (k, a) ] . (12)

(i8)

where g- O'. Since the potential is a sum of
separable terms, Eq. (13) may be solved algebraical-
ly to yield

t(kikkq&) = —4 Z J,' cos(k, 5)
6, 6' =xone

x [cos(kk ~ 5') —cos(~xq &'}][ 1 —2A ],'~
(i4)

where

2 ~ cT( cosk((coskg —cosxq(}
A. &&~q(dj = --~

~q/3+4 ~q/2*+ i~

The matrix A (q, &u) may be computed via the same
kind of numerical analysis as is described in Ref.
15, with the added complication that since 4i &J&,
there are five rather than two elements even in
the highest-symmetry case q„=q, =q, '. Quite
generally the magnetization is obtained from the
relation

M =PS+ (I/v) f d+ Z„(e8"-1) '1m[~ —&, —Zk(&)]

(16)

At finite temperatures we calculate the irreducible
spin-wave self-energy" g, (e„) whose real part gives
the spin-wave energy shift and whose imaginarypart
gives the energy width. To calculate the self-
energy one must consider all irreducible diagrams
in which a single magnon line both enters and leaves,
undergoing all possible scatterings via V(kikkq) in
intermediate states. Here irreducible means that
a self-energy diagram cannot be broken into two
self-energy diagrams by cutting a single line. 7 It
is well known that if one orders Feynman diagrams
according to the number of backward lines, an ex-
pansion in the density of particles is obtained. In

the case of the spin-wave self-energy the sum of
all the one-backward-line diagrams yields the full
contribution to lowest order in the density of spin
waves. This calculation correctly gives Dyson's
T term in the magnetization. In Fig. 8(a) we
show the series which when summed yields the
full one-backward-line contribution to the self-
energy. Although the first-Born approximation of
Ref. 4 corresponds to including only the first term20

of this series, we will sum the full series via the
t matrix. The integral equation for the t matrix
which may be deduced from Fig. 8(b) is

1 g V(kkkkq) t( gkkxq~)
+
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(b) t = ~ + %~+K~ ~ ~

FIG. 8. Diagrammatic representations of the full
contribution to the magnon self-energy and t matrix to
lowest order in the density of spin waves. The self-
energy (a) is the sum of all one-backwax'd-line diagrams.
The t matrix (b) contains only those diagrams with no
backward lines. In the diagrammatic representation,
each backward line coxresponds to a factor of the density
of spin waves. The first term on the right-hand side is
the Born approximation for Z& or t.

xf[,'(P -k)-, —,'(P -k), P+k, to+a,]. (IV)

calculations displaying a distinct minimum for
0.05 & k„a/s & 0. 1. This unexpected behavior can
be attributed to the fact that J~ »J&, so that as
A;, increases the transverse part of the energy spec-
trum becomes increasingly important. Thus the
large correlation effects in the longitudinal direc-
tion are de-emphasized as k, increases, leading to
the minimum at about 0. 1 k, ". Finally, for large
k„ the transverse spectrum begins to renormalize
substantially and then the differences between the
two calculations do increase with increasing k

However, those spin waves with k, near the mini-
mum in Fig. 9(b) are certainly thermodynamically
important for T = 15-20 'K. Therefore, the de-
pression of Z,'(&,) arising from the cancellation
described above will cause the effect of correla-
tions on thermodynamic quantities to be smaGer
than might be expected from Fig. 9(a) alone. Con-
sequently, although there are deviabons in Z,'(e, )
from the first-order theory that are as large as
40-50'fo for particular values of k, corrections
to M(To, H) result which are only of order 10-15/o.

M(T, 0). Calculations of the xnagnetization

g ( s t6&+Reri, &s&&3 1)-1 (18)

The three-dimensional integrations required by

Eqs. (IV) and (18) have been performed numerically
with the use of Simpson's rule; the t matrix was
calculated from Eil. (14) and then tabulated for
use in these integrations.

D. Numerical Results and Comparison with Experiment

If terms of order [ImZ, (c„)]sare neglected the mag-
netization is obtained from the approximate ex-
pression

0.8

0.6
(a)

04

0.2—

i l I I I I

0 2 4 6 8 10 f2 )4
12 kza /m

f.0

g. Self energy. A-s we have noted previously,
the inclusion of repeated scatterings [diagrammati-
cally indicated in Fig. 8(a)] results in significant
corrections to the first-order self-energy at elevated
temperatures. We have investigated the dependence
of ReZ, (&,)-=Z„'(e„) onk, and k„(k,=-k„=k„). The be-
havior is displayed in the two parts of Fig. 9 which
are. representative of the results of many numerical
calculations. There are some notable features to
the dependence of Z~(c,) on k, and k,. For fixed
k, we observe that [see Fig. 9(a)] the differences
between the first-order and full t-matrix calcula-
tions are largest for k, somewhere between —sk, '"
and -,'k, '", a behavior reminiscent of the three-
dimensional system, with a single exchange inter-
action, for k = k(1, 1, 1). s

When k, is fixed one finds [see Fig. 9(b)] that the
t-matrix self-energy first decreases and then in-
creases as kg 1ncreases 1n magn1tude~ wltll tIle
dtffe~ences between the first-order and full f-matrix

hC
4 0.6—

(b)

a
l 0.2—

0 I

O. i

kg a /Tf
0.2 03

FIG. 9. Heal part of the magnon self-energy Z& as a
function of the wave vector k, in two symmetry direc-
tions, for the rectangular model [Fig. 3(c)j. The solid
lines are obtained from the full t-matrix theory which is
correct to all orders in the magnon-magnon interaction,
while the dashed lines x'esult from only including magnon
interactions in the lowest order. (a) Z& vs k~ for k~a

Note that th.e difference between the first-order
and full t-matrix results are largest for k~ about 0.7'.
(b) Zzvs k~ for k~=$r. The difference between the
first-ordel Rnd fuO t-matrix CRlculRtlons d1splRys R

distinct minimum for 0. 05 & k~a jm & 0. l.
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TABLE I. Values of the predicted fractional change
in the magnetization for the rectangular ferromagnet at
T=18'K with J~ =6.19'K and J~ = 0.497'K in the
linear spin-wave, first-order (with and without self-
consistency), and full t-matrix renormalization ap-
proximations.

Linear First order First order
spin without with Full

wave self-consist self-consist t matrix

M 18'K
1 — 0, 14109 0. 14954

M(0)
0. 15029 0. 15247

for a given temperature using Eq. (18) involve a
considerable amount of computing time. They
become prohibitively expensive if a full plot of
M(T, O) vs T is required. Instead, we have made
a comparison in Table I of the results obtained
from the linear spin-wave, first-order, and full
t-matrix renormalization theories at a fixed tem-
perature (T= 18 K) for a specific set of values
of J~ and J~; namely, the ones for which a good
fit to M(T, 0) vs T for CrBrs is obtained using the
first-order theory (see Fig. 5).

The table illustrates the following points, some
of which have been made previously. The first-
order theory produces large corrections in the
magnetization at elevated temperatures to that ob-
tained from the linear theory, although making the
former calculation self-consistent appears less
important. A further sizable decrease in M(T, 0)
is obtained from carrying the renormalization to
infinite order but it is less than the difference be-
tween the linear and first-order renormalized
spin-wave results. The size of the differences
between the linear theory and the first-order and
full t-matrix results are consistent with the mag-
nitudes of Z,'(c,) for the two renormalization pro-
cedures and the observations made above.

c. M (TO, H). A perhaps not surprising similarity.
appears between the predicted behavior for
M (18'K, H)vs H, for the various theories, and the
calculated results for M(T, 0) vs T at H= 0. The
first-order theory produces sizable corrections to
the linear theory although, once more, self-con-
sistency is of little importance. The full t-matrix
theory yields an increased susceptibility over and
beyond that given by the first-order theory although
the difference between the full t-matrix and first-
order theories is only 15/o of the difference between
the first-order and linear spin-wave theories. The
reasons for this are again related to the discussion
following Fig. 9.

However, one inescapable result of the compari-
son between experiment and the t-matrix renor-
malization theory is that still the~e a~e no pai~s
of values of Jl, and Zr which simultaneously fit the

/ ) I I/
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FIG. 10-. Dispersion of spin waves of low energy in
CrBr3, in three symmetry directions, as obtained from
inelastic neutron scattering (Hef. 10). The solid lines
labeled A and 4 have as their origin the & point of the
Brillouin zone. The solid line 4 corresponds «disper-
sion in the basal plane with kg = 0. The solid line labeled
8 has the point Z of the Brillouin zone as its origin and
corresponds to dispersion in the basal plane with k» = m.

The dashed line is a vertical displacement upward of the
line 4, and the dotted line is a vertical displacement
downward of the line 8 by an energy e(kz= 7r) —e(k~=0).
Comparison of the dotted and dashed curves 8 and 4
shows that the basal-plane dispersion is a function of k, .
On the contrary, if a two-parameter model was appropri-
ate, the dashed and dotted lines would coincide with 8 and

4, respectively.

CrBr, M(T, 0)-vs-T and M(18'K, H)-vs-H data,
as was noted to be the case previously for the first-
order theory. This is not to say that a truly excel-
lent fit to either set of data cannot be had with a
particular set Jl. and J~, but that the best fit to one
or the other of the thermodynamic function requires
sets of values for which the J 's differ by as much
as 10-15/o.

We attribute this inability of the more sophisti-
cated theory to provide detailed agreement with
measurements of more than one thermodynamic
function to the inadequacy of the two-parameter
model for CrBr, rather than an intrinsic failing of
the theoretical approach. In fact, evidence for the
limitation of the two-parameter approach has been
recently obtained' from inelastic neutron scattering.
studies of the spin-wave dispersion throughout the
Brillouin zone. Analysis of the neutron data indi-
cates that five parameters are necessary to prop-
erly specify the spin-wave dispersion. With the
five-parameter model an excellent least-squares
fit was obtained for all the acoustic spin-wave
modes. The insuff iciency of the two-parameter
model manifests itself insofar as the dispersion in
the (k„, k, ) plane can be fitted by a two-parameter
model for a particular value of k„but the parame-
ter J~ required to achieve a good fit changes by
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10% as k, varies from zone center to the zone
boundary, as is illustrated in Fig. 10.

IV. SUMMARY AND CONCLUSIONS

Using the NMR technique the field dependence of
the magnetization at elevated temperatures of fer-
romagnetic CrBr3 has been determined. Although
an accurate fit to the M(T„H) vs -Hd-ata is obtained
using a two-exchange parameter (Jr, Jz) first-
order renormalized spin-wave theory, the values
of J~ and Jl. required differ appreciably from those
previously obtained in fitting the M(T, 0)-vs- T data
with the same theory. Because of this discrepancy
between the fits to the two thermodynamic functions
and the large corrections obtained in the first-order
theory, it was felt that multiple spin-wave interac-
tions should be considerd. A t-matrix theory, cor-
rect to lowest order in the magnon density but to all
orders in the magnon-magnon interaction, was
constructed. Although the numerical results ob-
tained from the full t-matrix theory show differences
from the first-order theory in the self-energy and
the two thermodynamic functions which are quanti-
tatively significant, they do not remove the dis-
crepancy alluded to above; specifically, no two-
exchange parameter fitted to both thermodynamic
functions is obtainable with a single pair of values
for J~ and J~. This result is consistent with re-
cent inelastic neutron scattering experiments which
indicate that a five-parameter model is necessary
to properly describe the spin-wave dispersion in
CrBr3

We feel there is a valuable lesson to be learned
from these studies. It is not uncommon for accurate
measurements of one of the thermodynamic prop-
erties of a ferromagnet or antiferromagnet to be
combined with limited information on the nature of
the exchange and anisotropic spin interactions and
used with a specific model Hamiltonian to obtain
"precise" values for the parameters that character-
ize the interactions. In the sense that any thermo-
dynamic function weights all of the elementary ex-
citations it is not surprising that, with an approxi-
mate model, a very good fit to the experimental
data may be obtained which appears to bracket
the values of the parameters in some very narrow
range. However, one would be wrong to assume
that the values for the parameters so obtained con-
clusively prove the accuracy of the model or that
the "precision" of the parameters has other than
curve-fitting signif icance. Our results strongly
suggest the importance of making more than one
precise thermodynamic measurement on a magnet-
ically ordered system before any judgment be ren-
dered as to the accuracy of the model, the detailed
importance of spin-wave interactions, etc. We be-
lieve CrBr, to be the first instance where sufficient
information has become available to see that this is

indeed the case.

ACKNOW( LEDGMENTS

The authors wish to thank Dr. M. A. Butler,
Professor D. Hone, and Dr. A. Narath for many
stimulating discussions.

APPENDIX

M &T M &T E M &P
(Al)

where the thermal-expansion coefficient n =—(1/V)
x (sV/s T)~ and the compressibility K = (1/V)(BV/BP-) r.
Knowledge of the pressure dependence of the mag-
netization as a function of temperature and n and
E would suffice to correct MJ(T) to M„(T). Since,
in fact, what is measured is v~(T) and v(T) ~AM(T),
the more general relation

VENT+, M ~T v A ~Tv

is required to obtain M„(T) from vt, (T). Assuming
the pressure dependence of A as a function of T was
obtainable, it would appear M(T) ~ could be deter-
mined from measurements of v(T)~, providing
(BA/BT)~=0. A source of the explicit dependence
of A upon T could be the dynamic orbit-lattice ad-
mixing of excited states due to the harmonic vibra-
tions of the crystal. The latter are proportional
to the mean-square strain (e) and therefore to T'
at T «SD.

None of the relevant pressure derivatives have
been measured for CrBr, nor do we know ~ or E.
However, we do know from heat-capacity measure-
ments ' that the Debye temperature 8 ~ = 131 K is
much larger than Tc which in turn is larger than
the maximum temperature (0. 55Tc) at which we

The thermodynamic quantities which are obtained
from the resonance experiments v(T, 0) vs T and

v(TO, H) vs H suffer from the fact they may have a
different dependence on temperature and field,
respectively, than do the quantities with which com-
parison with theory is made, namely, the magne-
tizations at constant volume Mv(T, 0) vs T and

Mv(TO, H) vs K We examine this problem now and
estimate the size of the appropriate corrections.

As regards explicit and implicit temperature-
dependent effects, we know that the anharmonicity
in the lattice vibrations causes a monotonic expan-
sion of a crystal with increasing temperature.
Hence, if we desire to know the dependence of the
magnetization M on T at constant atomic separation
(constant exchange) we must correct measurements
at constant pressure, using the relation"
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have made comparison between experiment and
theory. When T =0. O~ or less, wewould expect
the harmonic corrections to A to have a (T/OD)
dependence and, since even at T= 8~ the measured
changes that have been found are only of order
1-5%, we might expect A' to change by 0. 1% or
less in the temperature region of interest. Ideally,
one would like to measure the temperature depen-
dence of A" in an isomorphic nonmagnetic crystal
(e.g. , BiI,) with small amounts of Crs'. The an-
harmonic corrections are, if anything, expected to
be somewhat smaller than the harmonic ones.

Inadvertently, we have determined how large
would be the changes in A with T required to force
a fit with field-dependent data. The quantity
v(T, Ho)/v(T, 0) in Eq. (5) is independent of A (as-
suming A does not depend on H —a result which we
will show}. However, v(T, HO)/v(0, 0}, which for
convenience was the quantity calculated in Sec. III,
would have a dependence on T, other than through
M(T), if A =A(T). Suppose A(T) ~A(0) [I+5(T)j.
Then

v(T, H, )
[ ( )~

M(T, H, ) y"H, (T)
v(O, O)

'
M(O, O) AO, O}

'

In Sec. III we plotted Eq. (A3) assuming 5(T) =0.
Now in Fig. 11, Eq. (A3) is plotted as a function
of H(18'K) for values of 5(T) 40. We see a 5%

change in A(0) is required before the data could be
fitted, an increase we consider entirely unreason-
able. Moreover, such a change would worsen the
agreement between the M(T, 0}-vs-T data since the
fit to the latter experiment was accomplished as-
suming 5(T) —= 0. Therefore, we conclude that the
discrepancies are just too large to be explained
by a temperature dependence of A' at such low
temperatures.

Similar arguments may be offered for the tem-
perature dependence of the exchange parameters
upon which Mv (T) implicitly depends. We have
seen already in our J~-vs-Jl, plot that changes of
the order of 10-15% are required in either Zz, or
Jl. to make one of the thermodynamic functions
agree with the other at a specific elevated tempera-
ture. Of course, here again if J= J(T) we could not
get both functions to agree over a range of tempera-
tures any better than we could assuming JL, or J~
was temperature independent.

The question of the field dependence of the param-
eters and magnetostrictive effects, in general, is
somewhat more interesting; perhaps, because the
experiments speak for ',hemselves on this point.
Consider first the fieM dependence of A" which
might arise directly through an explicit dependence
of A" upon H (unlikely) or indirectly through a mag-
netostrictively induced volume dependence of A. At
very low temperatures, with Ho&H,", we have inter-
preted the absence of any frequency dependence of
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FIG. 11. Graphical representation of how large the
temperature dependence of the hyperfine coupling con-
stant A would have to be to bring experiment and theory
into accord. The field dependence of the NMR frequency,
normalized to its value at zero field and assuming A to
be temperature dependent, is shown in the figure for
various fractional changes 6 in A with T. The experi-
mental data indicated by the dots are for T=18'K, and

the calculated curves assume values of the exchange
parameters that would fit the experimental data for
j/I(T, 0) using the first-order theory (see Ref. 4).

aI, M ii, aI

the resonance upon applied field (see Fig. 1) as
evidence for the internal exact cancellation of the
applied field by the demagnetizing field. But we
know magnetostriction is very large in the unmag-
netized state in ferromagnets and we might expect
the size changes that are observed in macroscopic
measurements would be reflected in changes in A'3

with H. The experiments show that A'3 changes by
less than 1 part in 10' when H varies between 0
and H,

" = 2. 5 kOe. One could also argue that in the
saturated state the slope of v vs H would not be
constant if magnetostriction caused A to be a func-
tion of H.

The very-low temperature data give no informa-
tion on the changes in Jr and/or Zi, that result from
magnetostriction. The reason for this is that, when

T«Tc, (S,)r =S and small changes in Jr and/or
Ji, simply cannot change (S,). However, at elevated
temperatures, where (S —(S,)r)/S = 20%%uo, changes
in Zr and/or J~ will cause M(T) to change through
the implicit dependence of M(T) on Tc, namely,
in Eq. (Al),
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1 BM gT'~ gy
(A4)

Again, for 0 & H'0 &H", we find the frequency of the
Cr' NMR to be independent of Ho at 18 'K (see Fig.
1) indicating that the magnetostrictive effects on
M are beyond our experimental sensitivity. Since
we expect the magnetostrictive effects to be larger

below H,' than above, we would argue that the high-
field data need suffer no correction for magneto-
strictively induced volume changes in either M(&0)
or A". Voile it would certainly be desirable to
measure all of the quantities in Eqs. (A2) and (A4)
it seems to us that the discrepancies in the inter-
pretation of the two measurements do not arise
from the temperature and/or field dependence of
the hyperfine and exchange parameters.
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