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the value of the Korringa product in the alkali met-
als is almost constant. As a further test of the
theory, it would be desirable to have experimental
data for the ratio of Zeeman to dipolar spin-lattice
relaxation times in other alkali metals. Applicabil-

ity of the theory in its present form to metals for
which band effects are significant is somewhat
questionable. For such cases a crude approxima-
tion is to assume an effective band mass for the
electrons.
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The pressure dependence of the Knight shift K of Al and Nb metals was measured with a
digitally slaved signal averager. The maximum hydrostatic pressure utilized was 8000 kg/cm .
The observed value of dlnK/dlnV is —1.01+0.02 and —0.29+0. 02 for Al and Nb, respectively.
Since it is essential to know the volume dependence of the (electron-electron-enhanced) spin
susceptibility d lnx~/din V in order to analyze the observed d InK/dlnV, the theoreti'cal impli-
cation of the previously proposed methods to estimate ding~/dlnV was explored. The linearly
temperature-dependent thermal expansion at low temperature o.~ gives rise to the volume de-
pendence of electron-phonon-enhanced density of states at the Fermi surface. o., includes
only a temperature-independent part of the enhancement factor 1+A,. The pressure depen-
dence of the superconductor parameters renders the volume dependence of the density of states
clothed with a full electron-phonon interaction, which inclpdes the temperature-independent
part as well as a possible temperature-dependent part. A semiempirical scheme to deduce
the volume dependence of 1+X, the density of states for the bare electrons N(E&)p, &, and the
band-structure effective mass m* is proposed. These values are derived from the pressure
dependence of the superconducting transition temperature and 6~. The volume dependence of
g,*~ is deduced from d lnN(Eg)~s/d ln V by taking into account the effect of the electron-electron
enhancement factor. The volume dependence of the density of wave function at the Fermi sur-
face (, l g(0) I ) was deduced for Al as din( I $(0) [ )/dlnV= —2. 12. The volume dependence of
the orbital Knight shift Ko for Nb is estimated as dlnKO/dlnV= 0. 4 (or 0. 1). The possible
origin of the discrepancy between the density of states derived from o, ~ and from the pressure
dependence of the superconductor parameters is discussed. The origin of inconsistency in the
previously reported temperature dependence of K for Al is also suggested.

I. INTRODUCTION

The Knight shift K and the spin-lattice relaxation

time T, of metals are directly associated with the
properties of the electronic wave functions. The
three main contributions to K and T, are the con-
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tact (hyperfine) interaction with the conduction
electrons at the Fermi surface, the contact inter-
action with the core electrons, and the orbital in-
teractions. Because of advances in first-principles
calculations of wave functions of electrons in met-
als, the interpretation of K and T, is found to be
more complicated than has been thought tradition-
ally. An electron-electron and an electron-phonon
interaction have to be properly taken into account
in the analysis of the experimental data. Possible
additional contributions to the Knight shift have
also been proposed. '

It is rather obvious at this stage that the first-
principles calculation of the wave functions is es-
sential to the interpretation of the experimental
results. Unfortunately, however, the results of
the band-structure calculations usually list only
the information about the eigenvalue E$). No in-
formation is usually available for the associated
wave functions 4'p. This is mainly because such
calculations have been performed by people who
are predominantly interested in the eigenvalues.
Another, probably more pertinent, reason is that
the information derived from the resonance experi-
ment is usually an average value over the Fermi
surface such as (I @(0) I ), whereas more detailed
experimental information is available for E(k).
Nevertheless, it is clear that the knowledge of 4g
is as important as the information about E(k) for
the understanding of the electronic structure of
metals in general.

The most obvious method to increase the experi-
mentally available information for the metal is to
study the effect of alloying. A great deal of knowl-
edge has been accumulated from the nuclear-mag-
netic-resonance (NMR) study of alloys. Another
technique to enhance the experimental information
is a study of pressure dependence of K and T, in
metals. In principle, such information as (IC(0) I )
and d (I 4'(0) I )/d V is more suitable for purposes
of comparison with the first-principles calculation
than the concentration dependence of this quantity
in alloys, although, in practice, the range of avail-
able volume change caused by the applied pressure
is limited.

Among the three major contributions to K, the
first is most important for alkali metals. Since
the compressibility of alkali metals is large, the
detailed relation between K and the volume V could
be studied. A reassessment of the pressure re-
sults for the alkali metals is interesting in view of
(i) the recent advance in the calculation of the wave
function and (ii) the results of the many-body effect
which seems to be sizable in alkali metals. The
second contribution to the Knight shift plays the
dominant role for Pt metal. ' The first-principles
calculation' indicates that the effect of .the core
polarization is not negligible even for Be. The

third contribution is dominant for V and Nb. The
pressure experiment was carried out for .the Pt
and the V Knight shifts. '

In this paper a similar experiment has been ex-
tended to Al and Nb metal. The earlier attempt
to measure dK/dV for Al was not successful be-
cause of the relatively primitive technique available
at that time. The recently developed signal-en-
hancement technique enabled us to obtain a reliable
magnitude of shift in K under a moderately high
pressure. For Al, a band-structure calculation
seems to give good agreement with the Fermi-sur-
face experiment. ' '" .A detailed calculation of the
Knight shift has been carried out by Das and his
group. ' The analysis of the Knight shift in the
transition metals such as V and Nb is more com-
plicated. If one attempts to solve this type of prob-
lem experimentally, the number of unknown param-
eters is much larger than that of the measurable
parameters. One of the approaches taken to such
problems is "a chemist's method, " which is to
compare similar results for the different elements
in the same column of the Periodic Table. This
is the reason why the Nb experiment was under-
taken.

When the observed volume dependence of K is
to be analyzed, it is necessary to estimate dlnx~/
d lnV, where g„ is the (volume) Pauli susceptibil-
ity. Since very few direct measurements for
this quantity are available, one has to depend on
an indirect derivation from the available experi-
mental data. A naive estimate based on a simple
free-electron model is usually unsatisfactory.
The two groups of values derived from different
types of experiments do not seem to reconcile with
each other. ' A possible origin of the discrepancy
will be discussed.

A semiempirical method to derive the volume
dependence of the following parameters is proposed:
(i) the electron-phonon interaction parameter, (ii)
a band-structure density of states at the Fermi
surface, (iii) a band-structure effective mass,
and finally (iv) the spin susceptibility. These val-
ues are derived from the low-temperature thermal-
expansion data and the pressure dependence of the
critical temperature for superconductivity by using
McMillan's theory of superconductivity' and Silver-
stein's calculation for the many-body electron-elec-
tron interaction. '

II. EXPERIMENTAL PROCEDURE AND RESULTS

The hydrostatic pressure was generated with a
Bridgman-type hydraulic ram which was purchased
from Harwood Engineering Co. A considerable
modification of the original package was required
to obtain satisfactory operation. The compressed
liquid was led through flexible stainless tubing
—,'-in. o.d. , Po-in. i.d. ) to a Be-Cu pressure bomb
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in a magnet. The bomb contained an rf coil and
the finely powdered sample. ' ' The magnetic
field generated with a 12-in. Varian magnet was
stabilized using F' NMR in a piece of Teflon.
The F' resonance was detected with another fre-
quency-stabilized marginal oscillator detector,
and the resonance signal was fed back to the power
supply of the magnet in such a way as to lock the
strength of the magnetic field to the center of the
F' NMR line.

The F' monitor spectrometer is a simple one-
tube spectrometer described elsewhere. " The
frequency of the spectrometer was locked' to a
precision pulse train which was synthesized from
the output of a crystal oscillator. A simple auto-
matic oscillation-level control was added to the
spectrometer. The rf level picked up by a loosely
coupled loop was amplified with a wide-band am-
plifier (Hewlett Packard HP 461A) and detected
with an rf diode. The difference between the de-
tected level and a standard voltage was fed back
to a programmable B-voltage regulator. The regu-
lator consisted of an operational amplifier (Phil-
brick SK2V) as a noninverting amplifier and two

12AU7 cathode followers as a power booster. The
automatic level control was necessary in order to
keep the oscillation level low enough to avoid satu-
ration of the F' NMR signal. The Al or the Nb

NMR was observed with a modified Pound-Knight-
%atkins spectrometer.

The phase-detected NMR signal was sent to a
time averager (TMC CAT 1000) in order to enhance
the signal-to-noise ratio S/N. Without the signal
averaging, the S/N ratio was not sufficient to de-
tect a small pressure shift in the resonance fre-
quency. Although the S/N ratio can be improved
indefinitely, in principle, with this technique, the

conventional CAT system is not sufficient for the

present purpose. The frequency of the sample
spectrometer must be precisely slaved to the
channel number(ADDRESS) of the signal averager.
In the presently available averager system, the

slaving is achieved with an analog system. The
analog slaving accuracy is typically + 0. 1% or +

one channel. Therefore the tradeoff for signal
enhancement is the loss in the frequency scale ac-
curacy, which cannot be tolerated for the present
measurement. Therefore, the frequency of the

sample spectrometer was digitally slaved to the
ADDRESS location.

The digital slaving could be achieved by a fre-
quency synthesizer with a fast remote-control
capability combined with a small computer. The
present slaving system was, however, assembled
mainly using DEC (Digital Equipment Corp. ) R-
series module cards. Since these discrete-com-
ponent logic units are now obsolete, the detailed
circuit is not described here. '

The operation of the digital slaver is summarized
as follows. (i) The binary ADDRESS information of the

signal averager is transferred into a register.
(ii) Crystal-controlled clock pulses are sent into
this register, which is now acting as an up-counter.
(iii) When the register counter is filled up, the on-

coming clock pulse train is turned off. The number
of pulses sent to the register counter is the com-
plement" of the ADDRESS number. These processes
are repeated exactly 122 times a second. (iv) The
train of pulses thus generated is sent to an up-count
input of an up-down counter. (v) The spectrometer
frequency is beaten against a crystal-controlled
fixed frequency. The difference between the spec-
trometer and the fixed frequency is fed into a
down-count input of the up-down counter. The con-
tent of the counter is transferred READ OUT after
each counting sequence into another register.
The content of this register is a time integral of
the frequency difference between the spectrometer
frequency and the pulse train corresponding to the
ADDRESS location. (vi) The binary content of the

register is converted into an analog signal with a
DAC (digital-to-analog converter) and fed back to
a frequency control circuit of the spectrometer.

The spectrometer frequency is thus slaved to
the ADDRESS location digitally. In a practical cir-
cuit theADDRESS register counter is "comple-
mented"' when the ADDRESS location is in a more-
than-half range. This is detected simply by the
state "1"at the most significant bit of the ADDRESS

binary. Thereby the direction of the spectrometer-
frequency sweep is reversed at the center of the

ADDRESS. The triangular sweep generated by this
process v as found to be more convenient for the

present purpose than the sawtooth sweep generally
available from the analog output of the averager.
The time lag between an up-sweep and a down-

sweep signal can be checked conveniently. If the

time lag is within the acceptable range, it is aver-
aged out after the signal accumulation.

Another function which was found to be very use-
ful is a skipping capability of the frequency sweep.
The particular parts of the resonance line such as
the tail and the center zero-crossing region can
be accumulated in the averager. The unimportant
parts of the line are quickly swept through without

being registered. This skipping process reduces
the measurement time a great deal and makes the
measurement with acceptable accuracy practical.
Signal averaging for more than several hours under
high pressure is uncomfortable, to say the least.
The "skipping" is accomplished by deleting a
certain number of pulses from the pulse train for
the down-input nf the up-down counter, when the
ADDRESS location is in certain ranges (for instance,
the center of the line or the upper tail region).
The spectrometer frequency has to make up the



PRESSURE DEPENDENCE 0 F KNIGH T SHIF T ~ ~ ~ 1577

deleted pulses by increasing its frequency.
The F' spectrometer frequency can be trimmed

digitally by using a simple digital frequency syn-
thesizer in the present unit so as to locate the Al
or the Nb NMR frequency at the proper position
of the memory of the averager.

The entire line shape was accumulated first at
atmospheric pressure and 8000 kg/cm3. If no
asymmetry in the line shape is noticed, it is safe
to assume that the pressure shift of the zero-cross-
ing frequency represents the pressure dependence
of the resonance frequency. The digital slaver
was programmed in such a way as to accumulate
the center zero-crossing region and the tails (the
higher- and the lower-frequency tail) of the line.
The signal of the center and the tails was accumu-
lated for 3-4 h in the morning at a given pressure,
and the signal at atmospheric pressure was accu-
mulated for about the same period in the afternoon.
The procedure was repeated for several days to get
the pressure shifts for several pressure values.

Al powder was purchased from Gallard Schle-
singer Chem. MFC (Carle Place, N. Y. ). Nominal
purity is 99.995% . Following the recommendation
in the literature, ' we obtained Nb powder from
Johnson Matthey Chem. Ltd. The claimed impuri-
ties are Ta (0. 01/0), Si (200 ppm), and Fe (200
ppm).

Since there is some discrepancy in the temper-
ature dependence of the Al Knight shift reported
in the literature, the resonance frequency of Al
was measured at room temperature and at liquid-
Nz temperature. Since Al ' resonance in Al metal
has been used frequently for the purpose of cali-
brating magnetic fields, ' ' there is some im-
portance in clarifying the origin of such discrep-
ancy. Borsa and Barnes reported a 5% increase
in the Knight shift K(T) as the temperature was
reduced from 300 to 77'K. Knight reported a
small decrease in K, when T was reduced from
room temperature to 1.2 'K. Qther workers
reported no temperature dependence within their
experimental accuracy.

The present measurement indicates a decxease
in Al frequency as T is reduced,

v3QQ v77 2 10+ 30 Hz,

where

V3QQ 10 789. 16 kHz.

If the Knight shift is taken as 0. 161/o,

(K3QQ K77)/K333 1. 21%.

This value is consistent with Feldman's result for
the wider temperature range, '

(K„,m —Kg.3)/K„..m =1.75% .
A possible magnetic effect caused by the Dewar

was not corrected in this measurement. The F'
sample was placed outside the Dewar. Since the
Dewar is made of glass and the result is consistent
with Feldman's value, the Dewar effect may be very
small, if it exists.

A possible origin of the discrepancy in the pub-
lished values for K(T) was studied as follows: The
samples used for the early studies' of the Knight
shift in metals and alloys were traditionally pre-
pared by filing a piece of ingot with a steel file.
The trace of the steel powder in the sample was
picked up with a small magnet. In order to test
the possible effect of the residual iron impurity
on the observed K(T), a small amount of fine iron
powder was mixed with the aluminum powder, and
the iron powder was picked up with a small magnet.
The sample thus prepared would contain a trace
of iron powder. The iron content could, however,
be smaller than that for the samples prepared in
the traditional way. The apparent temperature
dependence of this sample was

v3pp Vyq = 60 HZ ~

The second sample, which would simulate the
traditional preparation more closely, was made
as follows: The Al powder was bonded with Epoxy
glue. Then this solid piece was filed down with
a steel file and cleaned with the magnet. The tem-
perature dependence for this sample was

v3pp —vq7 = 25 Hz.

The effect of the residual iron powder impurity
seems to increase the resonance frequency at low
temperature. The large increase reported by
Borsa and Barnes could have been, at least par-
tially, due to the effect of a relatively large amount
of residual steel powder in their sample. Their
samples were prepared with the traditional filing
method.

A typical accumulated signal for the Al line is
shown in Fig. 1. The lower-frequency tail LT,
the center part CT, and the higher-frequency tail
UT of the derivative of the resonance curve are
shown on the left half of the figure. Qn the right
half UT, CT, and LT are similar data for the
reversed frequency sweep. The triangular sweep
was used as mentioned before. The frequency
markers shown in the figure were made as follows:
After the data were accumulated, the signal gate
of the averager was closed, a display output was
connected to an XY recorder, and the channel ad-
vance pulses were sent to the slaver system.
While the recorder displayed the accumulated
data, the advancement of the channels was stopped
several times near the center crossing points.
The sweep of the spectrometer frequency which
had been slaved to the channel advance stopped
accordingly. The frequency of the spectrometer
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locked to the particular channel where the advance
was stopped was measured with a frequency counter
and printed.

The pressure dependence of the Al~~ NMR fre-
quency is shown in Fig. 2. The resonance fre-
quency increases with pressure,

ding' . (1.81~ 0. 02)/,
10000 kg/cm

The Nb line of the present sample had a slight
asymmetry. The higher-frequency deflection was
about 6% larger than the lower-frequency deflection
in the derivative curve. The degree of the asym-
metry, however, remained unchanged under a
pressure of 8000 kg/cm .

The linewidth defined as the distance between
the maximum and the minimum of the derivative
curve was 8.0 kHz. This is in reasonable agree-
ment with the previously reported values.
The linewidth of the Nb NMR sharply depends on
the quality of the sample. 7 The linewidth of the
present sample is close to the best samples re-
ported. The narrowest linewidth observed by
Butterworth 7 using a pulsed free-induction decay
method is 7. 8 kHz. A single crystal of Nb of the
highest quality (the resistivity ratio Rm/R4 2 is
reported to be 500) gave 4. 5 and 9. 5 kHz for [100]
and [110]directions. If one assumes the corre-
sponding powder linewidth to be 3(hv[100]+2&p
[110]), one obtains 7. 8 kHz.

The small asymmetry observed in the present
sample could be explained by a second-order quad-
rupole effect, ' although Schone suggested that
only a first-order quadrupole effect would be ob-
served for the high-quality sample.

Strictly speaking, if the line shape has asymmetry,
the zero-crossing point is not a good measure of
the resonance frequency. It is not practical for
the present case, however, to display the total

I8
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a: 604.

PRESSURE (kg/cm )

FIG. 2. NMR frequency of Al in Al metal as a func-
tion of hydrostatic pressure.

profile of the line and calculate the center of grav-
ity. Since the S/N ratio of Nb is relatively poor,
it would take at least 30-40 h to accumulate the
signal, if the total line shape were swept. The
S /N ratio must be enhanced a great deal in order
to measure the small pressure shift. Therefore
it was decided to measure the pressure dependence
of the zero-crossing point using the "skipping"
sweep. Since the asymmetry was small and the
degree of the asymmetry did not change with the
pressure, this procedure was considered to be
acceptable.

The result is shown in Fig. 3. Since the amount
of the pressure shift is smaller and the S/N ratio
is poorer than the Al ~ line, the scatter of the
data is larger than that in Fig. 2. If the Knight
shift of Nb ~ is taken as 0. 821%, ~"2 the pressure
dependence of the Knight shift is

d lnK (0. 16e 0. 01)/0

dP 10 000 kg/cm2

LT UT UT LT

Slightly different values for the Nb Knight shift
have been reported in other sources. '

If one uses Bridgman's value of compressibility,
the volume dependence of the Knight shift is derived
as

— = —1.01 + 0. 02 for Al,
d 1'
d lnV

0 0 0

-—= —0. 29+0. 02 for Nb.
d in%
d lnV

(2)

I

FIG. 1. Accumulated NMH signal in a digitally slaved
signal averager. The center zero-crossing part CT,
the lower-frequency tail LT, and the higher-frequency
tail UT of the derivative curve are accumulated in the
memory of the averager. The rest of the resonance curve
was skipped by using the skipping mode of the digital
slaver. The direction of the frequency sweep is reversed
at the center.

The temperature dependence of the Nb Knight
shift was reported to be unobservable, ' although
the earlier measurement suggested a slight de-
crease with a decrease of temperature. We no-
ticed a slight decrease in E as the temperature was
reduced from room to liquid-nitrogen temperature:

(&30o- &7v)«300=0 16% .
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FIG. 3. NMR frequency of Nb~3 in Nb metal as a
function of hydrostatic pressure.

The three major contributions to the Knight
shift K are, as mentioned previously,

K=Ks+Ka+Ko

where

K, = o
v&

~

e(O)~'&X, n, (4)

and

Ko=o v &P(0)&a Xo Il,

Ko = 2 &r )pX o fl

Here K, is the Knight shift due to the contact in-
teraction between the pertinent nucleus and the
conduction electrons at the Fermi surface. '
X, is the volume susceptibility of s-P band, 0 is
the atomic volume, and (

~
@(0)

~
) is the proba-

bility density for s electrons at the nucleus,
averaged over the Fermi surface. K~ represents
the shift due to the core-electron polarization. '
&p(0))o is the net unpaired density at the nucleus
caused by d-electron spins averaged over the
d state at the Fermi surface. g~ is the volume
susceptibility of the d band. Ko is the orbital con-
tribution to the Knight shift. '

Xo is the orbital
paramagnetism and &r ')D is the average of r '
over all contributing states in the band.

The volume dependence of K is

The observed value is somewhat smaller than the
theoretical estimate, (Kop c K @pc)/Kopb
.= —0.6l%, and its sign is opposite. Since the possible
Dewar effect was not corrected and the sample
contained some iron impurity (200 ppm), this ob-
served temperature dependence should not be taken
seriously.

III. SEMIEMPIRICAL DERIVATION OF d ln(1+ X)/d ln V,

din V(E~~ss/d lnV, d inn "/d In V, AND d lnX~sp/d ln V

dlnK Z~ dlnK, K~ ding Z~ dlnKo
dlnV K dlnV K dlnV K dlnV

If K& and Ko are negligible compared with K„one
obtains

d lnK d ln & I @(0)I') d ln( X,G)
dlnV dlnV dlnV

This is a good approximation for most of the simple
metals such as Al and alkali metals. '. ' Since the
estimate of din(X, Q)/d lnV based on a free-electron
model, which is 3, is not appropriate, ' ' one has
to use a more realistic value, either deduced semi-
empirically or derived from a reliable first-prin-
ciples calculation.

If Ko is negligible compared with K, and K& and if
K~ has an appreciable temperature dependence, one
can separate the first two contributions in Eq. (7)
by using the temperature dependence of the second
term. This is the case for Pt metal. For V metal

Ko is most important, Ko & l K&r»K, . Here a reli-
able estimate for d ln( XoQ)/d lnV was essential in

order to deduce the volume dependence of Ko.
In any case it is highly desirable to have a semi-

empirical method of deriving the volume dependence

of the spin susceptibility X„, since very few direct
measurements of dX„/dP for paramagnetic metals
have been reported. It is the purpose of this sec-
tion to propose a new systematic method of tackling
this problem and discuss the previously suggested
methods critically. As a by-product it is also
pointed out that the volume dependence of (i) the
electron-phonon interaction parameter, (ii) the
band-structure density of states, and (iii) the band

effective mass can be deduced semiempirically. It
mould be interesting to compare the volume deriva-
tives of these parameters with ab initio calculations
or with directly measured quantities such as the
pressure dependence of the cyclotron resonance or
of the tunneling spectrum.

A. Effect of Electron-Electron and Electron-Phonon Interactions
one andye sp

If one neglects the electron-phonon and the elec-
tron-electron interaction, X „can be derived from
the specific-heat measurement at low temperature.
The linearly temperature-dependent part of the low-
temperature specific heat c, is proportional to the
density of states of the electrons at the Fermi sur-
face n(E, ), "

c, /T= r= ', w'k'n(Er)-, -
where c, and n(EF) refer to the values per unit

volume. The spin susceptibility X„ is also propor-
tional to n(E+), 'o

X., = 2I o [~(~.)+o((»IE.)') ), (lo)

where p.o is the magnetic moment of the electron.
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where X,*, is the enhanced susceptibility and n is
proportional to X„itself. A more specific form
derived from many-body formalism is given by
Si1.verstein' as

X()" 1+(mim*-l)(x. /x„..)
'

where X„„is the free-electron susceptibility.
is the enhanced susceptibility in the free-electron
approximation, which is given in Fig. 4 of Ref. 14.
m* is the band effective mass, '

m*/m =n(E~)» /n(E~)„„.
It is noted that Eq. (14) is valid only for a nearly-
free-electron case, which seems to be justifiable
for Al but doubtful for Nb. An obvious catastrophe
will be encountered if m */m is equal to or larger
than a certain value, since the denominator of Eq.
(14) becomes

1 (~/~*-I)(x. /x, .)-0
for m*/m ~ xo/(xo —x.„..) .

The relation between the spin susceptibility and
the electronic specific heat, Eq. (11), will be modi-
fied by the electron-phonon and the electron-electron
enhancement factor:

X.",=8(Vo/»)'&(I —o') '(1+x) ' . (18)

The second term in Eq. (10) is usually negligible. 4~

The spin susceptibility is, therefore,

x.,= 8(V, /v&)'~ .
If the electron-phonon interaction is turned on, y

will be enhanced appreciably. The enhancement
factor is given by McMillan as 1+X. ~ is a dimen-
sionless electron-phonon coupling constant, which
corresponds roughly to N(Er) V of the BCS model of
superconductivity. ~ for various metals derived
from superconducting properties are listed in Ref.
13.

y could be affected by the electron-electron in-
teraction (exchange and correlation interaction). '
This effect is appreciable for such low-density
metals as Bb and Cs, but it does not seem to be im-
portant for Al and Nb. Therefore, the band-struc-
ture density of states n(E~)» can be obtained from"

n(E, )„=8y/2&'a'(I+ x),
where ~ for Al and Nb is 0. 38 and 0.82, respective-
ly. ' A. could be determined from the ratio be-
tween the cyclotron mass and the band mass. '

It is well known that X„ is enhanced by electron-
electron interaction, the most obvious and striking
example being a ferromagnet. The exchange-en-
hanced susceptibility is often described by a Stoner
form

A few attempts have been tried to derive din

(X,*,0)/d lnV semiempirically. ' ~ 43 It has been
noticed, however, that the consistency among the
values derived from the different methods is rela-
tively poor. It is the purpose of this subsection to
consider their theoretical background more care-
fully and to evaluate their reliability in deducing the
pertinent parameters, .

I. Magnetostriction

Fawcett and White" derived the volume depen-
dence of susceptibility from magnetostriction mea-
surements for a few metals. The details have not
been published.

2. (ss. /s v),

Two independent methods have been used to obtain
(SS, /S V)z, where S, is molar electronic entropy
and t/ is molar volume. They gave different an-
swers. The reason has not been well understood. In

any case one can deduce the volume dependence of
the density of states from SS, /&V. From Eq (9).
the phonon-corrected electronic specific heat (per
mo1e) C, i.s

C, /T= —', m k~N(E~)»(1+x),

where N(Ep)» ls the density of states per mole for
bare electrons. If a possible temperature depen-
dence of ~, which will be discussed later, is ne-
glected, a thermodynamical relation,

C~ &SO

T eT (18)

leads to S,=C, .
The volume dependence of the density of state is

~ln Ep qg Bin 1+& ~lnS,

V (BB ) ()g)

The electronic Gruneisen's constant, (V/C, )
(SS, /SV)r =- g„gives the volume dePendence of the
phonon-enhanced density of states, N(E~)sa (1+X).

Since the effects of ~ and n tend to cancel each
other, it is noticed that the bare-one-electron der-
ivation, Eq. (11), is sometimes a fair approxima-
tion. In the case of Al, for instance, X,",= Xo/0, 91
=1.87X„.. [Zq. (14)] a d ~=I 4.9(.'~-'I'n„, ), ob-
tained by using m /82 = 1.08~ X= 0, 88, and Xo/gfpyy

=1.24, ' gives us (1 —n) '(I+X) = 0.9. Probably
this is the reason why Shu et al. ' could get a very
good agreement between the calculated Knight shift
of Al and its experimental value using relation (11).
Rohy and Cotta also noticed the similar canceOation
for a V-Cr alloy.

B. Previous Attempts to Derive d 1n(x~gpQ)l'din V

and Their Eva1uation
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a. (Bs,/s V)r derived from loco te-mperature ther
mal expansion. An elementary thermodynamics
relation gives

(20)

where S, cc, and cc are molar entropy, the (volume)
thermal-expansion coefficient, and the compress-
ibility, respectively. Varley' and Andres con-
sidered an electronic and a lattice contribution to
S and z at low temperature:

The discrepancy between (23) and (28) does not

seem to be due to the similarity principle used.
Garfinkel and Mapother observed the same dis-
crepancy for Pb, where they could use relation (27)
directly, since T, for Pb is higher than for Al.
Similar data for some other metals are tabulated
in the review article by Brandt and Ginzburg
(Table 3). 6 It may be possible to disregard g,
given by (28) because of the large experimental er-
ror. ' The discrepancy seems to be real, however,
for Pb. g, for Pb derived from relation (27) isc9

+ ~~
= & 0)+Qg (21) g, = 5. 0+0. 7 for Pb, (29)

where l and e refer to the lattice and the electronic
contribution, respectively. It is a general practice
to identify n, as a linearly temperature-dependent
part of the thermal expansion at low temperature,

(22)

The electronic Gruneisen's constant g, given in Eq.
(19) or by 8 Inn(Er)se A(1+X)/8 lnV obtained from
the thermal-expansion data at low temperature

5, 5e

g, = 1.8 + 0. 1 for Al,

g, =1.5+0. 2 for Nb.

(23)

(24)

b (Bs,/& .V)r derived from volume dependence
of Parameters in suPerconducting state. From the
thermodymanical relation of the superconductor, ~~

V BHaS=S - S =- —IIs 4~ c (26)

where S and S, are molar entropy for the normal
and the superconducting state. Hc is the critical
field. At low temperature, T ~

&~ T„
~s=(s, +s,) -(s„+s„)=s. , (26)

(27)

Harris and Mapother" obtained g, for Al using a
similar method. Since they could not perform the
pressure experiment at low enough temperature,
they had to use a semiempirical relation (a simi-
larity principle) in order to deduce g, . The result
is

g, =6. 65+3 for Al. (28)

where the additional subscript s refers to the super-
conducting state. The assumptions used in deriving
Eq. (26) are (i) S, =S„and (ii) S goes to zero
faster than S, as the temperature is reduced. The
volume dependence of S, can be obtained from the
volume dependence of H, and SH, /8 T,

where v is taken as 2. 1~10 atm '. The thermal-
expansion data give

g, =1.7+0. 5 for Pb. (3o)

S ' = y T + P T' ln(8v/T), (31)

where y and P are constants, and OL, is the Debye
temperature. It is noted that the first term is a
"pseudoelectron"-type entropy, since it is propor-
tional to T, and the second contribution has a
"pseudolattice" form because in(8v/T) is nearly

The discrepancy of a factor of about 3 cannot be
explained by the naive quasiparticle picture of the
electron-phonon interaction given in Eqs. (17) and

(19}. The enhancement factor 1+X has not been
taken into account in most of the published
works, ' '6'" however. It is noted that the electron-
phonon interaction can be important in deriving
'9 inN(Er)ea/&lnV from Eq. (19). For Al, X is only
0. 38 as stated before, but the volume derivative of
X is sink/8lnV=3. 0, [sin(1+1)/slnV=0. 84], as
will be derived later. The phonon clothes can be
softer than the electrons themselves. The pressure
dependence of the phonon spectrum of Pb from
tunneling experiments suggests that 8 1n(1+X)/&P
is almost eight times as large as & lnN(Er)ace/SP.
The numerical value itself may not be taken too
seriously, however, - because of the assumptions
involved. Trofimenkoff and Carbotte estimated
8 ink/s lnV a.s 2. 7 for Pb. cc The results by
McMillan' indicate that X changes a great deal with
the change in composition of Nb-Mo alloys. We are
also aware of the danger of using the naive quasi-
particle picture indiscriminately.

It may be considered intuitively that the large
value derived from relation (27) is the volume de-
pendence of the fully dressed entropy and the
smaller value derived from (22) is for the partially
stripped electron entropy.

c.Tentative explanatcon for discrepancy. A
tentative interpretation of the discrepancy mentioned
in the previous sections is proposed here based on
Eliashberg's and Grimvall's theory of the elec-
tron-phonon interaction. Eliashberg derived the
entropy due to the electron-phonon interaction as
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constant in the pertinent temperature range.
The total specific heat C is

C T ' +T ' +T (32)

The contribution from the electron-phonon interac-
tion C is

C'= yT+ p[31n(e /T) —lj T' (33)

~C= C~+ C at T&
q() Tc (s5)

Bryantand Keesom noticed that 4C for In contains
the pseudolattice term as is expected from Eqs.
(33) and (35)."

The thermal-expansion coefficient n is

which also consists of the pseudoelectron and the
pseudolattice term.

If one takes the difference between the specific
heat of the normal state and of the superconducting
state at low temperature,

& C = (C, —C„)+ (C, —C„)+ (C —C, ), T & T, (34)

where s refers to the superconducting state. Since
C, = C„'and C„as well as C, go as exp( —T,/T),
4C will be

T, =0.858 e ' (sq)

these measurements is relatively poor, the expected
T dependence was not detected.

The pseudolattice term can be taken into account
as the temperature dependence of X. A in Eq. (17)
is then the sum of the temperature-independent
part and a. T [ln(eD/T) ——,'] term. The temperature
dependence of X was observed as the temperature-
dependent cyclotron effective mass.

3. Micxosopic Theory of Superconductivity

The thermodynamical relation (25) is independent
of the detailed mechanism of superconductivity.
The combination of the semiempirical relations and
the thermodynamical relations have been used ex-
tensively for the purpose of deriving the electronic
Griineisen's constant from the pressure dependence
of the superconductor parameters. ' ' ' ' These
relations generally do not depend on the microscopic
mechanism of the superconductivity.

Since the first successful microscopic theory of
superconductivity (BCS theory") contains the den-
sity of states N(E~) explicitly in the expression for
Tcy

where

8V ~V ~V (36)

a few attempts have been made to retrieve the vol-
ume dependence of N(E~) out of ST,/&P. 'a A more
refined theory, ' however, seems to discourage
these attempts strongly.

McMillan' gave the following expression for T,:
~V & ~V& V ~lnV T c)lnV ~

(37)

e, -
1.04(1+X)

l. 45 A. —p*(1 + 0. 62K)
(4o)

Here we find the T and the T' term again.
The volume derivative of Eq. (25) is

VHc 8Hc & 8 e 8S

where p,
~ is the Coulomb pseudopotential of Morel

and Anderson. ' It is generally believed that p,
~

is insensitive to the volume change. "' " The
electron-phonon coupling constant A. , which has been
discussed in Sec. III A, is expressed as"

T& „T,. (36) A. =N(E~)(s )/M(~ ), (41)

The linear part (in T) of the thermal expansion rep-
resents the bare-electron contribution and the pseu-
doelectronic part of the electron-phonon interaction
(the partially stripped electrons). The volume de-
rivative of the superconducting parameter, Eq.
(38), gives the fully clothed results (with the pseu-
doelectronic and the pseudolattice effect). The
discrepancy between these two measurements is
due to the pseudolattice contribution, the second
term in Eq. (37). The magnitude of (SS /SV)r could
be comparable with or larger than (BS,/BV)r men-
tioned before. The T' term in Eq. (37) could be
larger than the T term, depending on SInP/SlnV
and T. The temperature where the pressure ex-
periments of the superconductor are usually per-
formed is not much lower than T„ the exception
being the case of Pb. ' Therefore the T' term in
Eq. (37) can be appreciable. Since the accuracy of

where (sa) is the average electronic matrix elements
of the deformed crystal potential and (& ) is an

average of the square of the phonon frequency. It
is also known that the product N(EF)(s ) is insensi-
tive to N(Ez) itself. This is particularly the case
for materials having a high density of d states at
the Fermi surface. ' ' ' The product is also believed
to be insensitive to the volume change. Therefore
it may be concluded that SN(Ez)/SP cannot be de-
rived from ST,/SP with confidence based on the
present microscopic theory of superconductivity.
First-principles calculations for ST,/&P "'" '
also indicate that the phonon spectrum change is the
dominant factor in the observed pressure depen-
dence of T,. The volume derivative of Eq. (40) is,
however, very useful in deriving the volume depen-
dence of the phonon-electron enhancement factor
as will be shown in Sec. III C.
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We propose a systematic scheme to estimate the
volume dependence of X~ from the electronic ther-
mal-expansion coeff icient n, . The basic scheme
is as follows: dlnN(E~)»/dlnV is derived from n„
which is proportional to the volume dependence of
the phonon-clothed density of states [Eqs. (19}and

(22)j, by stripping off the phonon-cloth effect. The
volume dependence of the phonon clothes is derived
from Eq. (40). The volume derivative of the bare
d'ensity of states thus obtained will be clothed with
the electron-electron interaction effect.

The volume derivative of Eq. (40) is
d 1nT, dln8

l 8
d lnV dlnV 1.45T, (42)

where

@=dlnl
' dlnV.

~X —i(, *(l + 0. 62k.)
(4&)

One can evaluate p from the observed value of
d InT, /d lnV, Griineisen's constant d ln8~/d lnV,
and 8~/T, . The volume derivative of the phonon
enhancement factor is

d ln(l + &) A. —p*(1+0.62K)
dlnV 1+0.38 p,

' (44)

where dp, */dV is assumed to be zero. "'" "
i(,

~ is
almost constant for the same series of metals
(y. *=0. 13 for transition metals, i(, *=0. 1 for poly-
valent metals}. '3

From Eq. (19) the volume derivative of the band-
structure density of states is derived as

d lnN(E~)» d ln(1+ X)
dlnV ' dlnV

It is concluded that the best available information
to deduce ding,*,Q/d lnV from is, in general, the
low-temperature thermal expansion. The correc-
tion due to the volume dependence of the enhance-
ment factors ought to be included however. The
detailed study of the low-temperature magnetostric-
tion (Sec.III B 1) is not available at the moment. The
theoretical implication of the electronic thermal ex-
pansion is simple and the experimental accuracy is
high. The linear part of the observed thermal ex-
pansion does not contain the pseudolattice-type elec-
tron-phonon interaction, whose behavior is not
well known. The pressure dependence of the super-,
conductor parameters is more difficult to measure,
and the experimental uncertainty i.s much larger
than the thermal-expansion results. The theoretical
implication for most of the measurements where
the semiempirical relations and the similarity
principle are used is less clear. The simplest case
expressed by Eq. (27) is only applicable to Pb. The
result derived from Eq. (27} could contain the ef-
fect of the pseudolattice contribution of the electron-
phonon interaction.

C. New1y Proposed Method

where g, is obtained from a„
g, = Vo(,/Cp. (46)

From Eq. (15) and the relation N(E~}s8= Vn(Ez}»,
the volume dependence of the band effective mass
m~ is obtained as

d lnm * d InN(E~)» 2

dlnV dlnV 3
' (47)

(48)

where the semiempirical value for dlnm~/d lnV is
available in Eq. (47). Figure 4 in Ref. 14 gives us
din}(o/dlnV corresponding to the pertinent r, The.
second term in the square bracket is usually larger
than the other terms because d lnyo/d lnV= —-', and
m= m~ for the free-electron approximation to be
valid. This is consistent with the assumption made
by Weaver and Narath. 4 They assumed that the
dominant volume dependence comes from dm*/dV,
although they utilized a different expression for
XIp '

If one uses the Stoner-type expression for the
susceptibility, .

one obtains
(49)

ding,*,
(

i },d lni(

dlnV " dlnV ' (50)

where the volume dependence of n is neglected.

The proposed scheme to derive the volume deriv-
ative of I+'X, N(Ez)ss, and m* has a wide applica-
bility, the important exception being for nonsuper-
conducting metals. The parameters required for
the present derivation are available for most of the
polyvalent metals. The validity and the reliability
of the present method may, however, have to be
evaluated more carefully in the future when first-
principles calculations of N(Ez}» and m* are per-
formed as a function of V and/or direct measure-
ments for the derived parameters are available.

The next step is to derive ding,*,/dlnV from the
volume derivative of the stripped density of states
given by Eq. (45). This is more subtle than the
previous process, however, since the electron-
electron enhancement does not seem to be completely
understood. Silverstein's relation, Eq. (14), is
legitimate only for the nearly-free-electron case.
The alternative, Eq. (13), ' 6'8 contains a molecular
field parameter & whose exact expression depends
on ad koc models.

If one uses Eq. (14), the volume derivative of the
electron-electron-enhanced susceptibility is

d(nX" (m/m'-lb,
)

'
dl V

"
X„..

dingo go m dlnm~ 1 X,o m
dlnV X„„m dlnV 3 y~„, m
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It is noted that d1ny*/dlnV is enhanced by the same
factor, (1 —o."y„) ', as for y„. From Eq. (10) we
have

d Iny.. d Inn(E~)»
dlnV dlnV

ding, Q ding*, ~~' —1 11
dlnV dlnV

(58)

From Eqs. (I), (8), and (58) one can derive the
volume dependence of ( lq(0)l ) as

dlnN(Es)a,
dlnV

din(14 (0) I')
din V

(59)

Since din%(Es)as/din V is obtainable semiempiri-
cally as stated above, one can get ding,*,/dlnV, if
the enhancement factor for y„ itself is known. For
instance, the temperature dependence of the sus-
ceptibility would give some inf ormation about the
molecular field parameter e . '

IV. ANALYSIS OF dink/din V FOR A1

The volume dependence of the Al Knight shift,
Eq. (I), is the sum of two contributions as is shown
in Eq. (8). The second term, ding, fl/dlnV, will
be evaluated semiempirically using the scheme
mentioned in Sec. III.

Olsen et al. ' obtained p as defined by Eq. (43)
from essentially the sa,me equation as Eq. (42),

cp =3.4 for Al.

Equation (44) leads to

din(1+X)
din V

(52)

(53)

or

d ink
d ln V

(54)

Using the Gruneisen's constant g, obtained from the
electronic thermal-expansion coefficient [Eq. (23)],
we get the volume dependence of the bare-electron
density of states [Eq. (45)] a,s

d lnN(Es')as
dlnV

(55)

dlnm*
0 3 01

din V
(58)

Since the free-electron model is believed to be
a fair approximation in evaluating the electron-
electron enhancement for the susceptibility,
dlnX,*/dlnV is estimated from Eq. (48) as

dlnX +0 14
din V

(57)

where m*/m is taken as l. 08." As stated before,
the second term in the square bra, cket is largest.
ding* 0/dlnV, which is to be used for the second
term in Eq. (8), is

It is noted that din(Es. )»/din V thus obta. ined is
about 30/o larger than the free-electron value —,'.
The volume dependence of the band-structure effec-
tive mass is from Eq. (47),

The uncertainty of the value derived above is diffi-
cult to estimate. The error is probably not more
than +0. 2.

The precise physical implication of the volume
dependence of ( 1 g (0) I ) has to wait for the first-
principles calculation. It is noted, however, that
(i) it has the same sign and the same order of mag-
nitude as is expected from the simple uniform
scaling of the wave function; (ii) its size is one
order of magnitude larger than the corresponding
va, lue for Na, but it is about the same as Cs, al-
though we are aware of the crudeness of the esti-
mate in Ref. 2 which was available at that time;
and (iii) it is not inconsistent with the recent pres-
sure-dependence experiments of the Fermi sur-
face. ' The volume dependence of the cross-sec-
tional area of the Fermi surface is usually some-
what larger than is expected from the simple scal-
ing. Particularly the "neck" area for Cu ha, s
-4-5 times larger volume dependence than the
scaling prediction. '

V. ANALYSIS OF dlnE/din V FOR Nb

The volume dependence of the Nb Knight shift,
which is expressed by Eq. (7), will be analyzed
using a similar method as was utilized for V
metal. ' The result of the analysis is, however,
less clear cut. Since the 7 Knight shift is domi-
nated by Kp and K, is almost negligible, the deriva-
tion of dlnKs/din V was not very difficult. Since
McMillan's theory' was not available and the phys-
ical implications of (i) the low-temperature ther-
mal expansion and (ii) the various enhancement
factors were not clear when Ref. 8 wa, s prepared,
there was some confusion in the estimate for
dlnK„/dlnV. Nevertheless, it is our belief that
the deduced value for V, dlnKs/din V= —0. 49
+ 0. 10, is basically correct.

The partition of the Nb Knight shift into its com-
ponents is

K, =O. 37%, Ks= —0. 23%, a,nd Ks ——0. 74%

These values are essentially derived from theoreti-
cal estimates. The total calculated Knight shift
K„„(=0.88%) is slightly larger than the experi-
mental value 0. 85/o quoted in Ref. 83. It is, how-

ever, closer to the experimental value 0. 87/0 by
Drain. ' ' ' The semiernpirical partition of the Nb

Knight shift into two parts, K +Kg and Kp has also
been reported':
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dlnK ~K dlnK, K„dlnK& Kp dlnKp

din V K dlnV K dlnV K dlnV
Since the d-band susceptibility Xz* is much larger

than the s-p-band susceptibility X,*, one may take

dlnV
'

din V din V
dlnXg~ — 2 4

d lnV
(67)

Since the weight of the first term, 0. 42, is com-
parable to the weight of the other terms, the esti-
mate of dlnZJdlnV is important for the derivation
of the rest of the terms. Unfortunately there seems
to be no reliable way to estimate this term, except
probably for a first-principles calculation. The
recent APW calculation results for Nb metal do
not include any information about the wave functions
nor their volume derivatives. One has to depend
on some educated guess. The electronic configu-
ration of the Nb s-P band suggests using the din K,/
dlnV value for Rb. If this is an acceptable analogy,
one gets from Ref. 2

din Ks
dlnV

(61)

dlnX, Q

dlnV
(62)

The first term would be of the order of —1. Note
that this value would be smaller than din( ~@(0}~~)/

dlnV for Al, since the number of the s-P band elec-
trons in Nb is less than in Al. d lnEJd lnV would

be

dlnK,
d lnV

(63)

The second contribution in Eq. (60) is expressed
by

d ln If'~ d ln(p(0})~ d lnX f0
d ln V d ln V d ln V

The first term of Eq. (64) is estimated from the
pressure-dependence results of Fe metal as is
shown in Ref. 8,

(64)

d ln(p(0})~
d lnV

(65)

It seems that we have some empirical clue for the
estimate of the second term of Eq. (64). Fawcett
and White" derived the volume dependence of the
spin susceptibility from the low-temperature
magnetostriction,

d lnX,*,Q
d lnV

(66)

Another guess is to estimate the components of Eq.
(8) as follows: We assume that ding, Q/dlnV is
roughly equal to the electronic Gruneisen's constant
for the s-P band. The implication is that the effect
of the electron-phonon enhancement factor roughly
cancels the susceptibility enhancement factor. Since

g, is empirically known to be in the neighborhood of

l. 5,
'3 the second term of Eq. (8} would be

It is interesting to compare the value given above
and the corresponding value deduced from the
scheme proposed in Sec. IV. Although the deriva-
tion of d In'(Er)sa/d lnV and d lnm*/d lnV is legiti-
mate for Nb, Eq. (48} is hardly applicable since the
free-electron model js a poor approximation for the
d-band electrons. In the following estimates, the
distinction between the s-P and the d band js ne-
glected. The parameters derived, therefore, refer
to an average over the two bands. The weight for
the d band is dominant.

The value for y derived from Eq. (42) is

y= —0. 32, (68)

where the following values for the parameters
were utilized: d T,/dP = (l. 2 a 0. 2) && 10 'K/bar,
T, = 9.2 'K, e~= 252'K, and dlnen/dlnV= —l. 35.~3

The present value for y is different from the pre-
viously reported value by Olsen et al. 7' because
the new value for dT, /dP was used. Equation (44)
yields

d ln(1+X)
d lnV

= —0. 19,

where X =0. 82 and p.*=0.13 were used. '3 From
g, for Nb, 1.5+0. 2, one gets

d InN(Ez) as
PlnV .

(7o)

d lnm*
d lnV

(71)

If one uses expression (50) for the volume de-
pendence of the enhanced susceptibility, one obtains

ding,",0
(I )

~ dlnx„A
d lnV d lnV

( )-t d InN(&p)sa
dlnV (72)

In order for the two experimentally derived values
(66) and (70) to be compatible, the enhancement
parameter & must be about 0. 3, which seems to
be reasonable.

If one uses Eq. (48), one obtains

d lnX~~ ~
d lnV

(73)

where m*/m was assumed to be 0. 7 based on the
APW calculation. The result is in poor agreement
with the value given in (66). This is not surprising
because (48) is not valid for Nb. If one adopts the
semiempirical value for dingo/dlnV derived from
(7o),
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dlnX,*,G
din V

where yo/g, , was assumed to be 1.2 = 1.3.
The last term in Eq. (60) can be derived from the

estimates for the first and the second term given
above. The estimated value for dlnK~/din V is rel-
atively reliable, since the dominant component, the
second term ln Eq ~ (64) was derived semlemplri-
cally. The estimate of the first term in Eq. (60)
is, however, unreliable, and unfortunately its con-
tribution to dlnK/din V is sizable. Therefore, the
deduced value for dlnKO/dlnV has a considerable
uncertainty. If one uses the estimate for dlnK, /
din V given in Eq. (61), one obtains

dlnxo
V

+ 00 40 (74)

If the value in Eq. (63) is used, the result is

dlnKO

din V

The volume dependence of Eo consists of two
terms, '

dlnK, din(r ')D din& '

din V din V din V

Here & is the average bandwidth of the d band.
Since the first term is most likely negative and the

cond term is positive e the small positive value
for dlnKO/dlnV given in Eq. (V4) or (V5) implies
that the magnitude of the dink '/dlnV is somewhat
larger than the (absolute) magnitude of the first
term. More specifically, since it is expected that

dingo d 1Ilg(E~)s g

din V din V

instead of Silverstein's ub jgitjo value, ' the situa-
tion is more favorable, although the theoretical jus-
tification is not clear. The result is

, din(r ')D
din V

the second term is

~ din&
din V

which seems to be reasonable and compatible with
the results for V.

VI. CONCLUSION

The pressure dependence of the Al and the Nb
Knight shifts was measured with a digitally slaved
time averager. The previously proposed methods
to derive ding,*,Q/dLuV were discussed critically.
Particular attention was paid to the effect of the
electron-phonon and the electron-electron enhance-
ment factor. It is pointed out that the volume de-
pendence of 1+1, N(E„)», and m* can be deduced
semiempirically. ding,*,/dlnV was also deduced
from these parameters based on the expression for
the electron-electron-enhanced susceptibility. A
possible origin of the discrepancy between 88,/BV
derived from the low-temperature thermal expan-
sion and from the pressure dependence of the super-
conductor parameters was discussed in terms of
the Eliashberg's theory of the electron-phonon in-
teraction. The volume derivative of (l@(0)j ) for
Al was derived from the measured value of dK/dP
using the scheme proposed here. The origin of the
discrepancy among the reported values of K(T) for
Al was also suggested. From the observed value
of dlnK/dP for Nb, the volume dependence of the
orbital Knight shift for this metal was deduced.

The authors are indebted to Dr. A. 5'. Over-
hauser and Dr. K. J. Duff for helpful discussions
with respect to the electron-phonon interaction pre-
sented in Secs. IIIB2 a-IIIB2 c.
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The thermal smearing of the positron-annihilation-angular-correlation curves is studied.

In the case where the medium is a homogeneous interacting electron gas in thermal equilibrium,
the analysis applied by Stewart and co-workers to the thermal smearing is shown to correctly
give the effective mass. In conjuction with previous calculations of the effective mass, our
results indicate that the observed thermal smearing cannot be explained as mainly caused by
electron-gas effects. It is shown how the model can be modified to take into account the posi-
tron-phonon interaction. This reduces the discrepancy between theory and experiment, but

not sufficiently to account fully for the experimental data. It is argued that new experiments
are needed before one can decide whether it is necessary to consider new mechanisms in order
to explain the effect. A convenient formalism is presented, which allows one to calculate all
positron quantities at moderate nonzero temperatures within a given approximation scheme.
The "ladder" approximation is used to illustrate the argument and to estimate correction
terms.

I. INTRODUCTION

The temperature dependence of the 2y angular
correlation from positrons annihilating in alkali
metals has been studied experimentally by Stewart
and co-workers. ' Employing a model described
in detail by Kim, they used their data to determine
the ratio m* of the effective and bare masses, and

found the values 1.8 + 0. 3, 1.8 + 0. 2, 2. 1 + 0. 3,
2. 3+0.3, respectively in Li, Na, K, and Rb. Cal-

culations of the electron-positron, ' positron-
phonon, ' and, in the case of Na, the band effective
mass ' all tend, however, to give values of m~

close to unity. This discrepancy makes it desirable
to reexamine whether the experiment actually can
be expected to give the positron effective mass.

The main purpose of the present paper is to dem-
onstrate that, in the idealized case of a thermalized
positron annihilating at moderate temperatures in
an interacting electron gas, the above-mentioned


