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The dispersion relation for the normal modes of vibration of holmium metal at room temper-
ature has been measured by means of slow-neutron inelastic scattering techniques. Phonon
frequencies for wave vectors along the principal symmetry directions have been determined
and, in addition, some experimental information about the phonon frequencies along the bound-
aries of the Brillouin zone are reported. The data have been fitted with a Born-von Klrmln
force model which includes interactions out to the eighth nearest neighbor. The interactions
have been assumed to be general (tensor) out to the fourth nearest neighbor and axially sym-
metric beyond. The model has been used to calculate a frequency distribution function g (v), the
lattice specific heat, and the corresponding Debye temperature.

I. INTRODUCTION

As part of a program to obtain detailed informa-
tion about the lattice dynamics of the heavy rare-
earth metals, we have made neutron inelastic scat-
tering measurements of the phonon-dispersion rela-
tion of holmium at room temperature. Data have
been obtained for all six branches of the dispersion
relation in the principal symmetry directions. The
data obtained along the zone boundaries are less
complete than those obtained for Tb, but they are
sufficient to permit the evaluation of the force-con-
stant parameters in an eighth-nearest-neighbor
model such as was used for Tb. ' Previous measure-
ments on Ho by Leake et al. are in good agreement
with our results where there is an overlap of the
two sets of data.

The model fitted to the measured dispersion re-
lation has been used to calculate a frequency distri-
bution function for Ho, and this in turn has been used
to calculate a variety of thermodynamic properties.
In particular, the lattice specific heat has been cal-
culated and compared with measurements3 to permit
the determination of the magnetic contribution to the
total specific heat.

II, MEASUREMENTS AND RESULTS

to check the data, some measurements were carried
out using scattered neutrons with frequencies of 7. 2
and 10 THz. As monochromator and analyzer the
(0002) Bragg reflections from two Be crystals were
used,

Two samples were studied. Both were irregularly
shaped disks grown by the strain-anneal method by
Reed of the Oak Ridge National Laboratory Solid
State Division. One crystal, about 30 mm in diam-
eter and 3 mm thick, was oriented with the c axis
about 45 from the normal to the disk, and measure-
ments in the ab plane were made with this crystal.
The second sample, 20 mm in diameter and 6 mm
thick, was oriented with the c axis nearly parallel
to the normal of the disk, and was used for the re-
mainder of the measurements. For Ho, the lattice
parameters at room temperature are a = 3. 577 and
c =5. 616A.

A selection of measured phonon frequencies in Ho
at room temperature is given in Table I, where they
are compared to the corresponding frequencies in
Tb. ' The complete results are shown in Figs. 1 and

TABLE I. A selection of measured normal-mode
frequencies in Ho and Tb at room temperature (10 cps).

Ho Tb Ho Tb
The measurements were carried out at the Oak

Ridge high-flux isotope reactor on a triple-axis neu-
tron spectrometer. The majority of the data was
obtained with the constant-Q method. For most of
the measurements the analyzer was set to accept
scattered neutrons with an energy E' corresponding
to a frequency of 5 THz (- 25 meV), although in order

r;
A3
M4

Mg

K6
L, Q)

1.94+0. 03 1.82+0. 03
1.34+0. 03 1.30+0. 02
1.96+0. 03 1.75+0. 03

3.08+0. 05 3.05+0. 04
2.46+0. 05 2. 32+0. 04
1.85+0. 07 1.78+0. 06

3.40+0. 07
A) 2. 56+0. 04

M4 1.65+0. 03
M3 3. 04+0. 03
M&' 3.05+0 ~ 05

3.25+0. 04
2. 44+0. 04
1.59+0. 04
2. 90+0. 03
2, 89+0. 04
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FIG. 1. Phonon disper-
sion curves for Ho in the
major symmetry directions
at room temperature. The
lines shown represent the
elgilth-nea res t-neighbo l
force model (see text).
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2. The experimental errors are gener yrail about
2/q. Because of the high absorption cross section
of holmium (80-100b at the neutron energies used) and
h' h incoherent-scattering cross sect&on (-5 b,lg
we were not able to obtain very much data along the
boundaries of the Brillouin zone where the structure
factors are generally low. Even for certain high-
symmetry branches, mainly T&, the data are
sparse. The group-theoretical notation used by
Haubenheimer and Gilat has been followed. The
solid curves are the result of a nonlinear least-
squares fit to the data of a Born —von Karman in-
teratomic force model to be discussed in Sec. III.

All the experimental results given here were ob-
tained with Soller-slit collimators [full width at half-
maximum (FTHM) = 0. 6 j both before and after the
s '

Mfhere necessary, the data have been
corrected for sloping background, but no other cor-
rections have been applied.

III. THEORETICAL CALCULATIONS

A. Model

Th d t have been fitted with the Born -vone R R

E&min atomic-force model that was used or
The model includes general (tensor) interactions
out to the fourth nearest neighbors and axially sym-
metric interactions from the fifth to the eighth near-
est neighbors. Since the dispersion relation mea-
sured for holmium is quite similar to that for ter-
bium, we assumed that the force constants obtained
for terbium wou prb' ld provide an adequate set of initial
parameters for the nonlinear least-squares fitting
of the holmium data. Thus, we did not perform the
linear fitting carried out for Tb, nor did we inves-
tigate other types of models since more restric ive

d l re found inadequate for fitting the Tb
data ' The solid lines in Figs. 1 and 2 show e l

th th s model and ln TRble II Rl'e give
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alon the boundaries o e ri o 'f th B 'll uin zone at room temperature. TheFIG. 2. Phonon dispersion curves for Ho along
l' shown represent the eighth-nearest-neighbor force mo e .



LA T TIC E DYNAMIC S OF HOLMIUM 1231

TABLE II. Best-fit eighth-nearest-neighbor
force model for holmium.

TABLE III. Elastic constants for Ho calculated
from eighth-neighbor model (10«dyn/cm2).

Neighbor Force constant

Qg

pg

~i

(dyn/cm)

7 054
1 055

11517
6 766

C« ——7.72
C83= 8.44

C44= 2 ~ 75
C86= 2. 62

Qp

P2

72

Q3

P8

73

Q4

74

Q7

Q7

y8
y8

1 084
12716

927
2 259

— 1 496
937

1 066
965

80
— 3 897

488
11

1 213
318

1 048
133

344
40

the same as that described for Tb. Since the p',
parameter for Ho cannot be determined from the
data presently available, we assumed that the ra-
tio P',/$7 for Ho is the same as that determined for
Tb.

B. Calculations from Model

1. Elastic Constants

From the eighth-nearest-neighbor model we have
calculated the elastic constants, and these are given
in Table III. Good agreement exists between the
longitudinal and shear velocity of sounds for the c
direction obtained from these calculated elastic
constants and those obtained experimentally. Also,
the elastic constants measured by Palmer at O'K
are consistent with these room-temperature values.
The small differences (-3%%up) that exist between these
two sets of constants are compatible with the usual
effects of anharmonicity.

2. Frequency Distribution Function

the values obtained for the force constants. The
form of the force-constant matrices used here is

This function has been computed using the method
described by Raubenheimer and Gilat. 4 The result
for Ho, obtained with the eighth-nearest-neighbor
model, is shown in Fig. 3. This figure is an un-
smoothed computer plot, with the histogram of
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FIG. 3. I'honon frequency distri-
bution function for Ho. The critical
point features which occur at the fre-
quencies corresponding to the sym-
metry points of the dispersion curves
in Figs. 1 and 2 are indicated.
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Holmium G(v) from 8 Neighbor Model Fit to Inelastic Neutron Scattering Data.
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FIG. 4. Comparison of the meas-
ured specific heat, corrected for
electronic contributions, and the
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g(v)&v sorted into frequency channels of width &v=
0. 0025 THz. Critical points that can be identified
from the calculated dispersion curves for the high-
symmetry direction (see Figs. 1 and 2) are indi-
cated. The frequency distribution function for Ho
is naturally quite similar to that for Tb, but distinct
differences exist. These differences are presum-
ably related to the slightly different ordering of the
frequencies at high-symmetry points (see Table I)
in the two materials.

3. Heat Capacity and Debye Temperature

At low temperatures C„,the magnetic contribu-
tion to the total specific heat C~ of Ho is large in
compa. rison with the electronic (Ca), lattice (Cz),
and nuclear (C„)contributions. Recently, Lounas-
maa and Sundstr'om' have reported specific-heat
measurements and analyses for many of the heavy
rare-earth metals between 3 and 25 'K. In order
to analyze the total specific heat into its compo-
nents, they assumed that the lattice specific heats
of all the magnetic rare-earth metals were the same
as that measured for lutetium.

The lattice specific heat, however, may readily
be computed in the harmonic approximation from the
frequency distribution function g(v). Using the g(v)
shown in Fig. 3, we have calculated C~, the lattice
specific heat of Ho, and the result of this calculation
is shown in Fig. 4. In this figure we also show
C& —CE. Since this quantity is equal to C„+C~, the
area between the two curves shown in Fig. 3 is C„
(C„canbe neglected above 10 'K). In order to make
a comparison between the measured and calculated
specific heats up to room temperature, we have used
CJ as that measured by Gerstein et al. CE has been

calculated from CE = yT. Above about 130'K the re-
sults we obtained using two different values for y
are indicated. The value of 2. 69 cal/'K /g at. for
y is close to the average obtained from CE measure-
ments for the nonmagnetic rare-earth metals, which
Lounasmaa and Sundstr'om7 suggested as a reason-
able estimate of y for the magnetic rare-earth met-
als. However, this y is apparently too large for Ho
since the resulting Cp —CE becomes smaller than the
calculated C~ above 150'K. At these temperatures,
C& is negligible and the calculated CL, is quite insen-
sitive to the details of the calculated g(v), so that
the noted discrepancy could not be due to some in-
adequacy of the interatomic-force model which we

obtained from the phonon-dispersion-relation mea-
surements. It therefore appears quite possible that

y for Ho is nearer 1.6 cal/ K /g at. , which is the
value suggested by Gerstein et al. A definitive
examination of this problem would require an in-
vestigation of the (phonon) anharmonic contribu-
tions to C„.On the other hand, one might expect
y to vary with temperature because of the tempera-
ture-dependent influence that the magnetic order
may have on the electronic energy bands. '

The calculated C~+ CE for Ho, using either value
for y mentioned above, is in fair agreement (a 10%%uo)

with the measurements for lutetium. ' ' Thus, the
conclusions of Lounasmaa and Sundstrom' concern-
ing the temperature dependence of C„below 10'K
for Ho probably would not be significantly altered
if one were to analyze the C& obtained from C~ data
and the Cl. calculations displayed in Fig. 4.

The calculated Debye temperature 9 is shown in
Fig. 5. For comparison we show also the Debye
temperatures obtained from low-temperature elas-
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tic-constant measurements made by Palmer on

single crystals and by Hosen' on polycrystalline
samples. The measurements of Palmer are nearer
our calculations. Actually, since the calculated
curve is based on a g(v) appropriate to -300 'K, a
correction for anharmonic effects should be applied
before making such a comparison with low-tem-
perature measurements. The magnitude of such a
correction at 4'K is probably close to the difference
between the high- and low-temperature measure-
ments of Rosen shown in Fig. 5.

IV. DISCUSSION

The plasma frequency vt, given by vt, = e Z„/van,
where Z is the valence, m is the atomic mass, and

n is the number of atoms per unit volume, is some-
times used as a normalizing frequency for compar-
ing the dynamical properties of different metals.
If the dynamics of Tb and Ho could be described by
Coulomb interactions between positive ions em-
bedded in a uniform negative charge, the normalized
frequencies for these metals would be equal, or
since v~ is the same for Ho and Tb, the measured
frequency would be equal. However, as illustrated
in Table I, the phonon frequencies for Ho are ap-
proximately 5% higher than those for Tb. .Thus,
although the dispersion relation for Ho is qualita-
tively very similar to that for Tb, significant dif-
ferences exist which are perhaps related to differ-
ences in the electronic structure and hence the in-
teratomic forces of these two materials and not to
the small differences in atomic mass and volume.
It is expected that a systematic study of the dynam-
ical properties of all the rare-earth metals eventu-
ally may be correlated to a systematic study of
their electronic structure.

One aspect of the comparison between Ho and Tb
is at present a little puzzling. Ho possesses a
spiral magnetic structure over a much wider tem-
perature range than does Tb. Since this type of

magnetic order can be related to the existence of

parallel sheets of the Fermi surface which are sep-
arated by Ro, the wave vector of this spiral, 9 it was

anticipated that an easily detectable Kohn-type anom-

aly might exist in the phonon spectrum of Ho for

q =ko, even though very little evidence of one was

found for Tb. ' This was not the case; only very
little evidence of such an anomaly was also found

for Ho. However, there may be anomalies at other
wave vectors that were overlooked, and a search
will be made for them in the future. In any event,
all such anomalies in Ho must be very small.

V. SUMMARY

Neutron inelastic scattering measurements of
the phonon-dispersion relation of holmium have
been analyzed by means of an eighth-nearest-neigh-
bor Born —von Karman force model which includes
tensor interactions for the first four nearest neigh-
bor shells. The model obtained from this anal-
ysis has provided the basis for a calculation of a
frequency distribution function for Ho and this in
turn has been used to calculate the lattice specific
heat and the corresponding Debye temperature as a
function of temperature.

A comparison of these data with similar data re-
cently reported for Tb' indicates that although the
phonon dispersion relations for Ho and Tb are qual-
itatively very similar, significant differences exist
which are presumably related to differences in their
electronic structure. On the other hand, the differ-
ences in the electronic structure which are respon-
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sible for giving Ho a stronger tendency toward a
spiral magnetic order do not result in a measurably

larger Kohn-type anomaly in the phonon spectrum
of Ho.
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The martensitic transformation in sodium is studied by means of a local pseudopotential
theory. The total Helmholtz free energy is calculated as 3, function of temperature and crystal
configuration for both the bcc and hcp phases of. sodium. At: T:=0, the hcp pha. s". is found to
be stable, while the bcc phase is found to be stable at high temperatures. The inclusion of the
zero-point energy at T=-0 gives Improved agreement with the experimentally deterlnined t;ice;:"&y

differences between the bcc and hcp phases. It is found that the thermal expansion of the crys-
tal does not play a significant role in the phase transition and the transition from hcp to bcc as
the temperature increases can be explained by thermodynamic arguments.

I. INTRODUCTION

A martensitic phase transition has been observed
in sodium around 36 'K.~ As the temperature is
lowered, the high-temperature bcc structure
changes to a close-packed hexagonal structure (non-
ideal ratio). In order to study this transition, we
have used a simple local pseudopotential model to
calculate the Helmholtz free energy for both the
bcc and hcp structures. Previous calculations '

to determine the stable crystal structure of sodium
have calculated the band structure and electrostatic
energies at 7= 0 of the bec and hcp phases at fixed
volume. In the present calculation, the total free
energy as a function of the crystal configuration is
calculated and then minimized at each tempexature
with respect to the configuration. Our calculations
show an energy difference at 7= 0 that is approxi-
mately twice the experimenta1. 1y determined energy
difference, and the total free energy predicts a
phase transition from the cubic to hexagonal struc-
ture at a transition temperature about seven times
the observed transition temperature.

In Sec. II the local pseudopotential used in this
calculation is briefly described, and in Sec. III the
calculation of the total free energy is described
with emphasis on the hexagonal free energy and the
procedure used to minimize it. In Sec. IV we dis-
cuss the relative importance of volume-dependent
vs structural, -dependent terms in the free energy,
and give thermodynamic arguments for the explana-
tion of the cubic to hexagonal transition.

rr. DESCRIPTION OF LOCAL PSEUDOPOTENTIAL

One of the features of pseudopotential theory is
that the pseudopotential can be separated into terms
that are structure dependent and terms that are de-
pendent only upon the total crystal volume. Thus,
one is able to compare different crystal structures
and, as in this ease, specifically incorporate the
structural differences in the calculation of the total
Helmholtz free energy.

Because of its analytical simplicity, we have
chosen Harrison's modified point-ion pseudopoten-
tial and included a Born-Mayer repulsion between
ion cores. The pseudopotential contains two ad-


