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Electron Correlation in a Two-Sublattice Hubbard Model*
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~e discuss the two-sublattice Hubbard model using a new Green's-function technique pro-
posed by Sawada. It is found that the initial two bands split into four because of the interac-
tion. The perturbed density of states is seen to be obtainable from the unperturbed case by
a simple transformation, the "shape-factor" modulating the shape of the bands being different
from unity only in-the magnetic state. It is seen that in the atomic limit the results agree
with the exact calculation, and in the. limit of weak coupling one gets back the earlier known
results.

I. INTRODUCTION

In recent years, Hubbard's narrow-energy-band
model' in the theory of ferromagnetism in transi-
tion metals has received considerable attention.
In the first of his series of papers on the subject,
he treated the finite bandwidth case by using a one-
particle Green's-function technique. ~ The Hamil-
tonian retains only that part of the interaction which
takes into account the correlation between electrons
on the same site, and is written

X=ZZ r, ,C,'.C,.+fQn, .n, .-~gn. ..
where, in terms of Bloch energies,

Z (i/~) Q e elk {Rg-Rg)
IV

and the index i denotes a VYannier function on the
site i, and C; is the creation operator. A term
with chemical potential X has been added to con-
serve the number of particles. In spite of the in-
erent simplicity of the one-particle Green s-func-

tion formalism, the procedure of decoupling the
higher Green's functions is somewhat arbitrary.
Kemeney used two-particle Green's functions in-
stead, but his formalism too has the same uncer-
tainty in regard to the decoupling. Recently,
Sawada has proposed an alternative Green's-func-
tion method which goes some way in clarifying the
meaning of the truncation procedures and in partly
removing the aforementioned ambiguity. This has
been applied'with considerable success by OgucIll
in his treatment of the Anderson model.

In this paper we study, using this technique, a
two-sublattice Hubbard model. Langer, Plischke,
and Mattis have solved this model within an ex-
tended Hartree-Fock type of approximation in the
two-particle Green's function, and have predicted
two phase transitions, one from a paramagnetic
to a magnetic state, and the other from a metal to
an insulator state. Earlier, Johansson and
Berggren' had considered Overhauser's spin-den-
sity-wave state of a general pitch for a linear chain

with a half-filled band, and had obtained some of the
results of Langer et a/. in one dimension.

In Sec. II we review Sawada's new Green's-func-
tion approach and consider its connection with the
conventional double-time Green's functions. In
Sec. III we explicitly write down the equation of
motion for the Green's function for the two-sub-
lattice Hubbard Hamiltonian, and discuss the vari-
ous approximations made. In Sec. IV, we discuss
the nature of the solutions.

II. MATHEMATICAL TECHNIQUE

As we have pointed out above, the conventional
double-time Green's function uses a rather arbi-
trary decoupling procedure. In some cases the
nature of the solution varies, in some qualitative
aspects, with different decoupling procedures.
The Sawada scheme does not need any such de-
coupling, and the meaning of the approximations
is somewhat clearer.

Consider a many-fermion system, described by
a Hamiltonian

~=pe „n„p+ 4 -Q-V(t, j, f, m)c&c&C, C~.
loo typal ly&

The operators C;(t), in the Heisenberg represen-
tation, are given by

C (t) &&&tC (0)e &xt-
= c, (0)+ tt[x, c,],.[( t)'S2. ]b, [~, C;1l,.' "

Equation (3) suggests that the operator C;(t) is com-
posed of operators C, (0), C~(0)c,(0)C,(0), . . . , etc. ,
because of the presence of the interaction term V
in the Hamiltonian (2). We expand the operator at
a given time t in terms of operators which arise
from the various terms of (3). We write

8(t)C, (t) =QG;, (t)c,(0)

~ ~ &;,~.(t) C,'(0)C, (0)C.(0)"~ ~ ~,

(4)
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where 8(t) is the step function. The notation o ~ o

is defined as

oAB VWO=AB' VW-(AB . VW&

—A&B ' 'VW&+ B(A ' ' ' VW&

—AB( ~ ~ VW& — ' —AB' ~ V(W).

(s)

The sign on each term of the right-hand side of
(3) is minus if the number of permutations of the
Fermi operators is even, as in Wick's theorem.

From (4) one obtains,

&(s(f)c,(f); c'.(0))& = &G;,(f)8c,(0};c.'(0}]&

&{eC,'(0}C,(0)C.(0)o; C„'(0)]&+ ~ ~, + ZK, ,„.(f)
jim

where the curly bracket is an anticommutator. The
second and the higher terms on the right are iden-
tically zero by the definition of o ~ o, so that we

get

G,„=&(e(f)c,(f); c„'(o))&.

Similarly we can show that

K, „.= &([(e(f)c,(f};C.'(0)], c,(o)l; CJ(o)]&. (s)

One observes that the coefficient G,„ is the same as
the one-particle Green's function of Zubarev, so
that a solution for G;„will give us interesting quan-
tities like the density of states, etc In pa. rticular,
the correlation function (C„(0)C, (0)) will be given by

&C (0)C~(0)& =J~ g ( g ) d(t) (t 0+ )8 (~-X )

(s)

where G&„(v) is the time Fourier transform of

G,„(f). The equation of motion which follows from

(4) is

i—„e(f)c,(f) = i&(f) c,(o)+ ZG;, (f)[c„&]
dt

+ Q K( qi (I)[ C(C,C~, K]+ ~ ~ ~ .
(io)

The coefficient K, » is related to the two-particle
Green's function, and similarly the higher ones
are related to the multiparticle Green's functions.
In order to solve Eq. (10), we shall use the approx-
imation of truncating the infinite sum on the right-
hand side at some suitable point. Using the
Hartree-Pock approximation will correspond to
terminating the series at the very first term, while
the second term contains two-body correlations.

III. TWO-SUB LATTICE MODEL

We consider a simple cubic lattice and decompose
it ab initio into two sublattices called A and B.
This is done with a view to obtaining antiferromag-

netic ordering. The Hamiltonian for such a two-
sublattice Hubbard system can be written as

x= —Z, Z r„fcf,c;,+c),c;,+c,', c;,+cf,c;,]
fEA KB

+IZn,",n;, —&Q (n;, +n;,), (ii)

where the sums on i and j are over nearest neigh-
bors in a simple cubic structure. For this Hamil-
tonian, one finds

[C-"- X]= —Z r C-'+IC-"-n-"- ~C-"--
ia ga t-a ta ~

jgB

[n A g] Q 7&„(ctAC8 CIBCA)
k ka $a ja ga

)gB

(i2)

(13)
fQB 8' jfB 8'

The equation of motion for the Green's functions
G, E, K, and L follow from (7), (8), (10), (12),
and (13):

i +X —In—" G-- =is(t)~ps. S-
dt ip ip

+In" (1 —n")E;; + 2 T&,~K~p &

Cc&B

. d A 8$'
i—+ X —I(l —n ) E - = IG -"

dt + ip ip

(i4)

i +y —In—K'- =In (1 —n ) L- + ~ G ff7n(
. d a/~ B B 85

dt ip ip
f6A

(is)

(i +X —I(1——n ) L'= =IK'-
dt +

where

n,"=&n~& and n, =(n~&.

(i7)

(is)

In writing down Eqs. (14)-(17), we have used the

Thus, following the methods of Sec. II, we will
consider the Heisenberg operator C-„";(I}to be com-
posed of the operators C„-";(0), Cf;(0), C„-",(0) n-„";(0)
and C„-,(0) n-„;(0) of the SchrMinger representation.
It must be noted that of the three fermion operators,
we have retained only those which correspond to
the same site index. This naturally means that the
multiparticle correlations are not adequately taken
into account. However, this is consistent with the
fact that in the Hubbard Hamiltonian, only the in-
tegrals (ii I 1/r Iii) =I, corresp—onding to the inter-
action between electrons on the same site, are
considered important. Hence, before an attempt
to include multiparticle correlations is made, one
has to investigate the effect of integrals like
(ij I 1/r lij) '9 Thu.s, we write

8(t)c;";(f)= Xj QG;q C)).+ Q Q E, q
o C("-,&n)",-. o

gQA 8" fgA a'
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fact that the Hamiltonian (ll) conserves both spin
and particle number, so that ensemble averages
of type (C~tc;) can be put equal to zero. Further,
we have assumed the correlation functions

(Cf; C, , ) to be real. This assumption is not
/mtA, B

really necessary, but has been introduced for
simplicity. Let

n = (n(-",) = (n; .-), y = (n;"-) = (n f;). (19)

( KK((KK( ~ 1( (IY2 1a~(6 Kyp Kgy ]y

T P &((( ~ (I I)T (-«)
K

The solution for G(«„«2, v) can be written as

(20)

This allows for a possible antiferromagnetic or-
dering on sublattices A and B. We assume trans-
lational invariance within each sublattice. The set
of equations (14)-(IV) can be solved by introducing
fourier transforms

with f(x)= (1+e~") '. The correlation (Ct~a Cg) is
obtained by the interchange Q. -y. Thus our self-
consistency conditions are

I= ,'(f—[Iy+I(o(y)"'- ~]+f[Ir I(-~y)"' &]-

+f[In+I(ny)" —~]+f[I(x-I((('y)'"- &] ], (26a}

x = '(f [I—r+ I(o(r)"' —&] +f[» I(o-'r}" &]—

-f[Io(+I(ny}(~' —X] —f[Io(-I(o(r)' '- &J j, (26b)

where x= (x —y. Equations (26a) and (26b) give
the solution x= 0 and A. = —,'I. This latter condition
has been proved rigorously for the Hubbard model. '
From (23), we see that the system behaves as
though it has two energy levels —,'I and ——,'I con-
taining half an electron each. This is precisely
the solution one obtains on solving the problem
exactly. " Thus, we see that the new scheme gives
us the proper atomic limit. This is only to be ex-
pected, because in this limit all multiparticle cor-
relations are zero.

B. V(eak-Coupling Limit

5 («(«2)
( (t 2r }

2 F T2( )/F

where

E, = (&u+ A. —Iy)— I'r(1 —r)
(d+A-I(I —o.)

'

Ia n(I —n)F, = (~+ X-Io.')—(d+z-I(I —r)
'

(22)

Yet another interesting limiting case of the so-
lutions (21) and (22) is obtained when the inter-
action strength I is very small. In this case we
can write G(«„«a, (d) as

G(«« ~)=-1 5(«(«a)
2(( ((d+ ~ —Iy) —T («}/((d+ X —I&)

'

(2V)

In Sec. IV we shall examine the nature of the so-
lutions (21) and (22) for the case of a half-filled
bandy viz ~ ~ 6 + 'fl = 1 ~

IV. NATURE OF SOLUTION FOR
HALF-FILLED BAND CASE

A. Atomic Limit

In the limit of zero bandwidth, T(k) = 0 ( the ori-
gin of energy having been chosen such that T;;= 0).
In this case, it is possible to obtain an exact so-
lution for the conventional Green's functions. '
From (21) it can be seen that

i 1 I
(~ a~ )

2(T
( ( 2) 2 &+ p Iy I(((ty)1/2

(23)

where we have used the condition

a+ y=]. (24)
The correlation functions (C~("; C"„-) can be obtained
from the Green's functions (23) and Eq. (9). One
obtains

(c„'-",c~) = ,'(f[Iy+I(~y)"'-x]—

+f[Iy- I(((.y)'" —X] ]

Expressed differently,

G(«« ~)=— ((d+x-Io()i 6(«(«,)
ls 2t 2& E(g)

(o+ Z —Iy/2 —E(«}

1
+ K —IK /2 K E (K() ' (28)

where

E(«}=[,'I'x'+ T'(«}](~' -x= &-y, y= (x+ y. (29)

One observes that the Eqs. (28) and (29) are the
same as the results obtained by Langer et al.
using a conventional Green's function with a
Hartree-Fock-type decoupling. The significance
of this result lies in the fact that Langer et al.
obtained a fairly good agreement of the ground-
state energy of a one-dimensional Hubbard system
with the exact results of Lieb and Wu, '~ at all
values of coupling constant, "becoming almost
exact agreement in the weak coupling limit. " This
calculation shows that the treatment of Langer
et al. is expected to be particularly good in this
limit.
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~(;) 8 E,F2 —T (k)
k o'

2
(;), i=1,2, 3,4.

In the absence of any interaction, I=0, the sys-
tem has two energy levels with the dispersion law
&d-T(K) and &d- —T(K). This is also seen from a
more elementary consideration by putting I= 0
in the Hamiltonian (ll) and solving for the Green's
function 6""exactly. %'hat happens in this case
is that, due to the doubling of the translational
vector caused by the decomposition of the lattice
into two sublattices, the portion of the dispersion
curve between the new Brillouin-zone boundary
and the original Brillouin zone, gives the new
branch &-T(~).

In the perturbed case (I o0), the density of states
pel' atolll Of type A Of spill 0' ls glvell by

FIG. 1. Sketch of the pseudoparticle band structure
(d and (d 4 . The curves A,XB and A'Xa'

ICCy 8 ICO & KO

represent the unperturbed band structure. The param-
=1eters corresponding to this figure are I= 10 eV, T p
= 2,

and x=0.

C. Finite-Bandvvid th Case

In what follows, we shall use the result X= —,'I
for the case of general bandwidth. %ith this, the
solutions (21) and (22) can be written as

~(~)
6sl (Icl K2'(0)= C)(K)Icy)Z . c)) ~2r IS

+e ~~+ ~~~a ~~@(1) 5) (3) (4 )

(i)It is observed that the strength factors A-„; obey
the sum rule g, A'„-'z)= l. If one had A„-';"=1 for
i= 1, 4, Ecl. (33) would be appropriate to a band
structure having four bands with the dispersion
law v- ~»„; . The effect of the factors A'~) cannot
be given a simple interpretation beyond saying
that they reduce the density of states in each band
in such a way that the total number of states peI
atom is just one and not four, as would have been
the case if all A'&z' were unity. In Fig. 1, we have
plotted the general form of the bands &-„&,(f),

(i = 1, 2, 3, 4), in the nonmagnetic case. For sim-
plicity we have chosen [ill] direction. For a sim-
ple cubic Iattlceq T(K) = To(cosK + cosK~+ cosKg)q
and we have taken To = —,', corresponding to a band-
width of three.

Noting that

(34)

+ [-,'I'x' ,'I'x'+ hif'+ .'-I—'x'T'(K)]= 0,— (31)

we can write

and A'--', A'~3), etc. , are given by where

(35)

From (35) it follows that
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where

P(&u') =—Z~[& —& (&)1
N „-

is the unperturbed density of states. Thus, we see
that the perturbed density of states is obtained from
the unperturbed density of states by the transforma-
tions (36) and (37). The "shape factor" multiplying
P[f(~)] in (33) becomes unity when x=0, i. e., in
the nonmagnetic state. If there is a residual mag-
netic moment the perturbed density of states con-
sists of four bands separated by gaps, the shape
of the bands having been altered owing to the inter-
action.
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