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Impedance of a thin film in the presence of spatial dispersion and the problem
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%'e have calculated the surface impedance of a thin, spatially dispersive, dielectric film deposited

on a metal substrate for two commonly used forms of the additional boundary conditions (ABC's) at
the film-vacuum and film-substrate interfaces. The reflectivity has been calculated from the surface
impedance for frequencies in the vicinity of the resonance frequency of the film, and numerical re-

sults are presented for the case of a ZnSe film on an Al substrate. The results for very thin films

show not only quantitative but also qualitative differences between the predictions of the two ABC' s
that should enable a choice to be made between them on the basis of experimental reAectivity data.
An approximate analytic expression for the reflectivity is obtained in the limit of very small film

thicknesses, and its range of validity determined.

At the present time there exists a large amount of ex-
perimental and theoretical work devoted to the problem of
the choice of additional boundary conditions. As is well
known, this problem arises on taking into account the ad-
ditional light waves tbat are present in a crystal when spa-
tial dispersion is taken into account (see Ref. 1 and the
literature cited therein). The relatively weak sensitivity of
existing experimental data to the form of the additional
boundary conditions, and their great variety, leaves a great
deal of room for speculation about their nature.

In this paper we would like to direct attention to new
analytical posslbllltlcs that alc opcncd up In thc lnvestlga-
tion of thin, macroscopic films with a thickness
d «c/ton;(to), where n;(co) is the refractive index of nor-
mal waves at frequency u.

Under this condition, as will be shown below, the opti-
cal properties of a thin film in the vicinity of its reso-
nances depend fundamentally on the form of the addition-
al boundary conditions, which can be seen directly from
the frequency dependence of the film's impedance.

Let a film of thickness d be in contact with vacuum
along the plane z =d, and situated on a planar substrate at
z =0 that is characterized by an impedance Zo. We will
assume, for simplicity, that all fields are functions of only
one coordinate in the planes parallel to the boundaries of
the film, i.e., E(x;t)=E(x,z;t), H(x;t)=H(x, z;t). Then,
in the case of p polarization, the components of the elec-
tric and magnetic fields in the film [denoted by a super-
script (1)] at the boundary with the substrate are related
by

E„"'(k,co
~

0)=ZoHs "(k,co
~
0), (1)

when a dependence of the components on x and t of tlie
form exp(ikx itot) is assume—d. Our aim is to investigate
the dependence of the impedance of such a system,

E„'"(k,co
i
d)

Z(kyco j d) = (2)H'"(k, to
i
d)

cAJ

Here the [A,; J are the (four) roots of the equation

kz —iLz=(co/c) e(co, kx —iA, z), («)

where x and z are unit vectors along the x and z axes,
respectively, i.e.,

(k' —~,')[Qi(k) —~,']=~„,[g ~'~(k) —X,'],
and the IP; I are the (two) roots of the equation

e(to, kx iPz) =0, —
0l.e.,

(6b)

where

on the film thickness d.
The frequency- and wave-vector-dependent dielectric

constant of the dielectric film is assumed to be isotropic,
and to have the form

cilia+(ffcoilrn )k —co
e(co, k) =e„"

toi (fbi/rn')k —to—
where e„ is the part of the dielectric constant that takes
into account the contribution of all excitations whose fre-
quencies are far from that of the exciton resonance being
studied, m* is the effective mass of the exciton responsible
for the spatial dispersion, and co~~ and coi are the frequen-

cies of the longitudinal and transverse excitons at k =0.
The fields in the film are superpositions of the normal-

mode fields and consequently can be written in the form

Z."'(k,~ ( z) = g (E,'"e"+E,'~~'e~j'), (4)
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II( ' k coIliii co +k
ficog

We have also introduced, in Eq. (5), the notation

(8)
[az(qi A, X. E. II ) (q A.X. p.E. II )] 0 (15)

$ [az(qik'X; P;—E ') (q—ik'A, ,X; P,'—E,' ')]=0, (16)

ej(co&k)=e(co,'kx —ll,jz) . (9)

The amplitudes E&
' and EJ ~' are determined with the

aid of the impedance boundary condition (1) on the plane
z =0 and by additional boundary conditions that we as-
sume to be of the form'2

where we have set

ec(co k&}—e~ =e~
Qi —~'

QII
—Qi

g2 gz

c}Pup+ =0 . (10)
while the boundary condition (1) becomes

Q2 $2
(17)

In these conditions P is the excitonic contribution to the
polarization in the dielectric film, g [X;A,;(Qi —A,; )+E II'] =Zo e g X;(QII —A,; ) .

1
C

P(x, t) =P(k, co)exp(ik x —icot), (1 la) (18)

P(k, co)= [e(co,k) —e ]E(k,co),
4m

(1 lb)

and the a; are certain constants that, in general, are dif-
ferent for the film-vacuum interface (ai) and for the
film-substrate interface (az); n is the outward normal to
the boundary of the film. (Here, and in what follows, no
account is taken of any "dead layer. " ' )

For convenience, in the subsequent calculations we in-
troduce the notation

We thus have five equations for the six unknown ampli-
tudes. Since it is relation (2) that interests us, we can
make an arbitrary choice for the sixth equation, for exam-
ple, the equation that results from setting the right-hand

side of Eq. (18) equal to Zo.
Expressing E II', for example, through Eqs. (14} and

(16), we obtain the following system of equations for the
coefficients X;.

(~)Ei =Xi
A,;(Qi —A,;)

In this notation Eqs. (10) assume the form

+[a,(qadi, ;X;e ' E II e ' )—Ald ( ) Pid

(12) QX~(QII —A,;)= .2 2

l Q)E'~

QX f;=0,

QXcg; =0,

(19)

(20)

(21)

+(qiA, ;X&e
' pE; e ' )]—=0, (13)id ())) P;d

g[ai(qik X;e ' PcEcI e ' )—id (~j) Pid
gX;S;=Zo, (22)

(k q A~X.
" p.E. II )] 0 (14) where

(23)
2

2 2 A.d 2f&=~;(az—&;)+ ~ I(a, +k;)(az —QII)e
' —(az —Ac)[(aiaz+QII)cosh(QIId)+gll ai+az)sinh(gild)]j

2
Aid 2i+ ' + I (az ~c)(ai QII)+(ai+& )e [(aiaz+QII)cosh(QIId)+QII(ai+az)sinh(QIId}]I,

2 2k qi ~ AlS;=A,;(Qi —A,;)+ ~ I(az —A,;)[aicosh(QIId)+QIIsinh(QIId)] —(ai+A, ;)aze ' I,
~(QII)= —QII[(aiaz+QII)sinh(QIId)+QII(ai+az)cosh(QIId)] .

The impedance Z(k, co
~
d) now takes the form

2 2kq, A, dg X~ k (Q J
—A,; )e ' + Iai(az —A,; )—(ai +I,; )e ' [azcosh(QIId)+ QIIsinh(QI d)] j

Z(k, co
~

d)=

(24)

(25)

(26)

(27)
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The reflection coefficient for p-polarized light incident
on the surface of the semiconducting film is given by the
CXPfCSSIOQ

corrcspoIlds to A] =Q2=0~ viz. ,

BP =0,
B1l

(29a)

Z(k, a)
i d)+ko

Z(k, co
/
d) —ko

(28)
and has been used, e.g., in the work of Ting er al. 5 The
second corresponds to a1——a2 ——~, viz. ,

where ko ——(co /c —k )'/ =(co/c)cose, with 8 the angle
of incidence.

We have calculated the reflection coefficient (28) for
films of ZnSe of varying thickness deposited on an Al
substrate. Two common forms of the additional boundary
conditions (10) were used in these calculations. The first

(29b)

RIld ls thc Rddlt1oI18I boUIlds~ coIldltloQ Used bg Pcka,r 1Il

his original work on the effects of spatial dispersion on
the optical properties of crystals.

The parameters characterizing the ZnSe film were taken
from the review by Koteles and are
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e„=8.7,
coT ——22 602,
coI —AT= 11.7,
m = 1.49m,

with co values measured in cm '. The surface impedance

Zo characterizing the metal-film interface at z =0 was
taken to be of the form

(30)
l

)
l

i/2

where e(co), the dielectric constant of the metal, was as-
sumed to have the free-electron form, e(co)=1—co&/co,
where the plasma frequency for the charge carriers in the
bulk has the value co& ——120 180 cm ' for aluminum.

In Fig. 1 we present our theoretical results for the fre-
quency dependence of the reflection coefficient for a ZnSe
film whose thickness is 100 A. In Fig. 1(a) the results are
shown for the case of normal incidence (8=0'). In the
case that ai ——az ——0, we see that the reflection coefficient
contains two dips, one at co/cor ——0.99982 and a second,
narrower and deeper one at co/coT ——1.00088. In the case
that ai ——a2=oo the reflection coefficient still has two
dips, but their positions are shifted to higher frequencies
in comparison with their positions when a~ ——a2 ——0, viz. ,
to co/coT ——1.00075 and r&lcoT 1.0036. —I—n Fig. 1(b) the
reflection coefficient is plotted for an angle of incidence at
60'. It is seen that in this case the reflection coefficient
has three dips for each of the two additional boundary
conditions considered. The positions of the dips for
ai ——a2 ——oo are again shifted to higher frequencies with
respect to their positions when ai ——a2 ——0. This shift of
the resonant frequencies to higher values with increasing
a& and az is a general result that is discussed analytically
in the Appendix for very thin films.

The results depicted in Figs. 1(a) and 1(b) differ not
only quantitatively, viz. , in the absolute positions of the
reflectivity minima, but also qualitatively, in a way that
should allow one to differentiate experimentally between
the two additional boundary conditions used. We refer to
the result that in the case that ai ——a2 ——0, one of the dips
in the reflection coefficient lies below the frequency cor, in
the case that ai ——a2 ——oo all the dips in the reflection
coefficient lie above the frequency coT.

As the thickness of the film increases the reflection
coefficient acquires more dips that are associated with
Fabry-Perot-type resonances in the film, and interferences
between the several light waves present in the film. In
Fig. 2 we present our results for ZnSe films of 500 A.
thickness. It is seen that both in the case of normal in-
cidence and in the case of oblique incidence both addition-
al boundary conditions predict reflectivity minima below
coT, so that the simple qualitative difference between the
predictions of the two ABC's for very thin films discussed
above is absent here.

We note that the only adjustable parameters in this
theory are the coefficients cx& and a2 in the boundary con-
ditions (10), for which we have considered only two limit-
ing sets of values in this paper. When experimental reflec-
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tivity data become available for the kind of thin film on a
substrate system we have studied here, those data together
with the theoretical expressions presented here can be used
to obtain ai and a2 from the best fit of theory to experi-
ment. This can probably be done most easily in the limit
of very thin films when the reflection coefficient has a

~/QJ T
FIG. 2. The same as Fig. 1 except that the film thickness is

500 A.
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particularly simple appearance, for which simple analytic
expressions exist (see the Appendix). The presence of an
additional variable parameter for a film not present in a
semi-infinite medium, viz. , its thickness, is of great signi-
ficance in this kind of analysis.

Thus, since the optical properties of a thin film are
determined by its impedance, while the form of the im-
pedance depends very strongly on the form of the addi-
tional boundary conditions, investigation of the optical
properties of thin films in the excitonic region of the spec-
trum could become, in our opinion, a rather simple way of
determining the form of the additional boundary condi-
tions.

(U) (v) (&)~Ex ~Ez I N („) I)+z I CO ( I )+ -Hy"-—— + Hy

ea(")
y leo (y) leo E($)

Bz c cx

As a result of Eqs. (Al) —(A6) we obtain

(A5)

Expressing the derivatives with respect to z in Eqs. (A3)
and (A4) in terms of derivatives with respect to x with the
aid of Maxwell's equations, and taking into account the
boundary condition E,"(x,d)=D,'"(x,d), as well as the
continuity of H~ and E„across the boundary z =d, we
find that at z =d

The work of A. A. M. was supported in part by the
U. S. National Science Foundation Grant No. DMR-83-
14214.

C

(A7)

(A8)

APPENDIX

The theoretical expressions obtained in the text are ex-
act for the system studied in this paper. However, they
are sufficiently complicated in form so that their proper-
ties are not readily discernible in the absence of numerical
calculations.

In this appendix we obtain an approximate, analytic ex-
pression for the surface impedance of our system in the
limit that the film thickness d satisfies the inequality
d &&elean;(co) While so. mewhat limited in its applicabili-
ty, as we will see below, this approximate expression can
nevertheless aid in the interpretation of the numerical re-
sults obtained in the text. It will be obtained by represent-
ing the effects of the film by an effective boundary condi-
tion at the plane z =0 that is exact to first order in d.

In this limit all components of the electromagnetic field
change little across its thickness. Then, taking Maxwell's
equations into account, we obtain for the fields in the film

The difference E'"—D'" can be expressed in terms of
the excitonic part of the polarization P in the film'.

t'

(A9)

d {~„—1)Z, E„'"'(x,O)

2 (~)

= ZOHy' (x,o)+—d —1(,) ic 1 8 Hy (x,o)
CO 6~ I)X

4&leo dz~ p (A 1 1)

(Alo)

Making the replacements D,"'=-E,", E„"'=-E„",that are
sufficiently accurate for our purposes, and eliminating
E„"'(x,o) and H~"(x,o) with the aid of Eq. (1), we obtain
from Eqs. (A7)—(A 10)

E(&)
E„'"(x,d) =E„'"(x,O)+d

' + 'H„'"-
Bx

H„'"(x,d)=H,'"(x,O)+
' da("(x,O)

to first, order in the thickIless d. To slIIlpllfy tile liotation
we have omitted explicit reference to the frequency depen-
dence of the field components. The relations (Al) and
(A2), together with the Maxwell boundary conditions
E„"(x,d) =E„'"(x,d) and H„'"'(x,d) =H~"'(x, d), allow the
field in the vacuum [denoted by a superscript (U)] at the
interface with the film to be expressed in terms of the
fj.eld in the film at the interface with the substrate.

With an accuracy through terms linear in d the fields
E„'"'(x,d) and H~"'(x, d) can be represented formally as

(v)

E„"(x,d) =E„"(x,o)+d-(v) (v) (A3)
(cIz

ea(")
H'"'(x, d) =H'"(x,o)+d (A4)

Bz

I 2 ficoI IBP, dP,
(M —co~()Pz+ 2 +

III Bx Bz

2 2
Cc)

~ t

—COg

(A12)

f, 'O'P„a'P„
(67 col )Pz + — —+

Bx ()g

(A13)

The result given by Eq. {All) completely determines
the impedance of the s3(stem, if the linear relations be-
tween P, and D,"'=E,'" and between P„and E„'"=E„'"'
are known.

We will assume that the exciton radius is much smaller
than the thickness of the film. Therefore, in what follows
we will use the bulk equations of motion of the polariza-
tion, assuming that appropriate additional boundary con-
ditions are satisfied at the boundaries z =0 and z =d.

In the effective-mass approximation for an isotropic
medium we have'
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We note that although the polarization P varies slowly
over the thickness of the film, the terms 8 P/Bz in Eqs.
(A12} and (A13} cannot be neglected. In fact, on integra-
tion over z from 0 to d these terms give the jump in the
derivative BP/c}z which, with the aid of Eq. (10), can be
written in the form

BP
Bz g —If

BP
Bz & —p

= —aiP(x, d) —azP(x, O)

=- —(ai+az)P(x, O) —aia2d P(x, 0) .

L&P„(x)= — q iE„'"'(x,0),
4m

Taking into account that in zero order with respect to d
we can write D,"'=E,'"'=(i—c/co)H~"' and E„"'=E„'"', a—fter
integrating Eqs. (A12) and (A13) with respect to z with
the aid of Eq. (A14) we have

cq,'aH, '"'(x,o)
L!!P,(x)= (A15)

41Tl Co Bx
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2 ~II&-L» (A17}

(A18)

a i+ a2
~l!ii-~+ 4 aia&+

Pl
(A19)

E„"(k)
Z(k, co) = (,iH,"(k)

2 +pi (cd/co)k [1 e'(co,k)]-
1+i (cod /c)Z p [@(co,k) 1]—

(A21)

co —co !!—k f2cgji/fll
2 ~ 2 2

e(co, k}=e„
co —co i—k f1ciji/lB

PPl

qi —— (co!!—coi) .
ANg

Taking Fourier transforms of Eqs. (All), (A15), and
(A16), it is not difficult to obtain finally the impedance
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Zp+i (cd/co)k (1—e ')
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1+i (cod /c)Zp(e„—1)
(A23)

is the effective dielectric permittivity of the film.
We note, first of all, that when ai —+oo and az —+oo

(which correspond to the Pekar boundary condition),
e(co,k)~e„and the impedance assumes the form

Thin Film
p prox

~ oo ~ oo ~ 0

0.00—
0,999 I.000

GJ /C4J T

I

l. OO I

I

I.OOZ

FIG. 3. Comparison of the reflection coefficients for a 50-A-
thick ZnSe film on an Al substrate in the case that u i

——a2 ——0,
obtained from the exact impedance, Eq. (27), and from the ap-
proximation valid for a very thin film, Eq. (A24). (a) 8=0', (b)
8=60'.

The impedance given by Eq. (A23) does not contain a con-
tribution from the excitonic polarization, since in a suffi-

ciently thin film the boundary condition P= 0 leads to the
vanishing of the excitonic polarization at each point in the
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film. The result that the approximate treatment presented
in this appendix yields uninteresting results when the Pe-
kar ABC's are used is perhaps the most severe limitation
on Its appllcabIllty.

On the other hand, if the additional boundary condi-

tions have the form r)P/Bn =0 (a& ——a2 ——0),s then

Zo+i(cd/co)k [1—e '(co, k)]
Z(to, k) =

1+i (cod le)Zo[c(to, k) 1—]

In this case all the excitonic resonances are already mani-
fested to first order in the film thickness d.

It is also easy to see that in the case of the mixed boun-
dary conditions P, =0, t)P /Bz =0, only the resonance at
the frequency of the transverse vibrations co& remains in
the impedance, at the same time that for the boundary
conditions P =0, t)P, /Bz =0, ' only the resonance at the
frequency of the longitudinal vibrations manifests itself to
first order in d.

In order to understand the mechanism" by vyhich the
form of the additional boundary conditions influences the
impedance of a thin semiconducting film, let us return to
the general relation (A21). From the expression, Eq.
(A22), for the dielectric permittivity e(co, k) entering Eq.
(A21) it follows that it corresponds to the bulk dielectric
permittivity e(to, k), but with shifted values of the reso-
nance frequencies, viz. ,

fROi G i +ct2
to

I~
=co~~+ cticx2+

fuuj tt i +ct2
67 g =Q)g+ Q'I&2+

PPl

For sufficiently large values of the a;, as can be seen from
Eqs. (A25), the shift in the resonance frequencies becomes

anomalously lai'gc, alld thc ciitii'c scinlcolldllctiiig film
(under the influence of the additional boundary condi-
tions) in fact goes over into a "dead-layer" state.

This reason for the creation of a dead layer differs sig-
nificantly from the one considered in Ref. 4, inasmuch as
in our case the thickness of the film is assumed to be large
compared with the Bohr radius of the exciton.

We emphasize also that the shift in the resonance fre-
quency found in this work (its lowering in the case of a
positive effective mass) has a different mechanism from
the one studied in Ref. 11, since in that work the thickness
of the film was considered to be small in comparison with
the Bohr radius.

These results are illustrated in Fig. 3, where the reflec-
tivity of a 50-A-thick ZnSC film on an aluminum sub-
strate calculated from Eq. (A24) is plotted for two dif-
ferent angles of incidence. For comparison the reflectivity
calculated on the basis of the exact result for the surface
impedance, Eq. (27), when a& ——az ——0 is also plotted in
this figure. The exact result predicts rdlectivity minima
that are not quite as deep as those obtained from the ap-
proximate expression, but the agreement between the posi-
tions of the minima and their widths obtained from the
two different calculations has to be regarded as excellent.
When the thickness of the film is doubled to 100 A. this
good agreement is already lost.

It appears as if the simple theory of the impedance of a
thin film on a substrate presented in this appendix de-
scribes well the result:s of the exact calculations for those
resonances for which the corresponding electromagnetic
field in the film is smoothly varying. However, in a suffi-
ciently thin film, with increasing a& and ai the resonance
shifts in frequency and at the same time the amphtude of
the rapidly varying part of the field grows. Therefore, at
some values of a& and cti the present approximate theory
ceases to be valj. d.
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