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We have calculated the surface impedance of a thin, spatially dispersive, dielectric film deposited
on a metal substrate for two commonly used forms of the additional boundary conditions (ABC’s) at
the film-vacuum and film-substrate interfaces. The reflectivity has been calculated from the surface
impedance for frequencies in the vicinity of the resonance frequency of the film, and numerical re-
sults are presented for the case of a ZnSe film on an Al substrate. The results for very thin films
show not only quantitative but also qualitative differences between the predictions of the two ABC’s
that should enable a choice to be made between them on the basis of experimental reflectivity data.
An approximate analytic expression for the reflectivity is obtained in the limit of very small film

thicknesses, and its range of validity determined.

At the present time there exists a large amount of ex-
perimental and theoretical work devoted to the problem of
the choice of additional boundary conditions. As is well
known, this problem arises on taking into account the ad-
ditional light waves that are present in a crystal when spa-
tial dispersion is taken into account (see Ref. 1 and the
literature cited therein). The relatively weak sensitivity of
existing experimental data to the form of the additional
boundary conditions, and their great variety, leaves a great
deal of room for speculation about their nature.

In this paper we would like to direct attention to new
analytical possibilities that are opened up in the investiga-
tion of thin, macroscopic films with a thickness
d <<c/on;(®), where n;(®) is the refractive index of nor-
mal waves at frequency w.

Under this condition, as will be shown below, the opti-
cal properties of a thin film in the vicinity of its reso-
nances depend fundamentally on the form of the addition-
al boundary conditions, which can be seen directly from
the frequency dependence of the film’s impedance.

Let a film of thickness d be in contact with vacuum
along the plane z =d, and situated on a planar substrate at
z =0 that is characterized by an impedance 20. We will
assume, for simplicity, that all fields are functions of only
one coordinate in the planes parallel to the boundaries of
the film, i.e., E(i’;t)=ﬁ(x,z;t), f—i(i’;t)=ﬁ(x,z;t). Then,
in the case of p polarization, the components of the elec-
tric and magnetic fields in the film [denoted by a super-
script (1)] at the boundary with the substrate are related
by

EM (k0| 0)=Z,H (k,w|0), )
when a dependence of the components on x and ¢ of the
form exp(ikx —iwt) is assumed. Our aim is to investigate
the dependence of the impedance of such a system,

EM (k0| d)

HV(ko|d) ’ @

Zk,w|d)=

29

on the film thickness d.
The frequency- and wave-vector-dependent dielectric
constant of the dielectric film is assumed to be isotropic,

and to have the form
o+ (fiw, /m* )k — o?
02— (fiw, /m*k?—o?

where €, is the part of the dielectric constant that takes
into account the contribution of all excitations whose fre-
quencies are far from that of the exciton resonance being
studied, m* is the effective mass of the exciton responsible
for the spatial dispersion, and w|| and , are the _f'}'quen-
cies of the longitudinal and transverse excitons at k =0.
The fields in the film are superpositions of the normal-
mode fields and consequently can be written in the form

elw,K)=€,, , 3)

EN ko | 2= 3 (B + B[V @
J
jwe;(w,k) .
H (ko |2)= 3 2GR puyhe (5)
j CA.]
Here the {A;} are the (four) roots of the equation
k*—A*=(w/c) e(w, k& —iLE) , (6a)

where X and £ are unit vectors along the x and z axes,
respectively, i.e.,

2
(2=ADIQH-Afl=€, STIOf K —AT],  (6b)

and the {;} are the (two) roots of the equation

€(w,kx—ipg)=0, (7a)
ie.,

Bi=0fi(k), (Tb)
where
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2 _m 5 2y, 2.2
Qj (k)= i, (of] (1)—w?)+k2. ®)

We have also introduced, in Eq. (5), the notation
ej(a),k)=6(a),k5c‘—i}»_,~2‘) . 9)

The amplitudes E}“ and E}“’ are determined with the
aid of the impedance boundary condition (1) on the plane
z=0 and by additional boundary conditions that we as-
sume to be of the form!-2

B L (10)
on

In these conditions P is the excitonic contribution to the
polarization in the dielectric film,

-

B(%,t)=P(K,w)exp(ik-X —iwt) (11a)

B(K,0) =4 lel0, ) -, JE(K0), (11b)
and the a; are certain constants that, in general, are dif-
ferent for the film-vacuum interface (a;) and for the
film-substrate interface (a,); 7" is the outward normal to
the boundary of the film. (Here, and in what follows, no
account is taken of any “dead layer.”*%

For convenience, in the subsequent calculations we in-
troduce the notation

1
M(QT—AD

In this notation Egs. (10) assume the form

S [ai(g2A X e Pidy

EY=X; . (12)

-—-E,'(”)e

+(q.zt}‘?Xielld—B‘.Ei(”)eBid)]___0 , (13)
d
2[al(qszX,-e}"'d_ﬁiE‘SIl)eﬂ: )
i

P X e BEP =0, (14)

S [a(girX, —E{")—(g3r2x, —B,E{")]=0, (15)
i
S [ay(g3k2X; — BE!")— (g kM X; —BE{")]=0, (16)

where we have set

2,2 2 2
—A? —
Ei(wrk)'_eoo':ew Q|2' ; €0 =€ QI; Qzl
Qi —A; Q1—A;
2
L
=e, ,  amn
01 —A7
while the boundary condition (1) becomes
S Xa(QE A +EN1=20"2e, SX(QF 1D .
i i
(18)

We thus have five equations for the six unknown ampli-
tudes. Since it is relation (2) that interests us, we can
make an arbitrary choice for the sixth equation, for exam-
ple, the equation that results from setting the right-hand
side of Eq. (18) equal to 20.

Expressing E{ll), for example, through Egs. (14) and
(16), we obtain the following system of equations for the
coefficients X;:

;x,(gﬁ —A)= iwce,, , (19)
S X,f;=0, (20)
S X,g,=0, @1
S XS =2, 22)

where

k2
fi =)»:(az—-l,')+7;(—é”—){(a1+7»,- )(a%—Qﬁ )e}"d—(az—ki )[(a1a2+Q|2| Jcosh(Q)d) + Q) (a; +a,)sinh(Q)d)]1} , (23)

Ad k? .
gi=hilar+A;)e" + W@ {—(az—x,.)(a%-—gﬁ)+<a1+x,-)e""’[(a1a2+gf,)cosh(Q,,d)+Q||(a1+a2)sinh(Q“d)]; ,
(24)
2,2 k’q} . Ad
S;=M(QF—Af)+ wQ,) {(az——)»,-)[alcosh(QHa’)+Q”smh(Q”d)]——(a,+k,-)a2e 1, (25)
W(Q”)=-Q||[(a1a2+Q|2,)sinh(Q”d)+Q,|(a1+a2)cosh(Q”d)] . (26)
The impedance 2(k,a)]d) now takes the form
4 kg2 .
X M@ —2De" 4 W((q; - {a(ay—A)— (e +4:)e “[aycosh(Q) d) +Qsinh(Q) )]}
Ziko|d)=-, I @7

e, 3 X(Qf —ADe™
i
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The reflection coefficient for p-polarized light incident
on the surface of the semiconducting film is given by the
expression

2
Zkw|d)+kg

Z(k,o |d)—ko

IR |*= (28)

where ko=(w?/c*—k?)2=(w/c)cosd, with 6 the angle
of incidence.

We have calculated the reflection coefficient (28) for
films of ZnSe of varying thickness deposited on an Al
substrate. Two common forms of the additional boundary

conditions (10) were used in these calculations. The first

V. M. AGRANOVICH et al.

corresponds to a;=a,=0, viz.,

9P _

an

and has been used, e.g., in the work of Ting et al.> The
second corresponds to a;=a,= «, Viz.,

0, (29a)

P=0,
and is the additional boundary condition used by Pekar® in
his original work on the effects of spatial dispersion on
the optical properties of crystals.’

The parameters characterizing the ZnSe film were taken
from the review by Koteles® and are

(29b)
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FIG. 1. Comparison of the reflection coefficients for a 100-A-thick ZnSe film on an Al substrate obtained with the use of two dif-

ferent additional boundary conditions. (a) 8=0° (b) 6=60°.
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€,=87,

0r=22602,
(DL—-(DT=11.7 ,

m*=1.49m ,

with © values measured in cm~!. The surface impedance

20 characterizing the metal-film interface at z =0 was
taken to be of the form

i

Zo=
°7 | elw)

(172 (30)
where €(w), the dielectric constant of the metal, was as-
sumed to have the free-electron form, 6(w)=1—co12, /@,
where the plasma frequency for the charge carriers in the
bulk has the value w, =120 180 cm ' for aluminum.

In Fig. 1 we present our theoretical results for the fre-
quency dependence of the reflection coefficient for a ZnSe
film whose thickness is 100 A. In Fig. 1(a) the results are
shown for the case of normal incidence (§=0°). In the
case that a;=a,=0, we see that the reflection coefficient
contains two dips, one at ®/w1=0.99982 and a second,
narrower and deeper one at w/wp=1.00088. In the case
that a;=a,;= o the reflection coefficient still has two
dips, but their positions are shifted to higher frequencies
in comparison with their positions when a;=a,=0, viz.,
to w/wr=1.00075 and ®/w7=1.0036. In Fig. 1(b) the
reflection coefficient is plotted for an angle of incidence at
60°. It is seen that in this case the reflection coefficient
has three dips for each of the two additional boundary
conditions considered. The positions of the dips for
a;=a,= o are again shifted to higher frequencies with
respect to their positions when a;=a,=0. This shift of
the resonant frequencies to higher values with increasing
a; and a, is a general result that is discussed analytically
in the Appendix for very thin films.

The results depicted in Figs. 1(a) and 1(b) differ not
only quantitatively, viz., in the absolute positions of the
reflectivity minima, but also qualitatively, in a way that
should allow one to differentiate experimentally between
the two additional boundary conditions used. We refer to
the result that in the case that a;=a,=0, one of the dips
in the reflection coefficient lies below the frequency wr; in
the case that aj=a,= o all the dips in the reflection
coefficient lie above the frequency wr.

As the thickness of the film increases the reflection
coefficient acquires more dips that are associated with
Fabry-Perot-type resonances in the film, and interferences
between the several light waves present in the film. In
Fig. 2 we present our results for ZnSe films of 500
thickness. It is seen that both in the case of normal in-
cidence and in the case of oblique incidence both addition-
al boundary conditions predict reflectivity minima below
o1, so that the simple qualitative difference between the
predictions of the two ABC’s for very thin films discussed
above is absent here.

We note that the only adjustable parameters in this
theory are the coefficients a; and a, in the boundary con-
ditions (10), for which we have considered only two limit-
ing sets of values in this paper. When experimental reflec-

1.00 -
\\
\
/)
I
|
1
g
L
0.75 |- l}
L
i
1!
i
1!
|l
I'
o i
a 050 ;j
(a) |
d=500A
6=0°
0.25|-@=a=0 —
al:azzw___
wr
0.00 1 L
0.999 1.000 1.001 1.002
w/wy
1.00 o
NS p , |
VN b N ;’:.' i |
AR !
il 1Al bl h j !
i oy b il
NI RN ERIR 1
babvg v h Iyl
0.75 - IR R i1
I O (]
IR I M
NI Ve v H
A Lidong ! i
Yy 1 ll Hl : : :lll
i vl il
IR O R
@ 0.50} },l '.: 'di' I il
—_ i Ll [ |l=
| [} i I
i ' Ik
P Lo
|1 too
d=5004 i i
8=60° ! i
0.251 4 4= 0 I'? .
a0 |
“"T
0.00 1 ]
0.999 1.000 1.00I 1.002

w/wWy
FIG. 2. The same as Fig. 1 except that the film thickness is
500 A.

tivity data become available for the kind of thin film on a
substrate system we have studied here, those data together
with the theoretical expressions presented here can be used
to obtain a; and a, from the best fit of theory to experi-
ment. This can probably be done most easily in the limit
of very thin films when the reflection coefficient has a
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particularly simple appearance, for which simple analytic
expressions exist (see the Appendix). The presence of an
additional variable parameter for a film not present in a
semi-infinite medium, viz., its thickness, is of great signi-
ficance in this kind of analysis.

Thus, since the optical properties of a thin film are
determined by its impedance, while the form of the im-
pedance depends very strongly on the form of the addi-
tional boundary conditions, investigation of the optical
properties of thin films in the excitonic region of the spec-
trum could become, in our opinion, a rather simple way of
determining the form of the additional boundary condi-

tions.

The work of A. A. M. was supported in part by the
U. S. National Science Foundation Grant No. DMR-83-

14214.

APPENDIX

The theoretical expressions obtained in the text are ex-
act for the system studied in this paper. However, they
are sufficiently complicated in form so that their proper-
ties are not readily discernible in the absence of numerical
calculations.

In this appendix we obtain an approximate, analytic ex-
pression for the surface impedance of our system in the
limit that the film thickness d satisfies the inequality
d <<c/wn;(w). While somewhat limited in its applicabili-
ty, as we will see below, this approximate expression can
nevertheless aid in the interpretation of the numerical re-
sults obtained in the text. It will be obtained by represent-
ing the effects of the film by an effective boundary condi-
tion at the plane z =0 that is exact to first order in d.

In this limit all components of the electromagnetic field
change little across its thickness. Then, taking Maxwell’s
equations into account, we obtain for the fields in the film

E(l) .
@ gm , (Al
z=0

EVod)=E; (x,00+d | ——+~H,

Hyx,d) = Hy"(x,0)+ =D} (x,0) (A2)

to first order in the thickness d. To simplify the notation
we have omitted explicit reference to the frequency depen-
dence of the field components. The relations (A1) and
(A2), together with the Maxwell boundary conditions
E{(x,d)=E{"(x,d) and H"(x,d)=H,"(x,d), allow the
field in the vacuum [denoted by a superscript (v)] at the
interface with the film to be expressed in terms of the
field in the film at the interface with the substrate.
With an accuracy through terms linear in d the fields
E”(x,d) and H;”)(x,d ) can be represented formally as
Jf"v)
oz ’ (A3)
(v)
H,"(x,d)=H,"(x,0)+d—— .

EM(x,d)=E"(x,0)+d

(A4)

Expressing the derivatives with respect to z in Egs. (A3)
and (A4) in terms of derivatives with respect to x with the
aid of Maxwell’s equations, and taking into account the
boundary condition E.”(x,d)=D"(x,d), as well as the
continuity of H, and E, across the boundary z =d, we
find that at z =d

) W m

9" =£ lo (u)za&__,_ﬁ"_H(l) (A5)

oz ox c 7 Ix c v’
aH;D) i iw
Sy _I0pw_ 10 g

3z c = c Ex (A6)

As a result of Egs. (A1)—(A6) we obtain

E,‘,"’(x,O):E;“(x,O)+d§;(E,‘“—DZ‘”),=o . (A7
HY(x,0)=H"(x,0)+ %d(p;”—E,‘,” Jemo.  (AS)

The difference EV'—D " can be expressed in terms of
the excitonic part of the polarization P in the film!:

1

-]

_Amp,, (A9)

0

EV_pW—_p»

DV —EV=(e,—1)E{" +4xP, . (A10)

Making the replacements D}'=E?, E\'' ~E?, that are
sufficiently accurate for our purposes, and eliminating
E,(c”(x,O) and Hy(”(x,O) with the aid of Eq. (1), we obtain

from Egs. (A7)—(A10)

1+ l—cald(em —1)Z, |EX(x,0)
. ; 9’H,"(x,0)
= ZoH{"(x,0)+=d [ L ]—-—y—zx—
o | €, ox
oP, 0 »
_Am S Amio 45 b, (A11)

€ dx c

o0

The result given by Eq. (All) completely determines
the impedance of the system, if the linear relations be-
tween P, and D!V=E" and between P, and E\"=E
are known.

We will assume that the exciton radius is much smaller
than the thickness of the film. Therefore, in what follows
we will use the bulk equations of motion of the polariza-
tion, assuming that appropriate additional boundary con-
ditions are satisfied at the boundaries z =0 and z =d.

In the effective-mass approximation for an isotropic
medium we have'

#iw, | O°P a’P, ol —w?
(0% —w?)P z z | __ 4 DV,
@t m* | dx?  3z° 4 F
(A12)
2 2 2 9
(@ —op)p,+ 0L | 8P (8P | of—el L)
m* | dx? = 9z? Y S
(A13)
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We note that although the polarization P varies slowly
over the thickness of the film, the terms 3°P/dz? in Egs.
(A12) and (A13) cannot be neglected. In fact, on integra-
tion over z from O to d these terms give the jump in the
derivative 9P /dz which, with the aid of Eq. (10), can be
written in the form
i

|
z=d 0z

= —a,P(x,d) —a,P(x,0)
9z

z=0

= —(a1+a2)_15(x,0)—a1a2d§(x,0) .

(A14)

Taking into account that in zero order with respect to d
we can write D,“)EEZ(")=(ic/a))H,(,") and E\V=E", after
integrating Eqs. (A12) and (A13) with respect to z with
the aid of Eq. (A14) we have

cq} 3H"(x,0)

L,P,(x)=
1 > (x) Amio ax , (A15)
A €0
L\P(x)=— EqiE,“"’(x,O) , (A16)
where
Ly T2 il (A17)
=2 —0?) (A18)
J](1) ﬁwl J](L) )
~ ai+a;
‘0321(1)=60|2|u)+ il (251273 d ], (A19)
2 m* 5
=1 (0fj —o7) (A20)
1

Taking Fourier transforms of Egs. (All), (A15), and
(A16), it is not difficult to obtain finally the impedance

P EPk)  Zy+iled /0)k*[1—E ~Yw,k)]
)= = PN
H(K) 1 4i(od/0)Z[Ewok)—1]
(A21)
where
2—~2—k2ﬁw *
k) me, SOk Ay /m (A22)

a)z——cT)l—kzﬁwl/m*

is the effective dielectric permittivity of the film.

We note, first of all, that when a;— o and a;,— o
(which correspond to the Pekar® boundary condition),
€(w,k)— €, and the impedance assumes the form

Slok)= 20+i(cd/w)1:2(1—.e;‘) .
1+i(wd/c)Zye,—1)

The impedance given by Eq. (A23) does not contain a con-
tribution from the excitonic polarization, since in a suffi-
ciently thin film the boundary condition P=0 leads to the
vanishing of the excitonic polarization at each point in the

(A23)
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FIG. 3. Comparison of the reflection coefficients for a 50-A-
thick ZnSe film on an Al substrate in the case that a;=a,=0,
obtained from the exact impedance, Eq. (27), and from the ap-
proximation valid for a very thin film, Eq. (A24). (a) 6=0°; (b)
6=60".
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film. The result that the approximate treatment presented
in this appendix yields uninteresting results when the Pe-
kar ABC’s are used is perhaps the most severe limitation
on its applicability.

On the other hand, if the additional boundary condi-
tions have the form dP/dn =0 (a;=a,=0),’ then

3 Zo+ilcd /o)k[1—e Nw,k)]

Z(w,k)= — (A24)
1+i(ewd /c)Zo[elw,k)—1]

In this case all the excitonic resonances are already mani-
fested to first order in the film thickness d.

It is also easy to see that in the case of the mixed boun-
dary conditions P, =0, 3P, /dz =0,° only the resonance at
the frequency of the transverse vibrations o, remains in
the impedance, at the same time that for the boundary
conditions P, =0, aP,/dz =0,'° only the resonance at the
frequency of the longitudinal vibrations manifests itself to
first order in d.

In order to understand the “mechanism” by which the
form of the additional boundary conditions influences the
impedance of a thin semiconducting film, let us return to
the general relation (A21). From the expression, Eq.
(A22), for the dielectric permittivity €(w,k) entering Eq.
(A21) it follows that it corresponds to the bulk dielectric
permittivity €(w,k), but with shifted values of the reso-
nance frequencies, viz.,

fiw a+a
ah=ofi+— |aa+ ld 1,

” (A25)
_ #ico a+a
ﬂ)i:w%*"— *l [a1a2+ ld 2

m

For sufficiently large values of the a;, as can be seen from
Egs. (A25), the shift in the resonance frequencies becomes

anomalously large, and the entire semiconducting film
(under the influence of the additional boundary condi-
tions) in fact goes over into a “dead-layer” state.

This reason for the creation of a dead layer differs sig-
nificantly from the one considered in Ref. 4, inasmuch as
in our case the thickness of the film is assumed to be large
compared with the Bohr radius of the exciton.

We emphasize also that the shift in the resonance fre-
quency found in this work (its lowering in the case of a
positive effective mass) has a different mechanism from
the one studied in Ref. 11, since in that work the thickness
of the film was considered to be small in comparison with
the Bohr radius.

These results are illustrated in Fig. 3, where the reflec-
tivity of a 50-A-thick ZnSe film on an aluminum sub-
strate calculated from Eq. (A24) is plotted for two dif-
ferent angles of incidence. For comparison the reflectivity
calculated on the basis of the exact result for the surface
impedance, Eq. (27), when a;=a,=0 is also plotted in
this figure. The exact result predicts reflectivity minima
that are not quite as deep as those obtained from the ap-
proximate expression, but the agreement between the posi-
tions of the minima and their widths obtained from the
two different calculations has to be regarded as excellent.
When the thickness of the film is doubled to 100 A this
good agreement is already lost.

It appears as if the simple theory of the impedance of a
thin film on a substrate presented in this appendix de-
scribes well the results of the exact calculations for those
resonances for which the corresponding electromagnetic
field in the film is smoothly varying. However, in a suffi-
ciently thin film, with increasing a; and a, the resonance
shifts in frequency and at the same time the amplitude of
the rapidly varying part of the field grows. Therefore, at
some values of a; and a, the present approximate theory
ceases to be valid.

*Permanent address: Instituto de Ciencias, Universidad
Auténoma de Puebla, Apartado Postal J-48, Puebla, Puebla,
Mexico.
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