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Hysteretic (bistable) cyclotron resonance in semiconductors
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The cyclotron resonance in semiconductors under the action of quasiresonant radiation is con-
sidered in the classical single-electron approximation. It is shown that under some critical condi-

tions, bistability and large hysteretic jumps in momentum of an electron (and related jumps in the
electrical potential between the faces of the semiconductor layer) could be observed. This is due to
the nonparabolicity of the semiconductor conduction band, which results in a nonhnear relation be-

tween the applied electromagnetic field intensity and the cyclotron frequency. For a magnetic field
of —140 kG, the 10.6-pm radiation of a CQ2 laser of 240 W/cm is sufficient to excite a bistable
resonance in InSb.

I. INTRGDUCTION

In previous work' by one of the authors it was shown
that the relativistic mass effect of an electron can result in
a bistable behavior (and in large hysteretic jumps) of the
cyclotron resonance of the electron in free space. This ef-
fect is based on the dependence of the cyclotron frequency
of forced oscillations on the relativistic mass of the elec-
tron, and hence on its momentum (or kinetic energy). The
critical condition for bistability to occur is that the non-
linear (relativistic) shift of the cyclotron frequency must
be sufficiently greater than the linewidth of the resonance.
To some extent, this effect resembles hysteresis in a classic
nonlinear oscillator or in nonlinear parametric systems. ~

In Ref. l it was also pointed out that an analogous effect
could be expected in semiconductors whose conduction
electrons have a particularly strong dependence of their
effective masses on their excitation energy.

In this paper, we consider, for the first time to the best
of our knowledge, the feasibility of a bistable (hysteretic)
cyclotron resonance in semiconductors. The effect is
feasible due to the nonparabolicity of the semiconductor
conduction band which causes 8 pscudorclatlvlstlc depen-
dence of the effective mass of conduction electrons on
their momentum or energy.

The main novel features of the proposed effect as com-
paI'ed with the free-electron case are as follows.

(i) The nonlinearity of conduction electrons in semicon-
ductors is many orders of magnitude larger than the rela-
tlvlstlc nonllncarity of thc frcc clcctIon. This allows onc
to attain a fairly low critical pumping intensity for obser-
vation of the effect even taking into consideration the fas-
tcI' Iclaxatlon ln semiconductors.

(ii) The effective mass of the electron in some semicon-
ductors (e.g., InSb) is very small, which results in a con-
siderable increase of the cyclotron frequency (up to 70—80
times) as compared to the free electron for the same mag-
netic field (or allows one to correspondingly decrease the

required magnetic field). In the case of InSb, this allows
one to use the 10.6-pm radiation of a C02 laser with a
magnetic field II,—l40 ko.

(iii) In semiconductors, the nonlinear cyclotron reso-
nance in the strong optic resonant field is accompanied by
some small electrostatic potential between the faces of the
semiconductor layer. This effect is due to the radiation
force. This potential exhibits 8 hysteretic behavior as
well. Therefore, the proposed effect could be the first pro-
posed all-optical nonlinear phenomenon which results
simultaneously in an optic as well as an optoelectronic bi-
stability. This property provides for an immediate elec-
tronic indication of the effect.

The optical bistability resulting from nonlinear cyclo-
tron resonance both in free space and in semiconductors
is based (in the ideal case) on an interaction of an elec-
tromagnetic (EM) wave with a single microscopic object
(i.e., electron). This differs fundamentally from all kinds
of optical bistability presently known which so far have
always been based on macroscopic nonlinear properties of
the medium. One may note also that the proposed effect
exhibits the so-called cavityless bistability (i.e., no resona-
tor is required to get a bistability ).

We shall demonstrate the feasibility of this effect using
a classical model for the interaction of an optical wave
with a single electron in the conduction band of a semi-
conductor. The thin semiconductor layer is immersed in
the homogeneous magnetic field Ho which is perpendicu-
lar to the layer. The semiconductor is also subject to the
action of an EM wave E;„of amplitude E which prop-
agates along the same direction as the magnetic field (axis
z). In our calulations we will basically follow the ap-
proach of Pef. II, with two exceptions. Firstly, wc will
consider the mass effect in its complete form (rather than
take into consideration only the first-order velocity-
dependent term P ) to reflect the fact that the nonlinear
change of the effective mass could be quite large, in con-
trast to the free-electron case (P « l). Secondly, in semi-
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u2/u2)l/2 (2)

v =p/m0(1+@2/po)'/

where pil=miluo ——(8'GIIIII/2)'/ is some characteristic
momentum. One can see from Eqs. (1) and (2) that rela-
tions among W, U, and p are completely relativistic, wi.th
uo playing a role as an "effective speed of light, " and
WG/2 as an "effective rest energy" of the electron. For
InSb, WG ——0.24 eV, m 0

——0.014IIIO (where mo is the rest
mass of an electron in vacuum), so that u0-1. 15X10
cm/sec. For narrow-gap semiconductors such as
Pbi ~SQ~ Sc~ Pb) ~Sn~ Tc, oI' Cd) ~ Hg~ Tc, typ1cally
WG-0. 05 CV, mo —10 mo, and uo-6. 3X10 cm/sec.

The relativistic mass effect of the free electron in vacu-
um is a basic phenomenon for the cyclotron maser
("gyrotron"), ' '" and recently it was proposed to develop
a solid-state cyclotron maser by exploiting the pseudo-
I'clatlvlstlc bcllavlol' of colldllctlo11 clcctl'oIls 111 sc1111-

conductors.
In the classical model, the equation of motion of an

electron is

conductors, the small static electric field g which is
directed along the z axis and compensates the radiation
force, is not provided anymore by the external potential,
but is caused by the background charge. This is due to a
redistribution of the electron density between the faces of
the semiconductor layer, i.e., the problem becomes self-
consistent as far as the potential is concerned.

D. EQUATIONS OF MOTION

In Qarrow-gap semiconductors which can bc described
by the Kane two-band model with isotropic nonparabolic
bands, the conduction-band enexgy 8'can be written as

W(p)=(mo uo+p uo)'/, (1)

where p is the momentum of the conduction electron, mo
is its effective mass at the bottom of the conduction band,
uo ——( WG/2m 0 )'/ is some characteristic speed, and WG is
the band gap [the energy W in Eq. (1) is measured with
respect to the middle of the gap]. The velocity v of the
conduction electron is given by v(p )=BR'(p)/I)p. By
virtue of Eq. (1), this yields

propagating plane wave E;„

dp -++I p=«;.+—vXHO +e —X(kXE;„)—g
C QP

where the term ev X(k XE;„)/c0 is a radiation force ap-
phed to the electron. Usually this term is neglected"-"
except in Ref. 14 in which, however, losses and other pos-
sible forces such as counterpotential g were not con-
sidered. However, all of these interactions become impor-
tant when considering excited steady states (and multista-
bility) of the electron under the action of the sufficiently
intense resonant EM wave. '

Under the assumed geometry one has Ho~
~

k
~ ~ g [ ~

e, . As-
suming now that p, ~&@ (which is valid at least in the
neighborhood of steady states), and writing Eq. (4) in
terms of p using Eq. (2), one gets

dp ~c+I p =Eln+ 2 2 ]g2 p &ez
(1+@ /po)

+ee, I/ e 2,/2-, —g, (5)
P "ElII 1

(1++ /po) IIIOC
E

where to, =(eIIo/III oc) is the "unperturbed" cyclotron fre-
quency which corresponds to the effective mass at the bot-
tom of the conduction band, and c is the susceptibility of
semiconductor at the given frequency co. Under the con-
ditions uo ——c, p «~go, Eq. (5) coincides with Eq. (4) of
Ref. 1 if written in terms of v. Assuming now that the
EM wave is circularly polarized' and rotates in the same
direction as the electron:

E;„=E(e,sin{al t kz) +e~ co—s(tot kz) ], —

where co is the frequency of the wave, the solution to (5)
can be written in the form

p =p[e„sin(tot kz+P)+ey—cos(tot —kz+(h)]+@,e, ,

(3) which after substituting into {5),yields the set of truncat-
ed equations

Here Hx ——Hoe, +HEM is the total magnetic field (includ-

ing the EM wave component HaM), Ex ——E;„—ge, is the
total electric field (comprised of the EM wave component
E;„and static component g which is due to the redistribu-
tion of charges in the semiconductor layer), and I p is a
damping term which represents energy losses of the elec-
tron (in our case, it is basically due to collisions). I is an
inverse momentum relaxation time and in the high-energy
case could depend on p. For our (basically, demonstra-
tion) purpose it can be considered as a constant. For rela-
tively low momentum values one has also F'p I."mo v.

Taking into considex'ation that for the plane EM wave

HEM ——&XEEM/co, Eq. (3) can be rewritten for the in-
teraction of the "magnetized" electron with an arbitrary

dP Psl c eE sing

cmo(1+p /po)'/ p

c

( 1 ++2/+ 2
)

I /2

(Sa)

(Sb)



A. E. KAPLAN AND A. EjLCI

s~e = +Ip~ =e Eg
dg dpi'

dt dt
(9)

where r =e/4nois a relaxatio. n. time for redistribution of
the charge, and angular brackets denote an averaging over
ensemble of electrons.

where E, is total electric field acting on the electron in z
direction. Since the quasistatic electric field g is
developed by the redistribution of electrons inside the
layer, these equations are to be supplemented by the equa-
tion for the field g. Strictly speaking, the single-electron
model cannot provide the required equation. The com-
plete theory of the dynamics of the system can be
developed only in a framework of a kinetic approach
which takes into consideration the distribution function of
electrons in the system. However, in order to get results
for the steady-state regime as well as equations for small
perturbations of that regime, one can use these arguments.
By the analogy with other effects in which redistribution
of charges is caused by an external force (e.g., as in Hall
effect, or in the case when an external electiostatic field is
applied to the layer), it is easy to understand that the dis-
tribution of electrons remains almost homogeneous inside
the layer such that no free bulk charges occur while the
induced charges are localized at the surfaces of the layer.
The thickness of the charged surface layer is of the order
of the Debye's radius rD, which is fairly small (e.g., for
~-5 and +,-0.5~ 10" cm-', ~here X, is t e concen-
tration of electrons, one has re —10 cm at room tem-
perature). The entire layer then can be considered as a
capacitor with capacitance C =e/4m. d per unit area (where
d is its thickness) whose potential U determines the field g:
g = Uld =q/Cd. Here, the electrical charge per unit area

q is related with the current J per unit area by the rela-
tionship dq/dt =J=oE„where cr is a conductivity of the
material.

From these relationships one gets q =Cdg =eg/4m, or,
after taking time derivative, eg/4m. =q =J=crE, . Making
use of Eq. (Sc), one finally gets the required equation for
g:

eg =I'p i/e/moc(1+p /pp)' ), p, =0 . (12)

i.e., hysteresis occurs if the intensity E and frequency de-
«»ng ~.—~ become s«ficientiy»rge (

I
E

I

'& IEi
I

')
It is interesting to note, though, that according to Eq. (10),
when the intensity E becomes orders of magnitude larger
than the value E defined by Eq. (13), the width of the
hysteresis loop diminishes. Finally, under conditions

3/2

/

eE
/

&
/
eE2

f

2=co,po, —&4 (14)

(where
~
E2

~

is the upper limit of the EM wave intensity)
the hysteresis disappears altogether. This corresponds to
fairly large EM field, when the forced motion of the elec-
tro~ action of the EM field prevails over the cyclotron
motion imposed by the magnetic field Ho. However, here
we are talking about very highly excited motion
(p /pp &co,W3/I »1) and it is not quite clear whether
the simplified model of Eqs. (1) and (2) is still applicable
in this range. On the other hand, one may note that in or-
der to attain the lowest critical threshold of hysteresis,

, it is sufficient to have a considerably lower level
of exritation. Indeed, for the momentum p] which corre-
sponds to the condition (13), one gets

Under condition mo ——mo, Uo ——c, p ~&po, these equations
coincide with Eqs. (8) and (9) in Ref. 1. Figures 1(a) and
1(b) show the behavior of the square of the momentum p
(and of the intensity of the wave E ) as functions of the
magnetic field Hp ( ~ co, ). It is seen that above some criti-
cal intensity and magnitude of magnetic field, the steady-
state solution for p [Eq. (10)] becomes three valued,
which results in bistability (since at least one out of these
three states is unstable) and hysteresis. Under the natural
condition I /ro, «1 (i.e., the bandwidth of the cyclotron
resonance is much less than a central frequency of the res-
onance), Eq. (10) provides lower limit

~
Ei

~

on the EM
wave intensity for the hysteresis to occur:

~
eEi

~

= WGmp I /Ql, co —cd &, (13)g, , Iv&
3 3

pl=—(eE1) /I =poI /~ &&po ~ (15)

(eE) p I + co (1+p'/p')' '

tang = —I [~—~, /(1+p'/p, ')'"],
(10)

Equations (8) and (9) present a complete set of equa-
tions needed to solve the problem, The averaging over an
ensemble in Eq. (9) brings a cooperative interaction aspect
into the problem (this is because of the fact that during a
transient period, electrons interact with each other
through the potential U =gd developed by their collective
motion manifested by the current J). However, as far as
steady states are concerned, one can assume that all elec-
trons are interacting coherently with the EM wave such
that any quantity averaged over ensemble of electrons in
Eq. (9) coincides with the respective quantity for each
electron. The main condition of the steady-state regime
[d /dt =0 in Eqs. (8) and (9)] then yields

'2
2=2 2

Let us make some qualitative estimates for the thresh-
old intensity Ei [Eq. (13)] of the incident wave. In the
case of InSb, mo ——0.014 mo, 8'~ ——0.24 eV. The damp-
ing rate I is usually a large quantity, I -10' —10'
sec ', which depends primarily on the concentration of
impurities. We assume it to be I -2&(10' sec ', such
that the resonant bandwidth is I /co, —10 for
y, —10.6 pm, if a CO2 laser is used as a source of the
driving radiation. The magnetic field required to get a cy-
clotron resonance in the neighborhood of y -10.6 pm is
Hp —140 kG, and Eq. (13) provides for a critical field re-
quired to observe hysteresis: E, -300 V/cm. This corre-
sponds to the inrident power of about 240 W/cm, which
can be readily attained.

Let us now discuss briefly the quasistatic potential
U=dg (d is the thickness of the layer) which accom-
panies the phenomenon. From Eq. (12), one can see that
the field g must experience hysteresis as long as momen-
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FIG. 1. Plots of the normalized square of the momentum of the electron p =p /2p, and normalized electric field

g =gee/WGI'V e: (a) vs normalized resonant detuning of the constant-magnetic field b, = (H Ho)co, /HOI' for d—ifferent intensities
of incident EM field, and (h) vs normalized incident intensity Z2=8E /3V 3Ei for different detunings. Curves: (a) 1, E =1; 2,
E =(2/V 3); 3, Ei=3; (h) 1, b, =O; 2, b, =3V 3; 3, b, =3. With different scales, these curves reproduce the respective curves for
nonlinear cyclotron resonance of free electrons in vacuum (Ref. 1).

turn p does. In the vicinity of the lowest threshold intensi-
ty of the hysteresis E„ the pseudorelativistic change is
very small, due to relationship (15), such that one can
neglect the pseudorelativistic dependence in Eq. (12), i.e.,
g=l'p /V e/m cce. Then at the point of higher excitation
where p,„=eE/I, this gives

g,„eEVe/I moc .

In the above instance, if the pumping intensity is slightly
above the threshold Ei (for instance, E =500 V/cm), one
gets g,„-1 V/cm. For a thickness of the layer 1-0.1
can, this gives U=dg-0. 1 V which can be readily mea-
sured. Under relatively weak pumping the field g is sim-
ply pl'oportioilal to p [Eq. (12)] (see Fig. 1). The i'elaxa-
tion time for the potential U is of order of w =e/4no.

We would like to point out that the presence of two dif-
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emo IzI=
4m.e N

1/24' N, (1 )
emo

ferent relaxation times (ro and I ') in the system can
cause even more complicated behavior which depends on
the ratio of these times, i.e., quantity r I . In the limit
v. ~0, i.e., if ~ I (& 1, it can be shown by linearization of
Eqs. (8) and (9) in the close vicinity of the steady states
[Eqs. (10)—(12)] that two states out of the three possible
steady states [Eqs. (10)—(12)] (in the case of a multivalued
solution) are stable with regard to small perturbations.
These two stable steady states must satisfy the condition
d(p )/d(E ) )0 [or dW/d(E ) )0], the same as in Ref.
1, i.e., the states which belong to upper and lower
branches of hysteresis curves at Fig. 1, whereas the inter-
mediate branch [with d(p )/d(E )(0] is unstable. How-
ever, if r I -1, there could be some domains on the upper
branch (which are close to the onset of the reverse jump
from the upper branch to the lower one), where these
steady states become unstable. This may result in excita-
tion of self-oscillations and possibly chaotic motion. Us-
ing the usual formula for conductivity o.=earp, where N
is the concentration of conduction electrons and
p=e/mol is their mobility, one gets the expression for
parameter ~ I:

entire phenomenon) has to involve consideration of
cooperative motion of electrons, i.e., the kinetics of distri-
bution functions rather than the motion of a single elec-
tron.

IV. CONCLUSION

In conclusion, we have demonstrated the feasibility of
hysteretic behavior and bistability of cyclotron resonance
in semiconductors having a strongly pronounced nonpara-
bolicity of the conduction band, under the action of suffi-
ciently strong pumping radiation. We found out the criti-
cal conditions of this effect in the framework of the classi-
cal, single-electron approximation. Future research
should involve quantum as well as kinetic theory of the
phenomenon. Even far. from the onset of the hysteresis,
the action of the strong pumping should cause a dramatic
change in the location and the shape of the resonant curve
of cyclotron resonance; in particular, the dependence on
the frequency (or magnetic field) should become drastical-
ly asymmetrical. This effect may provide a new experi-
mental method to measure the nonparabolicity of the con-
duction band, effective mass, and nonlinear relaxation of
the momentum, etc.

where co& is the plasma frequency. In the above-
mentioned instance of InSb with I -2)&10' sec ', this
yields r I -10' /N where N is expressed in units of
cm . Hence, it is feasible to expect a manifestation of
instability if N-10' cm '. One must note, though, that
a more comprehensive theory of stability (as well as of the

ACKNOWLEDGMENTS

One of the authors (A.E.K.) is grateful to P. Wolff, B.
Lax, and S. D. Smith for valuable discussions. The work
is supported by the U. S. Air Force Office of Scientific
Research.

A. E. Kaplan, Phys. Rev. Lett. 48, 138 (1982).
J. J. Stoker, Nonlinear Vibrations in Mechanical and Electrical

Systems (Interscience, New York, 1950), Sec. 4.4; N. N. Bogo-
liubov and Yu. A. Mitropolskii, Asymptotic Methods in the
Theory of Nonlinear Oscillations (Gordon and Breach, New
York, 1961); N. Minorsky, Nonlinear Oscillations (Van Nos-
trand, Princeton, N.J., 1962).

A. E. Kaplan, Ya. A. Kravtsov, and V. A. Rylov, Parametric
Oscillators and Frequency Dividers (Soviet Radio, Moscow,
1966), in Russian.

4E. O. Kane, J. Phys. Chem. Solids 1, 249 (1957).
5B. Lax, in Proceedings of the Seuenth International Conference

on the Physics of Semiconductors, Paris, 1964 (Dunod, Paris,
1964), p. 253; A. G. Aronov, Fiz. Tverd. Tela (Leningrad) 5,
552 (1963) [Sov. Phys. —Solid State 5, 402 (1963)];H. C. Prad-
daude, Phys. Rev. 140, A1292 (1965); W. Zawadzki and B.
Lax, Phys. Rev. Lett. 16, 1001 (1966).

For a collection of the latest research in the field one can see
Optical Bistability, edited by C. M. Bowden, M. Ciftan, and
H. R. Robl (Plenum, New York, 1981), and special issue of
IEEE J. Quant. Elect. Opt. Bistability OE-17, (1981). For in-
troduction to the field see P. W. Smith and W. J. Tomlinson,
IEEE Spectrum, 18, 26 (1981).

70ther effects offering cavityless optical bistability are reflection
of nonlinear interfaces, A. E. Kaplan, Pis'ma Zh. Eksp. Teor.
Fiz. 24, 132 (1976) [JETP Lett. 24, 114 (1976)]; Zh. Eksp.
Teor. Fiz. 72, 1710 {1977)[Sov. Phys. —JETP 45, 896 (1977)];
P. W. Smith, J.-P. Herman, W. L. Tomlinson, and P. J. Malo-

ney, Appl. Phys. Lett. 35, 849 (1977); IEEE J. Quant. Electr.
OE-17, 340 (1981); mutual self-focusing (as well as self-
bending and self-defocusing) of counterpropagating laser
beams, A. E. Kaplan, Opt. Lett. 6, 360 (1981); J. E.
Bjorkholm, P. W. Smith, W. J. Tomlinson, and A. E. Kaplan,
ibid. 6, 345 (1981); four-wave and six-photon mixings, H. G.
Winful and J. H. Marburger, Appl. Phys. Lett. 36, 613
(1980); H. G. Winful, J. H. Marburger, and E. Garmire, ibid.
35, 379 (1979); A. Borshch, M. Brodin, V. Volkov, and N.
Kukhtarev, Opt. Commun. 41, 213 (1982); 35, 287 (1980).

sC. Kittel, Quantum Theory ofSolids (Wiley, New York, 1967).
In these materials W~ varies with composition. See A. R.

Calawa et al., Phys. Rev. Lett. 23, 7 (1963);J. R. Dixon and
R. F. Bis, Phys. Rev. 176, 942 (1968); G. Dionne and J. W.
Wooley, Phys. Rev. B 6, 3898 (1972).

J. Schneider, Phys. Rev. Lett. , 2, 504 (1959); A. V. Gaponov,
Zh. Eksp. Teor. Fiz. 39, 326 (1960) [Sov. Phys. —JETP 12,
232 (1961)];J. L. Hirshfield and J. M. Wachtel, Phys. Rev.
Lett. 12, 533 (1964); V. A. Flyagin, A. V. Gaponov, M. I.
Petelin, and V. K. Yulpaten, IEEE Trans. . Microwave Theory
Tech. 25, 514 (1977); J. L. Hirshfield and V. L. Granatstein,
ibid. 25, 522 (1971).
M. Borenstain and W. E. Lamb, Jr., Phys. Rev. A 5, 1298
A. M. Kalrnykov, N. Ya. Kotsarenko, and S. V. Koshevaya,
Izv. Vyssh. Uchebn. Zaved. Radiotekh. 18, 93 (1975), in
Russian; A. K. Ganguly and K. R. Chu, Phys. Rev. B 18,
6880 (1978); IEEE Trans. Electron Devices ED-29, 1197
(1982).



HYSTERETIC (BISTABLE) CYCLOTRON RESONANCE IN SEMICONDUCTORS

~3L. D. Landau and E. M. Lifshits, The Classical Theory of
Fields (Addison-Wesley, Cambridge, MA, 1951).

~4C. S. Roberts and S. J. Buchsbaum, Phys. Rev. 135, A381
(1964).

~5Under some conditions, an actual unperturbed cyclotron fre-

quency is determined by the effective mass at the Fermi sur-
face rather than at the bottom of the band; see e.g., P. A.
Wolff, J. Phys. Chem. Solids 25, 1057 (1964). This does not
dramatically affect the main results of present calculations.


