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Concentration dependence of the phonon-assisted energy transfer between rare-earth ions
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In this paper we derive an expression for the rate constant of phonon-assisted energy transfer in

which the donor ion interacts with X acceptors. This expression is compared with the appropriate
expression for the rate constant of resonant energy transfer. It is postulated that in the system with

nonresonant energy transfer the rate constant is proportional to the number of acceptors. The re-

sults are discussed in connection with the linear concentration dependence of cross relaxation in the
Nd'+ stoichiometric crystals.

I. INTRODUCTION

The theoretical interpretation of electronic energy-
transfer phenomena is based on the classical Forster-
Dexter' model describing the resonant interaction be-
tween a pair of spatially localized ions via electrostatic
multipolar or exchange interactions. The extension of the
Forster-Dexter model to systems with nonresonant energy
transfer involving phonon absorption or emission to
match the energy difference in an overlap factor has been
made by Orbach, and Miyakawa and Dexter. The prob-
lem of concentration dependence of the energy transfer be-
tween impurity ions in crystals has been studied by many
authors.

This interest was due to an attempt to interpret the
mechanism of energy transfer from the distance depen-
dence. According to the electrostatic multipolar interac-
tion model the concentration dependence of the dipole-
dipole energy transfer is believed to be ruled by the dis-
tance dependence R . Owing to this model it is assumed
that the concentration dependence in these systems should
change with the square of concentration kd, -c .

According to Forster's theory, ' developed on a basis of
kinetic treatment, the quantum yield of the acceptor at a
low concentration of acceptors should be a linear function
of acceptor concentration. This problem was later reex-
amined by Fong and Diestler, who have postulated
many-body interactions to explain a nonlinear concentra-
tion dependence. A discovery of a class of neodymium
stoichiometric crystals exhibiting a linear concentration
quenching of fluorescence at high concentrations of accep-
tors introduces a question of the importance of Forster's
model. A phenomenon of linear concentration quenching
of neodymium fluorescence at a high-concentration limit
was for the first time reported by Singh et aI. in 1973.
Since then this phenomenon was extensively investigated
theoretically and experimentally. ' A linear concentra-
tion dependence of energy transfer between different
lanthanide ions was reported by Okamoto et al. ' ' and
Fay et al

The experimental results on concentration quenching of
lanthanide-ion fluorescence in stoichiometric materials in-
dicate that the linear dependence appears in the non-
resonant cross relaxation. This fact is known; however, it

has been believed only to indicate a small magnitude of
cross relaxation in such materials.

In Sec. II we shall outline a simple semiclassical model
of the phonon-assisted energy transfer for a donor ion in-
teracting with X acceptor ions. Our findings will be dis-
cussed with respect to experimental results in Sec. III.

II. THEORETICAL APPROACH

where T'
q q (k) is the orientation tensor of rank 2

describing the geometrical dependence of the donor-
acceptor interaction

T' ' (k) = Rk '( —1)q+q

1/2
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The position of donor k with respect to the acceptor is
described by the set of coordinates (Rk, Bk,@~).

The dipole-moment operators Dq and Dq may be ex-
pressed as

D,'= ger, C,'"(y, ,y, ) (3)

and

Dq'= Q erJCq (PJ. Qq)
1 (1)

J
(4)

where the electrons of the acceptor are denoted by j with
coordinates (rI,QJ, QJ ) and the electrons of the donor are
denoted by i with coordinates (r;,P;,P; )

The system under consideration consists of the donor
ion surrounded by the N unexcited acceptors. The electro-
static interaction between donor and acceptors is assumed
to be of the dipole-dipole nature and may be generally
written' in a point-dipole approximation as

N N

Hd, ——g Q T' ' (Rk, Bk,@k)D'D'(k)= g Hd", ,
k=1 q q' k=1
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The general form of C& (f,P) is

C"'([t(,P) =(4r/3)' F (Q,P),
where Fi s is a spherical harmonic function of rank 1.

The zeroth-order basis states of the system may be ex-
pressed as product functions of the following type: (i) the
initial state

I uk)

and (ii) the final state

g gq(E, )(i
I
r

I
I)'5(E, —Ef),

where z is given to the second order in thc pertarbation by

r=H'+ g H'lq)(q IH'(E; E~—)
q (&i)

Ji(E, ) is the probability that the system is in the initial
state, given as follows:

X is a number of acceptors. The vibronic wave functions

I
d) and

I
a) are products of electronic and vibrational

wave functions
I
d}=

I
d & I

«&, where
I
«& =~.

I «.&

l«&=~r l«r&.
primes denote the excited states.

To provide a description of the phonon-assisted energy
transfer, the perturbation operator is assumed to be

Ef Ed„+——E,„+ g E,,„+LE",
I (+k)

Ed „——g (n, ' + ,' )Ace—, , E, „=g (n r + —,
'

)fuush,
1j y

whcrc thc v1bromc potcntlal VI ls separated IIlto the donor
ancl acceptor parts

VI= VI+Vi= g Q.+ g k Q, .BV BV

0 N 'Y 0

Here, Q„and Qr represent the normal modes of the donor
and kth acceptoi, resp'ectively. V represents electl'osta'tic
interaction between all pairs of particles.

The rate constant for the energy transfer is given by the
golden-I%le foTII1Ula,

4E' and hE are the electronic energy gaps between the
a' and a states of the acceptor and the d' and d states of
the donor, respectively.

The phonon-assisted energy transfer (PAET} is the in-
duced second-order term in (11). In this treatment, we as-
sume that among all frequency modes of the acceptor,
only one phonon with frequency fico is necessary to match
the energy difference hE (equal to bE" hE ). Comb—in-
ing (10) with (9}, (11), and (12}, we may rewrite the rate
constant as follows:

kd, ——(ZdZ, ) 'g g g +exp[ p(Eg„+E,„—„+Ed„+E, )]
d Pl dt's Qk8 gI
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Here, b,E=fim and Zd and Z, are the partition functions for donor and acceptors in their initial states.
In the model of harmonic-oscillator wave functions,

(ajar'[ vi[ajn&=(ak aj)(ajar [{?[ajar)

(14)
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Invoking the Faltung theorem we can perform Eq. (13) in
terms of the convolution integrals,

kd, ——

&«d'ak
I Hd. I

da/ &'F+(o),

where

k k k
Daa' ~a'a' ~aa ~

F (0)= I fd(E)f,"(E+fico)dE .

The generating function for donor emission is

fd(E)=(Zd ) 'g +exp( PEd„)(d—'n ~dn &

d'n dn

x &(Ed „—Ed„—E), (18)

and the generating function for acceptor absorption is

f,"(E+Aco)= (Z, )

X g +exp( PE,,„)(—akn ~akn &

Ck1t g~
pg

X5(E,,„E,„„+fico—E) . —(19)

Here, we are not interested in the precise calculation of
the vibrational factor; its solution is well known. Our
discussion will focus on a discussion of the functional
dependence of Eqs. (12) on the number of acceptor ions.

From Eq. (15) it follows immediately that the rate con-
stant of PAET is a sum of all the acceptor terms,

kPAET y (. . . )2

k

This result is a direct consequence of using our calculation
in the relation (14) and resembles the propensity rule in
the theory of radiationless transitions. ' Owing to that
rule the rate constant of the radiationless transition is
summed over all of the terms associated with promoting
modes. It must be noted, however, that the relation (14)
as opposed to the propensity rule operates only between
the same electronic states.

In a case of the resonant energy transfer (RET) it may
be easily anticipated that the rate constant is proportional
to the square of acceptor terms,

square of a sum of all partial contributions. In view of
these results it is seen that the functional dependence of
energy transfer on the number of acceptors is substantially
different in resonant and nonresonant systems. As we
have mentioned in the Introduction the concentration
dependence of energy transfer is usually related to the dis-
tance dependence of the donor-acceptor interaction. In
experiments on the concentration dependence of dipole-
dipole energy transfer, the approximate formula
k(d-d) o:R ~ C is usually applied. Such a simple pic-
ture is very approximate and incorrect. Usually in a
sphere of the strongest donor-acceptor interactions associ-
ated with the smallest donor-acceptor distance there is
more than one acceptor. Let us assume that in that sphere
the donor ion interacts with N identical acceptors. It is
evident that the probability for energy transfer in non-
resonant systems, where the process is combined with
emission or absorption of phonons, is proportional to N.
In a case of RET the probability is proportional to N .

The fact that PAET is an incoherent process is well
known; ' however, the problem of linear concentration
quenching has not been directly linked with this property.
A microscopic model for the time development of the
donor fluorescence in the presence of traps when the cross
relaxation is completely incoherent has been formulated
by Huber (see Ref. 21). The author has shown that the de-
cay of the donor population, being in general nonexponen-
tial, is in two limits of fast donor-donor transfer and no
donor-donor transfer at small times, approximated by an
exponential function which shows linear dependence on
concentration.

Following the observation that the linear concentration
quenching in La~ „Nd„P50~4 has occured at a high con-
centration of Nd + ions, whereas at low concentration the
fluorescence yield exhibited a nonlinear dependence,
Lenth, Huber, and Pay have developed a statistical
model of fluorescence quenching stressing the importance

800-
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8

k RET

k
(21)

III. DISCUSSION 2 00-

In the preceding section we have developed a single
model of the PAET. We have shown that due to the bo-
son algebra properties of the phonon system, the rate con-
stant is a sum of squares of all partial acceptor contribu-
tions arising from donor-acceptor interactions, so the
PART is an incoherent process.

In a resonant system the rate constant is given by a

0.2 0.4 Q6 0.8
Concentration x

1.0

FIG. 1. Decay rate of Nd fluorescence vs concentration in
Cs2NaNd„La& „C16 crystal at room and liquid-nitrogen tem-
peratures.
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FIG. 2. Energy-level diagram and cross relaxation for
Cs2NaNdC16.

of fast energy migration.
The fast energy migration has been observed for the

NdP50~q crystal at room temperature by Lawson, Dowell,
and Zwicker by the use of a degenerate four-wave-
mixing technique.

Recently Broer, Huber, Yen, and Zwicker have shown
using a resonant fluorescence line-narrowing measurement
the absence of fast diffusion in NdP, O,4 below 20 K in
spite of the linear concentration dependence observed in
this temperature. Their results have proved that the fast-
diffusion mechanism is not responsible for the linear
dependence in the low-temperature limit. Based on the
theory2' of Huber the authors in Ref. 24 have attempted
to explain the linear concentration dependence in
NdP50~4. With Huber's model the observed decay of
donor population in the limit of no donor-donor transfer
is given for short times by an identical functional depen-
dence as in the limit of fast donor-donor transfer in the
model of Lenth, Huber, and Fay describing the linear
concentration quenching of donor fluorescence in the ra-
pid donor-donor transfer limit.

Following Broer's argument a linear concentration
dependence of fluorescence quenching in the low-
concentration limit in room temperature is predicted for

60 80 100

Conc entr ation ('/o )

FIG. 3. Decay rate of Nd fluorescence vs concentration in
LaF3 crystal at 4.2 and 77 K and in LaC13 at 300 K. The experi-
mental data were taken from Ref. 26.

Nd Nd: La Cl3 (4,2 K ) Nd: LaF (4, 2 K)

R2

R1

11 454 11 6374

3/2 ll 424 11 595

W8
I

I

I

I

I

I

I

W1

6 254 6 5'51

6 448
6 154 6 3204

15/2
6 123 6 173

6 079 6 142
5 922 5 989

5 942 5 876
5 869 5 817

X7
I

I

I

I

I

I

X1

4 083 4 276
4 042 4 213

4 032 4»9
4 013 4 07713/2

3 999 4 038
3 975 3 974

3 932 3919

Y6

I

I

I

Y

2 058 2223
2 052 2188

2 044 2 0924
11/2 2 027

2 012 2038
1 974 1 980

502Z5
I 244
I 123

115
Z

1
0 0

FIG. 4. Partial energy-level diagrams of Nd + in LaF3 and
LaC13 crystal.

4

9/2
297

140
44



29 CONCENTRATION DEPENDENCE OF THE PHONON-ASSISTED. . . 6961

TABLE I. Cross-relaxation scheme and minimal energy mismatch for several crystals. The fluores-
cent level measured is denoted by an asterisk.

Crystal

La1 „Nd„F5014
K5La1 „Nd„Mo04
Nd„La1 „Cl3
Er„La1 „F3

Er„Yb~La1 „~F3
Eu1 „Yb„P5014

Cross-relaxation scheme

4 tlt 4 4 4
F3/2 I15/2 ~ I9/2~ I15/2

4 Q 4F3/2~ Ils/2 - I9/2~ I15/2
4 4

4
F3/2 I1s/2 —- I9/2~ I1s/2

4

4 4 4 4I11/2~ I13/2 == I15/2~ I13/2
4 ~ 4 4 13/2
F9/2 ~ I11/2 —-- I15/2

( F3/2~ I13/2)Er~( F7/2~ Fs/2)Yb
4 * 4 2 2

( D0 ~ F6)Eu —( F7/2~ F5/2)Yb

Minimal energy
mismatch AE;„

(cm-')

270
177
314

1008

1514
1050
1090

Reference

6
20
25
19

18
11

Lai „Nd„P&Oi4 crystal, whereas in the observation of
I.enth, Huber, and Fay, the quadratic dependence was
found. According to Broer, Huber, Yen, and Zwicker,
the temperature plays a crucial role in enhancing the
donor-donor transfer with a T or higher-power depen-
dence. A strong onset of spectral diffusion was observed

by them at 20 K on the x =0.75 sample. However, it is
interesting to note that no strong-temperature effect on
fluorescence lifetimes of Nd + in pentaphosphate crystal
was observed.

A strong temperature dependence of fluorescence
quenching was reported by Asawa and Robinson26 for
Nd + in LaF3. Recently, we have found that the con-
centration dependence of Nd + fluorescence in the
CsqNaLai „Nd„C16 crystal was strongly affected by tem-
perature. The dependence of fluorescence decay time was
linear at 77 K whereas at room temperature it was non-
linear (see Fig. 1).

An analysis of energy levels for Nd + in the
CszNaNdC16 crystal (see Fig. 2) indicates that at low tem-
perature the cross relaxation is nonresonant and may
proceed via PART involving emission of four phonons
with energy of 245 cm

At room temperature the enhanced Boltzmann popula-
tion of the Zi level allows the occurrence of the resonant
cross relaxations R 8'~ —---Z3 8'z and R 8 2

-- -- Z3 fY].
These processes which are first order prevail at room tem-
perature.

Following the experimental results of Asawa and Ro-
binson, a similar dependence is found by us for Nd + in
LaF3 (see Fig. 3). The cross relaxation in this crystal is
nonresonant at 4.2 K, with the minimum energy

mismatch hE =38 cm '. At this temperature the con-
centration dependence of the fluorescence decay rate is
linear. With a slight temperature increase the anti-Stokes
resonant cross relaxation takes a place and nonlinear con-
centration dependence is manifested.

Quite the opposite situation occurs for Nd'+ in
LaC13, where a linear concentration dependence is ob-
served at room temperature (see Fig. 3). The minimum
energy mismatch for the nonresonant cross relaxation
bE(Ri8'i —Zi Wi)=314 cm ' that exceeds the energy
splitting of the ground electronic term hE( I9/2)=249
cm (see Fig. 4) excludes a possibility of anti-Stokes
resonant cross relaxation.

In summary, the results obtained indicate that the linear
concentration dependence of fluorescence quenching is re-
lated to the incoherent PAETS as opposed to the resonant
coherent energy transfer, where a nonlinear dependence is
predicted. The theoretical model developed herein is very
simplified. In real systems the migration of excitation en-

ergy must be taken into account. To exclude the presence
of fast migration the experiments with nonresonant sys-
tems should be made in the low-concentration limit. Such
a condition was fulfilled in the experiments of Okamoto
et al. ' ' An additional problem appearing in investiga-
tions of energy transfer in lanthanide crystals is a possibil-
ity of anti-Stokes resonant coherent transfer at enhanced
temperature, and therefore the experiments should be
made in the low-temperature limit.
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