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The well-known restrictions on the possible shapes of electron energy bands arising from one-
dimensional (10) periodic potentials do not apply to chainlike physical systems such as polymers or
II1olccular stackss which aIC thI'cc dlmcnslonal ob)ccts pcr1odlc along a linc. Fol such quas1-onc-
dimensional (Q1D) crystals, bands can be nondegenerate, but they may also contact one another at
the center and/or at the boundaries of the Brillouin zone (Bz), cross at a general k point, or be de-
generate throughout the BZ, so that a variety of topologically inequivalent shapes can be formed.
These shapes are essentially determined by the spatial symmetry of the Q1D object considered, i.e.,
by its line group. A complete classification has been worked out, and for every possible Q1D crystal
structure the corresponding band shapes are specified. The method focuses on the quantum num-

bers having clear physical meaning (quasimomentum, quasi angular momentum, etc.); elaborate
group-theoretical parlance is avoided. Furthermore, it is studied how this complexity of band
shapes which may occur in Q1D crystals affects some predicted physical properties —optical-
absorption spectra and vibronic coupling, in pax'ticular. First, each singularity of the density-of-
states function bears definite symmetry labels, and many direct interband transitions in polymers
are forbidden by the line-group selection rules. Next, in the case of electronic degeneracy, many dif-
ferent types of vibronic instabilities are possibl. Depending on the line group, the band shapes, and
the quantum numbers of the electronic states involved, the active phonons may be longitudinal or
transversal, acoustic or optical, single or degenerate, displacive or distortive, etc.; also, various types
of symmetry breaking can occur. Finally, applicability to other quasi particles (phonons, etc.) and
to solids of higher dimensionality is pointed out.

I. INTRODUCTION

The conductivity of several polymers can be varied over
broad ranges upon doping —by as much as 20 orders of
magnitude in the case of poly(p-phenylene). This and oth-
er interesting phenomena —superconductivity in organic
materials, charge- and spin-density waves, solitons-
motivated extensive studies of electronic properties of po-
lymers and quasi-one-dimensional (Q ID) solids. ' Fre-
quently, in such studies one calculates the band structure
of an isolated periodic chain of atomic clusters. Any ir-
regularities, finite length effects, and the interchain in-
teraction are disregarded at this level of approximation.
For brevity, in this paper we refer to such model chains as
"polymers" and to the clusters as "monomers. "

Band structures have been calculated for a number of
polymers, but what is still lacking are some general state-
ments about possible band shapes, cohering, crossings, lo-
cation of the extrema, etc. This paper attempts to fill in
this gap with the following motivation. Computations in
quantum theory of polymers are often very elaborate, and
errors that are difficult to detect are possible as evidenced
by frequent reassessments of incorrect Hamiltonian trun-
cations or incorrect band interpolations (cf. Ref. 2 for a
discussion of "band indexing difficulties" ). It might ap-
pear as if an error of a few percent is irrelevant here in
view of the approximations already made, but if an artifi-
cial gap is opened in the vicinity of the Fermi level, the
density of states (DOS) can be changed considerably in
this most sensitive region, and a completely wrong predic-

tion of properties such as infrared absorption or conduc-
tivity may result. The essential qualitative features of
band structures should therefore be assured. In addition,
such a qualitative account brings in some conceptual in-

sight, and finally, systematic listing of all the possible
band shapes may show that some interesting special cases
have escaped our attention yet.

The major source of inspiration for this work were the
classical studies of Van Hove singularities in three-
dimensional (3D) and two-dimensional (2D) crystals by
Van Hove, Phillips, and others; they had considered the
one-dimensional (1D) case trivial. Indeed, a strictly 1D
periodic potential V(z)—= V(z+a) gives rise to energy
bands which do not intersect and which have extrema
only at the center and at the edges of the Brillouin zone
(BZ). However, a polymer is described by a potential
V(x,y, z) which is not 1D, although it is still periodic in
one direction only, V(x, y, z) = V(x, y, z+a). It is rather
quasi one dimensio-nal, -as the lateral extension of a poly-
mer is typically rather small; still, the above conclusions
about the band structure need not be valid for all poly-
mers. On the contrary, we have found a surprising rich-
ness of band shapes; the characteristic ones are sketched in
Fig. 1, where we also introduce some descriptive nomen-
clature for further reference. [Normally, we plot only
one-half of the BZ, assuming the bands to be symmetric
with respect to the k =0 axis—the effective one-electron
Hamiltonians utilized in the quantum theory of polymers
are usually invariant with respect to the time reversal 0,
and hence I@i(k), A, =1,2, . . . I =I@i(—k), A, =1,2, . . . I.
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More general Hamiltonians are discussed briefly in Sec.
VII.]

The band structure of the polymer depends on its chem-
ical and spatial structure, and hence the next step is to
look for the correspondence between a particular band
shape and the related structural features. For this purpose
an appropriate classification of polymer structures is
needed; it turns out that the decisive factor is the symme-
try of the polymer, described technically by its line group
Hence, in this work we use the line-group theoretical re-
sults to address the above question; however, we avoid
gI'oup-thcolct1cal parlance RQd cxp1css thc results 1n terms
of a few quantum numbers having clear physical meaning
(quasimomentum, quasi angular momentuln, etc).

This paper is organized as follows. In Sec. II it is out-
lined how we determine the band shapes utilizing the in-
formation about the symmetry of the polymer, and the
possible symmetr'y elements are described. Each possible
symmetry group is then discussed separately in Secs.
III—V. The rotation symmetry is dealt with first, in Sec.
III, where the quasi angular momentum is also intro-
duced, its behavior under various operations is analyzed,
and the conservation law it obeys is specified. The oc-
currence of loops and twofold-degenerate bands is illus-
trated by means of simple model example, and it is also
shown how symmetry I'cduct1on, caused by R perturbation
or by a structural change, influences the DOS peak struc-
ture and the selection rules. In Sec. IV helical polymers
are considered, and in Sec. V glide planes are dealt with;
the appearance of semicrosses, single and double semi-
loops, "butterflies, " and other more complex band shapes
is documented. Symmetry-generated quantum numbers,
especially the quasi angular momentum, remain the main
tool in the analysis. In Sec. VI these results are applied to
investigate vibronic instabilities caused by electronic de-
generacy in QID solids. Finally, in Sec. VII the con-
clusions are summarized, stressing that although the num-
ber of possible inequivalent band shapes is unlimited, all
of them can be reduced to only a few simple ones in the
Jones-zone (JZ) scheme. Applicability of the results of

{e)

FIG. 1. Some band shapes possible in polymers: (a) hne, (b)
semiloop, (c) semicross, (d) loop, (e) S shape, and (f) butterfly.

tllls pRpcl' for solids of hlgllcl dlnlclls1011allty arid qllasl-
particles other than electrons is also pointed out.

II. METHOD POR DETERMINING BAND SHAPES

Let el(k), A, =1,2, . . . , m—/a &k(~/a, denote the
energy bands of a polymer with the symmetry group L.
Our conclusions about the band shapes are based on a few
obsclvRtlolls, w111011 call bc vagllcly stRtcd Rs follows: (1)
Each cl(k) is a continuous function of k, (ii) L determines
the degeneracies of cl (k), and (iii) some information about
the zero-slope points can be inferred fron' (i) and (ii).
Indeed, a polymer is invariant with respect to translations
that form a discrete set, so that k also assumes only a
discrete set of values from the interval ( —m. /a, m/a].
Furthermore, the Born —von Karman periodic boundary
condition is usually imposed, which makes both sets fin-
ite. However, if that period is sufficiently large to contain
many elementary cells, the set of allowed values of k is
sufficiently dense to enable one to speak about quasicon-
tinuity of the bands el(k). (See, e.g., the discussion of
k.p perturbation expansion given in Ref. 5.}

The symmetry groups of polymers are the line groups,
and their role in polymer physics parallels that of the
point groups in molecular physics or that of the crystallo-
graphic space groups in solid-state physics. An elementa-
ry description of the line groups is given below. Knowing
the irreducible representations (irreps of the line groups,
one can label the energy levels and the eigenstates, deter-
mine the degeneracies, construct. Symmetry-adapted bases,
and derive selection rules for various processes. The
band connectivities can be inferred from the so-called
compatibility relations; here, we report the first derivation
of such relations, for all the irreps of all the line groups.
Notice that these relations must be satisfied if the effec-
tive one-electron Hamiltonian H commutes with the line
group L of the polymer under study. (However, an unre-
stricted Hartree-Pock solution can, in general, generate a.

Fock operator of some lower symmetry L'.)

Apart from the systematic degeneracies, some addition-
al band crossings may be an unavoidable feature of a par-
ticular connectivity scheme; an example is given in Fig.
1(f}. Occurrence of such crossings can be predicted, but
their exact location cannot be determined from symmetry
arguments alone.

Finally, our conclusions about the zero-slope point are
based on the following facts. The band structure must be
symmetric with I'cspcct to thc k =0 +&/Q, . . . Vcrtlcal
axes (because of the translational periodicity of the poly-
mer and the time-reversal invariance), but one particular
c'(k) line need not have this symmetry if we connect it at
the BZ edges in such a way that it remains smooth
throughout the extended zone. A single line must traverse
vertical symmetry axes at a right angle, but if two lines
cross at k =0 [as in Fig. 1(c)] or at k =m/a [Fig. 1(b)],
their slopes are opposite and, in general, nonzero. Fur-
thermore, if two hnes cross at both k =0 and m./a to form
a loop as in Fig. 1(d), there must be R mimmum Rnd R
maximum somewhere inside the interval (0, n/a). The
sR111c ls tlllc fol' tllc bll'ttcrfly dlaglRn1 of Flg. 1(f};111 Scc.
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IVB it is shown how this case can be reduced to the
preceding one.

A line group L is a symmetry group of a physical object
periodic along a line (for example, along the z axis). The
elements of L are transformations (R

~

t+U) defined by
(R

~

r+U)r= Rr +(t+ U)ae„where t =0, +1, . . . , 0(U
~ 1; a is the translation period, and R is a rotation, a re-
flection, or a rotoreflection such that it leaves the z axis
invariant. Thus R can be the rotation through 2mjn
around the z axis (denoted C„), the rotation through ~
around the x axis ( U), the reflection in the x-z plane (o, ),
the reflection in the x-y plane (oq ), or any combination of
these operations. The pure translations (E ~t) form a
discrete 1D translational group T, which is a subgroup of
L. All (R

~

0} form the point group P, which can be any
one of the point groups C„) C„„,C„g, Sz„, D„, D~, and
D„l„where n =1,2, . . . . L is a subgroup of L only if the
latter is symmorphic, i.e., if it contains neither (intrinsic)
glide planes nor (intrinsic) screw axes, so that U =0 in
every element of L. In a nonsymmorphic line group, V&0
in some elements. A rotation C„ followed by a translation
by pajn along e, gives (C„~p jn), a screw axis; (o„~ 1/2)
is a glide plane. We denote a line group by a Hermann-
Mauguln (international crystallographic) symbol with tlM
prefix L for the linear lattice.

In a quantum-mechanical description, one utilizes a
state space V; a symmetry transformation (R

~

t+U) is
represented in V by a unitary operator [R

~
r+u] defined

by [R
~
t+U]%'(r )=%{(R

~
r+U) 'r). We abbreviate

[R
~
0] by R. The time inversion t~ i is repr—esented by

an antiunitary operator 8, which can be simply defined
here by 8%(r )=4 (r ). Adding 8 to a line group L, we
cxtcnd 1t onto a gray 11nc groUp I =I.+HI; more dctMls
can be found in Refs. 6 and 7.

The mentioned symmetry elements are all found in real
physical systems (or at least in their model descriptions
utilized in theoretical physics); many examples are given
in Refs. 6, 10, and 11.

III. ECLIPSED STACKS: ROTATION AXES,
MIRROR PLANES

In this section we consider the more simple case of the
11nc groups wh1ch coQtMQ neither 1Iltr1Qslc sclcw axes nof
intrinsic glide planes (i.e., the symmorphic line groups).
An array of identical molecules, stacked in the eclipsed
position, display such a symmetry; another example is a
periodic linear chain of atoms. Such polymers are invari-
ant with respect to certain rotations around the chain axis,
and we begin by analyzing the effects of this symmetry on
the band structure of the polymer.

A. Rotations amund the chain axis

If a single molecule is invariant with respect to C„and
if it has no other symmetry, its one-electron eigenfunc-
tions are of the form

(p, P, )=zxep(i mP) u( pP, z),

u (p, P a,z) =u(p, P,z), —

Notice the complete analogy between (1) and the Bloch
theorem, which in our case reads

gk(p, P,z) =exp{ikz)u (p, P,z), (3a)

u (p, P,z —a) =u(p, P,z), (3b)

where m/a —(k & m/a.
Periodic stacking of such molecules produces a polymer

invariant with respect to the rotations from C„as well as
to the translations from T. The line group is denoted by
Ln, and its elements are of the form (C„'

~
t), where

s =0, 1, . . . , n —1, and r =0,+1,. . . . Combining (1) and
(3), we conclude that in the case of the polymer under
study, the eigenfunctions are of the form

(p, P,z) =exp(ikz) exp(im P)u (p,P,z}, (4a)

u {p,P,z —a) =u(p, P —u, z) =u(p, P,z}, (4b)

where —m/a (k(m/a and m is given by (2). For m
fixed, all gk span a subspace V of the state space V.
These subspaccs al c mUtually orthogonal, RIld onc can
solve the eigenproblem of H in each V separately. The
continuity argument is still valid and each band is a
(quasi) smooth function of k. {Iftwo bands with the same
quantum number m cross accidentally, the potential can
always be modified slightly in such a way that the symme-
try of the chain is preserved while the crossing is avoid-
ed. '

) For a complete specification we need an additional
lndcx A, ~ wh1ch %'c choose to cnunlcIRtc thc bands having
the same value of m in the order of ascending energies at
k =0: e' (0)(e (0) & . We let

~
k, m, A, ) be the

eigenstate of e (k); from (4a) and (4b) it follows that

[C„'
~
r]

~
k, m, A, ) =(phase factor))&

~
k, m, A, ),

8ik, m, A, )=
i

—k, —m, A, ),
and, for %=0,+2m. /a, +4m/a, . . . ,

~k, m, ~)= ~k+Z, m, ~) .

Of course, if at certain k there is an eigenvalue e, an
identical eigenvalue must be found at every k +K; howev-
er, the nontrivial content of the above "umklapp theorem"
(7) is that the other two quantum numbers of the corre-
sponding eigenstate must be equal also. [This implies that
each e (k) line has a period equal to 2~/a, the width of
the BZ; it wiII be seen, in Sec. IV that this is indeed not
true, in general. ]

Now, we are ready to discuss the coherence of bands.

where a =2m/n. The integer m is the quantum number of
quasi angular momentum it has only n inequivalent
values, and our standard choice is

0, +1, . . . , +(n —1)/2 for n odd,
0, +1, . . . , +(n —2)/2, n/2 for n even.
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Since I is real, it follows from (6) that e (k) =c'" ( —k).
For k=O this implies that c (0)=c (0)—at k=0,
every "chiraV' band (i.e., such that m&0 and II/2) con-
tacts another band with the opposite quasi angular
momentum. Similar conclusions apply to the zone edge,
since c (m/a)=c (n./a). A "typical" form of bands
that satisfies both conditions is sketched in Fig. 2(a) for a
chain of Ln symmetry (with n)3) for m =0, +1. TheI =0 band is single and nondegenerate; the m =1 band
contacts the m = —1 band at both k =0 and Ir/a to form
a closed loop. If the picture is extended to other BZ's as
in Fig. 2(b), we see that the latter two bands are in fact
threading and crossing at k =0, +Ir/a, +2Ir/a, . . .; the
period of each band is 2Ir/a.

The quantum numbers k and I are subject to strong
selection rules. If A&& is an (irreducible tensorial) operator
transforming in the manner of

~ q, p ), one finds that

~I~
i emmamOswaaaae
I 5%%%%%ggggggs

FIG. 3. More complex band shapes for a polymer of I.n sym-
metry. (a) Allowed crossing —the intersecting bands have dif-
ferent quasi angular momenta. (b) Avoided crossing; butterfly
opens into two loops so that two extra peaks appear in the DOS
function.

unless b,k=' q and km= p, (&)

Qk—:k' —k, XIII—:III —III RIld wllcrc
-equals up to equivalence, " i.e., "equals modulo 2%/a" for
k and "equals modulo II" for III. Hence, both momcnta
are conserved in scattering processes if we include those of
the perturbation.

For example, in the case of direct optical absorption,
one has q=O, while p depends on the direction of in-
cidence and polarization: p=0 for the light polarized
along the chain, while if the hght beam is incident along
the chain @=+1 for linear polarization and p =+ 1 ( —1)
for the right (left) circular polarization.

Now, wc can consider ot4er more complicated, but logi-
cally possible connectivity schemes for the m =1 and the
m = —1 bands of the eclipsed-stack polymer under study.
Let Aoo be a small change of the potential with the full
symmetry of the chain; then, (k, m', A, '~ Aoo i k, m, A, ) =0,
Unless ffI, =Pal . Thus lt ls clUclal Whether thc t%vo bRQds
have different or identical symmetry labels —in the first
case [Fig. 3(a)] crossing is allowed, and in the second one
[Fig. 3(b)] it is "avoided. " The significance of sphtting
the "nonessential" butterfly into two separate loops is that
two extra peaks emerge in the DOS function [Fig. 3(b)].

B. Dihedral axes

We let U denote a rotation through m. around an axis
ortllogoIlal to tllc Illalll axis; lf wc clloosc tllc fll'st ollc to
colnclde with t4c x axis~ then

U: (p, P,z)-+(p, —P, —z) .
If the polymer is invariant with respect to both C„and U,
its line group is Ln2=Ln+{U

~

0)Ln and the isogonal
point group is Dn. (For n even, the crystallographic con-
vcIltlo11 ls to write LII 22.) S111cc

coInpallsoll wltll (6) shows that U RIld 8 behave thc sallM
way on both k and III—they reverse both momenta.
Hence, if U is added to C„and 8 (i.e., if the gray line
group L"n is extended onto L n 2), there is no change in
the degeneracy of the bands. (The same result was indeed
obtained along the opposite route when 8 was added to
C„and U, i.e., when Ln 2 was extended onto L"n2.)

C. Vertical mirror planes

The mirror-plane reflection 0, is defined by

o„: (p, P,z)~(p, —P,z);
C~ and 0 U togct4cI' gcncl Rtc thc point gl oup C~I) . Thc
corresponding symmorphic line group is Lnm =Ln
+(cr,

~
0)Ln; for n everi it is denoted by Lnmm. For a po-

lymer having this Symmetry~

(10)

k k io, o)
0 k, kp TI'/a -Tr/a 0 Tt/a 2'/a 3n/a 0 ~(~)

(0) (C)

FIT+. 2. Simplest possible band shapes for a polymer of I.n
symmetry (a) in the Brillouin zone and (b) in the extended-zone
representation. The corresponding DOS peaks are sketched in
(c).

HcI'c, wc Hlust distinguish whether fn 18 cqUlvalcIlt to—I or not; the first case happens when m =~ or n/2.
Let us consider chiral m first. Since e" (k)=e {k), the
t%'o bands %'it4 thc opposltc quasi RQgUlax' moIDcnta coin-
cide throughout the BZ—there is a twofold band degen-
eracy. Pictorially, loops such as that in Fig. 2(b) are
compressed into double lines.

To lllustI'Rtc t418 point, lct Us consider thc model-I poly-
mer of L3 symmetry (Fig. 4). In a simple tight-binding
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the —superscript in what follows; the conclusions about
the c+ bands are completely analogous.

First, it is easily seen from (11) that the cl and e'

bands do not coincide, except for k =0, +m/a, . . . , where
the/ cfoss; the SIGpcs Bt thcsc polQ(s are

dk o dk o

= —aD [8(2A +2C —8 D)/—3] '/', (12a)

del

dk dk

=aD [8(2A —2C 8—+D)/3] '/ . (12b)

The extrema are located at general k points,

k+ ——( ifa)arctan[+~3D/(2C —D)] for m =+1 .

A;O~.

description (one orbital per atom; two-center overlap in-
tegrals neglected), for each value of m there are two
bands:

e (k) =a+2pcos(mal)+[A +8 cos(mal )+C cos(ka)

where m =0, +1", cl=21r/3; A =y +5 +ri, 8=2y5,
C=2yg, and D =25'. The integrals a,p, . . . , rI are de-
fined as follows:

a=(A, )H )A, }=(A,~H ~8, ),
P=(A1IH (A1)=(Al )H [Al)

=(8, iG i8, )=(8, iH )8,),
y=(A, jH )8, }, 5=(A, )H f8, ),
and rt=(A1 iH i8'1 )=(81I,H iA1);

here
~
A 1 ) denotes the orbital belonging to the atom Al,

etc. I.et us consider only the (lower) e bands, dropping

Now let 5-+0 in order to increase the symmetry of the
model to L3m; this corresponds to the untwisting of the
'tIPPcI' frIRQglcs 1Q Fig. 4 UQtII the/ al'c cxacII;Ig above the
lower ones. As seen from (ll)—(13), the el and the e
bands tend towards each other, the extrema move to
k =0,+m/a, . . . , and the slopes at these k points go to
ZCI'0.

Consider now the eo band. It is nondegenerate when
5&0, in which case the model has lower, L3 symmetry; it
also remains nondegenerate when 5-+0, and the symmetry
increases to L 3m. The extrema are located at
k =0,+n/a, . . . , in either case. The above conclusions
are valid generally —for all m =0 bands in the case of
Lnm symmetry (n odd) and for all m =0 bands and all
m =n/2 bands in the case of L,nmm (n even). (Notice
that m and —m are equivalent when m =n/2, since
m =—m +n in that case. )

On the other hand, the nonchiral eigenstates have wcll-
defined parity with respect to the o, reflection. We
denote the even states by A and the odd ones by 8; then,

C,
~
k,A, O, A, }=

) k,A, O, A, ) =cr„(k,A, O, A, ),
CN

~
k,8,0,A, ) =

~
k,8,0,A, ) =—0,

~
k,8,0,A, ), (14b)

and similarly for m =n/2, n even. Hence, we have an ad-
ditional quantum number here, which also characterizes
the band as a whole and obeys definite selection rules.

SoBlc pllyslcal lnlpllcat1011S of thc 1'cslllts dlscusscd 111

this section are as follows. If a polymer is symmetric with
respect to a rotation C„(with n & 3) as well as the reflec-
tion a„, some of the bands are doubly degenerate
throughout the BZ. The first-order electron-phonon cou-
pling is thus allowed for some non-totally-symmetric pho-
nons, and one expects a variety of structural instabilities.

The I EfPl —+L 5 sfmmctvf-h)vvcrI[Qg stAlctUI'RI tI'ans1t10Q

causes the selection rules to change. Consequently, some
absorption bands disappear from the spectra, since the
DOS peaks for chiral m move from k =0 and m/a, in-
wards to certain kl and kz with k»k2, in general (be-
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cause double t m, —m I lines open into single loops), while
some new ones appear as the cr„-parity selection rules for
nonchiral states are relaxed. Consequently, uniaxial pres-
sure or electrostatic field could be utilized for assignment
of the recorded absorption bands, according to their
behavior upon removal of cr, symmetry.

~„k,m, ~& =
~

—k, m, ~&, (15)

so that crp, does not affect m, as expected. However, in
view of (7),

8crg
~
k, m, A, ) =

~

k, —m, A, ),
so that the combined effect of cr~ and 8 is the same as that
of cr„, as given by (10). Hence, for m&0 and n /2 there is

I m, —m I degeneracy in this class of polymers also. Here,
nonchiral (i.e., m =0 or m =n /2) states have well-defined
parity with respect to cri, (denoted by the superscript +
for even states and by —for odd ones); except for this de-
tail, the discussion is completely analogous to that of Sec.
III C.

E. RotoreAections

If the rotoreflection Sz„=—crr, C2„ is added to C„, the
point group S2„ is obtained. The corresponding line group
is denoted by Ln for n odd and by L2n for n even. By it-
self, Sz„cannot affect m since neither of cri, and Cz„does
this, so it produces no band degeneracy. It only intro-
duces a parity label which is well defined for every eigen-
state,

S „~k, m, +,A, ) =+exp(ima/2)
~

—k, m, +,A, ) . (17)

However, as in Sec. IIID, here OS2„reverts m into —m
while not affecting k, and thus produces twofold band de-
generacy for every m &0. Notice that the m =n /2 case is
included here, since 8 transforms even states into odd
ones; the rest is analogous to Sec. III C.

D. Horizontal mirror planes

The mirror-plane reflection or, can be defined by

(p 0 z)—
C„and 0.

~ generate the point group C„~. The correspond-
ing symmorphic line group is Lnlm =Ln+(crl,

~

0)Ln.
In this case,

crate, while the m =nl2 bands are twofold degenerate.
These conclusions are obvious also in view of Sec. III E,
since D~ contains S2„as a subgroup.

G Point groups D I,

The last remaining family of finite axial point groups is
D ~

——C „+0.~ C„„n= 1,2, . . .; the corresponding sym-
morphic line groups are L(2n )2m (n odd) and Lnjmmm
(n even). Since crh does not change the parity (with
respect to cr„) of m =0 and n/2 eigenstates, the discussion
is completely analogous to that of Sec. III C.

H. Straight atomic chains

In a special case, when all the atoms that form the
chain lie on the same axis, the polymer is invariant with
respect to any rotation around its axis and any mirror
plane containing that axis. The point group is a continu-
ous one, C „=C +o.„C, and the line group is L corn.
Here, m =m, =0,+1,+2, . . . ; the bands with m =0 are
nondegenerate and all the others are twofold degenerate
(cf. Sec. III C).

A horizontal mirror plane is another possible symmetry
element of a straight chain of atoms. In that case, one has
D ~ and L oo Imm; the above conclusions remain valid, in
analogy with Sec. III G.

As a simple example, consider a chain of equidistant
carbon atoms in the tight-binding approximation and with
the same simplifying assumptions as in Sec. IIIC. Two
nondegenerate (m =0) bands arise from 2s and 2p, atomic
orbitals while 2p„and 2p~ generate one twofold-
degenerate I m = l, m = —1) band.

I&. HELICES: SCREW AXES

Stereoregular polymers, either synthetic or natural, are
most frequently found in the form of helices. They are
built out of monomers which may consist of one atom (as
in selenium, tellurium, or polymeric sulfur) or of many
atoms. The number of monomers per one translation
period can also vary considerably. In general, such a
helix is invariant with respect to some (C„~pin) with
p =0, 1, . . . , n —1, and the corresponding line group is
denoted by Ln&,' every periodic helical polymer can be
characterized in this way. The eigenfunctions are of the
orm

F. Point groups D„d (r ) =exp(ikz)exp(imP)u (p, P,z), (18a)

In this section we have studied the C„point group first,
and then its minimal extensions, i.e., groups of the form
C„+AC„, where R = U, 0.„, or~, or S2„. The point group
D~ is an extension of an extension: D„d ——C„„+UdC„or
equivalently D~ ——S2„+o.„S2„. The corresponding sym-
morphic line groups are Lnm (n odd) and L(2n)2m (n

even). Since they contain both C„and cr„, each band hav-
ing quasi angular momentum m coincides with one having
—m provided that m&0 and n /2 (cf. III C). It is easy to
verify that 8Ud maps states even with respect to cr, (A

states) into even states, if m =0, and into odd ones (8
states) for m =n/2; hence, the m =0 bands are nondegen-

with

u (p, P,z) =—u (p, P 2~/n, z —pa /—n),
where rrla &k &m. /a and m is—given by (2). Since (18a)
coincides with (4a), many of the results of Sec. III retain
their validity here. The eigenstates are labeled by the
quantum numbers k and m, which behave under the ac-
tion of symmetry operators as expected from their physi-
cal interpretation: [C„~pjn] changes neither k nor m, cr„
reverts m into —m, O.

I, reverts k into —k, while U and 0
revert both k and rn However, (1.8b) does not coincide
with (4b); Ln~ is a nonsymmorphic line group and it does
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1
k, m, z& =

1
k+2~/a, m —p, &'), (19)

with A,&A, ', in general. Combining (19) with (6), we con-
clude that

not contain (C„10)as an element. Rather, the C„rotation
is in Lnz coupled to a (fractional) translation (p/n)a e„so
that k and m are coupled also, as manifested by the fol-
lowing umklapp theorem:

to the usual k space description, one just folds the q space
band structure n times. However, each el(q) is a smooth
function of q throughout the large zone [referred to as JZ
in solid-state physics), so that folding automatically pro-
duces some band coherence at the center and/or at the
edges of the BZ.

As an illustration, consider a helix with three atoms per
one turn, model II [Fig. 5(a)]. If each atom contributes
one orbital, the tight-binding energy bands are give~ by

el(0, m) =el(0, —m), (20a) e (k) =u+2Pcos(ka/3+2m~/3),
and

e~(n. /a, m) =el,( —1r/a, m) =—CI (~/a, —m —p)

(20b)

Hence, at k =0 the bands with m =0 and (for even n}
with m =n/2 remain nondegenerate, while the others
cross pairwise; the intersecting bands have opposite quasi
angular momenta. These results are identical to those of
Sec II.IA as expected, because the fractional translations
become negligibly small compared to the wavelength when
k ~0. However, the situation is very different at k =n./a;
a band with quasi angular momentum m crosses another
with m'= —m —p (instead of —m). The bands that
remain nondegenerate are those for which m =m', i.e.,
those with m = —p j2 when p is even, and those with
m =(n —p)/2 when n —p is even. In the case of L3„for
example, the m =0 bands are nondegeneI'ate and each
m =1 band intersects an m = —1 band at k =0. At
k =m/a, the m =1 bands are nondegenerate; the m =0
bands intersect those with m =—1. For I.4q symmetry,
bands with m =1 or —1 are nondegenerate, and m =0
bands cross m =2 bands at k =m. /a, etc.

Similar conclusions apply for the selection rules. For
direct optical absorption, one has 5k=0, and hence
b, =' p (where hk, h, m, and p have the same meaning as in
Scc. III A) and fhcIc ls 110 dlffcl'cIlcc bctwccll LII and LPI~.

However, in umklapp processes, k increases by a
reciprocal-lattice vector, and m —being coupled to k-
changes also, according to (19) instead of (6); hence, in
this case the selection rules for Ln~ do not coincide with
those for Ln

The above results apply for every screw-axis symmetry,
but to obta1n more physical 1nslght wc must distinguish
whether n and p are relatively prime integers or not and
discuss each case separately.

where m =0,+1. These three bands [Fig. 5(c)] connect in
the way described earlier in this section (m =1 with
m = —1 at k =0; m =0 with m = —1 at k =1r/a) and
indeed unfold into a single smooth line in the JZ [Fig.
5(b)]. Yet another equivalent graphical representation is
given in Fig. 5(d): three curves each with period 6n./a
(equal to the width of the JZ), thread in such a way that
the figure as a whole has period 21r/a (the width of the
BZ). The DOS has two peaks [Fig. 5(e}] which corre-
spond to the states 10,0) and 1Irla, I ).

In most linear combination of atomic orbitals —type
(I.CAO) calculations, one deals with more than one orbital.
per atom, so that band structures are more complex, but
above conclus1ons about conncctlv1ty remain vahd. Thc
role of symmetry labels becomes, in fact, more important,
since they determine which of the possible band crossings
are allowed. To illustrate this point, let Us consider the
same model II, but with two orbitals per atom, for
example, p„and p, . The relevant matrix elements
a« ~=&p, l~ lp, &=&p, III

I p, &, P, =&p, I
6 lp,

'
&,

r=& pl Hl p&t=&p~lH lp' &,
where the prime denotes orbitals on a neighboring atom.
The bands arc g1vcn by

(k) =a+ (A +8)cos(ka /3+2m~/3 ),

Tl/a 2'/8 3T1/a

A. Simple helices: cyclic sere&@ axes

When n and p alc relatively prime thc I n& 11nc gI'oup 18

cyclic, l.c., lt collsls'ts of all (posltlvc alld Ilcgatlvc) powers
of certain (C„'

l
l/n), where s is determined by n and p.

Consequently, the chain contains n monomers per angle
2sm, i.e., per s turns of the helix. (It is usual in polymer
literature to denote such a helix by n js; notice that it does
not necessarily correspond to n, . For example, 7/2
colTcpoIlds to 7g.)

The 1D translation group is also a cyclic one, and on
the basis of this isomorphism one concludes' that if H
commutes with Ln~, its eigenfunctions are of the form
exp(iqz)u (r ) with q E( nm/a, nor ja]. To s—witch back

k
m/a 2Tf/8 3m/a 4m/a STD/a em/a

lo, o}
$(r)

FIG. S. (a) Model II: a simple monatomic 3~ helix. (b) Its
(tight-binding) bands are smooth in the JZ; (c) they fold twice to
form S shapes in the BZ and (d) make triple threads in the
extended-zone model. (e) The DOS peaks correspond to k =0
for m =0 bands, and to k =m/a for m =1 bands.
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where A =p„+p, and 8=[4y +(p„—p, ) ]'~. In the
band structure sketched in Fig. 6, we observe three band
crossings, two of which are allowed (because the intersect-
ing bands have different quasi angular momenta), while
the middle one should be avoided as indicated in Fig. 6.
Notice, however, that before a crossing is ruled out, one
should check whether there are any additional symmetry
labels that could differ for the two bands considered.
Hence, it is important to analyze the effects of other pos-
sible symmetry elements; we do this in Sec. IV C.

The above considerations are easily generalizable to ar-
bitrary cyclic Ln~. Bands always group in sets of n

threading lines, each one having period 2n~/a Th.e DOS
peaks correspond to

I
O, O, A, ) and

I
0, n/2, A, ) if n is even,

to IO, O, A, ) and
I
m/a, —p/2, A, ) if p is even and n is odd,

and to IO, O, A, ) and
I
m/a, (n —p)/2, A, ) if both n and p

are odd.
Some related results in solid-state physics could be men-

tioned here. Within a nearly free-electron approximation,
the width of the gap between two bands at the BZ edge is
related to the Fourier-expansion coefficients of the period
potential. Laxs found that some space-group symmetry
elements necessitate certain coefficients, and hence the
band gaps, to vanish. The application of his reasoning to
the Ln& line-group symmetry leads to the same con-
clusions as given above. Another approach is to view the
zero-velocity states as standing waves, and to look for
A, =2m/k, which satisfies the Bragg diffraction condi-
tion. ' If a simple Lnz helix is projected onto the z axis,
identical atoms are found at a/n vertical distance, and
one indeed expects 5e/5k =0 for k =2m/A, =nn/a.

B. Multiple helices: noncyclic screw axes

Let us now consider the remaining Lnz line groups for
which n and p are not relatively prime. In other words, let
n =n'r and p =p'r with n' and p' relatively prime, but
now let r)2. In this case (i) the smallest fractional
translation to appear in an element of Lnz is (1/n')ae„
and (ii) Ln& contains some proper rotations, viz.
(C,

I
0), . . . , (C„'

I
0). Let us clarify this point by a few

examples. The line group

L4 =
I (E

I
o»«4

I
1/2»«z

I
o»

(C4
I
1/2), (E

I
1),(Cg

I
3/2), j

is not a cyclic one, since (C4
I
1/2) generates only its prop-

er subset

L'4& I. . ., (——C4
I
1/2), (C2

I
1),(Cq

I
3/2),

(E
I
2), (C4

I
5/2), . . . I .

This set becomes identical to the cyclic line group L4& if
the translational period is doubled; from an atom (which
is not on the z axis), L'4~ generates a simple helix with
four atoms per period, which equals 2a. Now,
L42 L'4, +(C——2 I

0)L'4„since (C2
I
0) rotates every atom

by m around the z axis, it generates the second simple
helix. In this sense noncyclic Lnz line groups describe
multiple helices. Thus L6z ——L'6~+(C2

I

0)L'6~ again de-
scribes a double helix, while L 63 ——L '6&+ (C~ I

0)L '6~

+ (C3
I
0)L '6j and L 93 ——L '9j + (C3

I
0)L '9& + (C3

I
0)L '9&

correspond to triple helices (each one having period 3a),
etc.

In view of (i) and (ii), we expect the JZ width to be
n'2'/a, here, and also, some effects of the C, rotational
symmetry to be felt. This is illustrated in Fig. 7, where
the band-connectivity schemes are given for L42 and L63
line groups, respectively. The minimal fractional transla-
tion is (1/2)a e, and the width of the JZ is 4m/a, in either
case. The L42 example illustrates that a screw axis does
not always necessitate that all the bands cross pairwise at
k =n./a, contrary to what can be found in the literature;
indeed, a semicross appears in certain cases [viz. for
L (2q )s line groups with q = 1,2, . . . , for the bands with
m&0 and m&q]. The L63 example illustrates that for
r )3 a loop in the JZ appears as a consequence of the C„
rotation symmetry, which then folds onto a butterfly dia-
gram in the BZ. This butterfly is essential, since the
bands that intersect have different quasi angular momenta
and the crossing is allowed. It thus produces two DOS
peaks, in contrast to the inessential butterfly in Fig. 4(b),
which gives rise to four peaks. A similar loop is found in
the case of L93 helix also, but the JZ width is 6n/a and
the loop folds twice, so that a more complex diagram re-
sults.

Tr/a

FIG. 6. Bands for model II [see Fig. 5(a)], but with two orbi-
tals per atom: two S shapes are formed, with one avoided and
two allowed crossings.

C. Additional symmetry elements: rotation axes
and mirror planes

Let us consider dihedral axes first. As seen from (6)
and (9), U and 8 act in the same way on k and m. In Secs.
IVA and IIB we have analyzed the combined effects of
n~ screw-axis symmetry and time-reversal invariance, i.e.,
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umklapp-change rule for m is given by (19) instead of (7).
This is felt essentially at the BZ boundaries, as seen from
(i), (iv), and (vii) above; otherwise, the results coincide
with those of Secs. IIIC, IIID, and IIIG. Hence, the
comments given there can be rephrased here also=—=.g., a
double semiloop will open into a butterfly upon removal
of mirror-plane symmetry, and the selection rules will
change subsequently. Notice also that in view of (iv) the
high, fourfold band degeneracy (in the orbital space; with
spin included the degeneracy if eightfold) is encountered
here.

V. ALTERNATINGSTACKS: GI.IDEPI.ANES

0 TI /8, 2TI /a 0 TI/O

(c) (d)

FIG. 7. (a) JZ band shapes and (b) BZ band shapes for an L4q
helix, ' (c}and (d} the same for an I.63 helix.

of the group L "n~. We can now extend it onto
L~n&2=Lan&+(U

~

0)L"n& (ttus extension is denoted by
L "n~22 for n even) without any change in degeneracy.
Precisely because of this fact, it was possible to restrict
ourselves to the L"3i group in the study of the band struc-
ture of the monatomic chain example in Sec. IVA, al-
though the symmetry group of the model is L~3i2.

Turn1ng Ilow to possible rcflcct1OIl-plane symIIlctI'1cs,
we first notice that they are compatible with nz screw-
axis symmetry only if n is even and p =n/2. In that case,
a vertical mirror plane can be present, or a horizontal one,
or both of them; the corresponding line groups are
L(2q)qiii~, L(2q)q/m, and L(2q)q/mern, respectively. In
either case, (i) the minimal fractional translation to appear
in the group is (1/2)a e, and the width of the JZ is 4m. /a;
(ii) the bands with chiral quasi angular momentum (i.e.,
with m &0 and m &q) are all twofold degenerate
throughout the BZ—for every band labeled by m there is a
coincident one with label —I; (iii) each I m, —I ] double
line has a zero slope at k=0; {iv) at k=ir/a, each
Im, —I I double band intersects (at nonzero slope) an

I I,—m I band, with m =q —m, unless I =q/2; (v) for
even q, each [q/2, —q/2J double band has a zero slope at
k =m/a; {vi) nonchiral (i.e., m =0 and q) bands are all
nondegenerate at k =0 and inside the BZ; and (vii) non-
chiral bands intersect pairwise at k =ir/a —an Ae (Bo)
band crosses an A~ (Bs) band. All these results can be ob-
tained by easy manipulations with k and m, as follows
from (6), (10), (16), and (19). The main consequence of re-
placing 8 rof af1OIl axis by 8 scIcw axis 1s that th, c

[o„ i 1/2] i k,A, A, ) =v
i k,A, A, ),

[o'„
i
1/2] ik, B,A, )=—a ik, B,A, ), {21b)

where a=exp( ika/2) a—nd —m. /a &k &m/a; A, enumer-
ates bands of the same parity, in order of ascending energy
at k =0. The information that we need about these eigen-
states is how they transform upon the time reversal:

e~k,~,~)=
~

—k,~,X),
e

~

kBX) =
~

k, B,X), —

Rnd the umklapp theorem:

~

k,~,~) =
~
k+X,B,X),

~
k, B,~}=

~
k+rC, ~,~),

(22a)

(23a)

(23b)

where E =+2ir/a.
Together, (22) and (23) imply that all the bands group

into pairs forming semiloops in the right half of the BZ.
All the bands are nondegenerate and have a zero slope at
k =0, Rnd they rcma1n nondcgcncI'Rtc as k increases Up to
k =ir/a, where they cross pairwise (an A band intersects a
B band at nonzero slope). The period of each curve is
4m/a, and the JZ is twice as large as the BZ. All these re-
sults are in fact expected from the analogy to those for the
1.2& 11ne group, which is isomorphous to L, lc. Indeed, in
some more complex line groups, other symmetry elements
appear together with ghde planes; we consider them in
what follows.

A. Gjidc pIRnes combIQcd %1th 8 I'OtstioQ axis

The (0.„~ 1/2) glide-plane symmetry and (C,
~
0) rota-

tions RI'c compatible for arbitrary Pt) thc 11Ilc groups gen-
erated by these two elements are denoted by Lnc for n odd

The remaining symmetry element to be considered is
the reflection with respect to a plane containing the poly-
mer axis followed by the fractional translation (I/2)a e„
i.e., the glide plane (o,

~

1/2). Certain stereoregular poly-
mers do have this symmetry; it may also appear when
some identical objects (e.g., molecules) are stacked so that
they are oriented to the left and to the right in alternation.

The simplest hne group containing a glide plane is L, lc;
it is in fact the cyclic group generated by (o,

~

1/2). In
this case the eigensfates are characterized by two quantum
numbers, the quasimomentum k, and the parity with
respect to [cr„~ 1/2], defined by
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and by Lncc for n even. In either case, there are three
symmetry-generated quantum numbers characterizing the
eigenstates —the quasimomentum k, the quasi angular
momentum m, and, only for nonchiral states, the parity
with respect to [Ir„~ 1/2]. Band structures contain double
semiloops formed by pairs of I m, rn —

I double bands, and
single semiloops formed by nonchiral bands —Ao (A»)
bands intersect with Bo (8» ) bands, respectively, at
k =Ir/a. These conclusions about the band shapes result
from the following facts. (i) Time inversion reverts both k
and m here, as in (6), while it does not affect the parity
with respect to [a, I

ll21, as in (22a) and (22b). (ii)

[o„~ 1/2] does not change k, but it reverts m, since
[0'„~ 1/2]

~
k, m, A ) =exp( —ika/2)

( k, —m, A, ). (ili) II1

umklapp proccsscs thc quasi angular momentum I ls not
changed, as in (7), while the parity with respect to
[cr,

~
1/2] is reversed, as in (23a) and (23b), so that

8
~

~/a, A, q, i, ) =
~

—m/a, A, q, A, ) =
~

m/a, 8,q, A, ), etc. (iv)
»/ra, mA, ), 8~~/ a, mA, ), [o„~ 1/2]

~

I/ra, mA, ), and
8[cr„~ 1/2]

~
m/, a mA, ) are linearly independent. Notice

that (iv) implies fourfold (orbital) band degeneracy al-
though only two (opposite) values of quasi angular
n1omentum are involved, in contrast to the situation in
Sec. IV C, where four different values of m have been in-

cluded. Observe also that the (1/2)a e, fractional transla-
tion makes the JZ width equal to 4~/a here, as in the case
of L, le.

There are four more families of line groups that contain
glide planes. Two of these, L(2q)me and L(2q)»/mern,
have been considered already, in Sec. IVC; glide planes
appear m them as a result of comblnmg the (2q)» screw
axis with the (o„~0) mirror plane. Next, the results for
the line groups L(2n)2c(n odd) and Lnlmcc (n even)
coincide with those for Lne and Lncc, respectively.
Namely, [o&

~
0] preserves the parity with respect to

[o„~ 1/2], and thus it introduces no additional degenera-
cies; compare also Sec. IIIG. Finally, there are Lnc (n
odd) and L (2n )2c (n even) line groups, isogonal to D„d. In
contrast to the preceding case, [Uq

~
0] does revert the par-

ity with respect to [a„~ 1/2] if the state has the quasi
angular momentum m =q, i.e., 8[Ud

~
0]

~
k,A, q, A, )=

~
k,B,q, A, ), as in Sec. III F. Consequently, each A» band

becomes degenerate throughout the BZ to a 8& band, and
zero sloped at k=0, +m/a, . . . . Shapes of the other
bands are not affected. This covers all the line groups.

denote a small displacement of the nuclei from the initial
confllgllrRt1011; tllcll, 111 gcllclal,

c'(kdo) =a+2P+2y cos(ka),

e(kAI) =a —2P+2y cos(ka),

c(kEI & ) =a+2y cos(ka),

(26)

QJ. ~0 (i j = 1, . . . , d )J
BV

, Oi

for some non-totally-symmetric Q. If
~
g;), i = 1, . . . , d

belong to a representation D of the line group L of the po-
lylllcr under study, 0Ilc CRI1 dctcrm1nc tllc Retlvc 1110dcs Q
by decomposing the Kronecker square [D ], as in Ref. 16.
However, despite a complete analogy with the mentioned
classic results of Jahn and Teller' and Peierls, ' more
comprehensive work still must be done —the line groups
contain rotations and/or reflections as wdl as translations,
and thus 1Il polymers thc sltuatlon ls somewhat morc corn"
plex. Indeed, it turns out that the vibronically active pho-
110Ils II1 Q1D solids ean bc tlansvcl'sal Rs well as lollgltlldl-
nal, distortive, or displacive (both ferro- and antiferro-),
nondegenerate or degenerate, etc.; furthermore, several
modes are interplaying in most cases. The active modes
are essentially determined by the line group L„by the band
shape(s) involved, and by the quantum numbers (k and m,
the parities with respect to cr„or„etc.) of the degenerate
electronic states at the Fermi level eF. These concepts
have been described in detail in Secs. III—V; let us now il-
lustrate how useful they are in some applications.

Thc total clcctI'onlc cncI'gy of a polymer ls dcgcnclatc
when a band shape is partially filled, so let us analyze
several typical cases—a single line, a semiloop, and a dou-
ble line, assuming for simplicity that they are exactly
one-half filled. To be less abstract, two simple model po-
lymers are considered, each with four atoms per unit cell.
Model III is an equidistant array of square planar mole-
cules in the eclipsed positions [Fig. 8(a)], and model IV is
a staggered array of diatomic molecules [Fig. 9(a)].

Model III has L4/mmm line-group symmetry. Since
L4lmmm =L4mm +(or,

~
0)L4mm, and since (ITI,

~

0)
introduces only I k, —k I star degeneracy, one can label the
bands by quantum numbers of L4mm (see Secs. III C and
III G'). Fol' SII11pllelty, lct cacll Rtoln eoIltl'lblltc 0Illy Ollc

atomic orbital of the i =0 (i.e., s, p„d,I, etc.) type; then,
the tight-binding energy bands of this polymer are given

Vibronic coupling becomes important in the case of
electronic degeneI'acy in molecules, where it can cause
point-gI'oup syn1mctry bI caking» Rs well Rs ln llncaI'
atomic chains with partially filled conduction bands,
whcI'c lt causes translatlona1 symmetry bl caking. In
Sees. III—V we have seen many examples of electronic de-
generacy in polymers; in that case, vibronic coupling can
cause line-group symmetry breaking. We let

~ g; ),
i =1,. . .,d denote the degenerate electronic states and Q

and where
~

1) denotes the atomic orbital centered at
atom 1 [see Fig. 8(a)], etc. Of these three bands, the first
two are nondegenerate (single lines), while the last one is
twofold degenerate throughout the BZ (a double line). To
facilitate discussion, let us assume that there is no overlap
among these three bands; that is the case when

Model IV has L42/mern =L41mc+(or,
~
0)L41mc

line-group symmetry. The quantum numbers of L42mc
are the same as for L4rnm; see Sec. IV C. With the same
asumptions as in the preceding case, the electronic energy
bands RI'c glvcn by
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FIG. 8. (a) Model III: a stack of square planar molecules. (b)
Some of its vibxation modes relevant for the present discussion.

(a)

FIG. 9. (a) Model IV: a staggered array of diatomic mole-
cules; (b) its relevant vibration modes.

e(kAO) =a+P+25cos(ko)+4y cos(ka/2),

e(kA2 )=a+P+ 25 cos(ka) —4y cos(ko /2), (29)

e(kE, i)=a P+25cos(—ka),

wh«e a=&1 IH Il& &=&I IH I2& y=&1IIf I3& and
5= & 1

I
H

I
5 &; for the atomic labels see Fig. 9(a). Notice

that 5 is an interaction between the next-nearest neighbors,
and hence smaller than P or y in general; if 5~0, the de-
generate E band becomes completely flat. If we assume
again that

I y I
&

I Pl /2, the E band does not overlap
with the other two bands, Ao and 3z, the latter two, how-
ever, necessarily cross each other at k =~/a Hence, w. e
have here an example of a semiloop [as in Fig. 1(b)j and a
scparatc, narr ow double 11ne.

(30)

A. One-half-filled single line

Let us first consider the case when the lowest Ao band
of model III is one-half-filled; then, there is a twofold,

[kz, —kFI-star degeneracy at eF, in close analogy to the
Pcierls model. The involved degenerate electronic states
are

I /230& and
I /2AO &, and hence a nontrivial (i.e.,

symmetry-reducing) active mode must have quasimomen-
tum q =m/a, quasi angular momentum @=0, and it must
be even {A mode) with respect to cr„; there are no restric-
tions concerrung its parity with respect to o.

I, . Indeed, the
active modes are the Q& mode of + 0+ symmetry, and the

Q2 mode of Qo symmetry. Their geometries can be in-
ferred from Fig. 8(b), where the Q~ and Q2 modes of a
single square molecule are illustrated; the index m. indi-
cates that q =-m/a, i.e., that neighboring squares move
out-of-phase.

Onc can now procccd to dctermme thc rcduccd-
symmetry group L~ of the polymer distorted by either

Q& or Qz, and then to infer from Lg whether and how

the band shapes change upon distortion. Since neither of
these two modes reduces the point-group symmetry of in-
dividual molecules, but only reduces the translational
symmetry of their arrangement, the new line group is
L'4/mmm, where the prime indicates that the period is
doubled, a'=2a. The width of the new BZ is thus n./a,
one-half the original width; each band is folded once and
simultaneously a gap opens in it at k =~/2a, so that alto-
gether four single and two double lines are formed. In
particular, a gap opens at kz and the star degeneracy of
this level is lifted, since each state at k = —m/2a is now
equivalent to a state at k =~/2o.

To conclude, this chain is unstable with respect to a
mode belonging to the longitudinal-acoustic (I.A) vibra-
tion branch (the Qz mode), just as the Peierls model;
however, in the present case there is an additional instabil-
ity against a mode from a transverse-optical (TO) branch,
the ~Q ~ mode. Such an instability was investigated recent-
ly' by Feinberg and Ranninger, whose model polymer has
a lateral degree of freedom; in the present model both in-
stabilities are present and they compete in general,

Another example of a single line is the highest A2 band
of model III. If that band is the one-half-filled one, all
the above conclusions remain valid. Even the active
modes are the same; this follows from the quantum num-
bers of the degenerate electronic states.

For the next example, let us analyze the case when the
semiloop formed by the Ao band and the A2 band of
model III, as given by (28) and (29), is one-half filled.
Then the Fermi level is at kp ——m/a and it is twofold-band
degenerate because of the band crossing. The degenerate
states,

I Qo) and
I +2&, can be mixed by a phonon with

q =0 and @=2, and which is even with respect to o„; the
o~ parity is not restricted. The active modes are OQ& and
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nQz [Fig. 9(b)], of Qz+ and pAz symmetry, respectively.
Each of these two modes distorts the polymer into a con-
figuration of L 2/mmm symmetry; the band shapes
change into four single lines (the E band splits into two
nondegenerate bands, and a gap opens at kF ——m. /o, be-
tween the Ao band and the Az band), so that the band de-
generacy is completely lifted. The active modes, the anti-
ferrodisplacive nQz mode, and the antiferrodistortive OQi
mode, again resemble the Peierls and the Feinberg-
Ranninger mode, respectively [see Fig. 9(b)]. However,
the difference is that in the present case both-modes are
optical (nQz is an LO mode and OQi is a TO mode) and
fundamental (i.e., with q =0), so that the translation re-
peat length a remains unaltered. In fact, the point-group
symmetry of individual molecules is also preserved, and
here one has a very specific type of symmetry breaking, in
which a nonsymmorphic symmetry element, (C4

~
1/2), is

lost.

C. One-half-filled double line

Finally, let the twofold-degenerate Ei i band of model
III, as given by (27), be one-half filled, so that the degen-
erate states at eF are

i Pi)= in. /2;1), i
Pz)=o., i/i)

I @4&

=ol,
~ gz) =

~

—m./2; —1). Let us now determine the ac-
tive vibrational modes which illustrates well the simplicity
of the present method. '

To facilitate the discussion, let us utilize the coordinate
representation. In view of (6), (10), and (1S), Pi ——P4 and

so that out of the 16 products
p';QJ (i,j = 1, . . . , 4), only 10 are linearly independent. It
is convenient to retain the 10 products tp;tp , i &j, w. hose
symmetry-generated quantum numbers are easily deter-
mined from those of i)'j; and PJ. For example, the function
tPigz has the total quasimomentum q =m. /a, the total
quasi angular momentum p =0, and it is even with respect
to o.„; however, it is not invariant with respect to ca~,
since o'p, (fifz)=(oigi)(aiitIz)=fit. But one can re-
place fiPz and Pzg4 by the functions f=(fiPz+Pzg4)/2
and g =(gigz —P3g4)/2, which are even and odd with
respect to cri„respectively. In conclusion, gi1(z and gzf4
have components of Qo and Qn symmetry. Quite
analogously, gi's and gzg4 contribute to Qz+ and Qz+,
fig4 and PA'z to oAO and Po and giPi, PzPz, fifer, and
A/4 to +z+, Qz, +z+, and +z . Thus the symmetries
of displacements, for which the integral (24) can be
nonzero, are determined; the actual active modes are easily
found by inspection, and they are specified in Table I. As
far as the symmetry breaking is concerned, they form
three classes:

(i) nQz, and OQ4, which reduce the line group onto
L(2 L——/2mmm,

(ii) Qi and Qz, for which Lg L—'—4/mmm, and
(iii) Qz, Q4, and Q5, with Ltz ——L'4z/mcm.

(The prime on L again indicates that the new translation
period is a'=2a. )

Now, utilizing the results of Secs. III G, and IVC, one
finds the band shapes of the distorted polymer, for each
active mode Q. Thus after a distortion of the type (i), the
band structure consists of four single lines (as in Sec.
VI 8); in case (ii) it contains four single lines and two dou-
ble lines (as in Sec. VIA), while in case (iii) it consists of
two double lines and two semiloops (each band folds at
k =ir/2a, but a gap opens only in the E band). In each of
these cases, the degeneracy of the total electronic energy is
completely lifted. (This need not be the case in general; a
counterexample is given later in this section. )

Hence, this example has also brought in some novel
features, the first of which is that several qualitatively dif-
ferent types of symmetry breaking are possible. Out of
them, only the type-(ii) instabilities are similar to those
studied in Secs. VIA and VIS. Namely, in that case the
structure undergoes a periodic distortion, either by
"dimerization" (as in the Peierls mode) or by alternating
extension or contraction (as in the Feinberg-Ranninger
mode). In contrast, the point-group symmetry of indi-
vidual molecules is broken in a type-(i) distortion; this is
similar to the classical Jahn-Teller effect. The difference
is that here an extended chain is built out of such mole-
cules, each of which distorts in the same way. Finally,
type-(iii) instabilities are also new and very specific: The
point-group symmetry of individual molecules is also bro-
ken, but some symmetry elements, such as, e.g. , (C4

~
1),

are restored through the staggered arrangement.
A similar analysis of the case when the E band of

model IV, given by Eq. (30), is one-half-filled, also brings
about a few surprises. First, the "Peierls" mode OQz is not
active in this case. Next, the libration mode OQz [see Fig.
9(b)] is active here, but the total electronic energy remains
degenerate after such distortion. Namely, in this case
L& ——L2/mcc, so that the band structure consists of two
semiloops (see Sec. VB). The electronic degeneracy is just
reduced, from fourfold to twofold, and the structure
remains further unstable —with respect to the Peierls
mode oQz and the Feinberg-Ranninger mode oQi, as in
Sec. VI 8! This clearly illustrates the importance of inves-
tigating the band shapes of the polymer in distorted con-
figurations for each active mode Q.

Many other interesting examples of vibronic instabili-
ties can be found in Q1D crystals —e.g. , the active modes

TABLE I. Active vibration modes of the polymer illustrated in Fig. 8(a), in the case when the doubly degenerate E band, given by
(27), is one-half-filled. For the geometry of these modes see Fig. 8(b); the neighboring square molecules vibrate in-phase in the Ogz
and Ogq modes, and ont-of-phase in the remaining five modes. The symmetry labels +o+, Qz+, etc., are explained in Sec. IIIC.
AFDP is antiferrodisplacive, {A)FDT is (anti)ferrodistortive, TO is transverse optical, LA is longitudinal acoustic, and LO is longitu-
dinal optical.

Mode

Symmetry
Type

Ao
TO,AFDT LA,AFDP

OQi

~+
TO,FDT

Qi

~i+
TO,AFDT

++
TO,FDT

~z+
TO,AFDT LO,AFDT
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can be degenerate themselves [this happens in model IV if
the Ao band, as given by (28), is one-half-filled]; bands can
overlap so that two or more pairs Ik~, —k+ I are involved;
then, there are other fillings and other band shapes to be
considered. All these possibilities cannot be investigated
here; the same is true for some important related questions
(concerning the stable configurations, charge-density
waves, excitation spectra, structural phase transitions, etc.)

that go beyond the symmetry analysis.

VII. CONCLUSIONS AND DISCUSSION

Although lateral extension of typical polymers and
quasi one-dimensional systems is relatively very small,
band structures of such Q1D objects can differ essentially
from those of proper 1D models. First, in the 1D case
there is no band degeneracy, i.e., there are no two eigen-
states k, A, ) and

~

k, A, ') such that e~(k)=eq(k) In co. n-

trast, in Q1D systems one frequently encounters twofold
and even fourfold band degeneracies: Bands may intersect
and/or may be degenerate throughout the BZ. Next,
bands arising from a 1D periodic potential always have
zero slope at k =0 and m/a, and they are monotonic func-
tions of k in between. In the Q1D case, crossings at
k =0 and vr/a enable the bands to have nonzero slopes at
these points; on the other hand, closed shapes (such as
loops, butterflies, etc. ) may occur, in which case extrema
are located somewhere inside the interval (O, m/a).

The origin of these differences is that a Q1D model
possesses the additional degrees of freedom, so that it may
exhibit additional spatial symmetries, which in turn give
rise to new quantum numbers. Together with the quasi-
momentum k, one has the quasi angular momentum I
(arising from either a rotation-axis or a screw-axis symme-
try) and also parities with respect to o„, o.I„U, Ud, or S2„.
These quantum numbers essentially determine the band
"shapes, " i.e., their connectivity, degeneracy, location of
crossings, and extrema, etc.

To be more specific, we have shown that in addition to
single lines, for certain polymers, loops and double lines
also appear in the JZ; its width is n'2'/a, and it is deter-
mined by the smallest fractional translation (1/n')a e, ap-
pearing in the line group of the polymer considered.

Namely, lines with opposite momenta thread and form
loops if the polymer is invariant with respect to C„with
n & 3; if mirror or glide planes are also present, these loops
reduce onto Im, —mI double lines. Transition to the
more usual, BZ representation of the band structure, is
made easily. In the absence of nonsymmorphic elements
(i.e., glide planes or screw axes), n'=1 and the JZ coin-
cides with the BZ. If n'& 1, one simply folds the entire
figure n' times; in this way, more complex shapes (e.g. ,
double semiloops, butterflies, etc.) can be obtained. Screw
axes of arbitrarily large order are possible in principle (al-

though there certainly are experimental resolution limits),
and in this sense the number of topologically inequivalent
possible band shapes in the BZ is unlimited.

Thus an explicit relationship has been established be-

tween some structural characteristics of a polymer and
certain qualitative featu es of its band structure and the
density-of-states function. This may provide useful guide-

lines in the search for a polymer with specific electronic
properties. Another application would be to check calcu-
lated band structures; notice that finite-size basis sets are
utilized in such computations and one predicts not only
the possible band shapes, but also how many times a given
shape occurs. (These numbers depend on the atomic
positions —more precisely, only whether the atoms lie in
symmetry lines or planes is important —and on the type of
the basis functions. ) Finally, the band interpolation prob-
lem is resolved.

The information about the number of DOS peaks and
the quantum numbers that characterize them, combined
with the selection rules for different processes, is useful
for interpreting experimental data —in structural analysis,
for assignment of the observed transitions, in studies of
st"'uctural phase transitions, and the effects of the crystal
and external fields. Notice that the magnetic field re-
rnoves the time-reversal invariance, so that the band struc-
ture may lose its symmetry with respect to the k =0 axis;
this cannot happen if the line group contains (o~ ~0),
(U 0), (Ud

~

0), or (Sz„~ 0), since these elements revert
the quasimomentum.

As another application, the above results on band
shapes and the quantum numbers that characterize them
provide a powerful, yet simple method for symmetry
analysis of vibronic coupling in Q1D solids. In each case,
one can proceed as follows: (a) Determine the line group
L of the polymer considered, (b) find the band shapes, (c)
read the quantum numbers (k~, m~, etc. ) of the degen-
erate electronic states at e~, (d) determine from them the
active modes Q; then, for each Q, (e) find the reduced line
group Lg and (f) the corresponding band shapes, and (g)
check whether the electronic degeneracy is completely lift-
ed, or not. Several examples are analyzed along these lines
in the present paper, and the results display another im-
portant consequence of the fact that band structures of
polymers may contain complex band shapes: Vibronic in-
stabilities of various types can appear in the case when the
total electronic energy is degenerate. Indeed, the phonons
involved may be acoustic or optical, longitudinal or
transversal, etc.; also, different types of symmetry break-

ing are possible.
Finally, although our attention has been focused on

band structures of polymers, the results of this paper are
equally applicable to dispersion curves of other quasiparti-
cles (e.g. , phonons) for which the effective Hamiltonian
commutes with the line group of the polymer. They are
even valid for systems of higher dimensionalities, as long

as one studies the e~( k ) functions with k varying along a
specified (high-symmetry) direction in the reciprocal
space.
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