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Calculation of the diamagnetism of the surface sheath of superconductivity
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The nonlinear Ginzburg-Landau equations are solved for the surface sheath of superconductivity
for applied fields H, between H, 2 and H, 3. The resultant diamagnetism is found to be largest for
a -1/V 2 and H, ~H, 2. We find that the field decrease in the surface sheath is sufficiently large to
be observable by low-angle polarized neutron reflections.

INTRODUCTION

A new technique to study surface magnetism using po-
larized neutrons has been recently proposed' and is
currently being developed. Any variation in the magnetic
induction B close to the surface will alter the relative re-
flections of neutrons polarized parallel and antiparallel to
B. As such, the dependence of these reflectivities on
scattering angle or neutron wavelength can provide infor-
mation on the spatial dependence of B relative to the sur-
face.

In the case of a type-II superconductor in an external
magnetic field (below H, i), B(z) is nonzero only close to
the surface; numerical calculations appropriate to niobi-
um show that neutron reflection can determine the
penetration length A, to within 10%%uo. Above H, i the neu-
tron scattering is complicated by scattering from the
flux-line lattice in the superconductor.

However, another intriguing possibility is to directly
observe the diamagnetism (field expulsion) associated with
the surface sheath of superconductivity predicted to
occur between H, 2 and H, i=-1.7H, 2. The practicality of
such an experiment depends on the size of the field reduc-
tion associated with this surface sheath. The Ginzburg-
Landau (GL) equations form a suitable basis for calcula-
tions, although they are strictly valid only in the high-~
limit (a=A, /g, where g is the superconducting coherence
length) since the GL theory is a local one and low-Ir super-
conductors are known to be nonlocal. The nonlinear
equations can be linearized near H, 3 where the supercon-
ducting order parameter g is much less than its value in
zero field g„. However, for arbitrary fields, one must
resort to numerical integrations of the nonlinear equa-
tions. Such calculations for the surface sheath have been
done previously, but are inadequate for our current pur-
poses since, for example, B(z) was not obtained explicitly.

PROCEDURE

Consider a semi-infinite half-space with a superconduc-
tor on the right and a vacuum on the left. The dimen-
sionless GL equations written in reduced units are as fol-
lows.

(2)

where f=g/lt is the local, reduced order parameter,
b =2m/ aB/Po is the reduced magnetic induction, $0 is
the flux quantum, and the length scale of the derivatives
is the penetration depth A, . Our calculation differs from
that of Ref. 6 in several significant ways. Whereas Fink
and Presson used an analog computer, our procedure re-
lies on the predictor-corrector algorithm of Gear on a di-
gital computer using double precision. Additionally, we
calculate b explicitly as well as f. Most importantly, the
boundary condition on b, deep in the superconducting
half-space, is different; we always set it equal to the ap-
plied field, thus avoiding the infinite energy which would
be associated with diamagnetism in the infinite half-space
far away from the boundary (where f=0).

The presence of the vacuum interface simplifies the ini-
tial conditions since it implies f (0)=0. Thus we only
need to determine f(0) and b'(0) since b(0) is the applied
field. The method we have used to find the approximate
solution in the f(0)—b'(0) plane begins by our choosing
values for f(0) and b'(0) and then determining the first
nonphysical behavior of one of the parameters f or b as
the integration proceeds from the vacuum interface.
Thus, points in the f(0)—b'(0) plane are characterized by
whichever of the following that occurs first: f& 1, f&0,
b&0, or b &b(0), the applied field. As a result, the
f(0)—b'(0) plane consists of regions in which a particular
nonphysical behavior occurs. For the surface sheath, it is
apparent from such plots that the correct solution occurs
along the line separating the f&0 and b &b(0) regions.
To establish the position along this line, one seeks the
lowest Gibb's free energy per unit surface area, b,G, where

H
QG = f I2[b(0)—bj —f Idz,

and H, is the thermodynamic critical field. Since one can
never determine the correct initial conditions precisely, we
have calculated the behavior of b and f near the interface
for points in the vicinity of the minimum. They are
essentially indistinguishable, and thus the solution is not
so singular that greater-than-doub1e precision is needed to
specify a useful approximation. In addition, there is a
discontinuous change in the slope of the line separating
the two solutions at the place where AG is a minimum.

The field penetration below H, i can also be calculated
to check the overall procedure. The results shown below
are entirely consistent with expectations —an approxi-
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mately exponential decay of the field over a distance A, .
These calculations also provide a better comparison with
polarized-neutron-reflection results at such fields, ' since
if f is significantly less than 1 at the surface, there will be
deviations from a precise exponential field penetration.

RESULTS

Not surprisingly, the diamagnetism decreases as the ap-
plied field increases from H, q to H, 3. The diamagnetism
at H, =1.1H, z is plotted in Fig. 1. against distance from
the surface for several values of ~, the only other free pa-
rameter in the GL equations. Note that the surface
sheath is energetically favorable for all a&0.418, even
though the superconductor is type I for v & I/v 2-0.707.
In this latter case the applied field for the calculation
shown in Fig. 1 is 1.1 times the thermodynamic critical
field H, . The Gibbs free energies per unit area for these
solutions are shown as the circles in Fig. 2 as a function
of a. Note that the negative of the Gibbs energy as well

as the diamagnetism shown in Fig. 1 is maximum for
v= I/v 2. This is an artifact coming about because
H, &H, z in the type-I regime, and thus the applied field
is closer to H, 3. The dashed line of Fig. 2 shows the
behavior for a &1/v 2 when the ratio H, /H, z is main-
tained constant at 1.3 for all K values.

The behavior of b and f as a function of distance from
the surface for various applied-field values is shown in

Figs. 3—5, in each case with a different value of a. The
value O.726 represents pure bulk niobium, the value 1.8 is
representative of thick niobium films ( —10 pm) sputtered
onto room-temperature silicon substrates, and the value of
0.6 shows the effect of a type-I film as could be achieved,
for example, with a dilute Bi in Pb alloy.

The implication for type-I superconductors of the data
in Fig. 5 for H, =H, is interesting. At this field, the free
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FEG. 2. Gibbs free energies per unit area for the solutions
shown in Fig. 1 are plotted as a function of ~ {circles). Also in-
cluded are the results {diamonds) for a larger applied field
{&1.18). The points at AG=0 are determined from the linear-
ized GL equations. ' See text for dashed curve.

energies per unit volume of the fully superconducting and
fully normal states are, by definition, equal in the absence
of surfaces. Therefore the surface sheath, which has a
negative free energy with respect to the normal state, is
thermodynamically stable. For the sample considered
here, which fills the infinite half-space, the fully super-
conducting state becomes energetically favorable when H,
is infinitesimally less than H„resulting in a first-order
phase transition. This is because an arbitrarily small
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FIG. 1. Magnetic induction in the surface sheath is shown
for various values of the Ginzburg-Landau parameter sc as a
function of distance from the surface of the superconductor.
The applied field H, is 1.1H, z for a. & 1/V 2 (dashed lines) and
1.1H, for a. & 1/V 2 (solid lines).

FIG. 3. Magnetic induction {bottom) and the superconduct-
ing order parameter (top) are plotted as a function of distance
from the surface of the superconductor for x=0.726 and for
various indicated values of the reduced applied field H, /H, &.

The case of H, =0.27H, & corresponds to the usual field penetra-
tion below H, 1, while the others are for the surface sheath.
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FIG. 5. Same as Fig. 3 except ~=0.6, and the indicated
values of reduced applied field correspond to H, /H, .
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FIG. 4. Same as Fig. 3 except ~= 1.8.

free-energy difference per unit volume will overwhelm the
finite free energy per unit area of the surface sheath. Us-
ing the same reasoning, it might be expected that for
finite-size samples the fully superconducting state only be-
comes energetically favorable when H, is a finite amount
smaller than H, . However, within the double precision of
our computation, there does not appear to be an accept-
able surface-sheath solution in a field of 0.999H„ thus in-
dicating that the transition will be first order at H„rath-
er than at a lower field or by a continuous increase in the
size of the surface sheath.

diamagnetism can be large enough to be observable by po-
larized neutron reflections, ' and thus it may be possible
to directly detect for the first time the surface sheath of
superconductivity and determine its spatial extent. How-
ever, a low value of tt may be a practical necessity for its
observation. It should be reiterated that the results of our
GL approach will be only approximate for small tt values
because such superconductors are nonlocal. However,
these calculations should provide a basis for planning ex-
periments, and it will be quite interesting to see how im-
portant the corrections are for nonlocality.
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