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Disordered films of superconductors above their transition temperature T, show several quantum
corrections to the conductance, weak localization (WL), two contributions from the retarded
Coulomb interaction, and two contributions from superconducting fluctuations, the Aslamazov-
Larkin (AL) and the Maki-Thompson (MT) terms. In a magnetic field, most of them show a mag-
netoresistance and all are temperature dependent. In this paper the temperature and field depen-
dence of the resistance is measured for Al, Sn, and amorphous Bi09TIO, films. This covers the
weak-coupling and the extremely-strong-coupling superconductors as well. Of particular interest are
the AL and the MT terms. The latter can be reduced by a pair-breaking mechanism. This pair
breaking is caused by the inelastic-scattering time of the conduction electrons and can be measured

by weak localization. Al has only a small spin-orbit scattering but by covering it with 4 atomic

layer of Au it can be transformed into a strong spin-orbit scatterer. This allows an independent
determination of the inelastic lifetime ~; and spin-orbit scattering time ~, , and therefore a complete
examination of the theory and its consistency. The agreement between experiment and theory is
very good for the magnetoresistance. However, the theory for the temperature dependence of the
resistance fails (with the exception of the contribution of WL). For the intermediate- and strong-

coupling superconductors the applicability of the existing theories is restricted. The magnetoresis-
tance of amorphous Bio 9Tlo ~ is essentially determined by the AL contribution.

I. INTRODUCTION

During the last few years two-dimensional anomalies of
the resistance in normal conducting disordered electron
systems have been discovered and intensively studied,
theoretically as well as experimentally (see, for example,
Refs. 1—3). One can distinguish two different effects
which are generally called weak localization and the
Coulomb anomaly. The first is a quantum-interference
effect of the single conduction electron scattered by the
impurities, while the second is caused by the retarded ex-
change interaction in disordered metals. At low tempera-
ture both show (for weak localization only in the absence
of magnetic impurities) corrections to the residual resis-
tance which are proportional to the logarithm of the tem-
perature ln T or—for finite frequencies co—proportional to
ln 6).

A similar resistance anomaly proportional to lnco had
been discovered more than 15 years ago by Maki in two-
dimensional disordered superconductors. It is obtained
from the so-called Maki graph. This Maki anomaly was
originally divergent for all temperatures at zero frequen-
cy. Thompson introduced phenomenologically a pair-
breaking parameter 5 into the fluctuation propagator
which removed the divergence at zero frequency. In the
years that followed the origin of the pair-breaking param-
eter was discussed by several authors.

The interplay between weak localization, electron-
electron interaction, and superconductivity in disordered
two-dimensional systems and its influence on the super-
conducting properties (T„H,2, etc.) and the "paracon-
ductivity, " i.e., the conductivity above the superconduct-

ing transition temperature, has been investigated in several
theoretical papers. ' Larkin has shown that in thin
disordered films of superconductors the inelastic lifetime
can be also obtained from magnetoresistance measure-
ments, although the evaluation of the experiment is more
complicated than in normal-conducting thin films. The
difficulty in disordered films of superconductors is that
the magnetoresistance (above the superconducting transi-
tion temperature T, ) is composed of several different
terms: (a) the Aslamazov-Larkin fluctuations (AL), (b)
the Maki-Thompson fluctuations (MT), (c) weak localiza-
tion (WL), (d) the Coulomb contribution in the particle-
hole channel (CPH), and (e) the Coulomb contribution in
the particle-particle channel (CPP). These different con-
tributions are briefly reviewed in Sec. III. Unfortunately,
the theory of the superconducting films above T, is very
complex and approximations had to be made in order to
obtain useful results. This restricts the temperature and
field region of validity and makes the evaluation of the
experimental results in some cases problematic.

Experimentally the resistance anomalies of supercon-
ductors have been recently studied, mainly for thin Al
films by Bruynseraede et al. , ' Gershenson et al. ,

's Shi-
nozaki et al. ,

' Santhanan and Prober, and Gordon
et al. ' Bhatnagor et al. investigated Sn films,
Kobayashi et al. studied Zn films, and Raffy et al.
investigated W-Re films. In m.ost experimental investiga-
tions the data are evaluated with the theory of WL and
MT. This is in many cases sufficient, but a systematic
study of all contributions is desirable.

Among the experimentally investigated films of super-
conductors, we will discuss three materials: Al, Sn, and
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amorphous Bio9Tlo &. Al is a weak-coupling supercon-
ductor. Quench-condensed Sn is an intermediate-coupling
superconductor whose gap ratio 2A/T, is 3.9 (Ref. 25)
and therefore considerably larger than the BCS value of
3.5. Amorphous Bio 9T10 &

is an extremely-strong-
coupling superconductor with a ratio 2b, /'1, =4.6~6

Amorphous Bio 9T10 ~ is an interesting material, because it
was the superconductor whose superconducting fluctua-
tions were first investigated by Glover and showed nice
agreement with the Al theory.

Our present knowledge obtained from the study of
weak localization now allows a much better understanding
of the origin of the pair-breaking parameter in the Maki-
Thompson term and even an independent measurement.
It is caused by inelastic processes of the conduction elec-
trons, which destroy the phase coherence between the two
partners of the Cooper pair. This means that in light of
two-dimensional resistance anomalies several old ques-
tions again become interesting, and the magnetoresistance
measurements give new answers because they yield the
dynamics of the fluctuation. (Magnetoresistance measure-
ments correspond to a time-of-flight experiment with con-
duction electrons. )

II. EXPERIMENTAL RESULTS

For the experimental investigation of the resistance
corrections in films of superconductors above T„we have
condensed thin films of Al, Sn, and amorphous Bio 9T10 i.
They cover the whole range from the weak-coupling su-
perconductor Al to the extremely-strong-coupling super-
conductor Bio 9T10 „while Sn represents an intermediate
case. The coupling strength indicates the (different)
strength of the electron-phonon interaction and its effect
on the inelastic lifetime is of great interest.

We need thin films with high resistance. Since the
method of quench condensation is very favorable for pre-
paring rather homogeneous and continuous films with
high resistances, it is very suitable for the present task. In
particular the classical magnetoresistance is negligible.
The apparatus in which the experiments are performed
has been described. ' In an ultrahigh vacuum of at
least 10 "Torr the evaporation rate of Al (and the other
superconductors) is first adjusted to about 10 to 20 atomic
layers per minute. After that the film is quench con-
densed at a temperature which lies a few degrees above
the superconducting transition temperature onto a sub-
strate of crystalline quartz. The conductance is registered
during the evaporation and the evaporation is stopped
when the required resistance per square is observed. The

Sn and the Bio 9T10 i are evaporated from a Ta foil—the
Bio 9Tlo i as an alloy. The Al is evaporated from a coil of
tungsten wire. Films with resistances of the order of 100
0 per square are condensed. The thickness of the films
has been determined with a quartz oscillator which has a
sensitivity better than —„atomic layers. After the eva-
poration, the film is annealed at 40 K for several minutes.
The data for the films are collected in Table I.

We discuss first the experimental results for an Al film
with a resistance per square of about 116 Q. The thick-
ness of the film is 90 A. Figure 1(a) shows the resistance
of the film as a function of ln T in zero magnetic field and
in a magnetic field of 7 T perpendicular to the film. Since
in a two-dimensional system the conductance is the more
appropriate quantity (see Sec. III), we have added on the
right-hand side the conductance scale in units of
L~ =e /(2n. A') =(80 kQ) '. This is the physically
essential scale which is drawn in all figures. This plot has
the advantage that it combines the physically relevant
scale with the resistance plot which is more familiar. Of
course the conductance scale increases in downward direc-
tion.

The magnetoresistance is measured at five temperatures
in the field range between —7 and +7 T. These results
are shown below.

In a second evaporation step, the Al film is covered
with a small fraction of an atomic layer of Au. Figure
1(b) shows the temperature dependence of the same Al
film after a coverage with 0.25 atomic layers of Au in
zero field and 7 T. The temperature dependence of the
resistance changed markedly. Again, the magnetoresis-
tance is measured at the same temperatures as before.

The magnetoresistance is strongly temperature depen-
dent. For a comparison with the theory it is not useful to
draw the magnetoresistance as function of the applied
field in tesla. Therefore, we have chosen the magnetic
field scale for each temperature in such a way that the
magnetoresistance curves are optimally represented. The
units of the field are shown on the right-hand side of each
magnetoresistance curve. In Fig. 2(a) the magnetoresis-
tance curves are plotted for the pure Al film. The points
represent the experimental results. Since the magnitude of
the superconducting fluctuations increases strongly if one
approaches the transition temperature, we must change
the units of the ordinate for different temperatures. The
arrows on the right-hand side of each curve give the con-
ductance in units of Lao (together with the units of the
magnetic field). For the upper and lower curves the units
of the resistance are given by the arrows on the left-hand
side of the curves.

TABLE I. Superconducting material, film thickness, residual resistance per square, resistivity, tran-
sition temperature, derivative of the upper critical field, the thickness field, and the adjusted spin-orbit
scattering field.

Metal d (A) R„(o) p (10 Qm) T, (K) H,'2 (T/K) H~ (T) H, , (T)

Al
AlAu
Sn
Bio.9T10.1

90
91

103
171

117
114
97

109

1.05
1.03
1.00
1.88

2.28
2.28
4.42
5.98

0.43
0.43
1.0
1.3

20.0
20.0
15.3
5.5

0.014
0.42

(3)
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PIG. l. (a) Resistance (i.e., the normalized conductance
I./I 00-80 kA/R using the right scale) as function of ln T for
an Al film with a thickness of 90 A. The xneasurements are per-
formed in external magnetic fields of H =0 and 7 T perpendicu-
lar to the film. (1) Resistance (i.e., the normalized conductance)
as a function of lnT for the same Al film as in (a) after 0.25
atomic layers of Au coverage. Again the measurements are per-
formed in external xnagnetic fields of H =0 and 7 T perpendicu-
lax' to the film.

2.5

In Fig. 2(b) the magnetoresistance is plotted for the
AljAu system. The field and resistance scale for each
temperature is the same as in Fig. 2(a).

For the evaluation of the experiment it is very desirable
to know the superconducting transition temperature of the
Al and the derivative of the upper critical field dII, 2jdT.

O.OSa

0 H
0

FIG. 2. (a) Magnetoresistance of a Al filra {d=90 A} as a
function of the field H. . The units of the field are shown on the
fight-hand 81de of each magnetoresistance curve, The arrows
give the units of the conductance. The points represent the ex-
perimental results. The solid curves are calculated with the
theory as discussed in Secs. III and IV. (b) Magnetoresistance of
the same Al film after 0.25 atomic layers of Au coverage. The
units of the magnetic field are the same as in (a). The points
represent the experimental results. The solid curves are calcu-
lated with the same paxameter set as in (a) with the exception of
the value H, o, the spin-orbit scattering strength which is 1Q-

creased by the superposition with Au.
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In the apparatus which is used for the experiment, the
temperature of the helium cooling the superconducting
magnet determines the lowest temperature of the film.
Therefore, we had to pump the helium of the supercon-
diictiilg IIIRgilct to icacll thc tiRIlsitloll temperature of tllc
Al. In Fig. 3 the transition curves for the Al film are
plotted for different magnetic fields perpendicular to the
film. The left set is for the pure Al film, and the right set
is after the coverage with 0.25 atomic layers of Au. The
magnitude of the field is written beside the curves. The
experimental transition temperature of the quench-
condensed Al is 2.28 K. This is about 1 K above the tran-
sition temperature of bulk Al without lattice defects. We
do not believe that oxygen impurities which generally
raise the transition temperature of Al are responsible for
the T, of 2.28 K. It is well known that quenched conden-
sation changes the properties of the superconductor and
enhances the electron-phonon interaction (see, for exam-
ple, Ref. 31). Minnigerode found for Al, quench con-
densed in an ordinary high vacuum, a superconducting
transition temperature of 2.6 K. Since in the present ex-
periment we use an ultrahigh vacuum, the lower transition
temperature of 2.28 K could correspond to a quench-
condensed Al without 02. (There might be an additional
effect of the small thickness on T, .) Of course, the mag-
netic field shifts the transition curves to lower tempera-
ture, yielding H, 2. The transition curves are not notice-

abler changed bp the coverage with 0.25 atomic lapels Au.
The field dependence of H, 2 is not quite linear and allows
only an approximate determination of dH, 2/dT for which
we take the value of 0.43 T/K. Fortunately this poor ac-
curacy is sufficient to show the minor influence of the AL
fluctuations on the magnetoresistance.

As an example for an intermediate-couphng supercon-
ductor we condensed several Sn films. We present here as
a typical example the experimental results for a Sn film
with a square resistance of about 96.6 Q. The thickness
of the film is 103 A. Figure 4 shows the corresponding
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FIG. 4. Resistance (i.c., the normalized conductance
L/L00-80 kQ/R using the right scale) as function of lnT for a
Sn film with a thickness of 103 A. The measurements are taken
in magnetic fields H =0 and H =7 T.
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FIG. 3. Transition curves for the Al film in a magnetic field
perpendicular to the film. The left set is for the pure Al film
and the right set after the 0.25 atomic layers of Au coverage.
The magnitude of the field is written beside the curves.

FIG. 5. Magnetoresistance (or [I.(H) (L)]0/~L) of a Sn-
film as a function of thc field H. Thc units of thc field arc
shown on the right-hand side of each magnetoresistance curve
together with the units of the conductance. The points represent
the experimental results. The solid curves are calculated with
the theory as discussed in Secs. III and IV.
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FIG. 6. Resistance (i.e., the normalized conductance
I./Loo-80 kQ/8 using the right scale) as function of ln T for a
Bip 9Tlp i film with a thickness of 171 A. The measurements are
taken in magnetic fields H =0 and H =7 T.
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FIG. 7. Magnetoresistance (or [(L(H) L(0)t/Lpp) of a-
Bip 9Tlp i film as a function of the field H The units of the f. ield
are shown on the right-hand side of each magnetoresistance
curve together with the units of the conductance. The points
represent the experimental results. The solid curves are calcu-
lated with the theory as discussed in Secs. III and IV.

resistance as a function of lnT in a magnetic fields of 0
and 7 T. The magnetoresistance is measured at nine dif-
ferent temperatures. We were particularly interested in
the temperature range near T, . In Fig. 5 the magne-
toresistance is plotted for these temperatures. The points
represent the experimental results. The solid and dashed
curves will be discussed in Sec. IV.

Again the superconducting transition curves in dif-
ferent magnetic fields are measured. The transition tem-
perature of the Sn film in zero magnetic field is 4.42 K
and the derivative of the upper critical field is 1.0 T/K.

810 9T10 i 1S an extremely strong couplmg superconduc-
tor. We present here, as a typical example, the experimen-
tal results for a Bio 9Tlo I film with a square resistance of
109 Q. The thickness of the film is 171 A. Figure 6
shows the corresponding resistance as a function of ln T
in a magnetic field of 0 and 7 T. The magnetoresistance
is measured at eight different temperatures and plotted in
Fig. 7. The points represent the experimental results. The
solid and dashed curves will be discussed bdow.

The superconducting transition curves in different mag-
netic fields are measured. The transition temperature of
the Bin 9T10 i film in zero magnetic field is 5.98 K, and
the derivative of the upper critical field is 1.3 T/K. The
evaluation of the transition curves is complicated, because
the superconducting films show flux flow below T, and
even above T, the superconducting fluctuations partici-
pate in the flux flow. Therefore, the accuracy of
dH, 2/dT is only of the order of 10%.

III. THEORETICAL BACKGROUND

A. Aslamazov-I. arkin contribution

About 15 years ago Aslamazov and Larkin (AU3 cal-
culated the influence of superconducting fluctuations in
two-dimensional disordered superconductors on the resis-
tance above the superconducting transition temperature

T, . They obtained a correction to the residual conduc-
tance

At that time one was only interested in the resistance
correction close to T, . If one wants to extend the tem-

perature range of Eq. ( la) then one must replace
(T T, )/T, by ln(T—/T, ). Then one finds

bL (T) =(m. /8)Lao[in(T/T, )] (lb)

Here Luu ——e /(2ir A') =(80 kQ) ' is a universal conduc-
tance which appears in all quantum corrections of the
conductance. The contribution of the AL term in a mag-
netic field parallel to the film has been first calculated by
the author in an acceleration model of superconducting
fluctuations. The dependence of &&./, L on a magnetic
field perpendicular to the film is derived by Usadel. " He
obtained

(n+1)p
4 ~ A (A +p)(A +p/2)

(2a)
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and

A =ln(T/T, )+(n+1/2)p,

p =(n'/4)(HIHT),

HT =(2m'k~ T)l(4eD) =(HI8)H,'2T .

where D =1/(e NRd) is the diffusion constant, R the
resistance per square, d the thickness of the film, and N
the density of states.

In low magnetic fields the magnetoconductance is pro-
portional to H,

B. The Maki-Larkin contribution

Maki calculated another contribution of superconduct-
ing fluctuations to the conductance of a disordered two-
dimensional superconductor. Its physical interpretation is
very difficult. In particular it had the disturbing property
of always being divergent for a superconductor even above
T, . Thompson removed this unphysical behavior by in-
troducing an artificial pair-breaking parameter 5, which
made the contribution of the Maki term finite. The origin
of this pair-breaking parameter was unclear for a long
time. The new phenomena of weak localization now gives
an answer to these old questions and allows (in principle)
a direct measurement of this pair-breaking parameter.
Larkin pointed out that both phenomena have the same
origin: the inelastic lifetime of the conduction electrons.
Each electron at the Fermi surface experiences inelastic
scattering processes. After the inelastic lifetime r; the
electron is scattered into a new energy state. If this elec-
tron was one partner in a (virtual) Cooper pair, then this
Cooper pair is broken. In the former description of super-
conductivity, this mechanism was not included and even
the Eliashberg theory includes only the pair breaking
caused by electron-phonon processes. Larkin included
these processes in the Maki term and obtained the follow-
ing for the magnetoresistance of the Maki graph for tem-
peratures sufficiently above T, and not-too-large fields,
i e , for 2irkz(T. —. T, ) »h'Ir; and 2nk~(T —T, ) &&4.eDH:

hL (H) =P( T)Lpp[4( —, +H; /H)

—4'( —,
' +Hp/H) —1n(H;/Hp)], (3)

where P(T) is defined and tabulated in the paper by Lar-
kin. For temperatures in the vicinity of T„13(T) can be
expanded in terms of ln( T/T, ): P( T) = (m. /4)/ln(T/T, ),
i.e., in the vicinity of T„ the quadratic coefficient is pro-
portional to ln( T/T, ) '. H; and Hp express the inelastic
lifetime w; and the elastic lifetime wp in terms of magnetic
fields. H; can be directly determined in magnetoresis-
tance measurements. The relation between v„and H„ is

H„~„=AI(4eD) =fieRdN/4, (4)

The sum can be expressed by the derivative of the digam-
ma function. The two parameters which determine the
contribution of AL are the transition temperature T, and
the slope of the upper critical field dH, 2ldT. For finite
thickness of the film one must include an additional term
(mn. /d) AI(2eTdH, z/dT) in 2 of Eq. (2a) and sum over
m from zero to infinity.

In low magnetic fields the magnetoconductance is pro-
portional to H,

bL (H) = — Lpp 3
H

16 [ln(T/T, )7 (TdH, 2ldT)
(2b)

6L (H) = —[P( T) l24]L ppH (3')

For the temperature dependence in zero field Altshuler
and Aronov give the following expression:

hL (T)=LppP(T)ln(kji Tw; IA') . (Sa)

C. The Coulomb interaction

Altshuler et al. and Fukuyama calculated an addi-
tional contribution to the conductance at low temperature
caused by the Coulomb interaction, which is modified by
impurity scattering in two-dimensional and quasi-two-
dimensional systems. They obtained a correction for the
conduction of a thin film:

b, Lc = bR/R = —Lpp(1 —F)—ln(Hz. /Hp),

where F was originally defined as a screening factor. Ac-
cording to Finkelstein, F had to be redefined and we
take it as an adjustable parameter whose value in thin
films is, of the order of 0.2—0.25.

A magnetic field hardly has an orbital effect on the
Coulomb anomaly and therefore causes no magnetoresis-
tance. However, Lee and Ramakrishnan showed that
there is an effect of the field on the spins of the electrons
which causes a positive magnetoresistance. The asymp-
totic behavior is given by the following equation, but in
the evaluation of the experimental results the complete
formula is used:

[L (H) L(0)]/L = (F/2)0. 084h,—h « 1

(F/2)ln(h/1. 3), h »1 (8)

As the formula for the magnetoresistance, Eq. (Sa) is re-
stricted for temperatures not too close to T, so that
2 ikri(iT —T, ) » ih'Ir;.

Ebisawa et al. ' calculated the temperature dependence
of the MT contribution in the other limit close to T, .
They obtained the well-known result

m 1
AL (T)= L~ ln[ln(T/T, )/5], (5b)

4 lnT/T, —5

where the pair-breaking parameter is given by

1Tf1

8k' T~;

Although Eq. (5b) is only valid in the vicinity of T„we
replaced (T—T, )/T, by ln(T/T, ). Equation (Sb) does
not have the puzzling property, as shown in Eq. (5a),
where the temperature-dependent part of the resistance is
influenced by the cutoff energy. The two formulas result
from different approximations which essentially exclude
each other. They have a rather different structure and it
is not possible to interpolate between them. This makes
an evaluation of the temperature dependence of the MT
term rather difficult. To our knowledge, an explicit for-
mula for all temperatures and fields is not available.
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where h =gp~H/k~T.
The spin-orbit coupling modifies the correction to the

resistance. The Kubo graph, which arises from the Har-
tree particle-hole graph and which yields the part propor-
tional to F, is reduced by a factor of 2 (Ref. 41) in the
presence of dominating spin-orbit coupling. However, in
a real system and for temperatures above 4.2 K the spin-
orbit coupling is not dominant. Because of the complex
formalism, only the limits of vanishing and dominating
spin-orbit coupling have been calculated so far.

A '( T) = 1/A, +ln[yrt/(mk~ T)], (9a)

where A, is the effective electron-electron interaction con-
stant. y=exp(0. 577) and g is the cutoff parameter. For
a superconductor with electron-phonon interaction, A, is
given by

~ -ph+kp/[1+ Apln(Er/tpD )] . (9b)

Here the cutoff parameter q is given by the Debye fre-
quency coD. For a superconductor with the transition
temperature T„—A(T) is given by g(T)=1/ln(T/T, )

[we introduce a minus sign in the definition of g(T) in
contrast to Larkin's definition, because we are only in-
terested in temperatures T & T,].

These Kubo graphs yield, according to Altshuler
et al. , the following magnetoresistance:

b L (H) =1/ln(T/T, )Lppg2(Hr /H) .

The function $2(x) is, according to Altshuler et al. ,

(10a)

$2(x)= J (1 xt/sh(xt)) —.
sh (t)

(lob)

Again Hz vrktt T /2eD c—o—rresponds to the time
A/(2mkz T). I——n low magnetic fields the magnetocon-

ductance is proportional to H,
b, L (H) =1/ln(T/T, )[g(3)/4]Lpp(H/Hz ), (10c)

D. Coulomb interaction with particle-particle propagators

The contribution of WL and the Coulomb anomaly
cannot be simply added. A mixed contribution exists
which modifies the first results severely. ' ' It arises
from a class of Kubo graphs which one could classify as
Fock and Hartree terms with particle-particle propagators
including the electron-electron interaction. The latter
consists of the Coulomb interactions as well as electron-
phonon interaction. The effective interaction strength is
given by A(T), where

E. Weak localization

Anderson et al. and Gorkov et al. predicted the
following for the temperature-dependent conductance of
weak localization:

bL = —bR/R = —Lppln(H;/Hp)

=pLoolnT+ const .
There are, however, complications because of the influ-
ence of spin-orbit scattering on weak localization which
causes a decrease of the resistance with decreasing tem-
perature and changes weak localization into weak antilo-
calization. In addition, magnetic impurities block weak
localization. Hikami et al. included spin-orbit and
magnetic scattering in their analysis of quantum interfer-
ences. Instead of using the characteristic times ~;, ~...
etc., we use the corresponding characteristic fields H;,
H. ..etc. These fields can be directly determined in rnag-
netoresistance measurements. The relation between ~„
and H„ is given by Eq. (4). Expressed in terms of the
characteristic magnetic fields, the result by Hikami et al.
for the temperature dependence of the conductance is

b,LwL ———&L /R

= —Lpp[ln(H~/H2) —ln(H3/H4)/2] . (12b)

The H„are defined in the following manner:

H) ——Ho+H, , +H, ,
4 2

H2 ———,H, + —,H, +Hg,
(12c)

H3 ——2H, +H;,
4 2

4 —3HS.O. + 3HS+Hl

where Hp corresponds to the elastic lifetime rp, H; to the
inelastic lifetime r;, H, , to the spin-orbit scattering time
r. .. and H, to the magnetic scattering time r, . (The dis-
tinction between the x and the z component of the scatter-
ing times is neglected because it hardly affects the evalua-
tion. )

The field dependence of the conductance was first cal-
culated by Altshuler et ah. " in the absence of spin-orbit
coupling. Hikami et al. and Maekawa and Fukuyama
extended the calculation by including spin-orbit coupling
and magnetic scattering. The formula of Hikami et al. is
given by Eq. (13):

ELwt /Lpp ———I4( —, +H)/H) 4( , +H2/H)——
where g(3) is the Riemann zeta function.

The temperature dependence of the particle-particle
channel is given by Altshuler and Aronov for T»T, as

ln(kg T, rp/A')
b L ( T) = —Lppln

ln( T, /T)

The application of this equation for a superconductor is
quite problematic since its range of validity is only quali-
tatively known.

+ [ II( —, +H3/H) —4( —,
' +H4/H)]/2I,

(13)

where 4 is the digamma function and H the applied field.
For finite film thickness one may replace the arguments

in the various digamma functions by —, +H„ /H
+m Hd/H and sum over m. Here Hd gives a field
characteristic for the film thickness. The film is, in given
magnetic field at a given temperature, two-dimensional as
long as H, H; &&Hd. Hd is given by
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where d is the film thickness.
In low magnetic fields the magnetoconductance is pro-

portloilR1 to H,
hL(H)/Lao- ——,~ [Hi H—2 +(HI Hg—)/2]H

There are so many theoretical contributions to the resis-
tance (conductance) of superconductors above T, that the
evaluation of the experimental results appears to be rather
difficult. In particular, at temperatures sufficiently above
T, (for example, T) 2T, ) weak localization (WL), the
Coulorllb RIlonlaly 1I1 thc particle-llolc chR11Ilcl (CPH) Rlld

in the particle-particle channel (CPP), the Maki-
Thompson (MT) terms, and the Aslamasov-Larkin (AL)
terms can be of the same order of magnitude. Since most
of the contributions depend on one or several parameters,
it is difficult to extract the single terms from the experi-
ment. Therefore, one must look for simple criteria to esti-
mate the different contributions. One possibility is to
consider first the temperature region not too far from T, .
For T, ~ T ~1.5T„ the contribution of the AL and the
MT contribution are by an order of magnitude larger than
the other terms discussed in Sec. III. However, one must
pay for this simplification, because several comphcations
arise: (i) The mean-field theory of superconductivity be-
comes problematic. Inelastic scattering processes of the
two electrons belonging to a Cooper pair reduce the super-
conducting transition temperature. In thin disordered
films such inelastic processes are enhanced and important.
In particular the resulting pair-breaking parameter 5
which is given by Eq. (6) is temperature dependent. As a
consequence, the reduction of T, is temperature depen-
dent. In other words, if one raises the tern. perature in a
disordered film, the critical temperature which enters the
physical properties is lowered. This generates, for exam-
ple, a nonlinear temperature dependence of the upper crit-
ical field. ' The superconducting fluctuations cause a
similar change of T, . The total effect can be measured by
a T, dependence on the resistance or thickness of the su-
perconducting film. In the evaluation of the supercon-
ducting fluctuation one should therefore replace T, by
T,(T) in the function g(T)=1/ln(T/T, ). We neglect
this effect in the following evaluation. (ii) Some of the
theoretical formulas are less reliable in the vicinity of T„
because the complexity of the problem requires simplifica-
tions and sometimes the q dependence of the fluctuation
propagatoI or the verticies have been neglected. This ap-
plies in particular for the evaluation of the Maki graph by
Larkin which has the t~o restrictions that
2Irks( T —T ) ))A'/~ and 2mk (Ts—T ) ))4eDH. Some-
times the upper cutoff of the frequency summation is tak-
cI1 at 27Tks(T —T ), which ls, close to T, sul'cly Ilot R

reasonable upper cutoff energy. (Not all of the theoretical
approximations can be easily recognized from the pub-

llshcd derivations, so this remark is a more general warn-
ing. )

On the other hand, the theoretical contributions of AL,
the Coulomb anomaly CPH, and CPP are theoretically
determined if T, and dH, I/dT are experimentally given.
The two other contributions, %L and MT, require tvvo
adjustable parameters: H;, which is temperature depen-
dent, and H. .. which should be temperature indepen-
dent. If we rely on the theory then we have no more ad-
justable parameters than in the case of a normal metal.
However, the main problem is that the calculation of the
magnetoresistance of the MT is restricted in the tempera-
ture and magnetic field range. The error of the calcula-
tion (if one approaches the limit) is not well known.

A. MRglMtoI'es1stsnce

Before we present the evaluation of the magnetoresis-
tance curves it appears useful to obtain a survey about the
different contributions for the different metals as a func-
tion of the temperature. For this purpose we consider the
simplest information of the magnetoresistance curves for
an orientation. This is the coefficient of the quadratic
field dependence which we discussed already in Sec. III.
Fol' Blo 9T10 I Rlld Sll, this cocfflcicllt varlcd between
T, +0.5 K and about 20 K by almost a factor of 10". We
determine experimentally the coefficient of the quadratic
field dependence of the magnetoconductance as

AI. (H) /1.00-a IH

and plot the logarithm of the absolute value of az, i.e.,
ln(

~
a I ~

) as a function of the logarithm of
g(T)=1/ln(T/T, ). This is done in Fig. 8 for Al/Au, in
Fig. 11 for Sn, and in Fig. 13 for Bio 9Tlo i. In the same
figures we plot the theoretically expected contributions
from the A.L term [Eq. (2R)] and the two contributions
from the Coulomb anomalies [Eqs. (8) and (10b)], which
require only the knowledge of T, and dH, I/dT. The
difference be~ween the experimental value of in( ~a,

~
)

and the three theoretical contributions should be due to
%L and MT. This p1ot concentrates on small magnetic
fields but gives reasonable insight into the contributions
of the different terms. For vanishing spin-orbit scattering
the contributions of WL and MT are opposite. At
T =2.7T, they are opposite and equal and for lower tem-
perature the MT term exceeds the WL. For large spin-
orbit scattering both terms "have the same sign and yield
positive magnetoresistance, CTenerally the «IeteHMnation
of the spin-orbit scattering, i.e., H. .. is very uncertain,
but the superposition of Au on the same film allows a
good analysis of the spin-orbit scattering. This shall be
discussed for the different superconductors.

1. Magnetoresistance of the A1 and Al/Au films

First we determine the coefficient of the quadratic field
dependence a2 for the Al/Au film (for the pure Al film
a2 changes sign and is less suited for this purpose) and
plot ln(

~
a2

~
) versus ln[g (T)], in Fig. 8, together with the

theoretical dependence of ln(
~ a& ~

) for the different
corrections of the conductance. The dashed curve gives
the AL values which are calculated with the experimental
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FIG. 8. Magnetoresistance curves start with a quadratic field

dependence =a2H . The logarithm of the absolute value of a2,
i.e., ln(

~
az

~
) is plotted versus 1n[g i T)], where

g (T)=1/ln(T/T, ). The solid curve gives the experimental re-

sult for the Al film with 0.25 atomic layers of Au coverage. The
dashed curve gives the theoretical contribution of the
Aslamazov-Larkin part (AL) (using the experimental value for
dH, 2/dT=0. 43 T/K), the dotted curve gives the theoretical
contribution of the Coulomb anomaly in the particle-particle
channel (CPP), and the dashed-dotted curve gives the contribu-
tion of the Coulomb anomaly in the particle-hole channel
(CPH). The curves show the different contributions to the ex-
perimental magnetoresistance curves.

both %L and MT are correctly described by the theory.
If one would subtract the magnetoresistance curves of Al
and Al/Au at each temperature, all theoretical terms with
the exception of WL cancel, and the agreement of the ex-
perimental difference with the theory (since each single
curve shows this agreement) demonstrates the agreement
of the theoretical contribution of WL with the experimen-
tal. From the agreement between each single experimen-
tal curve with the theoretical result, one easily concludes
that the same agreement between experiment and theory is
given for the MT part as well.

For the magnetoresistance curve of Al/Au at 4.4 and
19.9 K we want to show how the total theoretical contri-
bution is composed. In Figs. 9(a) and 9(b) the contribu-
tions of WL, MT, AL, and the Coulomb anomaly in the
CPP to the total theoretical magnetoresistance curves are
plotted. The dashed curve a shows the single contribution
WL, the dashed curve b shows the sum of WL and MT,
and the dashed curve c shows the sum of WL, MT, and
Al. Finally, the solid curve d gives the total contribution
as a sum of WL, MT, AL, and CPP. The points represent
the experimental results. (At 4 4 K, curves c and d are al-
most identical. )

From the inelastic field we can calculate, by means of
relation (4), the inelastic lifetime of the conduction elec-
trons as a function of temperature. This is plotted in Fig.
10 in a log-log plot. In the temperature range between 4.4

QR(o) (o ) Al /Au
QL
Loo

value of dH, 2/dT=0. 43 T/K. The dotted curve gives
the particle-particle contribution of the Coulomb anomaly
to ln(

~
a2

~

) (it yields a negative magnetoresistance) and
the dashed-dotted curve gives the particle-hole contribu-
tion with F=0.25. One realizes that these three theoreti-
cal terms are a factor of several hundred smaller than the
experimental value for Al/Au. Therefore, they play only
a minor role in the magnetoresistance although they influ-
ence the shape of the magnetoresistance curves at larger
fields as we shall see below.

At 20 K the influence of the MT term is roughly a fac-
tor of 3—6 smaller (depending on the spin-orbit scattering)
than the contribution of WL; i.e., the contribution of WL
is dominant. As a consequence the magnetoresistance
curves are very different for Al and Al/Au. This allows a
reliable and independent determination of the spin-orbit
scattering field H, , and the inelastic field H;(20 K).
The author recently described the fitting procedure in de-

tail for films of Mg and Mg/Au. Both sets of curves
for Al and Al/Au for all temperatures are iteratively used
to obtain a consistent set of parameters. This yields one
parameter set of H;(T) which applies for both Al and
Al/Au and two different temperature-independent values
for H. .. one for pure Al and the second for Al/Au. The
two values are 0.014 T for Al and 0.42 T for Al/Au. Be-
fore we discuss H; and its temperature dependence the
consistency of the agreement between the experimental
data and the theoretical evaluation should be emphasized. '

The fact that both sets of curves reproduced well by the
same temperature-dependent H;( T) means essentially that
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FIG. 9. (a) and (b) Magnetoresistance curves of Al/Au at 4.4
and 19.9 K and the different contributions of weak localization
(WL), Maki-Thompson (MT), Aslamazov-Larkin (AL), and the
Coulomb anomaly in the particle-particle channel (CPP) to the
total theoretical magnetoresistance curves. The dashed curves a
show the single contribution WL, the dashed curves b the sum
of WL and MT the dashed curves c the sum of WL, MT, and
AL, and finally the solid curves d give the total contribution as
a sum of WL, MT, AL, and CPP. The points represent the ex-
perimental results.



QUANTUM CORRECTIONS TO THE RESISTANCE IN 2D DISORDERED. . . FILMS 6123

t; tps}

10
TtK}

20

In[a; ps)

20 10 5 T(K)

20-
In(Ia, I)

10-

-0

0-

-10-

-—CPH

r .." Cpp
~ ~

~ ~ ~ 0

r .""

.~

/

1.5 2.5 3.0
In [T(K)l

FIG. 10. Inelastic lifetime of the conduction electrons in the
Al films as a function of temperature in a log-log plot.

2.0

and 20 K the inelastic lifetime varies between 1.5 and 40
ps. It is roughly the same as for quench-condensed Mg.
The inelastic lifetime depends on temperature as a power
law 1/s; cc Tp; the experimental value of p is 2.13, i.e.,
essentially a quadratic dependence. The spin-orbit scatter-
ing times which one obtains from the two values of H, ,
are 46 ps for Al and 1.5 ps for Al/Au. Meservey,
Tedrow, and Bruno obtained for a similar Al film from
the superconducting tunneling with polarized electrons
~, , =20 ps. Our spin-orbit scattering time for the Al
film is quite close to that of quench-condensed Mg which
possesses the value of 68 ps.

For magnetic fields above 1 T the Al film shows gen-

erally a negative magnetoresistance, even at 4.4 K [this is
beyond the field range of Fig. 2(a)]. Such a behavior can
not be reproduced by the present theory, because at
T=2T, the positive MT term is larger than the negative
contribution of WL (even in the limit of vanishing spin-
orbit scattering). Again for this field range the Larkin
theory of the MT term requires an improvement.

2. Magnetoresistance of Sn films

In Fig. 5 the magnetoresistance of the Sn film is shown.
First we determine the coefficient of the quadratic field
dependence az and plot ln(

~
az

~
) versus ln[g (T)] in Fig.

11 together with the theoretical dependence of ln(
~
az

~
)

for the different corrections of the conductance. Again
the dashed curve gives the AI. values which are calculated
with the experimental value of dH, zldT =1 T/K. The
dotted curve gives the particle-particle contribution CPP
of the Coulomb anomaly to ln(

~
az

~
) (with a negative

magnetoresistance). The particle-hole contribution of the
Coulomb anomaly is given by the dashed-dotted curve.
As we shall discuss below, the experimental data can only
be reproduced by the theory if we assume that the Sn film
is, even at the highest temperature, in the limit of strong
spin-orbit scattering. In this case the contribution of
weak (antilocalization) depends very little on the value of

0 1 2 Intg(T}l

FIG. 11. Logarithm of the absolute value of a2,' the coeffi-
cient of the quadratic magnetic field dependence of the magne-
toresistance is plotted versus the logarithm of g ( T)= 1/ln
( T/T, ). The solid curve gives the experimental results from the
magnetoresistance curves for the Sn film, shown in Fig. 5. The
dashed curve gives the theoretical contribution of the
Aslamazov-Larkin part (AL) (using the experimental value for
dH, 2/dT =1.0 T/K), the dotted curve gives the theoretical con-
tribution of the Coulomb anomaly in the particle-particle chan-
nel (CPP), and the dashed-dotted curve gives the contribution of
the Coulomb anomaly in the particle-hole channel (CPH).

H, , and we have essentially only one temperature-
dependent parameter, H;. In Fig. 5 the theoretical curves
are plotted together with the experimental results. The
theoretical curves are composed of the contribution of
WL, the particle-particle part of the Coulomb anomaly,
the AL part, and the MT part of the superconducting
fluctuations. Since the calculation by Larkin for the MT
part neglects the depression of the superconducting transi-
tion temperature by the magnetic field and the q depen-
dence of the fluctuation propagator, it can only be applied
for a limited magnetic field range which is, expressed in
the parameters of the Sn film, H «0.47(T —T, ) [the
coefficient is 2m.k~/(4eD)]. For fields larger than this
limit the theoretical curves are dashed. One realizes that
the safe range of magnetic field in which the Larkin
theory can be apphed is rather small. (Larkin gives the
1/2m fraction of the value which limits the theory to only
the quadratic dependence. ) If one keeps this restriction in
mind then the agreement between experiment and theory
is surprisingly good.

In the evaluation we assumed a spin-orbit scattering
field of H, , =3 T. This corresponds almost to the limit
of strong spin-orbit scattering, because the inelastic mag-
netic field at 20 K is H;(20 K) = 1.12T «H, , It is not
possible to achieve a reasonable agreement between experi-
ment and theory with small spin-orbit scattering. In the
limit of small spin-orbit scattering, weak localization
shows a negative Inagnetoresistance and this contribution
is considerably larger than the MT term because T/T, ~ 4
and at a ratio of 2.7 both contributions are equal. For in-
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termediate values of H, , =H; the theory yields a magne-
toreslstance curve with a maxlIDUID at fllnlte fllelds ln coIl-
trast to the experiment. The large spin-orbit scattering
for Sn is somewhat puzzling, because for Ag, whose
nuclear charge is not so different from Sn, the author '
found that at 20 K H; was about twice H„. To check
this point, a similar Sn film has been covered after the
measurement of the magnetoresistance with 0.27 atomic
layers of Au. Such a Au coverage increased the value of
H, , in Al by about 0.4 T. However, if the Sn is already
in the limit of stmng spin-orbit scattering, then the Au
should have little effect on the magnetoresistance curves.
This is indeed found for the magnetoresistance curves for
the Sn film and the Sn/Au sandwich. The effect of the
Au is very small and in agreement with the assumption
that the pure Sn film already has a large value of H„of
the order of 3 T. (However, if one starts with a small
H„which does not fit the experimental data, then the
theory predicts a much larger change of the magnetoresis-
tance curves by the Au. )

In Fig. 12 the adjusted inelastic field H of Sn is plot-
ted as a function of the temperature in a log-log plot.
Since the Larkin theory of the MT term is not really ap-
plicable to the intermediate-coupling superconductor such
as quench-condensed Sn, we hesitate to interpret the H;
measurements in terms of the inelastic lifetime at least for
temperatures close to T, .

10
T(K)

20

~O
Bi9TI)

0 0

~X

F

.F
~~ Sn

/'

/

/

2.0 3.0
In [T(K)]

PIG. 12. Field 8; of the Sn and the Bio9Tio» films as a
function of temperature in a log-log plot.

2.5

3. Magnetoresistance of the amorphous B10 9Tlo

In Fig. 13 the logarithm of the absolute value of the
coefficient ln(

~
a2

~
) is plotted against ln[g(T)]. The AL

contribution is almost identical with experimental points.
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FIG. 13. Logarithm of the absolute value of a2,' the coeffi-
cient of the quadratic field dependence of the magnetoresistance
is plotted versus the logarithm of g(T) =1/ln(T/T, ). The solid
curve gives the experimental results from the magnetoresistance
curves for the Bio 9Tio» film, shown in Fig. 7. The dashed curve
gives the theoretical contribution of the Aslamazov-Larkin part
(AL) (using the experimental value for dH, 2/dT=1. 3 T/K), the
dotted curve gives the theoretical contribution of the Coulomb
anomaly in the particle-particle channel (CPP), and the dashed-
dotted curve gives the contribution of the Coulomb anomaly in
the particle-hole channel (CPH).

This means that AL is the dominant contribution in the
magnetoresistance curves and the other terms yield only
corrections, in particular at low temperatures. The theory
by Larkin for MT is not really applicable for the amor-
phous Hip gTlp ~. The Larkin limit requires that the mag-
netic field range is restricted, H &&0.87 (T T, ), and-
that the temperature is sufficiently above T„ i.e.,
T T, »H;/0. 87. S—ince it results that an adjusted H; is
of the order of a few tesla, in the whole experimental tem-
perature range the Larkin theory is not really applicable.
(One must keep in mind that Larkin had the sharper con-
dition with an additional factor of 2'.) Since there is no
other theoretical treatment for the magnetoresistance of
the MT part, we formally evaluate the experimental mag-
netoresistance curves with the existing theories by fitting
the H,

*
and take it as a fit parameter which cannot be

identified with the inelastic lifetime. The theoretical
curves in Fig. 7 are calculated as before for Al and Sn by
adjusting H~~ and assuming the limit of strong spin-orbit
scattering (because of the great atomic charge Z of Bi and
Tl and the short mean free path). The other terms are cal-
culated as before. The adjusted H;* are plotted in Fig. 12
together with the Sn values. They vary between 1.4 and 4
T. Even at low temperature (6.5 K), where the AL contri-
bution is completely dominant, the total shape of the
theoretical magnetoresistance curve is influenced by WL
and MT.

8, Temperature dependence of the resistance

FQI' flic Al fil, 'tlic covciagc wltll 0.25 atoIIiic laycI's of
Au clearly changed the temperature dependence of the
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resistance as Figs. 1(a) and 1(b) show. This change is
caused by the influence of the spin-orbit scattering. In
contrast to WL, the other contributions are essentially in-
dependent of the spin-orbit scattering. This applies to the
superconducting fluctuations AL and MT and the
Coulomb anomaly in the particle-hole channel CPH. The
Coulomb anomaly in the particle-particle channel depends
in principle on the spin-orbit scattering, however, this re-
quires that H, , &Hz. The superposition of the Al with
the Au does not change AL, MT and CPH. Since for the
Al/Au film H, , =0.42 (in units of T) while Hz ——0.53 T
(units of T/K) we find that even the Al/Au film is, for
CPP, still in the limit of small spin-orbit scattering (in the
temperature range 4.4& T &20 K). Therefore, the only
change in the resistance corrections is caused by WL. We
plot the difference in the resistances between the Al and
the Al/Au film as a function of ln ( T) and compare it
with the difference that the theory yields for WL using
the H;(T) and the two values of H, , which are 0.014 T
for Al and 0.42 T for Al/Au. In Fig. 14 the points
represent the experimental difference and the solid curve
gives the theoretical difference. This is essentially an ab-
solute plot of the resistance difference. [The film resis-
tance was reduced by the Au evaporation and the follow-
ing annealing at 40 K. However, the theoretical resistance
versus temperature curves in a magnetic field of 7 T for
the Al and Al/Au (which are almost parallel to each oth-
er) can be used to adjust the shift between the two experi-
mental curves. ]

The agreement between the experimental and the
theoretical difference is quite satisfying. This means that

10 20 T (K)

a

the contribution of WL is correctly determined and
represents another cross check of the evaluation. Now we
may examine the temperature dependence of the other
terms. For MT we are now in the nice position that we
know H~ or r; and, therefore, the pair-breaking parameter
directly from the experiment. Since experimentally H~
varies proportional to T the pair-breaking parameter is
proportional to T, and with the experimental data we find
5=0.0033T. In Fig. 15 we have plotted the experimental
temperature dependence of the Al resistance (solid curve).
Now we subtract from the experimental curve the dif-
ferent corrections that the theory yields. If the theoretical
contributions are correct, then after the subtraction we ex-
pect a constant temperature-independent resistance curve.
The dashed curves a, b, c, d, and e are obtained by the
successive subtraction of WL, AL, MT, CPP, and CPH.
For the MT contribution the result of Altshuler and Aro-
nov [Eq. (5a)] is used. We find that Eq. (5a) overestimates
the MT contribution strongly. The temperature depen-
dence of the MT term is not correctly reproduced by the
theory.

Finally in this section we want to examine the two
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FIG. 14. Difference between the measured resistance of the
Al and the Al/Au film as a function of temperature (circles).
The solid curve gives the theoretical differences using the corn-
mon set of H;(T) and the two different values of H„, which
are evaluated from the magnetoresistance in Figs. 2(a) and 2(b).

FIG. 15. Resistance of the Al after the subtraction of the dif-
ferent theoretical contributions. The solid curves with the
points present the experimental result. The dashed curve a is
obtained after the subtraction of WL. The dashed curve b is ob-
tained after the subtraction of WL and AL. The dashed curve c
is obtained after the subtraction of WL, AL, and MT. The
dashed curve d is obtained after the subtraction of WL, AL, and
MT, and CPP. The dashed curve e is obtained after the sub-
traction of WL, AL, MT, CPP, and CPH. The absolute values
of the theoretical resistance corrections are irrelevant, because
they depend on cutoff energies.



dimensionality of the thin films. For some of the theoret-
ical contributions this can bc done numerically, because
the corresponding equation can be generalized for finite
film thickness which requires an additional summation
over k, planes. This is discussed in Sec. III for weak lo-
calization. The similarity in the structure of the Larkin
result for the MT term suggests the same generalization.
However, since the published work does not contain the
intermediate calculation we hesitate in doing so. There is
an additional qualitative condition which allows the es-
timation of the relative role of higher k, planes. The field
range in which the two dimensionality is fulfilled is given

by the thickness field Hd [see Eq. (14)]. The film
behavior is two dimensional as long as the other charac-
teristic fields such as H, H;, and HT are much smaller
than H~. H& is given in Table I. We see that for Al the
two dimensionality is well fulfilled. For Sn the condition
is not so perfectly fulfilled, and indeed at 20 K the contri-
bution of WL changed by about 10% when the next k,
plane was included (the other planes did not contribute
additionally). Since the contributions for nonzero k,
planes of the other terms are not published, it would be
inconsistent to include the higher planes only for WL,
AL, and possibly MT. Therefore, we prefer to present
only the two-dimensional evaluation. For Bio 9Tlo I even
AL yields a small contribution from the next k, plane at
20 K. The other terms would surely require a summation
over higher k, planes. However, since the evaluation here
is only qualitative, it is not reasonable at the present state
of the theory to devote great effort to the evaluation of
dimensionality, because the results would not be more
conclusive.

In the preceding section we saw that the theory for the
Blagllctorcsistailcc of supcrcolldilctol's ls restricted 111 I'ts

temperature and field range. For the weak-coupling su-

perconductor Al the theory worked quite nicely in the ex-
perimental range {T &2T, ). This allows a reliable deter-
mination of H; and H, , Therefore, we could check
whether the old question of the Maki-Thompson graph
and its contribution to the temperature dependence of the
resistance is consistent with the microscopic parameters
of the superconductor. We conclude that this is not the
case, and thc problem rcmMQs unsolved.

Before we compare the present results with former re-
sults from other authors, it should be emphasized that
qUcnch-coIldcIlscd Al is Ilot thc same metal as pUI'c Al or
granular Al when electron-phonon interactions and super-
conducting properties are concerned. The author ' had
pointed out 15 years ago that in a disor'dered supercon-
ductor the impurities participate in the motion of the pho-
nons and change the electron-phonon interaction and T,
(violating the Anderson theorem that impurities do not
change the superconducting transition temperature). At
that time it was quite difficult to study this effect experi-
mentally. {Superconducting tunneling which determined
the Eliashberg function was not sufficiently sensitive at
small energies. ) The magnetoresistance of the quantum
corrcctloIls of the I'csistancc arc Ilow an adcquatc method

c2H„~„= III— ks
16 dt

(4')

Only III tllc case of strollg-collpllllg effects does one have
to include a correction which is for rather strong-
coupllIlg sllpcrcoildllctors, of tile order of 30%.
case of Al, the two values obtained from the free-electron
model and the upper critical field were in good agreement.

disordered Illctal fllnls the Biagllitude of
I/&; as obtained from the experiment is not weil under-
stood. The existing models which Use electron-electron
interaction and electron-phonon interaction do not yield

to study these questions quantitatively as a function of the
disoI'der. %C expect that the inelastic lifetime is smaller
in quench-condensed metal films than in the pure metal.

Bruynseraede et al. ' investigated Al films with a resis-
tance pcr square between 1.5 and 60 Q. They evaluated
the large field region in fitting the magnetoresistance
curves to an lnH dependence and obtained 1/~; propor-
tional to thc temperature. They assumed vanlshlng sp1n-
orbit scattering, which is questionable. Gershenson
et al. used for the analysis the spin-orbit scattering time
as determined in tunneling experiments and evaluated thc
magnetoresi. stance curves below 10 K in the weak spin-
orbit scattering limit and above 10 K in the strong spin-
orbit scattering limit. They found a T dependence of
I/w;, and at 10 K one obtains from their plot roughly
~;=20 ps. Santhanam and Prober' investigated very-
low-resistance films whose resistance per square varied be-
tween 0.15 and 8 Q. The spin-orbit scattering time they
fitted varied between 10 and 100 ps. For the inverse in-
elastic lifetime they obtained a temperature dependence as
A I T+A IT . At 10 K, w; was of the order of a few hun-
dred picoseconds, depending on the sample. Gordon
et a/. ' investigated granular Al film with resistances per
square between 15 and 200 Q. Their spin-orbit scattering
fields are between 0.004 and 0.11 T. They interpret their
inverse inelastic lifetime as a sum of electron-electron and
electron-phonon processes.

For amorphous Bio 9Tlo I the Aslamazov-Larkin contri-
bution is dominant. The inelastic lifetime is so short that
its relative contribution to the magnetoresistance is very
small. In addition, the presently existing theories hardly
apply to Bi09Tlo I, because of the restricted temperature
and field range. Here it would be desirable to improve the
theory.

Quench-condensed Sn as an intermediate-coupling su-
perconductor has also an intermediate position i.n the
quantum corrections to the resistance. Only at higher
temperatures can the presently existing theories be ap-
plied, but here the two dimensionality is not completely
fulfilled.

For the determination of the inelastic lifetime from H~
one needs to know the product H;w;, which is given by re-
lation (4). In a normal-conducting metal one may calcu-
late this product within the free-electron model or from
detailed Fermi-surface properties. In the superconducting
case one has the advantage that the derivative of the
upper critical field allows an experimental determination
of the product, because
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such large values. It was even unclear which of the mech-
anisms was responsible for the experimental values. The
author" obtained from a heating experiment that the
electron-phonon interaction is an important or even the
essential mechanism at temperatures above 4 K. Our ex-
perimental results on superconductors for H; confirm this
result. A strong-coupling superconductor is distinguished
from a weak-coupling one by the strength of the electron-
phonon interaction. Therefore, one expects an increase of
I/r;, i.e., H; going from the weak-coupling to the strong-
coupling case if the electron-phonon interaction is the
dominant mechanism for the inelastic processes. This we
indeed found qualitatively in going from Al to Bio 9Tlo i,
where the H; increased strongly.

VI. CONCLUSIONS

The experimental results presented in this paper allow
the following conclusions.

(1) The magnetoresistance of weak-coupling supercon-
ductors is well described by the present existing theories
of weak localization, superconducting fluctuations, and
the Coulomb anomaly. In the case of intermediate and
strong-coupling superconductors, the theories yield a

qualitative understanding; however, it would be desirable
to improve the theory so that the allowed temperature
range is extended towards the superconducting transition
temperature and the field range towards higher fields.

(2) The temperature dependence of the Maki-Thompson
term is not reproduced by the theory. The magnetoresis-
tance measurements allow an independent determination
of the pair-breaking parameter 5, and 5 is no longer a fit
parameter for the temperature-dependent resistance for-
mula. All relevant parameters of the Maki-Thompson
term are experimentally determined but none of the exist-
ing theories yield the correct temperature dependence.
The increase of the inelastic field H; with increasing cou-
pling strength of the superconductor confirms the inter-
pretation that the electron-phonon interaction is essential-
ly responsible for the finite inelastic lifetime in the investi-
gated temperature range.
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