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Piezoelectricity and ballistic heat flow
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We have examined the influence of piezoelectricity on the propagation of ballistic heat pulses in a lithi-

um niobate crystal cooled to low temperatures. The phonon-imaging method reveals a ballistic flux pattern
which cannot be explained simply in terms of the constant-field elastic tensor. The effect of introducing
piezoelectrically stiffened elastic constants into the phonon-focusing calculation is striking. For example,
caustics are introduced into the flux pattern for fast transverse phonons, in good agreement with the obser-
vations.

Piezoelectricity is the property of certain crystals such as
quartz to couple electrical and mechanical fields. ' Such
crystals lack a center of inversion symmetry. A mechanical
force applied to a piezoelectric crystal produces an electric
polarization proportional to the strain, and conversely an ap-
plied electric field produces a strain in the crystal. In this
paper we demonstrate that piezoelectricity can greatly affect
the propagation of heat in a crystal. Our study of thermal
phonons is a natural extension of continuum elasticity
theory with piezoelectricity included. However, to our
knowledge, there have been no previous attempts to show
the influence of piezoelectricity on thermal energy flow. We
find that in a highly piezoelectric crystal such as lithium
niobate (LiNb03) the electromechanical coupling constants
enter strongly into the anisotropic propagation of ballistic
heat pulses at low temperatures.

This study was made possible by the recent development
of phonon-imaging methods, which provide a two-dimen-
sional representation of the ballistic heat flux emanating
from a point source. Even for crystals with nearly isotropic
elasticity, highly anisotropic flux patterns are predicted —an
effect known as phonon focusing. Thus crystals such as
germanium, sapphire, and lithium fluoride have been shown
to exhibit strongly anisotropic heat patterns which are
predictable from the known elastic constants. Previous
phonon-focusing calculations of the piezoelectric crystal
quartz (Si02) did not consider the effect of piezoelectricity
on thermal flux in this crystal. The predicted phonon-flux
anisotropies were in fairly good agreement with a phonon-
imaging experiment. 4 For the present study, however, we
have chosen a crystal which is considerably more piezoelec-
tric than quartz, and we find that a proper inclusion of
piezoelectric coupling is essential for an understanding of
the ballistic heat-flow pattern.

Phonons in a typical heat pulse with temperature —10 K
have wavelengths greater than 100 A; thus the continuum
elasticity theory is applicable. For a nonpiezoelectric materi-
al a description of elastic ~aves begins with the generalized
Hooke's law:
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where o-& is the stress applied in the ith direction to the jth
plane, C& „are the elastic stiffness constants, S

„

= ~(tlu„/Bx + 8u /tlx„) is the strain tensor, and U is the
displacement of the medium from equilibrium at position 7.
For a crystal of density p, the equation of motion

p(B'u, /Bt') = Brr&/Bxj has a plane-wave solution, tt
= Qcexp[i(cot —k 7)], which yields the Christoffel equa-
tion5
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where e&, are the piezoelectric stress constants. With the as-
sumption of no free charges and neglecting magnetic induc-
tion, a modified Christoffel equation can be generated,

The solution of this equation for a given phonon frequency
co results in three sheets of allowed wave vectors corre-
sponding to the longitudinal (L), slow transverse (ST), and
fast transverse (FT) phonon modes.

Figure 1 shows the ST and FT coristant-frequency (or
slowness) surfaces for lithium niobate, assuming the known
elastic constants under constant electric field. 6 Lithium
niobate has trigonal symmetry, implying that there are six
independent elastic constants. In Fig. 1, the z axis is the
threefold crystal axis and the yz plane is a reflection plane.
The slow transverse surface is composed of large totally
convex regions bordered by saddle regions and six very
small totally concave regions of different curvature, and
thus correspond to a total Gaussian curvature of zero. Nor-
mals to the surface along these zero-curvature lines define
group velocity directions of mathematically infinite phonon
flux. Stated simply, the ratio of the k-space solid angle to
the corresponding V-space solid angle at a zero-curvature
point on the slowness surface is infinite. The FT surface is
seen to be totally convex, thus no caustics would be expect-
ed in the FT phonon flux.

The phonon flux predicted by these constant-frequency
surfaces can be obtained by selecting a large number of ran-
domly oriented k vectors, determining the corresponding
group vectors, and projecting these vectors from one point
in the crystal to a selected crystal surface. Such a Monte
Carlo image is shown in Fig. 1(c), which corresponds to a
surface with normal 37' from the z axis in the yz plane.
Both FT and ST modes are included in the calculation. The
sharp features in this figure are caustics in ST phonon flux.

Of course, this calculation is not valid for a piezoelectric
crystal, in which a phonon consists of both propagating
mechanical and electric fields. Hooke's law must be modi-
fied to include the effect of the nonconstant local electric
field E,. That is,

29 6015 O1984 The American Physical Society



6016 G. L. KOOS AND J. P. V(OLFE

(0) IZ

with C& „replaced by a "stiffened" set of elastic constants,

C eff C + kI e/Jf klelmII
Qmn Qmn
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~here kI are Cartesian components of the hon
r an eI, is t e dielectric tensor under constant strain.

c o piezoelectricity is to introduce elastic
"constants" which depend upon the wave-vector d' t'r iree ion.

y su s ituting these wave-vector-depende t 1n e astic con-
s or tI „

into Eq. (2), we can again solve for the
constant-frequency surfaces and b 1' 1'para o ic ines of a given
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FIG. 3. Ballistic phonon image obtained with a broad time gate to
include both ST and FT modes over a 50' range of propagation an-
gles.

f =1.0 0.9 0.6 0.3 0.0

To compare these predictions with experiment we have
chosen a lithium niobate crysta17 of 3-mm thickness having
polished surfaces normal to (0, Q) = (37', 90'), where the
angles are defined with respect to the z and x axes. One of
the polished faces has a 2000-A copper film deposited on it,
and the other face has a small (50&&50 p, m') aluminum
bolometer evaporated at its center. The phonon-imaging
experiment is performed in the usual way by scanning a
pulsed laser beam across the metallized surface of the crys-
tal, which is immersed in superfluid helium at the supercon-
ducting transition of the bolometer. The intensity of the
ballistic heat pulses detected by the bolometer is recorded in
a 256&&256 array and stored in a computer. The recorded
image is played out on a television monitor and a photo-
graph of the monitor is shown in Fig. 3. The image agrees
quite well with one of the phonon-focusing calculations
above, namely, the one with piezoelectricity properly includ-
ed. The curved belt associated with FT phonons is clearly
visible in the lower half of the image. The upper cusped
structure is associated with the slow transverse phonons.

It is interesting to examine how the topological changes
associated with piezoelectricity come about. We can hy-
pothetically decrease the piezoelectricity in a gradual way by
simply multiplying all of the piezoelectric constants by a
scale factor f, which is varied between 1 and 0. This corre-
sponds to a continuous change from Eq. (3) to Eq. (1).
Figure 4 shows a cross section in the yz plane of the
transverse slowness surface for various f. The inner (FT)
and outer (ST) sheets meet at conic points, labeled C;.

As f is increased from zero, the conic point Ct which be-
gins at ()„=115.4'moves to 66' for f=1. The motions of
this conic point coincide with the breakup of the ST saddle
region into several islands, as seen in Figs. 1(a) and 2(a).
At f=0.95, the ST and FT sheets of this surface touch

FIG. 4. Cross sections in the yz plane of the FT (inner) and ST
(outer) sheets of the slowness surface. The changes in the shape of
these surfaces as the piezoelectric coupling constants in Eq. (4) are
gradually (hypothetically) increased from zero can be characterized
by conic points C&, where the two sheets touch, and singular points

SI, where the curvature vanishes (see also Fig. 2.)

each other at 0k = 37' and produce two new conic points C2
and C3 which move to Hk= 3.1' and 40.9' for f= 1.0. The
FT sheet, which would have no saddle regions for f=G,
develops a saddle region, bordered by parabolic (singular
flux) points St and S2, for f ) 0.9. This study shows that
the motion of conic and singular points is a useful way to
describe the topological changes in an acoustic surface as
some control parameter is adjusted. We see that conic
points are created or annihilated in pairs.

In conclusion, we have found that the piezoelectric effect
can have a pronounced influence on the ballistic heat flow
through dielectric crystals at low temperatures. For lithium
niobate the effect is large, creating singularities in the fast
transverse mode when the appropriate stiffened elastic con-
stants are used. We have conducted a similar study for o.
quartz, and find that the smaller electromechanical coupling
associated with this crystal has a small but detectable effect
on the ballistic phonon pattern. Our study also suggests the
potential of phonon imaging for characterizing the elec-
tromechanical properties of electrically active crystals.
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