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Initiation of condensed explosives is studied on a molecular level with a quantum-mechanical cal-
culation of transition rates for shock-induced transitions between the low-lying internal molecular
normal-mode states in a molecular solid. It is assumed that the shock produces a distribution of
acoustic phonons which become thermalized before any significant number of internal-mode pho-
nons is created. The calculation uses the Born-Oppenheimer approximation in which the internal
modes constitute the fast subsystem and the acoustic modes the slow subsystem. A sample calcula-
tion is done for nitromethane. Generally speaking, the lowest-frequency internal modes have the
fastest shock-induced transition (highest rates), with the transition from the ground to first excited
state being the slowest. The transition rates increase by 6 to 10 orders of magnitude from the values
under normal conditions when nitromethane is subjected to shocks of 50 to 300 kbar. The transition
lifetimes are compared with, and show some correlation with, the pressure-time critical-shock initia-
tion data obtained by de Longueville, Fauquignon, and Moulard.

I. INTRODUCTION

The motivation for this work is to understand the early
phase of the initiation of condensed explosives on a
molecular level. For this purpose, nonradiative transition
rates are calculated for shock-induced transitions between
the low-lying internal-normal-mode states in a molecular
lattice in an attempt to understand how the energy from a
shock wave is transferred to the internal molecular modes.

Pastine and co-workers pointed out that because many
explosives have weak intermolecular bonds and strong co-
valent intramolecular bonds the average frequency of in-
tramolecular (internal-mode or optical-mode) vibrations
@ would be much higher than the average frequency of
intermolecular (lattice-mode or acoustic-mode) vibrations
w, with the ratio wy/w, typically of the order of 10.!
Thus the immediate effect of a shock on such materials
would be to increase the temperature of the acoustic vi-
brational branch while leaving the optical branches at the
initial temperature. The relaxation time required before
the internal molecular temperature reaches a critical value
sufficient for the shock to grow to detonation would be
sufficiently long so as to be comparable to and indeed
determine the shock pulse duration required to produce
detonation at a given shock pressure. In other words, the
relaxation time for thermal equilibration of the internal
modes is the controlling factor in the initiation of reac-
tions. With the use of a simple classical mass and spring
model, Pastine et al. estimated that, at a shock tempera-
ture of 500 K, the lower limit to the acoustic-optical re-
laxation time is of the order of several microseconds for
systems in which the acoustic frequencies w, are around
10" rad/sec and the optical-mode frequencies w, are
around 10" rad/sec. They also predicted that the relaxa-
tion times would be very sensitive functions of the fre-
quency ratio wg/w, with the relaxation times decreasing
by 4 orders of magnitude when the ratio decreases from
10 to 6. Thus the very lowest-frequency intramolecular
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modes, which are typically bending rather than stretching
modes, should be the most important in the relaxation
process.

Later, Toton developed a more refined quantum-
mechanical description which exploited the disparity be-
tween the intramolecular- and intermolecular-mode vibra-
tional frequencies.”? The results of Toton’s calculations
also pointed toward the importance of the lowest-
frequency intramolecular modes in the relaxation process.
Here we develop Toton’s model, calculate shock-induced
internal-mode transition rates for nitromethane, and at-
tempt to relate our results to critical-shock initiation data
for nitromethane.

II. MODEL OF SHOCKED SOLID

When a shock wave travels through a solid, lattice nor-
mal modes are excited to higher levels, that is, acoustic
photons are created. The shock also compresses the solid,
causing the frequency of the acoustic modes to increase.
The central issue is to calculate the rate at which
acoustic-mode energy is transferred to molecular internal
modes. For this purpose, it is assumed that the distribu-
tion of acoustic-mode energy relaxes to a thermal distribu-
tion in a time which is short compared to the time re-
quired to create a significant number of optical (internal-
mode) phonons. Thus one immediate effect of the shock
is to raise the temperature of the acoustic modes while
leaving the internal modes “cold.” The nonradiative tran-
sition rates between internal-mode levels then give an esti-
mate of the rate at which the internal modes relax to the
new, higher temperature. Since the transition rates de-
pend on the acoustic-mode frequencies, it will be neces-
sary to determine the change in frequency produced by
the shock. The change in average acoustic-mode frequen-
cy can be deduced approximately from the compression
by integrating the Griineisen parameter along the shock
Hugoniot curve. Hence, in this model, the shock is

5891 ©1984 The American Physical Society



5892

characterized by two quantities: the compression and the
acoustic-mode temperature produced by the shock.

The assumption of rapid thermalization of the acoustic
modes is reasonable since internal-mode frequencies are
generally much higher than lattice-mode frequencies and
this mismatch should greatly reduce the rate of energy
transfer between lattice and internal modes compared to
the rate among lattice modes.

The work of Van Vleck shows that the acoustic modes
should thermalize on a picosecond time scale.® Van Vleck
computes the rate of energy transfer between lattice oscil-
lators due to anharmonic perturbations when different
portions of the frequency spectrum are not in thermal
equilibrium. His result for the transition rate from level n
to level n —1 for a particular lattice oscillator when the
main body of lattice oscillations is at a temperature T is

Won_1~nD(T/Tp)vp , (1

where vp is the Debye frequency, Tp is the Debye tem-
perature, and D is a constant characteristic of the particu-
lar solid. The value of D is about 10! sec* for typical
solids. Equation (1) is valid for T >Tp. For n=1,
T=300 K, and v, ~3X10'> Hz, Eq. (1) gives transition
lifetimes of the order of 10~!2 sec

Van Vleck used first-order perturbation theory to calcu-
late the transition rate. While this may be satisfactory in
the case of lattice relaxation, it will prove unsatisfactory
in most cases for lattice internal-mode relaxation since
internal-mode frequencies may be an order of magnitude
greater than lattice mode frequencies. For this reason, a
Born-Oppenheimer approximation analogous to the adia-
batic approximation which has been used in treating the
coupling of localized electronic states to lattice vibrations*
is used here. In this formalism, the lattice modes are con-
sidered the slow subsystem and the internal modes are
considered the fast subsystem. The approximation im-
proves as the disparity between internal and lattice fre-
quencies increases. Lin describes a similar formalism.’

III. CALCULATION OF NONRADIATIVE
TRANSITION RATES

A. Nonadiabatic operator

In the Born-Oppenheimer approximation the total
Hamiltonian H of the system is separated into two parts,
the adiabatic part 7% and the nonadiabatic part .. The
Born-Oppenheimer basis states are eigenfunctions of 7.
The nonadiabatic part .Z can be considered as an interac-
tion which induces nonradiative transitions between sta-
tionary Born-Oppenheimer states.

Let n, be the acoustic-mode quantum number for a
mode of frequency w,. Let i be an internal-mode quan-
tum number for an initial internal-mode state and let f be
the quantum number for the final internal-mode state.
Let n denote the set of initial acoustic-mode quantum
numbers {n,} and let m denote the set of final acoustic-
mode quantum numbers {m,}. Then the transition rate
from the initial to final state produced by the nonadiabat-
ic interaction is obtained from first-order time-dependent
perturbation theory:
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Wi, n—»f,m)—-——— | {fim | L |i,n) | *(Efm—Epn) .

2

We are interested in the total transition rate assuming a
thermalized distribution of acoustic-mode levels, so we
must sum Eq. (2) over final acoustic states m and average
it over initial acoustic states n. The result is

W= 3 Py |(fym | £ |in) | 8B —Eun)

(3)

where P, is the probability that an acoustic state with
quantum numbers {n,} is realized. For a thermalized
distribution, this is a Boltzmann probability distribution:

1, —BE,

P,=Q e (4a)
Q=S¢ (4b)
B=1/kT , (4c)
E,= E(nk+%)ﬁw,‘ . (4d)

When the slow subsystem is a collection of harmonic os-

cillators the matrix elements of the nonadiabatic operator
6

are

(fm | L |in)=—

om0

az'”; ¢m} ] ,
(5)

where 9; and ¥, are internal-mode wave functions, ¢;,
and @, are acoustic-mode wave functions, and g, are di-
mensionless acoustic-mode normal coordinates such that
the kinetic energy operator has the form

2, fiar

+ 5 (vrdm

62
T=— 7 > tfo—s g2 — - (6)
If we assume that the reduced matrix elements
aY;
f,“:—ﬁw,(( ' ) (7a)
fi 1)[’f 99,
%Yy

do not depend on the acoustic coordinates g, (our “Con-
don approximation”), then we may write

fm |2 |in)=3, [zkﬁ<¢,,,, Z‘Z‘: )

+ M i D fm | Bin) ] . (8)

While the Condon approximation is often a good one in
dealing with electronic states, its validity is more ques-
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tionable in this case. However, the simplification it pro-
duces is considerable, Similarly, it is often assumed that
the .#, term in Eq. (8) can be neglected compared to the
Z . term since the .#,; term contains the second
derivative of the wave function with respect to the slow
system coordinates. Because of the questionable validity
of this assumption and because dropping the term leads to
no appreciable simplification, we retain it.

B. Molecular lattice Hamiltonian

We write the Hamiltonian of a molecular lattice in the
following form:

3er .2
H = 2 7M,,u,,+V(u1,...

n=1

Nz 3rN) ’ (9)

where u, is the nth Cartesian coordinate displacement
from equilibrium, N is the total number of molecules, 7 is
the number of atoms per molecule, and M,, is the mass of
the atom associated with the nth coordinate. The poten-
tial energy V is a function of all the displacements. If we
develop ¥V in a power series we obtain

V=1 Vontmtin+ 3 Vimthgtimtta+ -+ . (10)
m,n IL,m,n

There is no linear term in Eq. (10) since the u, are dis-

placements from equilibrium. Concentrating on the quad-

ratic term in Eq. (10), we may find a transformation to

real, dimensionless normal coordinates in the form

N % 172
=34, |— . 11
Up j§1 nj Mo, g (11)

where 4,; is a real, orthogonal matrix. In the new coordi-
nates, the Hamiltonian operator becomes

H=73 t#o [ &

=2 2M0j (9 — 75

j 9g;

+ 3 Apedigige+ -, (12)
i,j,k

where
e 1/2
MM, M,0;0;0

A= 3 AyAn ;A Vid)

Lm,n

(13)

Up to this point, we have made no distinction between lat-
tice and internal modes. Now, following Toton,? we iso-
late one internal mode whose coordinate we designate q.
Greek subscripts will designate acoustic-mode coordi-
nates. Then the Hamiltonian may be written in the fol-
lowing form:

H = 3w qz——ai + 3 T, |qi— o
2 0 0 aq(z) " 2 « |9k aqi

+90 2, Badxdr+495 D Cug+ -+ . (14)

KA 3

Since we are interested in the interaction between the
internal mode g, and the acoustic modes g,, we have ig-
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nored terms which involve interactions with internal
modes other than g, and anharmonic terms which involve
internal modes alone or acoustic modes alone.

C. Born-Oppenheimer separation
Following the Born-Oppenheimer prescription, we
separate the Hamiltonian, Eq. (14), into the fast part

2
Ho= i, —5%74-(1+2C)q‘2)+23110+214 , 1)
0

where
ﬁwOA = 2 —;—hmkqi ’
'3
ﬁwOB = szAqqu. >

KA
MOC = z Cqu ’
K

and the slow part
82

H1=_2‘7l._ﬁwk 2 (16)
P 9

The Born-Oppenheimer basis functions, therefore, are

products

¥(90,94)=1%(q0,9,)6(qx) » 17
where the first factor is a solution of the fast part
HO‘/’s:es(qx)tps ’ (18)

and the second factor is a solution of

aZ
- 2 %ﬁwx aqz +€s(QK) ¢sn =Esn¢sn . (19)
K K

The internal-mode quantum number is s and the collec-
tion of acoustic-mode quantum numbers is represented by
n.

D. Internal-mode (fast subsystem) solution

Equation (18) is a harmonic-oscillator equation which
we can reduce to standard form by making the change of
variable

Z =p(go—7qo) , (20)
where

pt=142C, (21)

go=—p *B. (22)

Then Eq. (18) becomes

2
— 5 Fiwgp? [% —z? J + 5 #iwg(24 —p~*B?) |4

= 6s¢s s (23)

with energy eigenvalues
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€5(q,)=(s + 5 Yiwp®
+(A4 —5p By, s=0,1,2,.... (24
The wave functions are
¥5(90,9,)=Vpi"(2) 25)

where 1/;§HO)(Z ) is a normalized harmonic-oscillator eigen-
function. The factor Vp normalizes the wave function as
a function of gy. Both the energy eigenvalues and the
wave functions depend parametrically on the acoustic
coordinates g, through the quantities 4, B, and p.

E. Equilibrium acoustic normal coordinates

The equilibrium acoustic normal coordinates are deter-
mined by the energy eigenvalues, Eq. (24), which act as ef-
fective potentials for the acoustic-wave equation. The
equilibrium coordinates are derived in Appendix A and
the result [Eq. (A3)] is

Ce , (26)
Fio,

where q,, is the equilibrium value of coordinate g, when
the internal mode is in state s.

qxsz"‘(s +';°)

F. Nonadiabatic operator matrix elements

We may substitute the wave functions, Eq. (25), into
Egs. (7a) and (7b) to obtain the nonadiabatic-operator-
reduced matrix elements ., 5; and #,y;. The calculation
is outlined in Appendix B and the results are given in Eqgs.
(B6) and (B7). The matrix elements are functions of the
acoustic coordinates, but, in the spirit of the Condon ap-
proximation, we will assume that they are constants with
values obtained by substituting the equilibrium values of
the acoustic coordinates for the internal mode in the ini-
tial state i. In addition, we assume that the third-order
anharmonic corrections to the Hamiltonian, Eq. (14), are
small so that the quantities B,C <<1 and p~1.

The results of Appendix B indicate that the nonradia-
tive transition rates are nonzero only for nearest-neighbor
(i —i+1) and next-nearest-neighbor (i —i+2) transitions.
Of these, the nearest-neighbor transition rates typically
will be larger by many orders of magnitude. Thus from
Eqgs. (B6) and (B7) we obtain

w
L irri=—[26+ D]
W9
Cy
X szqui“_ﬁ‘—o_zBqukiqM ’ 27
A 0 «,A

(0]
Mx,i+1,i=;;—[2(i +1)1'?B, . (28)

G. Estimating normal-mode anharmonic coupling
coefficients

Comparing Egs. (13) and (14), we can obtain expres-
sions for C, and B,; in terms of the third-order coeffi-

cients of the power-series development of the potential en-
ergy of the crystal. In particular, we write C, and B, in
the following suggestive forms:

1 Vi #72

C,= , (29)
VN M¥? ogV o,
where
Vi — AjoAmoAnk VI(?,) (30)
VNM? e (MMM, 2T
1 Via #/2
Vi AIOAmxAnk VI(3) (32)
mn

VNM? = =, (MM, M,)'"?

In Egs. (30) and (32), M is the mass of a molecule and N
is the number of molecules. Since binding forces are not
long range, the coefficients Vi3 are significant only when
I,m,n are nearly equal. Therefore, the triple sum has ef-
fectively the order of N terms. The orthogonal transfor-
mation coefficients A4;; are typically sinusoidal and pro-
portional to N ~!/2, Therefore, C, is proportional to
NN—32=N—12_ 1t is clear that the energy eigenvalues
in Eq. (24) should be essentially independent of the size of
the system and so the quantity B appearing in Eq. (24)
and defined after Eq. (15) should be essentially indepen-
dent of N when B is evaluated for g, equal to the equili-
brium values g,,. For this to be true, we require B,; to be
proportional to N ~!. Then Egs. (30) and (32) define aver-
age third-order coefficients V3, and V.

Calculations for a linear diatomic chain indicate that,
for a rough approximation, we may set Vg ~f"'(7.)
where f(r) is a pair potential describing the intermolecu-
lar force and 7, is the equilibrium molecular separation.

H. Integral expression for the transition rate

The sum appearing in Eq. (3) can be converted to an in-
tegral by several methods summarized by Perlin in his re-
view article.* One convenient method involves the use of
the integral representation of the 8 function.” The result-
ing transition rate is

W(l—>f)=;12_ f_oow Ffi(t)exp oy

+ S F ()AL —S |dt ,

(33a)
where
Fp()=3 | Lsi | *F (D)
K
+ 3 LeibisiE(D) D, L ibasi Er(t)
K A
+ 2 (.ﬁ:ﬁf)‘ﬁ —{—ﬂkﬁfiﬁ )AkfiEk(t)
KA
2, (33b)

+ z'ﬁxﬁ
K
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and where
cosh(iwt + 5 Bhw,)
F ()= - , (33c)
2 sinh( +Biw,)

E(t)=F(t)— +coth(+#w,) , (33d)
§= T3 jcoth(3Bhw )AL (33¢)

K
Axfi =4qxf—Y9xi - (33f)

In Eq. (33f), g,y and q,; are the equilibrium values of the
dimensionless acoustic normal coordinate g, when the
internal mode is in states f and i, respectively.

I. Approximate evaluation of the transition-rate integral

An approximate evaluation of the integral in Eq. (33a)
may be obtained by the method of steepest descents as
described by Perlin.* The result is still somewhat unwiel-
dy so we make the further approximation that the sums
over the acoustic modes can be replaced by sums in which
the frequencies w, are replaced by some average frequency
®p. For convenience, we will refer to wp as the Debye
frequency since there is some evidence that the average
frequency determined from the lattice infrared absorption
spectrum correlates well with the Debye frequency deter-
minegl by other methods, for example, from specific-heat
data.

In Eq. (33a), if we make the change of variable z =it,
then the transition-rate expression becomes

. 1 i . (2)
W(z—»f)=3€2‘f i Fri(—iz)efPdz (34)
1 —lIlo0
where

cosh(w,z + —;—Bﬁw,‘)
(2)=wnz+
g@=anz+ X — 1 Btio,)

Ali—S. (35

At a saddle point z,, g'(z¢)=0. It is easily verified that
g'(z) has many complex roots but precisely one real root.
Deforming the contour of integration to pass through the
real root z,, we obtain the approximate transition rate
172
1 .
? Ff,-(—zzo)exp[g(zo)] . (36)

If we replace the acoustic frequencies o, by the single
average frequency wp, the equation g’(zy)=0 becomes

21

W(i—f)= —g,,(ZO)

p =x sinh(wpzo+ 3 Bwp) , (37

where
(Oﬁ
=_ 38
p op (38)
and
S
2 (39)

X = l—- .
sinh(< Bt p)

The dimensionless quantity Sy, introduced by Huang and
Rhys,’ is a measure of the strength of the anharmonic
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coupling between a given internal mode and the acoustic
modes. It is a function of the difference in acoustic coor-
dinate equilibrium values in the internal-mode state i
versus internal-mode state f:

So=7 3> Ak . (40)
K
Using Egs. (29) and (31) as a guide, we can approximate

the coefficients C, and B,; as follows:
3/2

Com1e |2 @1
“ \/.]V V wpwg M ’

o fza i 372 @
<A NCOD V o M '

The quantity a denotes f''(r,)/2. The quantities f; and
f» are dimensionless numbers which we will set to 1/v2
and 2, respectively. By combining these expressions with
the expressions for the nonadiabatic operator matrix ele-
ments [Egs. (27) and (28)], the Huang-Rhys factor [Eq.
(40)], the equilibrium acoustic coordinates [Eq. (26)], and
Eq. (33b) we obtain (see Appendix C) the following ex-
pression for the nonradiative transition rate:

. 1 Fy

4 )=V2r0wp—= (zo)]—L— 43

i—f mop 7= explg (z)] iaog 43)
where

lp|
i

exp[g(zo)]= T[’lxj exp ﬁp-l—P S|, 44

Fy

So
820 [(i 4+ 1)8) ;1 +i87;_
(ﬁﬁ)D)z |p | [(l +1) /s +1+l s 1]

X[(2i +1)X(P —S8)2+4(2i +1)(P —S)

+(2i +1)2P +4], (45)
P=(p2+x2)1/2 , (46)
S = Sycoth(5Bwp) . @7

For up transitions, the final state f=i-+1 so that
@5 =0y where w is the internal-mode vibrational fre-
quency. For down transitions, f=i—1 so that
op=—wy T is the temperature of the thermalized
acoustic modes.

IV. RELATION OF HUANG-RHYS FACTOR
TO INFRARED SPECTRUM

A. Huang-Rhys factor related to moments of spectral
distribution

It was pointed out by Lax!? that the Huang-Rhys factor
S is directly related to the moments of distribution of the
radiative absorption or emission spectrum. From the first
moment we obtain

AQ=2Sywp , (48)
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where AQ is the difference between the means of the
emission and absorption bands. Perlin* calls AQ the
Stokes parameter. The second, third, and fourth moments
give

o?= (0 —)*) =w}S,coth( 5 fiwp) , 49)
—\3

hsﬁw_;;)_)l=[(so)1/2coth< 1Btop)]t,  (50)
—\4

y4E«L;4aL>—3=[Socoth(%BﬁwD)]_] NESY

The skewness 73 and kurtosis 7, are measures of the devi-
ation from a Gaussian distribution. If the distribution
were Gaussian, it would be possible to determine S, by
measuring the full width at half maximum, Aw, since, in
this case,

Aw=2(21n2)"%¢ , (52)

B. Spectral band shape not Gaussian

Unfortunately, we see by examining the expressions for
skewness and kurtosis [Eqgs. (50) and (51)] that the devia-
tion from a Gaussian distribution is considerable if
So << 1 which is the case for internal-mode vibrations.
Typical internal-mode frequencies lie in the range
500—2500 cm™! (10—5x 10" sec™!) with typical in-
frared absorption bandwidths of 10—50 cm~!. Typical
Debye frequencies are around 100 cm ™! (210" sec™! or
150 K). Thus Aw/wp ~0.2 which implies, from Eq. (49),
that S ~—2}3 and, therefore, if T>75 K, that S0<ﬁ.
This is in sharp contrast to the situation for electronic
transitions in F centers’ where Aw ~2000—5000 cm™! so
that Sy ~20.

C. How to determine Huang-Rhys factor

It is practically impossible to determine experimentally
the moments of a typical infrared spectra band due to the
presence of noise. Besides the mean frequency, the width
at half maximum is about the only parameter which can
be measured with any degree of accuracy. However, it is
possible to relate the bandwidth and the Stokes parameter
since the relation to the higher moments is also known. A
band-shape function with arbitrary third and fourth mo-
ments as parameters is chosen and the moments are con-
strained to satisfy Egs. (49)—(51). Then S, can be deter-
mined from the bandwidth by finding the root of a tran-
scendental equation. In particular, the function

_ NEPT Ya )
I(x)=¢(x)— 3 (x)+ a ¢ M(x), (53)
where
¢(x)=exp(— %xz)\/ﬁ (54)

is a normalized distribution with zero mean, unit standard
deviation, skewness 73 and excess 74 Now let
x =(w—a)/0o and substitute for o, 73, and y4 from Egs.
(49)—(51). If we then set I(x)=1I(0)/2, we obtain an
equation which can be solved numerically for Sy, given
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(0—&)/wp. Another distribution, quoted by Lax!° as be-
ing due to Edgeworth, includes a sixth derivative:

10y3
100 =00~ L4900+ L4900 + =124 00)
(55)

The distribution, Eq. (55), does not provide a significantly
better match for the higher moments.

D. Saddle-point approximation not good for radiative
transitions

By using the method of moments we have not found it
necessary to actually evaluate the integral for the spectral
band shape. This is fortunate since the saddle-point ap-
proximation which we used for the nonradiative transition
rates is not a good one for the radiative rates. This point
is discussed in Appendix D.

V. APPLICATION TO NITROMETHANE

A. Liquid versus crystalline nitromethane

In this section we apply the results of the preceding sec-
tions to the extensively studied and relatively simple con-
densed explosive material, nitromethane. One caveat is
necessary, however. Under normal conditions, ni-
tromethane is a liquid and even under the extreme condi-
tions characteristic of detonations it most likely retains
the structure of a liquid.!' The previous results apply,
strictly speaking, to a material which has long-range
periodic structure. It is not clear what the absence of
such a structure would have on the predicted transition
rates. In order to make a direct comparison with the re-
sults to be presented it will be necessary to perform shock
experiments on solid nitromethane.

B. Parameters to be determined

In order to apply the transition rate formula, Eq. (43),
we need four parameters for a material. Two are charac-
teristic of the state of the shocked material: the Debye
frequency wp and the temperature 7. Two are charac-
teristic of the internal mode whose transition rate is to be
determined: the vibration frequency @, and the Huang-
Rhys parameter Sy.

The Debye frequency is a function of compression
which, in turn, is directly related to the shock pressure via
the hugoniot relation. The internal-mode vibrational fre-
quencies are only slightly affected by compression'? so
that we can safely assume them to be constant.

C. Huang-Rhys factors for nitromethane

The variation of the Huang-Rhys factor S, with
compression is not known. However, S, depends both on
the acoustic frequencies and the displacement of acoustic
coordinate equilibrium positions. The way in which the
displacements change depends in detail on the anharmon-
ic part of the intermolecular forces. If we examine the ap-
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TABLE 1. Huang-Rhys parameters for some optically active internal modes of nitromethane (CH;NO,). Bandwidths were mea-
sured from infrared absorption spectra obtained in a diamond-anvil cell at room temperature (295 K) and pressures of the order of
5—18 kbar. Spectra obtained by J. W. Brasch, Jr., Naval Surface Weapons Center.

Mode @ (cm™1) Ao (cm™!) So [Eq. (53)] So [Eq. (55)]
CHj; rocking parallel 1104 29+6 1.47x 1072 1.39x 1072
to NO, plane
C—N stretch 923 6.5+1.1 1.01x1073 9.6 x10~*
NO, symmetric 663 19+2.3 7.3 x1073 6.9 x1073
bending
NO, rocking perpendicular 609 8.2+1.1 1.58x 103 1.50x 1073
to NO, plane
NO, rocking parallel 485 7.6+1.5 1.37x 103 1.30x1073

to NO, plane

proximate expression for S% given in Appendlx C [Eq.
(C2)] we see that S,~a’/wp where a is the third-order
coefficient in the series expansion of the interparticle po-
tentials. A straightforward calculation would show a sub-
stantially different variation of S, with compression for
(for example) a Morse potential as contrasted with a
power law (e.g., 6-12) potential. Measurements indicate
that bandwidths of infrared absorption bands increase
slightly with compression leading to the conclusion that
So has only a weak dependence on compression (at least
for nitromethane). In the absence of more definitive data
at the present time we will assume that S, is constant.
Table I lists values for several optically active internal
modes of nitromethane. The values are calculated from
the bandwidths using the method described previously.
Two values of S, are given corresponding to the two
slightly different representations of the band shape, Egs.
(53) and (55). We should note here that the optically ac-
tive modes are a subset of the tiny fraction of modes
which have zero wave number out of the total of approxi-
mately Avogadro’s number of internal modes.

The data from which S, is calculated were obtained in
a diamond anvil cell at room temperature (295 K) and rel-
atively low pressures (5—18 kbar) by Brasch of the Naval
Surface Weapons Center. The nitromethane is in a solid
polycrystalline form under these conditions.

The values calculated for S, are for a Debye frequency
of 2 10" rad/sec (106.2 cm~! or 152.7 K). It was deter-
mined that this is a reasonable value for the Debye fre-
quency at standard temperature and pressure by taking
the centroid of the low-frequency part of the infrared ab-
sorption spectrum of nitromethane.

D. Transition rates versus Debye frequency
and temperature

In Fig. 1 are the transition rates given by Eq. (43) for
the internal modes listed in Table I using the values of S,
given in the next to last column of the table. The transi-
tion rate is plotted as a function of wp for 300 K (solid
curves) and for 2100 K (dashed curves). The most notice-
able feature of the curves is the large variation in transi-
tion rates with relatively small changes in wg, wp, and T.
The C—N stretching mode, with a frequency of
1.74% 10" sec™! has a ground to first excited state transi-
tion rate of about 1017 ! at a temperature of 300 K

and wp of 210" sec™! (this point is beyond the scale of
the graph). On the other hand, the NO, symmetric bend-
ing mode with about two-thirds the C—N stretching fre-
quency, 3 times the C—N stretch bandwidth, at 7 times
higher temperature and 2 times higher Debye frequency
has a transition rate of 10° sec™!, 26 orders of magnitude
greater.

NITROMETHANE 8 o -
1010 | SOLID CURVES: T=300 K \ms c.\k“
DASHED CURVES: T-2100K__ ‘m\\
\
| -7 -~ ‘\0“*1;

7w

108

106 -

104

102

TRANSITION RATE W, (sec”)

100

102

104

DEBYE FREQUENCY «p (10 rad/sec)

FIG. 1. Transition rates vs Debye frequency for several inter-
nal modes of nitromethane. Solid curves for T=300 K, dashed
curves for T=2100 K.
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One conclusion to be drawn from Fig. 1 is that energy
is initially transferred most rapidly into the lowest-
frequency internal mode, NO, rocking parallel to the NO,
plane at 485 cm~!. This is not to say that there are not
other internal modes into which energy is transferred
more rapidly since we can survey here only the optically
active modes. There are many internal modes with
nonzero wave number which are not optically active and
about which we presently have no transition rate informa-
tion. We are discounting the NO, symmetric bending
mode since the calculated large transition rate is due to its
large apparent bandwidth and the band may actually be
the superposition of two individual bands.

Another conclusion to be drawn from Fig. 1 is that
small increases in temperature and compression (compres-
sion increases the Debye frequency) will lead to large in-
creases in the rate of energy transfer. We also note that
the relative importance of the internal modes in energy re-
laxation can change with changes in temperature and
compression. For example, at 300 K, the CH; rocking
parallel to the NO, plane (CH; rock ||) has a significantly
lower excitation rate than the NO, rocking perpendicular
to the NO, plane (NO, rock 1), while at 2100 K the exci-
tation rates are comparable, with the CH; rocking parallel
mode rate exceeding that of the NO, rocking perpendicu-
lar mode rate at the higher values of wp.

Inserting numerical values in Eq. (43), we discover that
W, is typically 10 times greater than Wy, and W,; is
typically 40 times greater. Thus the relaxation time for
energy distribution among the low-lying internal levels is
determined by the ground to first excited state transition
rate, Wy;. We cannot say anything about transitions be-
tween levels lying near the top of the potential well since
our analysis assumes a harmonic internal-mode potential.
At this point we can only say that, if the transitions be-
tween levels close to dissociation are also rapid, then the
rate Wy, would be the significant parameter determining
the overall dissociation rate. We may expect energy to be
redistributed between internal modes more rapidly than it
would be transferred between acoustic and internal modes.
Thus the overall internal-mode thermal relaxation time as
well as the overall dissociation rate should be controlled
by Wy, for the fastest internal mode (which seems to be
the NO, rocking parallel made in nitromethane).

E. Relation of Debye frequency to compression

The relation of Debye frequency to compression can be
determined approximately by using the expression for the
Griineisen parameter which arises in the Debye model of
a solid,

dlna)p
dlnw ’

where y is the Griineisen parameter and v is the specific
volume."® Integrating Eq. (56) we obtain

(0] In
DO =exp [— fl Zydlnv] . (57)

wD nv,
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Hardesty and Lysne!! have calculated the thermodynamic
properties of shocked nitromethane along hugoniots for
initial pressure of 1 bar and initial temperatures of 244
298, and 373 K. If we numerically integrate their
Griineisen-parameter data according to Eq. (57), we ob-
tain the results shown in the log-log plot of Fig. 2. It is
assumed that wpo=2X% 10" sec™!. From Fig. 2 we see
that above 5 kbar the curves are nearly linear indicat-
ing an approximate power-law relation. The dashed lines
are isotherms showing the shock temperature on each
hugoniot.

F. Transition rates along a hugoniot

Using the results shown in Fig. 2 we can plot the transi-
tion rates versus pressure along a hugoniot. This is done
in Fig. 3 for the hugoniot with initial temperature 298 K.
Figure 3 is a log-log plot showing very close to power-law
curves above 5 kbar.

G. Pressure-time critical relation

If we disregard the NO, symmetric bending mode, the
NO, rocking mode parallel to the NO, plane is the mode
whose transition rate is the most important in energy
transfer from the acoustic modes. If the transition rates
calculated from Eq. (43) are approximately correct and if
the transition rate for the NO, rocking parallel mode is
the controlling factor in the overall dissociation chain,
then the plot of transition rate versus shock pressure for

137

136

'00", (‘)D (rad /sec)
&
|

134 —

133 4
100 10! 102 103 104 105 108

PRESSURE (bar)

FIG. 2. Debye frequency of nitromethane as a function of

pressure along three shock Hugoniots with initial temperatures
of 244, 298, and 373 K.
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FIG. 3. Nonradiative (shock-induced) transition rates for
several internal modes of nitromethane plotted as a function of
shock pressure along the Hugoniot with initial temperature 298
K. The points marked DLFM are the critical-shock initiation
data obtained by de Longueville, Fauquignon, and Moulard.

this mode provides a pressure-time criterion for initiation
of reactions. Thus it is clear that a shock of a given pres-
sure must be sustained for a time which is some multiple
(of order unity) of Wg;' in order for significant dissocia-
tion to occur.

H. Comparison with pressure-time critical initiation data

In this regard, de Longueville, Fauquignon, and
Moulard (DLFM) reported critical initiation data in the
pressure-time plane for several condensed explosives in-
cluding nitromethane.!* We have included that data
shown as a short-dotted line segment labeled DLFM in
Fig. 3. The inverse of DLFM’s time is plotted on the or-
dinate, Wy;. It is interesting, though possibly coinciden-
tal, that the DLFM data, over its limited range, show
times that are approximately 6—7 times the NO, rocking
parallel mode transition lifetimes at the corresponding
pressures and the curve segments show roughly the same
slope.

VI. CONCLUSION

We have presented a quantum-mechanical calculation
of the transition rates for shock-induced transitions be-
tween the low-lying internal molecular normal modes in a
molecular solid. We have assumed that the shock pro-

duces a distribution of acoustic phonons which become
thermalized before any significant internal-mode phonons
are created. This assumption seems to have been justified
in the case of nitromethane in which the shortest
internal-mode transition lifetimes are of the order of
nanoseconds while lattice relaxation times determined
from Van Vleck’s calculation are of the order of pi-
coseconds or less. In particular, at the von Neumann
spike pressure in nitromethane (about 200 kbar), the NO,
rocking (parallel to NO, plane) mode has an excitation
time of about 4 nsec.

When we compared the excitation lifetimes with the
pressure-time critical initiation data of DLFM, we found
that the times were not inconsistent with the hypothesis
that the overall dissociation rate limiting factor is the re-
laxation time (Wg;') for transferring energy from the
acoustic modes to a limited number of internal molecular
modes (NO, rocking parallel to the NO, plane in ni-
tromethane).

We must reiterate, however, that the numbers we have
obtained for nitromethane are subject to many uncertain-
ties, among them, uncertainties in determining the
Huang-Rhys factor S, for each mode and the uncertainty
in a suitable choice of Debye frequency wp. Small
changes in both of these quantities lead to large changes
in the transition rates. Also, for the great majority of
modes which are not optically active, it is not possible to
determine S,. Perhaps the results of neutron scattering
experiments may give useful information on these modes.
Other problems are the question of the validity of the
Condon approximation [Eq. (8)], the determination of the
anharmonic coupling coefficients [Eqgs. (41) and (42)], the
validity of isolating one internal mode, neglecting the in-
teraction between internal modes, and the use of a single
frequency wp to characterize the acoustic spectrum. Fi-
nally, the shock data available for nitromethane is for the
liquid state whereas the calculations, strictly speaking, ap-
ply to the solid state. We hope that experimenters will be
encouraged to undertake shock experiments on solid ni-
tromethane in order to obtain both Hugoniot data and
critical initiation data. In order to apply the results
presented here to other solid explosives it is necessary that
the explosive be homogeneous and have an internal-mode
spectrum clearly distinguished and well separated from
the lattice spectrum.

Note added. Our attention has recently been drawn to
papers by Kono and Lin" in which the Born-
Oppenheimer approximation has been used to separate
high- and low-frequency vibrations in solids.
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APPENDIX A: ACOUSTIC-MODE WAVE
EQUATION APPROXIMATE SOLUTIONS

The internal-mode eigenvalues, Eq. (24), are the effec-
tive potentials which determine the acoustic-mode Born-
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Oppenheimer wave functions via Eq. (19). To obtain an
approximate solution, expand the eigenvalues € in powers
of g, up to quadratic terms. This is a good approxima-
tion if the anharmonic corrections to the total Hamiltoni-
an are small so that B,C << 1. Then

O€; .
Yy (s +5)C+Fiw, g c (A1)
K
and
3%, C,C,
i — (s +5)—— . A2
aqxaqx Kok (s + 2 ) ﬁwo ( )
Thus the equilibrium acoustic coordinates are
1 CK
Grs=~—(s +7) Fieor (A3)
and the effective potential is
(A4)

€,~€,(q,s)+ 2 %ﬁwx(qx_qxs)z .
K

In Eq. (A4) we have ignored the off-diagonal quadratic
terms since they are small under our previous assump-
tions. These terms lead to mixing of the acoustic coordi-
nates and subsequent modifications of the acoustic fre-
quencies. In terms of the variables §,=¢,—¢,s the
acoustic-wave equation, Eq. (19), becomes

and, transforming the variable of integration from ¢, to
Z, the result is

al/’i (HO) d'pE'HO)(Z) oZ
Y ag. |~ [ o—="1 3q, %
9
+ 3 (InVp)sy; . (B2)

Since f%i, the second term in Eq. (B2) is zero. Differen-
tiating Eq. (20) we obtain

Z _ _ -
03, =3P ‘CxZ +2p7* 3, Bagr—2p""BC, .
9 A
(B3)
Using Egs. (B3), (B2), and (7a) we obtain
fiw
fxf,-=__ ﬁa); l’—;-p_4cx<f Z_a_Z— l)
+2 p—szBld.ql “P_7ch
Y
ad |.
X (f 3Z z> , (B4)

where (f | Z(3/3Z)|i) and (f |(3/3Z)|i) are the usu-

S Lho, 72— 92 +J, |6y =Eod (As) 2l harmonic-oscillator matrix elements. These may be
rul - £ o R e evaluated most conveniently by writing Z and 3/9Z in
terms of the creation and annihilation operators, a' and
where a, and then using the raising and lowering properties of
Jy=(s +Viwo— 3 g2 . (A6) these operators:
K
1

Thus the total-energy eigenvalues are Z= 72(“ +ah), (B5a)

Eq=Ji+ 3 (ne+ 5 Vo, . (A7) 5 :
x 'a—z=72(a —a') , (B5b)

APPENDIX B: EVALUATION OF .Z,5; AND 4,
Using the result in Eq. (25) we obtain al|ny=vn+i|n+1), (B5¢)
Y | Vot HOY 79 _11/7 /(HO)
¥rag |~ IRZ. k¥4 aq. LV PH O Ddas , a|ny=vn|n—1). (B5d)
K K
(B1) The end result is
]

&z ox 13 [p- 3 8 ~"BC, |(Vi§ Vi+18s,41)

Kfi=— Fiog p % xAdr—P k 107; 1—Vi+105;41
+ 5P C i =12y _y =8 — [ + 1) +2)1%81,; 10} | - (B6)

A similar, though lengthier, calculation yields .#,g;. Since the result has many terms, we give here only the lowest-order

term involving powers and products of C, and B,;:

B
/{,‘,,.=_x/§ﬁm,(—ﬁﬁi-(x/isf,,-_l—x/i+18f,,-+1) .

(B7)
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APPENDIX C: APPROXIMATE TRANSITION-RATE FORMULA

Substitute Eq. (26) into Eq. (33f) and substitute the result into Eq. (40) to obtain the Huang-Rhys factor for a transi-

tion from state i to state f:

+\2
SO_MZC?‘ .

= Cl1
2#20h < (&3]
The sum contains N terms, so upon substituting Eq. (41) into (C1) we obtain
a 2 #i @p
—Lfr2p )2 -
So=5f1(f—i) MoD Moy | wg (C2)
In the following we set f =i + 1. Using Eqgs. (27), (33f), (26), (41), (42), and (C2) we obtain
2
1) ®
> Lrir1,ide =4 I—Z‘ (i+1)(2i+1)2S(3)(ﬁwD)2~—D 1+(2i+1)S0—-£ (C3)
K fl @ @o

The second term in large parentheses in Eq. (C3) arises from the second term in Eq. (27). In our application S, is much
less than 1; therefore, we can omit the second term in Eq. (27). Similarly, we obtain

S | Laivri | 2=2(F2/f 1) +1)(2i +12S3(Fwp wp /o (C4)
23 Lriini % Lri 11Ba=8(f2/f )X +1)(2i + 1)S}(#wp ) wp /g (C5)
S M i [P=4f2 /1)U +1)So(Fwp )V wp /wg - (C6)

) ]
Substituting Eqs. (C3)—(C6) into Eq. (33b) we obtain the gt (z0) =¥ P, n>1 (D4)

result given in Eq. (45).

APPENDIX D: VALIDITY OF THE SADDLE-POINT
APPROXIMATION

The integral for the spectral band shape is similar to
the nonradiative transition rate integral, Eq. (34), but with
the nonadiabatic operator replaced by the dipole moment
operator.* The resulting band shape is given by

I(to)= [~ etior+sling (D1)

The saddle-point approximation for the transition rate
is the first term in an asymptotic expansion in the sense
defined by Poincaré.!® In order for the first term to be a
good approximation to the integral, the second term must
be much smaller. The expansion for an integral of the
form in Eq. (D1) has been worked out by Hoare for the
case when the function g(z) and its derivatives are of the
order of N where N is the asymptotic expansion parame-
ter and is presumed large.!” In our case the relevant
asymptotic parameter is p, defined in Eq. (38) in the aver-
age acoustic frequency approximation. The ratio of the
second term in the asymptotic expansion to the first term
must be much less than 1. Using Hoare’s result, we ob-
tain

g(4)(zo) S[g(S)(ZO)]Z

1
= — (D2)
8 |[g"(z0)  3[g"(z0)F

«<1.

In the average acoustic frequency approximation, the
derivatives of g are

g¥(zg)=wHP, n>1 (D3)

where P =(p24+x?)!/2

(D2), we obtain

1
8p

Substituting (D3) and (D4) in

5 2
1—-=
3

2 <«<1. (D5)

From (D5) we see that the second term in the expansion is
less than -5 the first term if |p | is greater than 1, in-
dependently of the value of x [ =S, /sinh(5B#wp)]. We
also see that the second term is less than  the first term
if x is greater than 1. In fact the expansion is asymptotic
in the parameter P so that the approximation becomes
better if either x or p becomes large.

In the case of nonradiative transitions, | p | > 1, so the
criterion is satisfied whatever the value of S,;. In fact
| p | >1 is required for the Born-Oppenheimer approxi-
mation to be valid.

For radiative transitions, however, the saddle-point ap-
proximation is not good. For radiative transitions,

p=—(opto)/op , (D6)

where the positive sign is for emission and the negative
sign is for absorption at frequency w. The range of values
of p which are of interest (that is, values corresponding to
frequencies within the spectral band) is then

Aw
2(0D ’

where Aw is the bandwidth. Since S, typically is much
less than 1, both | p | and x will be much less than 1 so
that conditions (DS5) cannot be satisfied for values of p

which correspond to frequencies lying within a spectral
band.
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