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Analysis of the stationary and transient autocorrelation function in semiconductors
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A theoretical analysis of velocity fluctuations in semiconductors is presented both in steady-state
and in transient-regime conditions. Results obtained from a Monte Carlo procedure are shown for
Si and GaAs. It has been found in particular that (i) off-diagonal contributions to the autocorrela-
tion function must be taken into account; (ii) the convective contribution is positive; (iii) a long tail
in the autocorrelation function, due to intervalley fluctuations, may be present; (iv) the negative part
in the longitudinal autocorrelation function is due to the thermal contribution and is related to the
increasing efficiency of the scattering mechanisms at increasing energies. Furthermore, the trans-

port transient and the correlation transient are analyzed separately but simultaneously through the
two-time autocorrelation function, and their effects on the results are discussed for real cases.

I. INTRODUCTION

This paper presents a general analysis of velocity fluc-
tuations of carriers in semiconductors both in transient
and in steady-state conditions. In recent times the
analysis of velocity fluctuations of charge carriers in semi-
conductors in the presence of high external electric fields
has received renewed attention. ' ' Modern microelect-
ronics technology, in fact, has reached the submicrometer
scale of miniaturization, to which deeper insight into the
physics of transport phenomena is required, ' and fluctua-
tions come to play an increasing role in the design and
characterization of a device. Furthermore, a theoretical
analysis of fluctuations at sufficiently high frequencies
can yield significant information on the physical proper-
ties of the scattering sources present in the material under
consideration and, more generally, on the microscopic in-
terpretation of its transport properties.

Several papers have appeared on this subject in recent
years. However, no rigorous account has yet been given of
the different sources for such fluctuations, ' and very few
results have been reported on transient fluctuations. '

We present here a unified analysis of diffusion and
noise problems obtained by means of the velocity auto-
correlation function. This method can be used to describe
both steady-state (Sec. II) and transient (Sec. III}phenom-
ena, and also to analyze the different contributions to the
diffusivity due to the different physical sources of fluctua-
tions which arise in the presence of an applied electric
field.

Results obtained with a Monte Carlo procedure will be
shown for covalent (silicon) and polar (gallium arsenide)
materials.

II. AUTOCORRELATION FUNCTION
DIFFUSION, AND NOISE IN STATIONARY

CONDITIONS

A. Theoretical analysis

Let us consider a homogeneous ensemble of carriers
subject to a uniform static electric field E in steady-state

D= Ct (2)

Thus D can be determined by Eq. (2) from the evaluation
of C(r). It is worth noting that the calculation of C(t) is
of interest in itself, because its analysis, as we shall see,
yields a lot of physical information on the time evolution
of the dynamic system under investigation.

Another important relation exists between the diffusion
coefficient and the noise spectrum of velocity fluctuations,
defined as

1 T 2
&„(ro)= hm — f 5u(r)e'"'Ch

t~+e T

With the use of the Wiener-Kintchine theorem' the well-
known relation

D =-,'S,(0)

is found. In what follows we shall describe the different
origins of the various terms which can contribute to the
diffusion process of carriers in semiconductors. In doing
so, we shall consider a many-valley semiconductor with
two types of valleys (this is the case, for example, of n-Si
with the external field along a [100] direction}.

Let us consider an electron that, at time t, is in a valley

conditions. The diffusion phenomenon is strictly related
to noise. This is so because both of them are essentially
due to the stochastic velocity fluctuations 5v(t) of each

particle over the drift value ud. The mathematical quanti-
ty which describes the common origin of diffusion and
noise is the autocorrelation function of velocity fluctua-
tions, which, in one dimension, is defined as

C(r) = (5u(r')5u (r'+r) ),
where the angular brackets indicate ensemble average, and
the mean value, in steady-state conditions, is independent
of t'. This quantity carries the information on how large
these fluctuations are and how they decay in time.

C(t) is related to the diffusion coefficient D through the
equation'
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FIG. 3. Mean velocity (continuous line and left scale) and dis-
tribution function (dashed line and right scale) as functions of
energy for electrons in Si at the indicated temperature and field.

(b)—

TIME (ps)
FIG. 2. (a) Autocorrelation function of thermal and convec-

tive fluctuations for electrons in Si at 77 K and E=10 kV/cm
(see Sec. II); (b) Off-diagonal terms C„,(t) and C,„(t) which con-
tribute significantly to the total velocity autocorrelation function
for the case shown in (a).

where the average is performed over many different parti-
cles. For times larger than the initial transient, the time
dependence of M(t) becomes linear and yields the dif-
fusion coefficient as

1D= M(t) . ——
2 t

D can also be obtained from a numerical evaluation of the
integral in Eq. (2) once C(t) has been obtained. The phys-
ical models used in the calculations for Si and GaAs used
in this paper are those reported by Brunetti et al. ~' and
Ruch, respectively.

C. Results for silicon

Results for electrons in Si have been obtained with an
applied electric field E= 10 kV/cm and a crystal tempera-
ture of 77 K. The simplest physical situation to discuss is
that with the valleys symmetrically oriented with respect
to the direction of the external field (E~

~
[111]).

Figures 1 and 2 report the autocorrelation function of
velocity fluctuations and the different contributions,

respectively, as analyzed in Sec. II A, for the case

E~ ~[111]. Within this analysis it is seen that a negative
part in the total autocorrelation function is present, which
is mostly due to the thermal contribution. Furthermore,
the off-diagonal term C,„(t) of the autocorrelation func-
tion, as defined in Eq. (6), also gives an appreciable contri-
bution to the negative part, largely compensated by a posi-
tive contribution of C„,(t) The part. icular form of these
contributions is related to the energy dependence of the
scattering mechanisms. In fact, if at a given time t a posi-
tive fluctuation of electron momentum occurs, at a later
time, due to the larger absorbed power, a positive fluctua-
tion of energy is likely to occur; this, in turn, leads to an
increase in the scattering efficiency, so there is a greater
probability that a scattering will occur. Since each
scattering is momentum randomizing, at larger times neg-
ative fluctuations of momentum will follow.

In order to connect this sequence of events to the shapes
of the different terms CJ(t), we need to relate energy fluc-
tuations to velocity fluctuations 5v, (t). Figure 3 shows
v, z as a function of energy in Si for the same temperature
and field considered above. It can be seen here that v,z is
an increasing function of e, so that a positive 5e will cor-
respond to a positive 5v, (t)

By collecting the above considerations, it can be under-
stood why C„, is positive, C,„ is negative, and C„„is posi-
tive at smaller t and negative at larger t, with a minimum
which is reached at times greater than the extrema of C«
and C,„(see Fig. 2).

In this case, therefore, the fact that the scattering prob-
ability is an increasing function of energy yields a negative
contribution to longitudinal diffusivity through a negative
part of C„„and not through a negative convective contri-
bution C„,which exhibits a regular behavior with a small



5742 ROSSELLA BRUNETTI AND CARLO JACOBONI 29

80

1.5
S i elect rons

(0

Eo 1.0
C)

G
0.5

T =77 K

E100= 10 kV Cm"

Ckk
ccc
cvv

60

OJ

E 40

(Q

20
C5

0.2 I
I

I

0

-0.4

z',
o

0
C30

-0.2

~ ~ ~ ~ ~ ~

Cc
~a w c

I&C

(b)

tL
00

M

-20

FREQUENCY (10 GHz )

FIG. 5. Spectral density of velocity fluctuations and its com-
ponents for electrons in Si at the indicated temperature and field
obtained as Fourier transforms of the autocorrelation function
shown in Figs. 1 and 4. The lettering of the curves is defined in

the text.
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FIG. 4. (a) Autocorrelation function of thermal, convective,

and intervalley fluctuations for electrons in Si at 77 K and

E=10 kV/cm (See Sec. II); (b) off-diagonal terms C„,(t) and

C,„(t) which contribute to the total autocorrelation function for
the case shown in (a).

In a transverse direction, for Ei ~[100] velocity fluctua-
tions are due only to thermal fluctuations (ui ——u i

——udUv —U~v —Ud

=0); their autocorrelation is always positive, since no en-

ergy transfer is associated with velocity fluctuations. For
this reason D, is always larger than DI, when the scatter-
ing efficiency is an increasing function of E.

Figure 5 shows the noise spectral density S„(co) for the

case of Ei ~[100] discussed above. Again, the peculiar
shape of the total S„(co) can be understood from the

The whi
analysis of the partial contributions also show

' F' 5wn in ig.
e w ite-noise value of the total spectrum, correspond-

ing to a diffusion coefficient of 41 cm /s, is strongly in-

2
uenced by the large intervalley contribution (D =31n vv=

cm /s). This term shows the most rapid decrease at in-

creasing frequencies due to the largest relaxation time of
the intervalley velocity fluctuations. The thermal term
gives a relatively small contribution (D =14 cm /s) t

e white-noise level as an effect of the cancellation of the
negative and positive parts of C„„,and has a bump, due to
the strong oscillation of C„„. The convective contribution,
with a white-noise level corresponding to D« 10 cm /s, ——
is present with a monotonically decreasing behavior, and
is always positive. The off-diagonal terms S„, and S,„
have similar shapes of opposite signs; their cumulative
contribution, which is relatively small, is negative at low

requencies, corresponding to a negative contribution to
diffusivity, and becomes positive at high frequencies.

Thhe total noise spectrum corresponding to the sum of
th
beh

e di erent terms seen above shows a non-Lorent
'

en zian
e avior with a fast initial decrease due to the decrease in

the intervalley term followed by a bump due to the

negative part. Other off-diagonal terms are, in this case,
much smaller.

Figures 1 and 4 report the autocorrelation function of
velocity fluctuations and its different contributions,

respectively, as analyzed in Sec. II A for Ei ~[100]. In this
case the different valleys have nonequivalent orientations
with respect to the field direction, and therefore different

components of the drift velocity along the direction of E,
so that the phenomenon of longitudinal intervalley dif-
fusion occurs. ' The intervalley contribution to C(t) is re-

sponsible for the long tail of the total autocorrelation

function, absent for the case Ei
~

[111](see Fig. 1), since the
intervalley transition time is the largest of the characteris-
tic times of the process under investigation in these condi-
tions of field and temperature. If we evaluate the integral

valle
of the intervalley contribution C~ we find for th

' tor e inter-
va ey diffusion coefficient the value Di.i. 24 cm /s, ——
which is very close to the difference DIuo —Di» ——21
cm /s (Ref. 21).

The conclusion that such a difference is due to interv 1-

le
~ ~

in erva-
ey fluctuations is confirmed by the observation that the

thermal and convective contributions to the total auto-
correlation function are very similar for the two field
orientations (see Figs. 2 and 4).
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If there is no correlation between the initial positions and
velocities of the particles, Eq. (14) becomes

D(t)= I drC, (~), (15)

with

(16)

where we have set in Eq. (15) ~=i' t. —Equation (15)
iedllces to Eq. (2) 1I1 steady-state coIlditloils (t~ 00 ).

By comparing these two expressions, we see that in the
present case (i) the integration interval does not extend to
+ ae but toward the past, back only as far as the initial

conditions; this finite integration brings about the effect of
correlation transient, and (ii) the autocorrelation function
to be integrated in the transient analysis [Eq. (16)] is not
time independent; it is given by the specific ensemble aver-
age at a particular time, and its shape provides informa-
tion about the transport txansient.

The transient, autocorrelation function C, (~), also called
two-tlIIle Rutocorrelatlon funct1on caI1 be calculated witll
a Monte Carlo procedure through the simulation of' the
dynamics of an ensemble of electrons. At fixed times 0,
ht, 2bt, . . . , the direct calculation of the velocity fluc-
tuations is performed with respect to the mean value, cal-
culated at the same time over the carrier ensemble. The
products U(ibr)u(jest), j=0,1, . . . , i are then averaged
over the ensemble and they give i+ 1 values of the tran-
sient autocorrelation function at the time t =id, t.

The analysis of the various contributions to the auto-
correlation function [see Eq. (6)], according to the separa-
tion in Eq. (5), can also be obtained for the transient case
in a similar way. The present analysis holds also if the
field is switched on at a time tz larger than the time I=O
of the initial conditions. In this case the effect of the
transport transient is separated in time from the initial
correlation transient of the zero-field diffusion (see the
next section).
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B. Results for silicon

As an application of the general theory outlined in the
preceding section, we now discuss a few special examples
which contain the significant features of most of the in-
teresting cases. All the results have been obtained with
the Monte Carlo technique for electrons in Si with the sil-
icon model referenced in Sec. II B.

Figure 10 presents results for the second central mo-
ment, the transient longitudinal diffusion coefficient, ob-
tained with Eq. (12), and the mean velocity, as functions
of time for electrons in Si with E»i ——10 kV/cm. The fol-
lowing initial conditions have been taken: electrons are
randomly situated in one of the six valleys with equal
probability; the velocities are chosen according to an
equilibrium Maxwellian distribution, and the electrons are
all positioned at ~=0.

Figure 10 shows that the second central moment first
increases quadratically with time, as predicted by ballistic
behavior. At intermediate times (0.2—1 ps) an irregular
behavior is exhibited by the diffusivity: a tendency to lev-
el off, followed by an overshoot (t=0.8 ps). Then, at suf-
ficiently long times, the second central moment shows the

TIME (ps)
FIG. 10. Second central moment (a), longitudinal diffusion

coefficient (b), and mean velocity (c) as functions of time for
electrons in Si at 77 K and E=10 kV/cm along a (111)direc-
tion.

linear dependence on time with the slope corresponding to
the steady-state diffusion.

This behavior is due essentially to the combined action
of the acceleration impressed by the external field and of
the dissipation of energy and momentum associated with
intervalley scattering. At the very beginning the field ac-
celerates the electron gas, and all the particles move to-
ward the region of energy where intervalley emission be-
comes possible. In this interval of time (0—0.2 ps) we
have the ballistic regime, in which both mean velocity and
diffusivity increase linearly with time [see Figs. 10(b) and
10(c)]. The fastest electrons will then undergo intervalley
scattering, becoming in this way very slow; as a conse-
quence mean velocity and diffusivity tend to level off
(I=0 5ps). Late. r, as an effect of the scattering, we have a
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separation between fast electrons (those which have not
yet undergone scattering) and slow electrons (which did
undergo scattering), which causes a fast increase in the
diffusivity [see Fig. 10(b)] and a decrease in the mean
velocity [see Fig. 10(c)] after its maximum value (t=0.8
ps). Finally, due to the randomness of the scattering, the
randomized steady distribution of velocities will be set up,
and both (U) and D reach the steady-state value; the
steady diffusivity is lower than the overshoot value be-
cause each particle becomes, in steady-state conditions, al-

FIG. 11. Transient velocity autocorrelation function vs corre-
lation time ~ at fixed times t (reported in ps over each curve in

the figure) for electrons in Si at 77 K and E= 10 kV/ctn along a
(100) direction. Each curve is interrupted at ~=t when the
correlation with the initial conditions is reached. The stationary
autocorrelation function (continuous line) is shown for compar-
ison.

ternatively slow and fast, with a reduction in the spread-
ing rate at long- times, as indicated by the negative part in
the stationary autocorrelation function.

As previously noted, the results on transient diffusion
can be analyzed and understood in terms of the transient
autocorrelation function C, (w). The examples presented
below (Figs. 11 and 12) refer to the silicon case with
E= 10 kV/cm.

However, here the field has been chosen along a (100)
direction in order to add to the discussion the effect of the
interv alley contribution to the diffusivity. Figure 11
shows the transient autocorrelation function, as a function
of w at various times t; the same initial conditions used in
Fig. 10 have been taken. Each of these curves is interrupt-
ed at ~=t when the correlation with the initial conditions
is reached. The area under each curve gives the corre-
sponding value at time t of the transient diffusion coeffi-
cient. At very short times this area is very small both be-
cause C, (~) starts from low values, and because it is inter-
rupted at short r. The first effect is a consequence of the
transport transient, the electrons being still "cold," while
the second effect is present because at small times the
correlations are not yet established (correlation transient).
As t increases, the area reaches larger values, and it is
maximum when the positive part of the C, (r) is totally
present and a negative part is not yet present. This leads
to the overshoot of the transient diffusivity. When nega-
tive correlations are established, D (t) decreases toward the
steady-state value, which is attained when the shape of
C,(r) reproduces the steady-state function and the integral
of the autocorrelation function is extended to all signifi-
cant values of ~.

It is particularly interesting to reproduce the same
analysis for the intervalley contribution alone. Figure 12
shows the transient autocorrelation function C~q (~) for
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FIG. 12. Transient intervalley autocorrelation function vs
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FIG. 13. Transient diffusivity as a function of time for elec-

trons in Si at 77 K, in a physical situation in which a field

E~~~ ——10 kV/cm is switched on at time t, =9.57 ps after the ini-

tial conditions (t=0) of uncorrelated particles.
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the intervalley velocity fluctuations 5uv(t), defined in Sec.
IIIA, as a function of ~ for various times t. The most
striking aspect of this set of curves is the presence of a
bump which is shifted toward a greater value of ~ as t in-
creases. This phenomenon is clearly due to the velocity
overshoot in the two types of valleys which increases the
value of 5ui (t) with respect to the steady state. As t in-

creases, this overshoot recedes more and more in the past,
so that it is seen at larger correlation times until it van-
ishes, when any memory of the overshoot effect is lost.

The overshoot of the GaAs diffusivity can be
analyzed in a similar way, and a negative part of the tran-
sient autocorrelation function prevails over the positive
part at the times when D is found negative. ~ This strong
negative correlation is a consequence of the electron
transfer back and forth from central to upper valleys, as
discussed above.

As a final result, we report in Fig. 13 an analysis of the
transient diffusivity in a case in which the electric field is
applied after the onset of the zero-field correlations. Be-
fore application of the field, the diffusivity slowly reaches
the steady-state value in about 10 ps. %hen the electric
field is applied, a transport transient occurs, with heating
of the carriers, on a shorter time scale (in about 2 ps); dur-

ing this time new correlations are established and the dif-
fusivity reaches the new lower steady value, passing
through a minimum with a region of negative values.
This negative region is in great contrast with the
overshoot of D seen for the case in Fig. 10. This can be
explained by considering that the first electrons which un-

dergo intervalley scattering after the field application are
the fastest electrons in the direction of the field; during
the first part of the process (zero-field correlation tran-
sient) the distributions of carriers have fully developed the
space-velocity correlations at the basis of the diffusion
process, so that a slowing down of the fastest particles due
to intervalley scattering produces a shrinking of the space

distribution, corresponding to the negative D. It may be
useful to compare the behavior of D after the onset of the
field in Fig. 13 with Fig. 10(b) in order to appreciate the
influence of initial conditions in the transient diffusion.

IV. CONCLUSIONS

This paper reports a theoretical analysis of the velocity
fluctuations in semiconductors both in steady-state and in
transient conditions. Two points of novelty have been in-
troduced into the discussion. The first concerns the
separation of the different contributions to the diffusivity
due to the different physical sources of velocity fluctua-
tions in the material. This analysis is important in that it
enables a deeper insight into the microscopic evaluation of
the carrier ensemble subject to an external field.

The second contribution concerns theoretical analysis of
the transient diffusivity. Starting from a generalization to
transient regimes of the steady-state relation which con-
nects the diffusion coefficient and the velocity autocorre-
lation function, a separate analysis of the correlation tran-
sient and of the transport transient has been presented.
These results are important particularly in connection
with the realization of very small (submicrometer) semi-
conductor devices, for which the transit time is compar-
able with the time necessary to attain the steady-state con-
ditions. Through the use of the Monte Carlo simulative
technique, results have been obtained for Si and GaAs.
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