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Failure of the classical approximation for CsNiF3
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An exact numerical-transfer-matrix method is used to calculate the thermodynamic properties of an

easy-plane Heisenberg ferromagnet with in-plane magnetic field. The results clearly show that the often-

adopted classical approximation is totally inadequate for CsNiF3 in typical experimental circumstances. In

particular, it is shown that a quantum treatment of the out-of-plane fluctuations is crucial.

The properties of a ferromagnetic chain with easy-plane
anisotropy in a symmetry-breaking external field

N N
P'= —2J $ Rt C t++tD $ (Sj)'—gp, sH $ Sf

j 1 j~] j 1

we briefly describe the TM method. Let us take a magnetic
chain described by a symmetric Hamiltonian with nearest-
neighbor (NN) interaction

H= $ H(Kt, St+ t', H(Zt, g, + t) = H(zst+t, $t)

have attracted much interest in recent years. On one hand,
there is a material, CiNiF3, which is described by (1); on
the other hand, in the classical limit the Hamiltonian (I)
may be approximated (in the continuum limit and for
D ~) by the sine-Gordon (SG) one. ' The classical SG is

a prototype system for studying linear excitations as well as
nonlinear excitations, breathers, and topologically stable sol-
itons and how they affect the thermodynamic and scattering
properties. '

However, much experimental work on CsNiF3 ad-
dressed to provide a direct evidence of the role of nonlinear
modes has not been interpreted in a univocal way. ~ Also,
more recent theories that start with the full Hamiltonian (1)
have not yet clarified the problem. In particular, various
authors have estimated in the continuum limit the effect
due to out-of-plane fluctuations on the thermodynamic
properties. These theories, which lead to a reduction of
about 20—30'/0 of the SG soliton energy, assume the classi-
cal approximation to be valid for CsNiF3 in typical experi-
mental circumstances. '

In this paper we show that the universal behavior of the
experimental data for the magnetization" (a soliton-
insensitive quantity) on the parameter k&T/(HJ)' ', with
H = gp, &H, unexplicable by classical models, is reproduced
at low temperatures by a simple quantum spin-wave theory.
In particular, we find that even at T=O, owing to zero-
point motion, the out-of-plane fluctuations are very strong.
Consequently, the applicability of the classical model to
describe CsNiF3 is suspect. In order to analyze the validity
of this approximation, we calculate the thermodynamic
properties for the classical system with Hamiltonian (1) us-
ing a numerical-transfer-matrix (TM) method. Since this
method is exact, from the comparison with the experimental
data, we conclude that the classical approximation is abso-
lutely inadequate for CsNiF3 in the range of parameters
(field and temperature) of interest. Finally, the validity of
some theoretical predictions is examined by a comparison
with our exact TM results.

Before discussing the various thermodynamic properties,

with periodic condition for the classical spin vectors. By
means of the transfer-integral formalism' any thermo-
dynamic property can be expressed in terms of eigenvalues
and eigenfunctions of the integral equation

J dRt+&exp[ —PH(St, K;+))]P„g;+))=X„y„gt) . (2)

The explicit expressions of the thermodynamic quantities in
terms of A. „and P„8,) have been quoted elsewhere. " For
an axially symmetric system an angular integration can be
done analytically and the remaining integration can be sim-

ply performed by a Gaussian method. ' However, for the
model (1) the lack of axial isotropy makes the solution
more complicated owing to the double integration that re-
quires much computer time. To overcome this difficulty we
have performed the integral (2) using McLaren's 72-point,
14th degree formula for integrals over the surface of a
sphere, a method already used by Pandit and Tannous' for
the classical canted antiferromagnetic chain. The accuracy
of this method can be checked by comparing the results ob-
tained for H = 0 or D = 0 with those obtained by using the
standard technique: consistent results have indeed been
found in all ranges of interest of the parameters. In addi-
tion, our results exactly reproduce the magnetization data
obtained by Loveluck, Schneider, Stoll, and Jauslin, for
H = 5 kG, carrying the double integration.

In all our calculations we have assumed values of parame-
ters appropriate for CsNiF3.. J=11.8 K, S=1, g=2.4. For
the easy-plane anisotropy, consistently with the classical ap-
proximation, we have taken D =4.5 K.

(i) Magnetization. Cibert" has analyzed the experimental
data by Rosinski and Elschner'4 of the magnetization (Ss)
finding that it is a universal function of kttT/(HJ)'lz. It is
known that classical planar" and classical Heisenberg
models'6 show universality for low H/J, while the classical
easy-plane model is close to the planar one at low tempera-
tures and exhibits a crossover towards the Heisenberg limit
for high temperatures. In order to understand this behavior
we have calculated (Ss) by TM as well as by a quantum

29 5246 O1984 The American Physical Society



FAILURE OF THE CLASSICAL APPROXIMATION FOR CsNiF3 5247

linear-spin-wave (LSW) theory. Following Reiter, s at the
lowest order we obtain the diagonalized Bose Hamiltonian

~B x pikhk bk
k

with bk and bk Bose operators and

pik=s[(Jo Jk) +2(D+H)(Jo Jk)+2DH+H )

where Jk = 4J cosk, D = D (S—
2 )/S = 4.5 K. The magneti-

zation is given by

0.5

M, 025I

(S~) = S —/ti-' X [(ok'+P'„) nk+Pk]
k

(4) 2.5 7.5 10

where ak = cosh8k, Pk = sinh8k, and tanh(28k) = D ( Jp
—Jk+D+H) ', nk is the Bose factor. In Fig. 1 we report
the predictions of quantum LSW and the TM results for
(S~) vs ks T/(HJ)'/2. It is evident that, whereas the classi-
cal results in no case are universal function, the existence of
a scaling law for the quantum results is clearly demonstrat-
ed. The agreement with the experimental data is very good
as far as AT(HJ)t~/z —2. These results clearly show that a
correct quantum treatment of the out-of-plane fluctuations
is required. In order to elucidate the different behavior of
these fluctuations in the classical and quantum case, we
have calculated the quantity ((S;)2) which in the quantum
LSW theory is given by

((si)')'= (S/2)N 'X («—pk)'(2nk+1) (5)

This quantity is shown in Fig. 2 together with its classical
counterpart

((S') )"=SktiT[(JpS+2DS+H) (JpS) j—
and with TM results versus T for H= 15 kG. In the classi-
cal case ((Si')2) vanishes for T 0 and increases almost
linearly with T. This strong variation explains the crossover
found by TM methods6 between the planar model at low T
and the Heisenberg one at high T for the magnetization. In
the quantum case at T = 0 the out-of-plane fluctuations for
the easy-plane model (1) are very large: ((Sf)2) —0.424
for H = 15 kG, to be compared with the value 0.5 (indepen-
dent of H) for the isotropic Heisenberg model. The ther-

FIG. 2. Temperature dependence of the out-of-plane fluctuations
((Sf)2) for H = 15 kG. Full line: TM data. Dashed line: classical
LSW results. Dashed-dotted line: quantum LSW results.

mal increment is extremely slow in the range of tempera-
tures examined, thus explaining the universal behavior ex-
perimentally found for the magnetization of CsNiF3. Our
quantum results for ((Si')2) are found to be in agreement
with the exact finite chain calculation by Tammetta and Oit-
maa' at low temperatures.

These results for the quantum easy-plane system (1)
strongly suggest the inadequacy of the classical model to
describe CsNiF3.

(t'i) Specific heat. Ramirez and Wolf in their measures of
specific heat4 notice the presence of an extra contribution to
the specific-heat difference AC= CH —CH 0, where CH is
the specific heat measured in a symmetry-breaking external
field. This anomaly is not reproducible by a quantum LSW
theory, that would give a negative 5C~~ and is attributed to
thermal soliton excitations. By means of the TM
method we have calculated the classical specific heat for the
model (1) both for H=O and HA 0. It should be noted
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FIG. l. Universal plot for reduced magnetization (S")r/
(S+) r p vs AT/(HJ)' . Curves: TM data. Symbols: quantum
LSW theory results.

H (kG)

FIG. 3. Field dependence of (AC —ACsw)//Nks at different
values of T. Full line: TM data. Symbols: experimental data (Ref.
4) for CsNiF3.
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