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We contrast, on the same figure, our phenomenological renormalization-group results on the S =1
Heisenberg-Ising antiferromagnetic chain with results that we have recently obtained for S —% and § = -;—

The different behaviors of integer- and half-integer-spin chains are revealed very clearly. This confirms

the conclusion of our Communication.

We really thank Bonner and Miuiller for their comment on
the Communication ‘‘Ground-state properties of a spin-1
antiferromagnetic chain>> by two of us (R.B. and R.J).!
They give us the opportunity, by replying to their remarks,
to present here clear numerical evidence for the different
behavior of integer- and half-integer-spin antiferromagnetic
(AF) Heisenberg-Ising chains.

Bonner and Miiller focus their criticisms on our extrapola-
tion to N — o of A.(N,N +2), the location of the crossings
of the successive scaled gaps NGy(\) between the two
lowest states for A > 1. In our Communication we conclude
that a transition occurs at a given . different from A=1 in
the infinite N spin-1 chain. They argue that the same kind
of extrapolation done in the spin-% case yields also a transi-
tion at a given A, different than A =1, while it is known that
\c is rigorously equal to 1 in that case. To make the com-
parison between their analysis and our analysis more tran-
sparent and to let the reader judge for himself, we would
like to present both results on the same figure. For that
purpose we have performed a new series of calculations
more complete and more precise than before. We have cal-

culated Gy(A) for S=+, 1, and 3, respectively, up to

N =16,12,10 (our calculation for S =% adds two points to
the results by Bonner and Miiller). Details of the present
calculation have been reported recently.? Let us present
here in Fig. 1 the results for A.(N,N +2) just to clarify the
point of controversy. We have dropped the trivial point cor-
responding to N =2,4 which does not depend on S
[x.(2,4)=1]. Moreover, we have voluntarily not drawn
any straight line going through more than two successive
points. In the light of these results, we must say that the
behavior of A.(N,N +2) when N increases is drastically dif-
ferent for S = % and -:— than for S =1: while the points are
decreasing for S = —;— and % they are increasing for S =1, up
to the largest size for which we have been able to perform
the calculation. Moreover, while the curvature is negative
for S=—;—, and S=%, it is positive for S =1 (at least for
N >4). We completely agree with Bonner and Miuiller that
any extrapolation to N — oo must be done carefully. How-
ever, we still believe that, while the points for § =—;— seem
to converge nicely to the exact value A.=1, the points for
S =1 seem to converge to a value definitively larger than 1.
The positive curvature that we observe here in our more
precise results yields an extrapolated value, A= 1.22,% even
larger than the one reported in our paper. Obviously, we
cannot exclude a priori that there could be some downturn
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in the S=1 curve for a characteristic size N=N* with
N*==20 or 30 as Bonner and Mtiller suggested. This possi-
bility, which already would have been very strange, when
the S= % results were not yet known, becomes even more

doubtful now when looking at the S=% results. How

would one explain that N* is so large for integer spins while
it stays small for half-integer spins? With this type argu-
ment, any kind of finite-size scaling results could be invali-
dated!

Several other points have been raised by the authors of
the Comment. One point concerns the location of the XY
phase boundary, A, v Numerically, we found )‘01 <0.1 and
we must say that the conclusion A, =0 was only a sugges-
tion in our Communication. This conclusion is in apparent
contradiction with the fact that an essential singularity oc-
curs at D =D, 0 when a single ion anisotropy 2,~DS,~’2 is
added to the XY part (A=0).* This causes some problems
when drawing the complete phase diagram in the (A,D)
plane, as it has been extensively discussed in a recent publi-
cation.’ Another point concerns the possibility that at
A= )‘cz’ only one isolated excited state would join the
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FIG. 1. Plot of A, (N,N +2) vs 1I/(N +1) for S=7, 1, =.
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ground state, instead of a whole continuum of states. In
that hypothesis, the correlation function would not show a
power-law behavior at x—)\,,z as we stated. We agree that
we did not answer this point in (1) since only the behavior
of the first excited state was reported. We have recently
computed other excited states.? The next excited state goes
through a minimum at A=A, and for =1, Ayn—1.2
when N — oo (while Ay —1 for S=%) and the second
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gap at Amin tends to zero.? This result shows that the first
excited state is certainly not isolated. At last we would like
to say that ‘‘universality’’ has no meaning unless it has
been demonstrated. To our knowledge, nobody demonstrat-
ed that the ground-state properties of gquantum spin chains
would not depend on the size of the spin. Our results tend
to show that such kind of universality does not occur in the
case studied here.
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