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Linked-cluster series analysis of the Blume-Capel model
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Linked-cluster series have been obtained for the Blume-Capel model in an fcc lattice to the eighth
order. We show that the linked-cluster series aided by the standard extrapolation techniques pro-
vide an effective method in the study of models which display first-order phase transitions as mell

as second-order phase transitions. The full phase diagram and the tricritical phenomena have been
studied. Results are compared with those of the Monte Carlo simulation and the high-temperature
and low-temperature series analysis.

I. INTRODUCTION

The Blume-Capel model which displays a tricritical
point in its phase diagram has attracted a lot of attention
from research workers. As first pointed out by Griffiths,
in a full three-dimensional thermodynamic space three
critical lines intersect at the tricritical point. The tricriti-
cal phenomena have been shown to be different from the
ordinary critical phenomena. In a renormalization-group
calculation, Riedel and Wegner showed that the tricritiml
behavior of a three-dimensional Gaussian model is
described by the classical (mean-field) exponents with log-
arithmic corrections. Tricritical behavior in the metamag-
netic transitions of DAG (dysprosium aluminum garnet)
(Ref. 4) and FeC12 (Ref. 5), phase separations of the He-
He mixture, and the structural phase transition of

NH4C1 have been extensively studied experimentally.
To calculate the detailed behavior near the tricritiml

point, the Blume-Capel model is one of very few models
which are amenable to such studies. The series-expansion
method has been one of the most powerful methods in
the study of phase transitions and critical phenomena. It
not only can provide accurate critical exponents as the
renormalization-group theory does, but also gives the ac-
curate phase diagram for the system. The method has
been applied to study the Blume-Capel model with much
success. '

Difficulties, however, have arisen in the determination
of the first-order branch of the phase boundary. While
the series-expansion method has provided the most accu-
rate estimates of the critical temperature utilizing the
strong divergent behavior of certain thermodynamic quan-
tities at the critical point, the same method cannot be ap-
plied when the phase transition is of first order. Normally
it is then necessary to calculate the free energies of the two
phases and to locate the transition point where the free en-
ergies are equal. In the series method, Saul, Wortis, and
Stauffer' (hereafter referred to as SWS) have used the
low-temperature and the high-temperature series to esti-
mate the free energies of the two phases, respectively. The
intersection of the free energies then determines the transi-
tion point. This method gives quite accurate results for
the first-order phase boundary when the discontinuity of
the order parameter is large but the accuracy is lost as the

tricritical point is approached. As SWS pointed out, the
line of equal free energy has failed to merge, at the tricriti-
cal point and thereafter, with the second-order phase
boundary which can be found to a very high accuracy by
considering the divergence of the susceptibility function.
SWS (Ref. 10), however, have given the most careful and
detailed analysis within the limits of the method. Indeed,
it is this fine work which gave us the impetus for attempt-
ing a different approach.

In this paper we show that the first-order phase boun-
dary can be found accurately, and the tricritical behavior
can be explored fully using the linked-cluster series aided
by the standard extrapolation techniques. This restores
the full availability of the series method in the study of
phase transition and critical phenomena. The linked-
cluster series-expansion method has been used to generate
high-temperature series" and to compute the thermo-
dynamic quantities in the "high-density approximation. "'
Extensive reviews have been given by Wortis" and Cal-
len. ' Our use of it in conjunction with the extrapolation
techniques' enables us to obtain accurate results both in
the ordered and the disordered phases. This method has
been applied to the Ising model' where its relations to the
other series found in arbitrary field or with constant mag-
netization' have been discussed.

In the next section we briefly discuss the method ap-
plied to the Blume-Capel model. The results of the calcu-
lations are presented in Sec. III where comparisons with
the Monte Carlo results' are also discussed. A conclusion
is given in Sec. IV.

II. BLUME-CAPEL MODEL
AND THE LINKED-CLUSTER SERIES EXPANSION

The Hamiltonian of the Blume-Capel model' is given as

H = —J g S SJ'+6g (S,') —h g S
&,J&

''
where S= 1 and the ferromagnetic pair interactions are re-
stricted to nearest-neighbor spin pairs only. The second
term gives rise to the zero-field splitting raising the energy
of the S'=+1 states above the S'=0 state by b, . The last
term represents the Zeeman energy.

In the mean-field approximation the phase transition
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H=Hp+H), (2)

remains second order up to a tricritical point at
5/zJ= —', ln2 (kii T/zJ= —,

'
) and becomes first order there-

after, but for 5/zJ & —,
'

no phase transition occurs. Here z
is the coordination number of the lattice. Two (first-
order) "wings" extend out symmetrically along the first-
order phase boundary and are bounded by second-order
critical lines' in the three-dimensional b-T-h phase space.
Thus three critical lines meet at the tricritical point.

To analyze the model by the linked-cluster series
method we first divide the Hamiltonian into two parts.
The unperturbed part consists of all the single-ion poten-
tials including an effective-field term which is extracted
from the pair-interaction Hamiltonian and is character-
ized by an effective-field parameter. The rest of the Ham-
iltonian is treated as a perturbation. We write

A~ = g R~«C l«
1 1

2 n!

where

b= e "(e«—e «)

1+e "(e"+e «)

e "(e"+e ")C=
1+e "(e«+e «)

(10)

The coefficients a~«are given in Table I up to n =8.
It should be recalled that the free energy found is a

function of h and r; M is simply a free parameter. The
magnetization can be found by taking derivatives of PF—
with respect to y (or Ph). This gives the same equation as
'dF/dM=O; thus M is identified as the magnetization of
the system. The series is

where

H, =4g (S,')' —(h +JzM) g S,'+ ,'NJzM'—,

M=b+ g 8„(x,y)(PJ)",
71 =2

where

(12)

IIi ———J g (S —M)(Sq' —M) .
&~j)

In H0 and H& M is a free parameter which can be chosen
to minimize the free energy. It can be shown"' that the
parameter M so chosen is equal to the self-consistently
determined magnetization or the order parameter of the
system. Thus, in essence, the perturbation Hamiltonian
describes correlations between spin fluctuations.

The free energy of the system per spin can be calculated
by the linked-cluster series-expansion method:"

F=F0+LF,

X '=Xp (14)

where kti'rXo is the second-order derivative of PF with—
respect to y. The quadrupolar moment and quadrupolar
susceptibility can be similarly found by taking derivatives
of PF with res—pect to x,

m,p
". mp

The coefficients P"«are shown in Table II. The suscepti-
bility X is given by

1 —PHOPF =—ln —Tre0 (6)

(7)

and

= ((s')') =-
Ox

(16)

with

13F= lBFO+ g —A„(x,y)—(PJ)"
7t =2

(8a)

—PFo =in[1+ e "(e«+e «) j——,
' PJzM (8b)

where x=PA and y=P(h+12JM). In fact, the coeffi-
cients A„arefinite polynomials of h and c. We find

In Eq. (7) the angular brackets denote the canonical
thermal average over the unperturbed Hamiltonian Ho
and c denotes the cumulant part of the average. Each
term in the expansion can be represented by a graph con-
sisting of semi-invariants linked together by the pair-
interaction lines. The graphs are the same as those of the
Ising model and the semi-invariants are evaluated similar-
ly. "' We shall refer the details to the review of
Wortis. "

To proceed, we have chosen an fcc lattice for the calcu-
lations because of the more rapid convergence of the
series. We have calculated terms up to the eighth order in
the perturbations. The free energy takes the form

All the series found reduce to the exact high-
temperature series ' in the disordered phase when M=O
(h=0). In the ordered phase the coefficients of the series
can be evaluated for given values of x and y. The analysis
of the series is presented in the next section.

III. PHASE DIAGRAMS AND TRICRITICAL
PHENOMENA

A. Phase diagrams

The phase diagrams in the mean-field approximation
are only qualitatively correct. In the series method the
second-order phase boundary can be easily and accurately
found using the susceptibility series in the disordered
phase at h =0; the series becomes divergent at the phase
transition. This has been found by Oitmaas and SWS.'

The latter authors' have used a longer (twelfth-order)
series and have found more accurate results. Our suscep-
tibility series reduces to the S%'S high-temperature series
in the disordered phase (but of shorter length). It thus
provides no new information in this region.
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LINKED-CLUSTER SERIES ANALYSIS OF THE BLUME-CAPEL MODEL

To determine the first-order phase boundary, it is neces-
sary to find the free energies of the ordered and the disor-
dered phases. This can be done by using the linked-cluster
series for the free energy. The order parameter M in the
series is equal to zero in the disordered phase while in the
ordered phase it should be found self-consistently from
the series for the magnetization. This can be done by con-
sidering' ' the divergence of the series S/(M —S) where
S is the series for the magnetization as shown in Kq. (12).
Writing M=y/(12pJ ), we can evaluate the coefficients of
the series at fixed values of x and y. The series diverges at
M =S as intended. As discussed in Refs. 14 and 15, this
series reduces to the susceptibility series as M approaches
zero. Thus M vanishes at and above the critical tempera-
ture determined by the susceptibility series when the phase
transition is of second order. We have determined the
magnetization by the standard ratio method. The Neville
tables ' have been constructed to aid the estimates. With
the eighth-order series it appears that the best estimate is
given by the average of the last two second Neville extra-
polants, l7 and l8, where

Im [ Em —i
( )(m —i]

Vl

&D P ~ ch

I I

CD
00
'43 Ch

QQ
CD

Ch

C„arethe coefficients of the series. This is substantiated
to some extent by the analysis of the disordered-phase sus-
ceptibility; the phase-transition temperature so obtained
differs from the values of the twelfth-order series results
of SWS (Ref. 10) by only one part in a thousand. The
spread in the values of the selected Neville table elements
are taken to estimate the uncertainties of the results. %'e
have also performed the Fade analysis' (with fixed values
of x and y) on the logarithmic derivative of the series
M —S. From these analyses we believe that for M &0.5,
T/T, is reliable to within 1%. The accuracy tends to im-

prove as the tricritical value of x is approached (see dis-
cussion on tricritical behavior of magnetization).

To locate the first-order phase boundary we make esti-
mates of the differences in the free energies of the ordered
and disordered phases using the Pade approximants
method. The phase transitions are then located where
the approximants vanish. It should be noted that in the
calculation of ordered-phase free energy the term —,

' JzM
in Eq. (3) should be rewritten as y2/(2p Jz) because the
value y instead of M is fixed in the analysis. We therefore
have multiplied the series for the free-energy difference by
P Jz. This yields a series of ninth order in PJ for the Pade
analysis. Table III shows data of the phase boundary
given by the [4/4], [4/5], and [5/4] Pade approximants
(using the notation of Ref. 19). The uncertainties in the
estimate of the phase boundary have been evaluated by
considering (1) the uncertainty in the estimate of the mag-
netization and its effects to the phase-boundary data, and
(2) the consistency of the phase-boundary data as shown
in Table III.

The first-order phase boundary is traced in Fig. 1 in a
dashed curve with error bars on some representative
points. The tricritical point is estimated at k+T/12J
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~/(12J)

0.468
0.469
0.470
0.471
0.472
0.4725
0.473
0.4735
0.474
0.475
0.476
0.477
0.478
0.480
0.4825
0.485
0.491

[4/4]
kT/(12J)

0.2764
0.2721
0.2670

0.2501
0.2517
0.2496
0.2476
0.2456
0.2408
0.2350
0.2295
0.2251
0.2173
0.2075
0.1973
0.1700

[4/5]
kT/(12J)

0.2764
0.2721
0.2670

0.2538
0.2530
0.2496
0.2473
0.2450
0.2400
0.2355
0.2313
0.2272
0.2186
0.2079
0.1973
0.1700

[5/41
k T/(12J)

0.2764
0.2721

0.2565
0.2518
0.2495
0.2471
0.2446
0.2400
0.2355
0.2312
0.2269
0.2183
0.2078
0.1973
0.1700

TABLE III. Phase-boundary data. A series representing the
free-energy difference of the ordered and disordered phases has
been analyzed by the Fade-approximant method. The transition
temperatures are obtained when the approximants vanish. The
results from the three Pade approximants [4/4], [4/5], and [5/4]
are listed (see text for the determination of magnetization in the
ordered phase). An asterisk shows no satisfactory result found
in the analysis.
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FIG. 1. Phase diagram in the 6-T plane near the tricritical
point. The first-order phase boundary found in the present cal-
culation is drawn in dashed lines with the apparent extrapola-
tion uncertainties shown. The free-energy intersections and
free-energy slope-equal points, obtained by SWS using the high-
temperature and the low-temperature series, are shown in
dashed-dotted lines. In addition, the second-order phase boun-
dary is shown in solid lines. The tricritical point is indicated by
TCP. The projection of the wing boundary is drawn in solid
lines with the label wing.
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=0.259+0.008 and b/12J=0. 471+0.001 where the
first-order phase boundary ends and meets the second-
order phase boundary. As expected at the tricritical point
and thereafter the line of equal free energy coincides with
the second-order phase boundary determined independent-
ly by the divergence of the susceptibility. We note that
the "dip" in the first-order phase boundary below the tri-
critical point is much less pronounced than that shown in
the mean-field approximation.

An alternative and perhaps more accurate method of lo-
cating the tricritical point is to examine the behavior of
the magnetization near the phase transition. This is be-
cause there is only one source of errors (i.e., from the esti-
mate of the magnetization) that would contribute to the
uncertainty in the result. It is typical that the magnetiza-
tion becomes a multiple-valued function at temperatures
close to the transition for a system which undergoes a
first-order phase transition. Indeed, this happens as soon
as 5 exceeds its tricritical value. The bulging of the mag-
netization curve is very evident for b, only slightly greater
than the tricritical value. We found the tricritical point
at k~ T/12J= 0.258+0.002 and 6/12J =0.4713+0.001.
These values lie between the values found by SWS using
the high-temperature series' (k~ T=0.2615+0.007, 4/
12J=0.4716+0.001) and by Jain and Landau
(k~T=0.256+0.002, 6/12J=0.471+0.004) in the Monte
Carlo method. '

In the full three-dimensional 5-T hspace tw-o wings
which are first-order surfaces extend out symmetrically
along the first-order line (in the b;T plane) and are bound-
ed by second-order lines. For a fixed value of x=Pb,
greater than the tricritical value, the magnetization be-
comes a single-valued function of T only when the value
of Ph becomes equal to or greater than its value on the
wing boundary. This of course reflects the fact that the
wing surfaces are of first order. To locate the wing boun-
dary, we fix a value of x (greater than its tricritical value)
and for each value of y we find values of T and Ph at
which the susceptibility diverges (using the Neville-ratio
method). Since the susceptibility will not diverge when Ph
exceeds its value on the wing boundary, the wing boun-
dary is located where T and Ph attain their maximum
values. To state it in another way, the method finds the
minimum value of Ph (at fixed x) such that the suscepti-
bility would always remain finite. The results are collect-
ed in Table IV and drawn in Fig. 1 with a solid line la-
beled wing.

The quadrupole moment variable X= 1 —((S') ) is the
"nonordering" parameter. It is of interest because it is the
spin analog of the fractional concentration of He in the
He- He mixtures. ' We have estimated the value of X in

both the ordered and the disordered phases using the Pade
approximants method. ' The phase diagram in the (T,X)
space is shown in Fig. 2 where the high-temperature and
low-temperature series estimates' and the Monte Carlo re-
sults' are also shown for comparison. It is clear that the
low-temperature estimates' of SWS are in disagreement
with the other calculations. Our results, however, are con-
sistent with the conjecture of SWS.' While our results
agree quite well with the Monte Carlo values in general,
they depart from each other near the tricritical point. The

TABLE IV. Wing critical end points. Employing the suscep-
tibility and magnetization series in a finite field the boundaries
of the wings in the 4—h —T space are found. See text for the
details.

1.85
1.88
1.9
2.0
2.1

2.2
2.4
2.8
3.2
4.5

T/(12J)

0.255
0.2516
0.250
0.241
0.233
0.227
0.219
0.211
0.207
0.204

6/(12J)

0.472
0.473
0.474
0.481
0.490
0.500
0.526
0.590
0.662
0.920

+h /(12J)

5.1 X10-'
3.47 X 10
68 X10
3.8 X10-'
92 X10
1.66X 10
3.7 X10
9.5 X10-'
1.65 X 10
4.2 X10 2

kM

0.18
0.24
0.27
0.33
0.37
0.40
0.43
0.47
0.49
0.50

discrepancies could have come partly from the somewhat
slow convergence of the series for X and perhaps partly
from the size effects of the Monte Carlo simulation.

B. Tricritical phenomena
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FIG. 2. Phase diagram in the X-T plane near the tricritical
point. The first-order and second-order phase boundaries are
drawn in dashed and solid lines with some error bars shown.
The closed circles represent results of SWS calculation using the
high-temperature series and the low-temperature series. The
open circles show data of Monte Carlo simulation. The results
of present calculations agree quite well with the Monte Carlo
simulation but they depart from each other in the vicinity of the
tricritical point.

The tricritical behavior has been investigated extensive-
ly by SWS (Ref. 10) and Jain and Landau. ' The former
authors have also examined the crossover phenomena
from the critical region to the tricritical region using the
high-temperature series. As mentioned, our series reduce
to the high-temperature series in the disordered phase but
can be used to explore the ordered phase as well. We shall
concentrate on the latter aspect of the series in its applica-
tion to examine the tricritical phenomena, especially those
not yet obtained in the conventional high-temperature and
low-temperature series treatments.

We first show the tricritical behavior of the order pa-
rameter M. Taking a tricritical path gb, =1.826 we calcu-
late M using the magnetization series by the ratio method
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as discussed above. The results are shown in Fig. 3 in cir-
cles. The uncertainties are believed to be smaller than the
size of the circles shown unless they are indicated by error
bars. The prediction of the renormalization-group
analysis, M =A

I
tint

I

'~ (t=1 T/—T„T,as the tricrit-
ical temperature), is drawn in a solid hne, while the classi-
cal behavior, M a: t'~, is shown in a dashed line. The log-
arithmic correction to the classical behavior has mani-
fested itself evidently in this calculation. We find
A p

——1.19+0.02. A similar conclusion has also been
reached in the Monte Carlo simulation' but our series
method allows the temperature to approach more closely
to the tricritical point without loss of accuracy. The
mean-field results are also shown for comparison.

At the tricritical temperature, the field dependence of
M ls given by a power law,

Ph =A'sM (19)

Following Gaunt and Baker' we have estimated the
values of 5M defined as ln(Ph)/in(M) at the tricritical tem-
perature. The extrapolation of 5~ to Ph =0 for
0.6~M ~0.9 finds 5, =5.2+0.4, As=042+0. 02 in agree-
ment with results obtained by the low-temperature series'
and the Monte Carlo simulation. '

The discontinuity in the order parameter across the
first-order phase boundary as the tricritical point is ap-
proached should behave as '

EM=A pt''- (20)

The low-tenipel'atul'e seiMS gave Pg =0.2 wlilcll is at
variance with the predicted values 0.5. Our series results
are shown in Fig. 4 where the log-log plot of b,M vs r is
made. The slope of the plot gives the value of P„and it is
seen that the slope starts with the value -0.25 away from
the tricritical point but becomes consistent with the value
0.5 as the tricritical point is approached. This is in good
agreement with the results of Monte Carlo simulation. '

The value of A p which we found is 1.9+0.2. For compar-
ison the Monte Carlo method' yields A ~——2.2+0.2.

The discontinuity of the quadrupole moments on X
across the first-order phase-transition boundary behaves
similarly as the tricritical point is approached:

I.O—

O. I

FIG, 4. Log-log plot of hM vs s. The discontinuity of the or-
dering paraQlctcr M acIoss thc fiist.-older phase boundary near
the tricritical point is plotted against the reduced temperature
1 —T/T, &chere T, is the tricritical temperature. The slope
which gives the value of P„is seen changing from -0.25 to 0.5
as T& is approached.

As discussed earlier X has been estimated by the Pade-
approximants' method. We show the log-log plot of ~
vs t in Fig. 5. It is evident that a„is consistent with the
value 1.0 as predicted. This is in agreement with the
Monte Carlo' finding. A"„is found as 3.6+0.3 which
agrees with the Monte Carlo value 3.9+0.3 within the un-
certalntles.

Finally, the shape of the wing critical line as it ap-
proaches the tricritical point is expected, according to the
scaling theory, ' as

kg(T, T, )/12J=—A(h, /12J)i'.

The log-log plot of (T, —T, ) vs h, is shown in Fig. 6. In
the figure a wide range (10 5—10 ') of h, is included. p
is equal to —', to a very high accuracy. We find
p=0.40+0.02. The Monte Carlo simulation' has given
similar results but with less accuracy. The value of a is
found as 0.16+0.02.

IV. CONCLUSIONS

We have shown that the linked-cluster series-expansion
method is a very valuable tool in the theoretical study of a

~=A„"r" . (21) I.O—

set't es dQt 0—i.i@Itin t I'"
8 t I/O

—.—MFA

IO Io

FICx. 3. Tricritical behavior of the ox'dering parameter M in
temperature along a tricritical path PA=1.826. To show the
logarithmic correction to the classical behavior, a solid line
—

I
t lnt

I

'~~ and a dashed line -t '~" are drawn. The mean-
field results are also included (in dashed-dotted line) for compar-
ison.

0.04 O. I 0.2

FIG. 5. Log-log plot of ~ vs t. The discontinuity of the
nonordering parameter X= 1 —((5')') is plotted against the re-
duced temperature t =1—T/T, . The slope co„[Eq.(21)] is con-
sistent with the value 1.0 as predicted.
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FIG. 6. Log-log plot of (T,—T,) vs h, . The shape of the

wing boundary given by Eq. (22) is confirmed in this plot with
the exponent p =

5 to a very high accuracy over a wide range of

h, .

IQodcl which displays complicated phase-transltlon
bchavlol. Succcsslvc applications of thc xDcthod to thc
study of the Blume-Capel model have been reported in
this paper. The use of the method to study the Blume-
Emery-Griffiths model will be reported elsewhere.

The linked-cluster series-expansion method treats the
single-ion potentials exactly. It is the most effective tech-
nique to generate the high-temperature series for systems
with single-ion anisotropy of arbitrary strength which are

essential for high-precision analysis of real (physical) mag-
netic systems. Its application in the ordexed phase is one
of very few methods which allow the physical quantities
ln thc oldcrcd phase to bc cstlIIlated with high accuI'acy.

The linked-cluster series-expansion method can be ap-
plied to quantum spin systems with single-ion anisotropy.
While the computation is complicated by the noncommu-
tivity of the operators and the integrals of the ordered
products, the introduction of standard basis operators has
made the calculations feasible. ' Much effort is needed
to develop the method for higher-order calculations and
for more complicated physical systems.
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