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An examination of the reduced-temperature range for which the scaling form for the correlation length
in the critical region of a two-dimensional phase transition is valid is extended to smaller dislocation (vor-

tex) core energies.
transition-temperature ratios.
been studied are examined.

Experiments'® which have probed the correlation length
£+ above the critical temperature in two-dimensional sys-
tems have been analyzed by using an equation of the form’

Erxexp(bt™) 1

where t= (T —T.)/T. is the reduced temperature. Greif,
Goodstein, and Silva-Moreira'® and Cardy!! have pointed
out that for two-dimensional crystals the range of validity of
this expression is restricted to t =< 1072, and that for  much
less than 10~2 the correlation length is much larger than the
size of experimental samples, thereby casting doubt on
whether the asymptotic form (1) can be observed directly
for crystals. These authors examined parameters appropri-
ate for a crystal composed of a monolayer of helium atoms
on a graphite substrate. The range of validity of Eq. (1)
depends only on the ratio E./T., where E. is the core ener-
gy of a dislocation in a lattice or of a vortex in the case of
superfluids. Since the ratio E./T, varies with the form of
the interatomic potential and its magnitude is difficult to es-
timate exactly, it is useful to extend the analysis of Refs. 10
and 11 to a range of values of E./T,. We present graphical-
ly the temperature ranges for which Eq. (1) is approximately
correct and for which &4 is less than a typical sample size as
a function of E./T. for superfluids and for triangular lat-
tices. The regions in which ¢4 has been studied in super-
fluids are indicated.

According to the Kosterlitz-Thouless,'? Halperin-
Nelson,'? and Young'* theory, a two-dimensional crystal
melts as dislocation pairs, which exist as thermal excitations
in the lattice, break up to form free dislocations above T..
For T > T,, spatial correlations are assumed to decay over a
characteristic length ¢+ which is of the order of the spacing
between free dislocations. It can be shown by scaling argu-
ments that

§+=§0€l* , 2)

where / is a parameter describing the renormalization equa-
tions, and /* is the value of / at which &,(/) approaches a

constant value &.
We will use the notation of Ref. 11. The renormalization

trajectories are functions of two variables x and y and are
given by!°

G—m-x)’(y—mex) VD= ~\" 3)
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There exists a range in which this scaling form is valid for small core energy to
The temperature ranges in which correlation lengths in superfluids have

which is a solution of the renormalization-group equations

dx 24,2
—=127“A , 4
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Q=2xy +27wBy? . (5)
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Here A, B, and X are constants, v=6mw2Adm?2/

(1+6724m?), and the slopes of the separatricies are given
by

m+=1[B +(B*+244)2]/1274 . (6)

The value of /* is given by
* x,(1%)
1*=j;’ d1=(127r2A)’1L12 y %dx @)

where x| < 0 is the starting point, i.e., /=0 at x =x,. The
starting point at 1 =0 lies on the separatrix and is given by
yo=exp(—E./T.), xo=yom—-. The coordinates of the
starting point for small values of |¢] are

—E E,
y1=¢€xp - ’—“YO‘FEZI:)/O*' Yo—1|t , (8
5t T.
x1=xo+%)t£t=xo+(l+xo)t . 9)

The last equation follows from the definition of x =d7T —1,
where d is a constant which is universally related to the cou-
pling between vortex pairs. The parameter A is obtained by
substituting the values x; and y; into Eq. (3):

A= [yo(ms+—m_)/Im_11V"HE/T.) = 1yo+ Im_1}7 .
(10)
There are two systems of general interest which we exam-
ine separately: superfluids and freely floating triangular

crystals, i.e., crystals for which the Lamé constants are not

influenced by the substrate.

(a) Superfluids. For these systems the parameters are
A=%, B=0, 7=7, and m+= +1/2w. The value of /*
given in Eq. (7) is

I*= (12724m o AtV "W tan = (m 4 xo/ N2V2)
+tan"'(m_xy/AV?)] . (A1)

The end point is usually taken to be y,=m +x,=0.1, since
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for small ¢, £0(/) is independent of y, for y, > 0.1, and the
renormalization-group equations are valid only for small
values of y. A typical value of A\ for superfluids is A=10""!
so that for small values of ¢ << 10!, /* may be written as'’

12)

I*= bt“‘/Z[% + o Ytan" Y (m_x/ AV,

where b =1/4X\.

The coefficient of =2 in Eq. (12) varies smoothly from
b to b/2 as ¢ is increased. Experiments which explore a
small range of reduced temperature can be fitted with the
use of Eq. (1) and will yield an effective value of b
with 5/2 << b= b.

The range of validity of Eq. (1) can more easily be ob-

served by expanding Eq. (12) for small values of
=(Nm_x)as
_ - * _ n,,n
[&=bt—v_ 1—v ( 1) U (13)

2dxil S n+w

We write the parameter « in a more general form as

2(A]x,) V%

lm_|(m+_m_)(1—7)/n‘:

(14)

The first term in the summation, 1/(2|x;|), is approximate-
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FIG. 1. Range of validity for & o« exp(bt %) for superfluid films.
The heavy line represents the values of ¢ for which m _x/xt¥/2=1.
The fine solid and dashed lines represent, respectively, the value of
t for which ¢ /a= 108 and £./a =10* The vertical lines denote
the temperatures investigated for A-helium films (Ref. 4) and for
superconductivity; B (Ref. 2); C (Ref. 3); D (Ref. 5) (sample 6);
and E (Ref. 8).

ly constant so that only the terms for n > 0 give a deviation
from Eq. (1). Thus Eq. (1) is approximately correct for
u<l.

In Fig. 1, the values of ¢ for which u =1 are plotted as a
function of E./T.. Also shown are lines representing
£4+/a=10* and 10%, where the Debye-Hiickel estimate of
to/a = (16my,) "' at y,=0.1 was used, and a is the vortex
core radius. The scale at the top of the graph gives the
value of b. The vertical lines represent the range of ¢ for
experiments performed on a helium film and on supercon-
ducting films and arrays with the horizontal position of the
line located at the value of b quoted in the references. Ex-
periments on two-dimensional arrays of Josephson junc-
tions® and weak links’ were performed in a temperature
range outside of the limits of Fig. 1.

(b) Freely floating triangular crystals. The parameters
entering the renormalization-group equations for freely
floating triangular crystals are

A=21937 ,
B=6.195 ,
v=0.37 ,
m4=+0.0362 ,
m-=—0.0212 .

Cardy'! has evaluated /* for this case in the limit yi/A¢’
and yy/At” large. For y,/At” >> 1 an approximate value of
I* is given by Eq. (13) with u defined by Eq. (14). The
form of the second term on the right-hand side of Eq. (13)
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FIG. 2. Range of validity for £ ,«exp(bt~?) for freely floating
triangular crystals. The heavy line represents the values of ¢ for
which u =1. The fine solid and dashed lines represent, respectively,
the values of ¢ for which ¢ ;/a =10% and ¢ ,/a =104
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is obtained by writing Eq. (3) as

PRI I AP (y+m_x) _ 200 m_|Ix| -V .

G —mex) T (o —m )P

and substituting this value of y? into Eq. (7). The value of
b is given by!!

bt‘7=(127r2A)_1fjmy‘2dx . (16)

It can be observed from Eqs. (3) and (16) that b scales as
A"l From Cardy’s numerical evaluation of Eq. (16) one
obtains b =0.051/X. Values of A for lattices are estimated
to be =102

The values of ¢ for which ¥ =1 are presented as a func-
tion of E./T, in Fig. 2 for freely floating triangular crystals.
Lines are also drawn which represent reduced temperatures
for which &/a = 10* and 108 Here a is a lattice spacing. No
experiments have been reported to date which measure ¢+
in two-dimensional crystals.

To examine deviations from Eq. (1) it is convenient to

define
f=(*—bt""+const)/bt™7 ,
which with the use of Egs. (13) and (14) can be written as

f=cu® EM an

— ,
n=1 n+v

with
c=(my—m_)"(m_1/2)’(1-%)/2b\ .

The value of ¢ is 1/2n for superfluids and 0.19 for freely
floating crystals. The value of f is less than 0.1 for u =1.
Thus Eq. (1) is approximately correct for the temperature
range below the heavy solid lines in the figures, and the
scaling form of the correlation length can be investigated
below these lines and above the region where £+ is equal to
the sample size. This regime is represented in both figures
for a sample of size 10%z as the region to the left of the
hatched area.

We have shown that the scaling form for the correlation
length above T, can be tested on experimental samples of
two-dimensional lattices for a range of ratios E./T. and that
corrections should be applied in extracting the parameter b
from some experimental data on two-dimensional supercon-
ducting systems.

ACKNOWLEDGMENTS

I would like to thank M. A. Stan for assistance with nu-
merical calculations. This work was supported in part by the
National Science Foundation under Grant No. DMR-82-
13581.

ID. J. Bishop and J. D. Reppy, Phys. Rev. B 22, 5171 (1980).

2A. F. Hebard and A. T. Fiory, Phys. Rev. Lett. 44, 291 (1980).

3S. A. Wolf, D. V. Gubser, W. W. Fuller, J. C. Garland, and R. S.
Newrock, Phys. Rev. Lett. 47, 1071 (1981).

4G. Agnolet, S. L. Teitel, and J. D. Reppy, Phys. Rev. Lett. 47,
1537 (1981).

5D. J. Resnick, J. C. Garland, J. T. Boyd, S. Shoemaker, and R. S.
Newrock, Phys. Rev. Lett. 47, 1542 (1981).

R. F. Voss and R. A. Webb, Phys. Rev. B 25, 3446 (1982).

'D. W. Abraham, C. J. Lobb, M. Tinkham, and T. M. Klapwijk,
Phys. Rev. B 26, 5268 (1982).

8A. F. Hebard and A. T. Fiory, Phys. Rev. Lett. 50, 1603 (1983).

9The symbol & is normally used in expressions for £, but is defined
differently by various authors.

10J, M. Greif, D. L. Goodstein, and A. F. Silva-Moreira, Phys. Rev.
B 25, 6838 (1982).

11y L. Cardy, Phys. Rev. B 26, 6311 (1982).

12 M. Kosterlitz and D. J. Thouless, J. Phys. C 6, 1181 (1973).

13D, R. Nelson and B. 1. Halperin, Phys. Rev. B 19, 2457 (1979).

14A. P. Young, Phys. Rev. B 19, 1855 (1979).

15For helium films the core energy may be sufficiently small so that
m _x1==m 4x, in which case Eq. (11) must be used.



