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A microscopic model for the dephasing of optical impurities in amorphous hosts such as glasses
or polymers is presented. The characteristics of the host system are taken into account via two-level
systems (TLS’s) proposed some time ago to explain the low-temperature properties of inorganic
glasses. The TLS’s couple to the impurity and to the vibrational degrees of freedom of the matrix.
Exact eigenvalues of the equation of motion for correlation functions describing the optical line
shape are obtained. In the case of weak coupling between TLS’s and impurity, and after averaging
over the parameter regime characterizing the TLS’s it is found that the optical linewidth depends
strongly on the boundaries of this regime. At temperatures well below the Debye temperature one
obtains a crossover from a quadratic to a linear temperature increase of the linewidth in the case of
coupling to acoustic vibrations, and a crossover from exponential to linear for coupling to optical (li-

brational) modes.

I. INTRODUCTION

In the past several years a considerable number of ex-
perimental papers on dephasing in inorganic and organic
glasses and polymers have appeared.'~%* This is due to
the advent of novel, high-resolution spectroscopic tech-
niques such as fluorescence line narrowing,>>%!* photo-
physical®?®2! and photochemical®»>#10:1113-17.19,20 hole
burning, and accumulated echoes.”®

Considerable effort has been expended to explain the
temperature dependence of the homogeneous linewidths of
various impurities. In particular, the exceedingly large
range (6 < T <300 K) of the T2 dependence of Pr’* in
BeF, and GeO, (Ref. 8) has presented a difficult chal-
lenge. For some other impurity—amorphous-host com-
binations, homogeneous widths with a linear temperature
dependence®”>!* as well as a superlinear T* dependence
(a=1.3) (Refs. 19 and 20) have been observed. As the
most general feature of homogeneous linewidths of impur-
ities in glasses, we note that at low temperatures they
exceed the same parameter in crystalline solids by 1—2 or-
ders of magnitude. In order to account for this very large
difference in dephasing time, the existence of low-
frequency degrees of freedom is required. Such degrees of
freedom have been postulated by Anderson, Halperin, and
Varma,? and by Phillips,?® to explain other anomalous
properties of glasses and are discussed in Ref. 27. These
degrees of freedom are considered to be a broad distribu-
tion of two-level systems (TLS’s) describing various de-
generate energy states of the glass separated by barriers.
In a configuration-coordinate model the two energy levels
may be thought of as the two lowest states in a double-
well potential with a tunneling barrier separating them

(see Fig. 1).
To connect the temperature dependence of the homo-

geneous linewidth of impurities to the TLS’s and vibra-
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tions of the host glass, a variety of theoretical models has
been proposed.=3" These various models include (1)
pseudo-spin-diffusion®® between an isolated impurity and
several TLS’s, (2) coupling of the ground and the excited
state of the impurity to different TLS’s,** (3) coupling
of the ground and excited states of the impurity to TLS’s,
which communicate by phonon-mediated tunneling,’"3’
(4) coupling of an impurity to a TLS and direct coupling
to a local librational mode,>® and (5) use of fractons in-
stead of phonons as inducing the tunneling of the TLS’s.>’

These models produce a range of temperature depen-
dences between T and T2>? which depends on various de-
tails of the physical mechanisms and TLS parameters
used. A satisfactory explanation of the experimental data
from a general point of view is not available despite these
efforts.

In this paper we present a detailed development of one
of the models mentioned above and compare it to other

A
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Y
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FIG. 1. TLS represented in a configuration-coordinate model

by a double-well potential.
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treatments. In Sec. II we write the model Hamiltonian,
introduce the notation, and transform it to an exactly di-
agonalized four-level system interacting with vibrations of
the matrix. In Sec. III an equation of motion for the re-
duced density operator p of the system is derived, treating
the phonons as a heat bath. Section IV derives a set of
differential equations for the various dipole correlation
functions and finds their exact eigenvalues. In Sec. V we
expand the exact eigenvalues found previously and carry
out the averages over the parameters characterizing the
TLS and its coupling to the impurities and vibrations.
Section VI presents a summary of our results and outlook
on future work. Appendix A contains a summary of ab-
breviations used in the main body of the text. Appendix B
gives an alternative approach to the derivation of the cou-
pled system of equations for the correlation functions via
the density matrix.

II. HAMILTONIAN OF THE MODEL

We wish to calculate the temperature dependence of the
optical linewidth of an impurity in a glassy matrix. To
that end we introduce the Hamiltonian of the model sys-
tem, some basic notation, and write the Hamiltonian in a
prediagonalized form. We start from the following model
whose basic features go back to Lyo and Orbach:*! The
impurity is described in the simplest possible way by only
two energy levels, and it is assumed that the characteristic
degrees of freedom of the glass are the so-called TLS’s
with a broad distribution of low-lying excitation energies;
the third component in the model are the vibrational de-
grees of freedom of the matrix. In the model we assume
an interaction between the impurity and a single TLS.
The most probable interaction is an electrostatic one and
can be thought of in terms of a multipole expansion. The
TLS’s, in turn, are coupled to the vibrations of the matrix.
A direct coupling between the impurity and the vibrations
is not taken into account because it it believed that its con-
tribution to the optical linewidth is comparable in both
glasses and crystals and therefore negligible at low tem-
peratures. At elevated temperatures corresponding to a
kpT value greater than the relevant phonon energies, the
direct coupling between impurities and phonons becomes
important. This is obvious from the comparison of the
linewidth in crystals and glasses. The Hamiltonian of this

model] is given by
H=H1+H2+H3+H12+H23 . (2.1)

H, is the Hamiltonian of the impurity, |a) and |B) are
its ground and excited states with energies E, and Eg, and

B
H1= EEPIP>(p‘ . (2.2)
p=a

The Hamiltonian H, of the TLS (see Fig. 1) is represented
in the following way:

H2=E,|z><z|+Eu|u><u|+%|1><u|+|u><z|>.

(2.3)
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E; and E, are the energies of the lower and upper states
|I) and |u) in the double-well potential, respectively,
and W /2 is the tunneling matrix element through the po-
tential barrier. The energy asymmetry between the upper
and lower states in the double-well potential is

A=E,—E; . (2.4)

The vibrations of the glass matrix are described by the
Hamiltonian

Hy= 3 wgbsbgs - 2.5)
gs

Here w is the energy of a vibration with “wave number”

q in branch s. The interaction between the impurity and

the TLS is contained in

8
Hp= 23 (Vip ||+ Vo |udu )| p)p| . (2.6)

p=a

Vi, and V,, are the coupling matrix elements of the im-
purity in state |p) with the TLS in its lower and upper
states, respectively. The coupling matrix elements have to
be different in order to enable this interaction to contri-
bute to dephasing. The interaction between the TLS’s and
the vibrations of the matrix is given by a deformation po-
tential and expressed by the following Hamiltonian:

L1 N
H23=22ths(bq+btq)|j)(1| :

gs j=1

(2.7)

The coupling matrix elements hgs, J =l,u, are proportional
to the deformation potential and also need to be different
for the lower and upper states. In Sec. III we will treat
the phonons as a reservoir interacting via H,; with the
system consisting of an impurity and a TLS. In this way
we arrive at the following grouping of the terms in the
Hamiltonian:

H=Hg+Hg +Hg , (2.8)
Hy=H,+H,+Hy,, (2.9)
Hp=H, 2.10
Hgr=H,; , (2.11)

where Hg and Hy are the system and reservoir Hamiltoni-
ans, respectively, and Hgp describes the interaction be-
tween them.

A. Diagonalization of the TLS Hamiltonian H,

The Hamiltonian of the TLS, H,, is given by (2.3) and
can be diagonalized exactly. The wave functions in the
Schrodinger equation,

H, |¢;)=E; |¢;),

are written as a superposition of the lower and upper
states, |/) and |u ), respectively, in the double-well po-
tential, in the following form:

[9:)=Cy | 1)+Cyi|u), i=1,2.

Explicitly, the eigenvalues are given by

(2.12)

(2.13)
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Ei,=5(E,+E7E), (2.14)
C11=C22=sin¢, C21=—C12=—-COS¢, (2.15)

with

E4A 1/2
= [=t2 (2.16)
tang = Z_A
and
(2.17)

E =(A2—|—- W2)l/2 .
The diagonalized form of the Hamiltonian then reads

2

Hy= 3 E; |[¢:){¢: ] . (2.18)
i=1

In the following we need the transformation between the

eigenstates |¢,), | 1¥,) and basis vectors |/), |u ), which

is written concisely as

I 1pl) sin¢ —COS¢ I l)
[y) |~ [cosgb sing {| u) |’ (2.19a)
|7 sing  cosg [¢1)
|u) J= ’—cosqﬁ sinqS} [W,Z) : (2.19b)

B. Diagonalization of the system Hamiltonian Hy

Equation (2.9) gives the system Hamiltonian Hg. With
the use of the transformation (2.19) the Hamiltonian H,
describes the interaction between the impurity and a TLS
becomes

B
Hp= 3

p=a

Sy Vo (100t | = 1 92) ()

A UTAEPAYAR I

(2.20)
with
Sp=5Vip+Vyp) 2.21)
and
Vo=3(Vp—Vap) . (2.22)
The eigenstates of the Schrddinger equation,
Hg|i)=€ i), (2.23)
are expressed in terms of product states |¢;,p)

=|¥:)|p) (p=a,B) in the following form:
[1)=Cyi | ¥,a)+Cy | $1,B) +Cs; | ¥p,a) +Ca; | 2,8) ,

i=1...,4. (2.24)
The four eigensolutions are given by
E\+E
€1=E,+S,+ ~‘—2—2——[(E/2>2— V A+ V2] 2=e2

(2.25a)
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Cll =sina, C31 = —Cosa, C21 =C41 =0, (2.25b)
E\+E
€=Eq+S,+ %H(E/z)z— V At V2]2=eg
(2.26a)
C]z =Cosx, C32 =sina, 022 =C42 =0 y (2.26b)

E\+E
&r=Ep+Spt+————[(E/27~VpA+ V5] =€,
(2.27a)

C13 = C33 =0, C23 =Si1’1B, C43 = —COSﬁ ’ (2.27b)

E\+E
e4=Eg+Sp+ —‘—Ziﬂ(E/z)z_ Veh+V3]12=€f |

(2.28a)
Ci1a=C3=0, Cy=cosp, Cy=sinf. (2.28b)
cosa and sina are given by
cosa 1 _ E-=2V,A/E) 172
sina }z.\i_i— + (E2_4VaA+4Vi)1/2 , (2.29)

and cosf and sinf are obtained by replacing ¥, and Vg on

the right-hand side.
The diagonalized form of the Hamiltonian becomes

Hy=3 & ]i)i] .

i=1

(2.30)

The eigenvalue spectrum consists of two closely spaced
pairs of energy levels (see Fig. 2) when the energy splitting
E in the TLS and the interaction V, between the TLS and
the impurity are small compared to the energy difference
between the ground and the excited state of the impurity.

The transformation between the eigenstates |1),|2)
and the basis vectors |¢;,a), | ¥,,a) is given by

€4 ] ] T— [4>
|
|

€3 ] ] X |3>

R2
R1 R3 R4
y A

€2 ? '2>
|
|

€4 [ [ Y ’1 >

FIG. 2. Energy-level scheme of the system Hamiltonian H.
The solid-line arrows indicate optical transitions, and the
dashed-line ones show phonon-induced relaxation.
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| 1) sina —cosa | ¢1,a> "
|2) |~ |cosa sina | ) | (2.31a)
| ¥1,a) sina . cosa | ||1)

|¥ya) |~ | —cosa sina | |]2)|" (2.31b)

The transformation for the eigenstates |3) and |4) is ob-
tained from (2.31) by the following replacements:

[1)—|3), [2)—|4),
ll/’i’a)_’ |¢i’B>’ a‘_’B .

(2.32a)
(2.32b)

C. Interaction between TLS and matrix vibrations

The Hamiltonian describing the interaction between the
TLS and the vibrations of the matrix is given by (2.11)
and (2.7). With the use of the transformation (2.19), Hgg
becomes

Hgp =Hj;

=3 qu‘*'%Dqs( [ (1| — [ ])
gs

+ 2Dy (|43

+ X ) | (g0, (233)
with
hl+nk
qu=qT}N£, (2.34)
hl —n®
Dy = ;‘/N‘qs . (2.35)

Lyo and Orbach’! took into account only the last (off-
diagonal) term of (2.33). In a later paper, Lyo*** also in-
cluded the diagonal part, and argued it would dominate
the dephasing. In our exact diagonalization (2.36) of the
full four-level system we included both terms throughout.
The differentiation between distinct diagonal and nondiag-
onal interactions®* can be misleading in different parame-
ter ranges of the TLS because of partial compensation be-
tween these terms. Lyo seems to have recently noticed
this fact.%

With the use of the transformations (2.31) and (2.32) to
the eigenstates of Hg, Hgg is written in the following

form:

HSR = 2 Qqseqs . (2.36)
gs

In this expression we have used the following abbrevia-
tions:

Qq.\":r[qs"'Dqs{Ba( | 1><2[ + !2><1 [

+Bg(|3)(4] +|4)(3])}, 37
Mg =Sgs +Dys (Ao | 2)(2| — [ 1){1])
+Ag(|4){4]| —|3)(3|}, (2.38)

A,=(A/E)(cos’a—sin’a)+2(W /E)sina cosa

=(A/E)cos2a+ (W /E)sin2a , (2.39)
B,=2(A/E)sina cosa — (W /E)(cos’a —sin’a)

=(A/E)sin2a—(W /E)cos2a , (2.40)
€gs=bgs+b1 4 . (2.41)

In Fig. 2 we have indicated by solid-line arrows the four
possible optical transitions Ry, ..., R4. The dashed-line
arrows indicate relaxation transitions which are intro-
duced by the interaction with vibrations and which are
contained in Egs. (2.36) and (2.37). This simple picture al-
lows some qualitative discussion of the behavior of the op-
tical spectra. Generally, the optical line will be composed
of four contributions corresponding to Ry, ..., R,. The
lifetimes of levels 1 and 3, connected by the transition R,
are shortened by phonon-induced transitions to levels 2
and 4 under phonon absorption. With increasing tempera-
ture, we have an increasing transition rate and therefore a
broadening of the line. For very low temperatures, how-
ever, phonon absorption is no longer possible and there-
fore this contribution to the optical line becomes very nar-
row. The optical transition R, connects levels 2 and 4,
which may decay to levels 1 and 3 on account of phonon
emission. At very low temperatures spontaneous phonon
emission is still possible, and therefore this contribution to
the optical line remains finite even at T=0 K. Similar
arguments apply to the transitions R; and R, where
phonon-absorption and -emission processes are involved.
Another interesting feature may be seen from Fig. 2. The
frequencies of optical transitions R; and R, are very close
to each other. For small phonon-induced scattering rates,
compared to the difference in optical frequencies, we have
a broadening of the contributions from R; and R, to the
optical line. For large scattering rates, however, we expect
a motional narrowing in this contribution. The line shape
actually observed will finally also depend on the size of
the transition dipole moments and on the occupation
probabilities of the various levels.

III. DENSITY OPERATOR OF THE SYSTEM

In this section we derive the equation of motion for the
density operator of the system. As stated earlier the sys-
tem consists of the impurity and the TLS along with their
interactions. The phonons are treated as a heat bath cou-
pled weakly to the system. The density-operator equation
allows one to discuss the time development of the system,
and we shall use it in Sec. IV to derive equations of
motion for two-time correlation functions relevant to opti-
cal line shapes. The equation of motion for the density
operator of the coupled system and bath is

W(t)=—i[H,W()], 3.1)

with the Hamiltonian H given by (2.8). W(¢) is the total
density operator of the system and the reservoir. The re-
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duced density operator of the system, p(¢), is obtained by =~ The equation of motion for this quantity is obtained from

taking the trace over the variables of the reservoir, (3.1) using the Nakajima-Zwanzig projection tech-
nique.’®* Introducing the Born and Markov approxima-

p(t)=Trg W (1) . 32)  tions,*%*! we arrive at
|

%p(t): —i[Hg,p(0)]— 3 >, fowdr{TrR[eqseq's/( —T)Pol[Qgs Ryrs( —T)p(8) — Qe (—T)p(£) Qg ]
gs q's’

+Trg[€ys( —T)egpollp() Qg ( — T Qs — Qgep(D)Q o (— 1)} (3.3)

The interaction representation of the operators (), and €,, which are defined in (2.37) and (2.41) are given by

Qp(—1)=e 570 ™7 (3.4)
€u(—T)=e _infeqseiHRT . (3.5)

Po is the equilibrium density operator of the reservoir, and is given by

pp=——— Pk (3.6)
0= — . .
Trge Bl

The evaluation of the integrals may easily be carried out, and introducing the abbreviations

1
Byr)=P——————
PE(r)=P Py, (ngs+r) (3.7)
and
8% (r=mb(wes —€;+€;)(ng+r), r=0,1 (3.8
the equation of motion for the density operator becomes
P = i [Hs,pl0)]+i BP0, T1_pupl0)+p(0T_g,1+i 3 [P (1)~ PT(0)ID_BaK
qs qs qs
+i 3 [—PHO)+PH(DID_ ;B K +i 3 [PH(1)—P(0)1D _;BgKH1 +i 3, [ —P$(0)+P%(1)]D _,BgK
qs gs gs
— 3 T8(wgs)(2ngs + 1) Qs I gop(8) —p(OTL_ 51— 3, [851(1)+8F3(0)1D _gB,K 15
gs qs
— > [891(0)+8%(1)]D _4BoK 51 — 3, [843(1)+854(0)1D _4sBgK 33 — 3, [843(0)+834(1)1D _4BgK 3 (3.9a)
qs qs qs
(3.9v)

In writing this equation we have used I, from (2.38), and B from (2.40).
Explicitly, the equation of motion for the density-matrix elements, using the eigenstates (2.24) as basis vectors, reads

P11=—Wip11+Waipn—2(iPo+AcA;)Bop1a+2(iPg— Aod 4 )Bopos » (3.10)
Pn=—pn, (3.11)

P12=2(—i{Py—A4[P1+P3(0)]} —Ax(0)44)B,p11+2(i {Po+A4[P1 —Py(1)]} +Ax(1)4,4)Bop;
+{—i(€—&)— (Wi + Wy ) —4AA2 ) pip+ { —i [P(0)+ Py (D]BE + +(Wiy+ Wy} par (3.12)
(3.13)

P21=PT2 s
pa=[—i(&—&)— 5 (W4 W) —Do(dy—Ap)*lp31+ (i [P2(1)—P4(1)]+Ay(1)+Ay(1)} BoBgpss

+(—i{2Py+ (A4, —Ap) [P —Pr(1)]} +Ax(1)(Ay —Ag)—Ag(Ay+Ap))Byps,

+(i{2P0—(Aa—AB)[P1 —P4(1)} —A4(1)(AQ—A3)—A0(A¢1 +Ap))BBp41 , (3.14)
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par={ —i[P2(0)—P4(0)]+Ay(0)+Ay(0)} B, Bgpsi +[ —i (€,—&) — 3 (Wyi + Wi3)— Ao(A g —Ap)psr

+(i{2Pg+ (A —Ag)[P1+P4(0)]} +A40)( A, —Apg)+Ao(dq+Ap))Bgps,

+(—i{2Py—(Adq—Ap)[Py +P5(0)]} — Ay 0 Ay —Ag)+Ax(Ag+4p))Bapar (3.15)
pra={—i{2Py— (A4 +Ag)[P1+P5(0)]} —Ay(0)Ag+Ap)+ A4y —Ap))B,p3

+ (i {2Po+(A,+Ap) [P —P4(1)]} +A4(1)(Ag+Ap)+A(Ag—Ap))Bgpsy

+[—i (& —&)— 5 (Wa + Wis)— Ao Ao +A4p) lp3a+ { —i [P2(0)+P4(1)]+ Ay(0)+ Ay(1)} B, Bgpay (3.16)
par={i{2Py—(Ay+Ap)[ Py +P4(0)]} —Al0) A, +Ag)—Ag(Ay—Ap))Bgp3;

+(—i{2Py+(Ay+Ag)[P— Py (D]} +Ax(1) (A4, +A4p) —Ay(4d g —Ap))Bopsr

+ (i [Py(1)+P4(0)]+Ax(1)+A4(0)} B Bppsy+[ —i (€,—&) — (W iy + W) — Ag(Aq +A4p)1pa; - (3.17)

The factors P; and P;(r) contain the principal-value parts, and the quantities Ay and A;(r), contain the §-function parts
of integrals of the form f expliwt)dt. Explicitly, these quantities are defined in (A1)—(A11). Equations (3.10) and
(3.11) for the occupation numbers of levels 1 and 2 (see Fig. 2) show that vibrations induce transitions only between these
two levels, and that there is no coupling to the occupation numbers of levels 3 and 4. The transition rates between the
levels are W, and W, and defined in (A12) and (A13). In addition to these transitions, there is also a coupling of the
off-diagonal elements p;, and p,;. Analogously, the time derivatives of these qualities couple to the occupation numbers
p11 and pyy, and to py; and py;. In these equations, the quantity € —€, occurs, which is the difference of renormalized
energies in (A16) and (A17). The equations for p33, pa4, P34, and py3 are obtained from (3.10)—(3.13) by replacing 1—3
and 2—4 with P;=P;; they also form a closed set. Inspection of (3.14)—(3.17) shows that the off-diagonal matrix ele-
ments P31, P4z, P32, and pyy form a closed set of equations in the same way as their conjugate-complex matrix elements.
In the following and in connection with Appendix B we shall see that these are the essential matrix elements for the
description of optical absorption.

IV. CORRELATION FUNCTIONS FOR THE OPTICAL LINE SHAPE

To describe the interaction of light with our system we have to couple the light field to the electronic-transition dipole
of the impurity. From linear-response theory the optical line shape is determined by the one-sided Fourier transform of
the two-time dipole-dipole correlation function as follows:

X"(@)=i [ drsinor Tr{P(1[Ppso]} , 4.1)
The dipole operator may be represented by
2
P=3 p(|p,a){¢B| + | ¥0.B) i ]), 4.2)
i=1

using as basis functions the product states of both the impurity and the TLS, as in (2.24). The transformation (2.31b) to
the eigenfunctions of Hy results in

P=p (|31 + | 1)(3 |+ [4)€2] + | 2)€4 ) +ua( [ 41| + [ 1)€4] —|3)€2| — |2)(3]), 4.3)
with

pi=pcos(a—pB), (4.42)

po=psin(a—pf), (4.4b)

where a and B have been defined in connection with (2.29). On account of the coupling between the impurity and the
TLS, the original transition dipole between levels a and 8 is now replaced by the four transitions indicated by Fig. 2.
The reduced density operator pgo at the initial time in these states may be represented as

4
pso= X pi |i)€i] . 4.5)

i=1

With this representation for pgo, we have

[Popsol=pil(p1—p3)(|3) 1] — [ 1) (3] )+(p2—pa)( | 4)(2] — [ 2)(4])]
o —(pa—p3)(| 3242 | — [ 2)(3 | )+ (p1—pa)( |4)(1]| — | 1)(4 )], (4.6)

and the two-time correlation function of the dipole operator reads
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Tr{P(7)[P,pso ]} =p1(p1—p3)[S1(7) —=ST(T)]+p1(py —ps)[S2 (1) — 83 ()]

— o2 —p3)[S3(7) =S5 (T)]+1alp1 —pa) [S4(T)— S5 (1], 4.7)

with the following abbreviations for the various two-time correlation functions:
Si(r)=Tr{P(r)|3)(1]| }=Tr{Pe 7| 3)(1|}=(P+,eL7|3)(1]), (4.82)
Sy(T)=Tr{P(7)|4)(2| }=Tr{Pe L7|4)(2| }=(Pt,e~L7|4)(2]), (4.8b)
S3(r)=Tr{P(7)|3)(2| }=Tr{Pe~£7|3)(2|}=(P+,e~L7|3)(2]), (4.8¢)
Sy(r)=Tr{P(7)|4)(1|}=Tr{Pe 7| 4){1|}=(P+,e~L7|4)(1]). (4.8d)

In writing (4.8) the quantum regression theorem*?*® has been used, and L is the Liouville operator describing the time

development of the reduced density operator according to (3.9),

p=—iLp . 4.9)

A. Equations of motion for the correlation functions

To derive equations of motion for the correlation functions we differentiate S (7) with respect to 7 and arrive at

Sy(r)=(P*,e~L7(—iL)[3)(1]). (4.10)

Applying the Liouville operator L from (3.9) and (4.9), and proceeding in the same way with the other correlation func-
tions of (4.8), we obtain the following closed set of equations for S;(7),i=1,...,4:

ST =[—i(E—&)— 3 (Wiy+ W) —Ao(Ag—Ap)*1S; + { —i [P2(0)—P4(0)]+Ax(0)+ A4(0)} B, B,S,
+(—i{2Py—[P;+P,(0)](4g+Ap)} —Ax(0)Ay+Ag)+Ag(Ay—Ag))B,S;
+(i {2Py—[P1+P4(0))(Aq +Ap)} — Ag(O) Ay +Apg) — Ao A, —Ap))BpSs 4.11)
Sy ={i[Py(1)—Py(1)]+Ay(1)+ Ay(1)} BoBpS) +[ —i (€4—&) — T (Wi + Wi3) — Aol A — A p)*1S,
+(i {2Pg+ [Py —P4(1)[(Aq+Ap)+Dy(1)(Ag+A4p)} + Ao A, —Ap))BS;
+(—i{2Py+[Py—Py(1)](Ag+Ag)+Ax(1)(Aq +Apg)} —Ao(Ay—Ap))B,Ss (4.12)
S3=(—i{2Pg+[P; —Py(1))(Ag—Ap)} +Ax(1)(Ag—Ag)—Ao(A g +Ap))BaS,
(i {2Py+ [Py 4+ P4(0)[(Aq —Ap)} +A4(0) Ay —Ap)+ Ao Ay +Ap))BsS,
+[—i (€ —&) — T (W) + Wiy)— Do(A g +A)?1S3+ (i (Py(1)+P4(0)]+ Ay(1)+Ag(0)} B,BgSy (4.13)

Se=(i{2Pg—[P; —P4(1)](Ay—Ap)} — Ag(1)(Aq—Ag)— Ao(Ay +Ag))BsS,

+(—i{2Py—[P;+P,(0))(4, —Ag)} — Ay0)( Ay —Ag)+ Aol Ay +45))BoS,
+{—i[Py(0)+Py(1)]+Ag(0) +Ag(1)} BuBpSs+[ —i (€4—&)) — + (Wi + Wi3)—Do(A g +A45)1S, - (4.14)

This set of equations may also immediately be obtained from the equations of motion (3.14)—(3.17) for the density ma-
trix, as shown in Appendix B. To simplify the set of equations we shall neglect all principal-value parts in the coeffi-
cients of (4.11)—(4.14), and we arrive at the following set of equations for the correlation functions:

Si=[—i(e3—€;)—+(Wis+ W34)1S1 +[A5(0)+A4(0)1B,BpSy — Ay(0) Ay +Ap)BoS3 —Ay(0) (A, +Ap)BpS, ,  (4.15)
85 =[Ay(1)+Ag(1)]1B,BgS, +[ —i (€4—€) — T (W + Wi3)Sy +Dy(1)(Ag+A)BpS3 +Ax( 1Ay +Ap)BoSy (4.16)
S3=Ay(1)(Ay —Ap)BoS; + A0 Ay —Ap)BpSy +[ —i (63— €)— Wy + W3s) 1S3 +[ A1)+ A4(0)1B,BgS, ,  (4.17)
Sy=—Ay1)(A,—Ap)BpS; — Ay 0N Ay —Ap)B,S, +[Ay(0)+Ag(1)1B,BgSs +[ —i(€4—€))— +(Win+Wi3)1Sy . (4.18)

B. Exact calculation of the eigenvalues

In this subsection we obtain the exact eigenvalues of the simplified set of Egs. (4.15)—(4.18). With the ansatz
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Si(t)=e®'s; , (4.19)

the solution of the coupled set of differential equations is transformed to a four-dimensional non-Hermitian eigenvalue
problem. The exact eigenvalues are given by

Ry,=—1[AF(B+2VC)], (4.20)
Ry4=—3[AF(B-2VC)?]. 4.21)
A, B, and C are abbreviations for the following expressions:
A =i(e3—€;+€—€)+[Ax(1)4+A)0)]BZ +[A4(1)+A40)1BS 4.22)
B={i(es—€3)+[Ag(1)—A0)]B3) 2+ (i (e,—€1) —[ Ao 1)— A5(0)]B2}?
+2[Ay(1)B} +Ay(1)BZI[A5(0)B +A40)B3]+2[ Ay(1)B + Ay(0)BZ][A5(0)B% +AL(1)B}] (4.23)
C={ —(64—63)(62—61)+i(ez—el)[A4(1)—A4(0)]B%,—-i(e4—e3)[A2(1)—A2(0)]B§,}2
—4(B5—B2)[(€3—€))*Aq(1)A4(0)BE —(€4,—€3)2A5(1)A5(0)B2] . 4.24)

The imaginary parts of these eigenvalues determine the central frequency of each transition in the optical line, their real
parts determine the corresponding linewidths. The association between the eigenvalues Ry, ..., R, and the transitions
in Fig. 2 depends on the relative magnitude of the model parameters.

To simplify the following discussion of the eigenvalues, we introduce the following approximations:

A1) =A,(1)=A(1), (4.25)
A(0)=A,(0)=A(0) , (4.26)
(e4—€3),(6,—€1) >>A(1)B2 g, A(0)B2 5 . 4.27)

Equations (4.25) and (4.26) imply that the density of the phonons which contribute to the transitions between the levels
with energies €; and €, and between the levels with energies €; and €, is the same. The assumption in (4.27) is that the
transition rates (A12)—(A14) between the levels €; and €, and between €3 and €4, and thus the lifetime broadening is
much smaller than the energy splitting between the levels. The latter approximation is consistent with the Born approxi-
mation used in the derivation of the equation of motion for the reduced density operator.

With (4.25) and (4.26) the expression (4.23) for B simplifies to

B=—(e,—€&) —(e,—€;)*+2i(e4—€;)[ A(1)— A(0)1B5 —2i (€;— €[ A(1)— A(0)]1BZ +[A(1)+A(0)]A(BZ +B%)? .
(4.28)
In the discussion of the eigenvalues we need V'C, and the expansion of this expression using (4.27) reads

€

2V'C =2(e4—€3)(€3—€;) —2i (63— €))[A(1) — A(0)]B5 +2i (€,—e3)[ A1 )—A(O)]B§+4e——€—‘A(1)A(0)B,29(BE, —B3%)

4—E€3

€,—€

—4—""2 A(1)A(0)B%(B% —B2) . (4.29)
€2—€

From these expressions we obtain

B+2V'C = —[(e4—€3) Fle,—€)) P+ 2i [(64—63)¢(62—61)[A(1)—A(0)](B,2;iB‘2,)

+A(D)+AO)A(BS +B§>2¢4Z—:—:A(1)A(om§wg —B%)74 Z:? A(DAO)BX(BX—B%).  (4.30)
Using (4.27) again, we have
(B—2VC)'?~i(e4—€3+€,—€)—[A(1)—A(0)]BZ +[A(1)—A(0)]B} . 4.31)
We insert this result into (4.21), and obtain for the eigenvalues R; and Ry,
R3=—i(e;3—€;)—A(1)BL—A(0)B} (4.32)
Ry=—i(€e;—€;)—A(0)BL —A(1)B} . (4.33)

In deriving this result we have assumed B2 <B§. If B> B %, R, and R, interchange with one another. 5
The eigenvalue R, describes a line centered at €3—e, whose width is determined by the real part of R;. A(1)B; de-
scribes transitions from level 2 to level 1 with the emission of a phonon, and A(O)B% gives a contribution to the



4554 P. REINEKER, H. MORAWITZ, AND K. KASSNER 29

linewidth due to transitions from level 3 to level 4 with the absorption of a phonon. The central position of the transi-
tion described by R, is at €,— €, and its width is determined by transitions from level 1 to level 2 due to phonon absorp-
tion, and from level 4 to level 3 due to emission of a phonon. Both eigenvalues have a finite real part also for T—0 K

arising from spontaneous phonon emission.
In order to evaluate R; and R, we have to differentiate between two cases. In the first case of small phonon transition

rates (slow motion), we have
| (e4—€))—(e3—€1) | >A(0)B2 g,A(1)B} 5,
and the evaluation of (B +2V'C )!/? results in
(B+2VC)?~ile4—€;—e3+€)+[A(1)—A(0))(BL+B3) . (4.35)
The eigenvalues R; and R, finally become
R,=—i(e;—€;)—A(0)BL+Bj),
Ry=—i(e;—€)—A(1)(B%+Bj) .

The imaginary parts indicate lines centered at €;—¢, and €,—e¢,. The real part of R; disappears for T—0 K, whereas

the one of R, remains finite.
In the second case of rapid phonon transitions (fast motion leading to motional narrowing),

(4.34)

(4.36)
(4.37)

| (€4—€;)—(€3—€)) | <<A(0)B2 5,A(1)B} 5 , (4.38)
and we define
2 p2 w22, 4827 €1 2, p2  p2 €4—€ 2,p2  p2
h,=[A(1)+A(0)]%(B,+Bg) +4ﬁA(1)A(O)BB(Ba—Bﬁ)—46 p A(1)A(0)B,(B,—Bp) . (4.39)
4—€3 27—¢1
Again expanding (B +2V'C )'/? using (4.38), we have
_ [A(1)—A(0)I(BL+B%) 1 (e4—€e3—€,+€)?
(B +2\/E)1/2=(h2)1/2+l (64—63——62+€1) 1/2 - il —E‘ 4 = 132 !
(hj) (hy)
1 (&—€3—€r+€1)° [A(l)—A(O)]Z(Bf,+Bfg)2
-2‘ (h2)1/2 P . (4.40)

Inserting into (4.20) we obtain, for the eigenvalues,

R i A(1)—A(0))(B% +Bj)
R; =—“é‘ [(64—€2+€3—-61)$(€4—€2—€3+€1 [ h )I]/Z b -—‘;’[A(1)+A(0)](B62,+B§)i';‘(h2)1/2
2
—€— 2 A(1)—A(0)JABL +B%)?
¢‘1" (€4—€y—€3+€;) _[ (1) (0)J4(B,+ 3) 4.41)
4 (hy)!7? hy
A detailed investigation of 4, shows that, for
(4.42)

(Va—VpP?<<ELVL V5,A%,

the first term in 4, is much larger than the following ones. Under these conditions the real parts of the eigenvalues are
Re(R,)=—[A(1)+A(0)](B2+Bj%) , (4.43)
(Ng—Ng) (Ng—N,)
Re(R,)=— A(1DAQ) V8 ;1/2 ___A(DA(©) . —L{Na 5 B 1/5 S (4.44)
A(1)+A(0) (NaNpg) [A(D)+A00)] W (Ng+Ng)[(Ng)“+(Ng)'’?]

with N, given by

No=E*—4V,A+4V>% . (4.45)
Npg is obtained by replacing ¥V, in (4.45) by V. Finally, we specialize (4.44) to the case

EA>>V,,Vg . (4.46)
Then Re(R,) is given by

Re(R1)=— 5} 2oy 016 WZAZ(;?,— ol T A?l()lfi(()()))]a 2 V:V_z Vel 4.47)
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According to (4.41) in the case of motional narrowing, we
have two imaginary parts which are slightly shifted away
from the average value 5[(e;—e;)+(e3—¢;)] to lower
and higher frequencies, respectively. The real part of R,
is increasing linearly (for high temperatures) with increas-
ing temperature, which is obvious from comparison with
the definition of A(0) and A(1) according to (4.25), (4.26),
(A8)—(A11), and (3.8), and indicates a contribution to the
optical line which broadens with increasing temperature.
The real part of R; consists of two contributions, the first
of which increases with increasing temperature, whereas
the second decreases and describes a motional narrowing
on account of the phonon-induced scattering between the
energy levels €, and €, and between €; and €;. The first
contribution to Re(R;) has been obtained recently®'—33
and will be discussed in more detail in the following sec-
tion.

V. AVERAGING OVER TLS’S

In the preceding section we have calculated the eigen-
values of a system of equations of motion for the correla-
tion functions which describe the optical line shape.
These calculations have been carried out for fixed values
of the parameters of the system. The TLS’s which are as-
sumed to be characteristic for the glass, have, however, a
broad distribution of system parameters. In the model of
Anderson, Halperin, and Varma,?> and of Phillips,?® it is
essential that the distribution function of the energy asym-
metry is constant between zero and a maximum value
Apax and decays rather rapidly outside of this range. The
I

P(A M) =
0 elsewhere .

The normalization condition

Amax A’max
J, A [, TdAP (AL =1 (5.7)
results in
P= ' (5.8)

Amax( }‘max - )Vmax) '

The average value of a function Aw(h,V,wq,4,A) is given
by

Ao= [dn [aV [dop [dA [ dr Aok, V,o,A,0)

XP(h,V,w0,A,A) . (5.9)

(Aw)yy= [dh [aV [dwo [ dE [ dW Ao(h,V,00,E,W)P,(RPy(V)P,, (o)

From this expression we see that the distribution function
in the new variables E and W is peaked at E =W. In the
following we shall evaluate the first term3!=3% of the

linewidth (4.47), and use, for Aw in (5.14),

P independent of A and A for 0<A <A, Amin <A <Amay »
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tunneling matrix element W through the potential barrier
of the double-well potential is given by

W =we ™, (5.1

where A describes the overlap between the wave functions
in the two minima of the potential. It is assumed?>2° that
the distribution function is also constant in a range A, to
Amax- @p is an attempt frequency of the TLS to tunnel
through the barrier between the two minima, and is
chosen to be of the order of the Debye frequency wp. We
shall assume that we have also a distribution of wq values.
The interaction V=V, — Vg between a TLS and the im-
purity, and the interaction # =h'—h* between the vibra-
tions of the matrix and a TLS, will also be different for
various TLS’s and must be described by a distribution
function. We shall assume that the various distributions,
except those for A and A, are independent, which allows
us to write

P(h,V,w0,A,A)=Py(h)Py(V)P, (0)P(A,A) . (5.2)

In the following discussion the detailed form of Py(h),
Py(V), and P, (ao) is not very important. We shall as-

sume that they are normalized in the following way:

[ Pih)dh=1, (5.3)
[Pvnav=1, (5.4)
[P (woddan=1. (5.5)

According to the model given in Refs. 25 and 26 the dis-
tribution function P(A,A) is taken to be a constant

(5.6)
r
Transforming to new variables E, W, and w,,
172
E= lAZ-{-a)()Ze‘”‘} : (5.10)
'W=a)2)e"“ , (5.11)
W=y , (5.12)
we have
dopdbhdh=—-—2 40w dE 5.13
@o - W (E2__W2)1/2 Cl)()d * ( * )
The average value now becomes
1 E
. (5.14)
Amax(}"max"‘}"min) W(Ez— Wz)l/2
I
2
Ao=16w2a2 Y AQANL) (5.15)

ES A(0)+A(1) ~
Here we have used the abbreviation (V,— V,g)2= V2 On
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account of the approximations (4.25) and (4.26) and insert-
ing (2.36) from (A8)—(A11), we have (m =0,1)
D—h" s hls—hk

g
2WWN 2VN
(5.16)

h
A(m)=3, 78(wg —E)[n(wg)+m]
gs

In the following two subsections, (5.14) will be evaluated
for interaction with acoustic and optical phonons
separately.

A. Averaged linewidth for interaction with acoustic phonons

In this subsection we evaluate the averaged linewidth in
the case of the interaction of the TLS’s with acoustic pho-
nons. The interaction matrix element may then be written

in the following form:
h;s =8safj(wqa/2Mcz)l/2, J =Lu .

In writing this expression we assume that the TLS in-
teracts only with a single acoustic branch. f7 is the defor-
mation potential describing the interaction of the acoustic
mode with the lower and upper states, respectively, in the
TLS. c is the sound velocity of the mode and M is the
mass of the unit cell. In the following it is convenient to
use the abbreviation

(5.17)

f=fl—r. (5.18)
In the Debye approximation we have
©g=c |q | (5.19)
and
y
oL (5.20)

S>> f do o?,
2% ¢3 Y0

gs
where ¥} is the volume of the specimen. Equation (5.16)
then becomes

Atm)=—— LB 0 (B)1m] , (5.21)
167 pc5
where we have introduced the mass density
(5.22)

p=NM/V, .

Here N is the number of unit cells in the specimen. The
evaluation of the last factor in (5.15) results in

A(0)A(1) 1 1 .3 1
= — i, 5.23
A(0)+A(1) 27 pc5 sinh(BE) ( )
and the linewidth becomes
2 2 2
porm L L WAE W) 524
27 pe E’sinh(BE)

For the calculation of the averaged linewidth (5.14), we
now assume that the attempt frequency wg has a definite
value w, which is smaller than the Debye frequency,

Py (00)=8(wo—w,), w;<wp . (5.25)

It is assumed?®?® that the maximum value of the energy
asymmetry is larger than the Debye frequency,
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Amax >0p . (526)

Therefore the maximum value of the energy splitting in
the TLS, E =(W?4+A?)!/2, is larger than w,. However,
on account of energy conservation in the interaction be-
tween TLS’s and vibrations, which is expressed by the &
functions in (4.25) and (4.26), only TLS’s with E <wp
contribute to relaxation. Therefore the integration extends
over the regime pictured in Fig. 3 instead of over the rec-
tangle suggested by (5.6). Here we have introduced

'_’A'max ‘A’min

W1 =wge s W2 =Wg€ N (527)

which shows that W, and W, are smaller than wp, and
Ar=(0h—WH'2, Ay=(0b—W3)2, (5.28)

As mentioned in connection with (5.13), we use W and E
as integration variables. The regime of integration in
these variables is pictured in Fig. 4. For the evaluation of
these integrals it is useful to introduce variables which are
normalized to the Debye temperature and frequency,
respectively,

y =—€——’ X ":1 3 (5298,)
@p @p
r=w, /op, Bop=op/kT= —TL . (5.29b)
Using (5.9) and (5.24), we then arrive at
2
1 wp
(Aw )= {(f2)(V?
> f >< ) 277'p(35 Amax(A‘max_}"min)
* y 1 *y
X [fx'l dyfxldx +fx2dyfx1 dx]
22172
Xy —x) (5.30)
y“sinh(y /T,)

(f?) and (V?) are averages of interactions of the TLS’s
with vibrations and the ion. x; and x, are defined by

WA}

w, .

FIG. 3. Integration regime of the variables A and W for the
evaluation of (5.14) in the case of acoustic phonons.
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—A WA
x =W /op=re ™
e ’ (5.31)
—A.
x,=W,/wop=re ™. W, b . 2
1
|
Carrying out the x integration, we obtain }
! | 3
2 { r
1 @p i
(A0)ay=(f2)(V?)
v f 27TPC5 Ama)(()"mzx)(_‘A'mirl) !
4
W, >
] !
X %Fa(r’}‘mim}"max’ T,.) ’ (5.32) } ! N
W1 W2 wp E
FIG. 4. Integration regime for the variables E and W result-
where ing in (5.30).
|
*2 1 1
F =1 dy__________,_(y2_x2)3/2+ ( 2____x2)3/2__ 22432
=3/, »sinh(y /T,) ! 2D rnnty /T, [ TED S0 =x (5.33)

For high temperatures 7, we may replace sinh(y /T,) by
its argument. Equation (5.33) then immediately shows
that F, is proportional to 7, and we recover the linear
temperature dependence of the Lyo-Orbach?® result. In
the first integral this approximation is valid for
T, >>1072 if we assume A, =S5, as is generally accept-
ed.”® In the second integral this approximation requires
T, >>1, and therefore we would expect the linear tempera-
ture dependence to be valid only above the Debye tem-
perature. However, on account of the difference of the
roots in the second integral, the integrand decays to zero
rather rapidly and does not contribute to the integral near
the upper limit. This has been shown in detail in a recent
publication.>> The consequence of this partial compensa-
tion of the integrand is that the linewidth depends linearly
on temperature not only above, but also below, the Debye
temperature.

As is obvious from Fig. 1 of Ref. 32, for very low tem-
peratures, the integrand decays rather rapidly on account
of the hyperbolic sine function in the denominator.
Therefore, if A, is not too large, and thus x, is not too
small, the second integral does not contribute to F,. In
the first integral we may replace the lower and upper lim-
its by 0 and oo, respectively. If we neglect x; in the root
of the first integral from dimensional considerations simi-
lar to those made in Ref. 31, we arrive at a quadratic in-
crease of the linewidth with temperature, which, however,
is valid only for low temperatures.

In the numerical evaluation of the temperature-
dependent part F, of the linewidth, we have assumed
r=1, i.e., w,=wp, and Ay,,=10. The result is nearly in-
dependent of Ap,,, for Ay, > 10 and is shown in Fig. 5 for
Amin=1, 3, and 5 as a function of the reduced tempera-
ture. The curves show that the linewidth depends linearly
on temperature also well below the Debye temperature.
This is most clearly seen from the inset, which represents
the range 0< T, <0.01 for A,;,=S5. Another interesting

result of the numerical evaluation is the strong depen-
dence of F, and thus of the dephasing time on the value
of Amin- The physical reason for this increase in the de-
phasing rate is that, with decreasing A, the interaction and
therefore the splitting between the two energy levels of the
TLS is increased. The density of acoustical phonons with
this higher energy, however, increases quadratically within
the Debye model, and thus gives rise to faster dephasing.
Comparing these results with the experimental tempera-
ture dependence of Hegarty and Yen,? it is obvious that
the model can explain only the very-low-temperature part

0.50 T T T T T T T T T

0.45+ -

0.40}
&

0.35} e P
x

0.30f e

0.25} -
./

! 1

107" F,

L L
0.004 0.008

0.20

—_
—

_
-

FIG. 5. F, determining the temperature dependence of the
linewidth for A,x=10, and Ap,=1, 3, and 5. The inset shows
F, in the case of Ay, =35 for small values of T, or an enlarged
scale.
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of the experimental curve. For higher temperatures other
dephasing mechanisms, such as Raman processes and a
direct coupling of the impurity to phonons, should be tak-
en into account.

B. Averaged linewidth for coupling to optical phonons

A large number of experimental investigations of the
temperature dependence of the linewidth of impurities in
glasses has been carried out using organic matrices. In
these materials in addition to the acoustic vibrations, opti-
cal and vibrational modes play an important role. For
that reason, in this section we investigate the influence of
these vibrations on the temperature dependence of impuri-
ty dephasing. As in the preceding section, the vibrations
are coupled to the TLS, in contrast to the recent investiga-
tions of Jackson and Silbey*® in which the librational
modes are directly also coupled to the impurity.

The coupling matrix element between TLS’s and pho-
nons now becomes

hi;=(w,/0p Vg’ j=lu (5.34)

where p =5 (Ref. 44) or 1.** We introduce the abbrevia-
tion

g=g'—g*, (5.35)
and neglect the dispersion

Wgs =g - (5.36)
Using ¥/ 1=N from (5.16), we obtain

A(m)=mo(E)n(E)+m]+(E /op)¥g?, (5.37)

where the density of optical phonon models o(E) is given
by

o(E)= Y 8(o;—E) . (5.38)

The temperature-dependent factor in (5.15) is given by
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r TLS optical phonons
§ Omay
2 —
% e —
Emar =V 0200 + W2
wp A —
—— ®min
Emin = W,
FIG. 6. Model for the density of optical modes.
2p
WHE*—W?) 1 E
Aw=2uV*g%*(E - —
o=2mVg’o(E)""p¢ sinh(BE) | @p
(5.40)

In order to carry out the averaging in (5.14) we have to
specify the parameters in our model. In Fig. 6 the distri-
bution of the energy splitting in the TLS’s and the fre-
quencies of the optical modes is presented. It is assumed
that the energy splitting in the TLS’s extends from some
minimum value E_;, = W; below the Debye frequency to
some minimum value E,,=(A2,,+W?3)!/? above the
Debye frequency. With respect to the density of optical
modes, we assume that it is constant between a minimum
value wp;, below E,, and a maximum value w,,, above
F.x. Taking into account the energy conservation in the
interaction process between TLS’s and vibrations, we ob-
tain the integration regime in Fig. 7 instead of the rectan-
gle given in (5.6). Transformation to variables W and E
gives the regime in Fig. 8. For the numerical evaluation
of the integral (5.14), we introduce reduced variables as in
(5.29), and in addition

2 A =A/op , (5.41)
__A(O—)A(_I_)_zn.o.(E)_l_ E g2-'__1___ , (5.39) r D
A(0)+A(1) 8 | wp sinh(BE) y1=(A24+xHV2 y,=(A2+x2)172, (5.42)
and (5.15) becomes x, and x, are defined in (5.31). The integral now becomes
J
20(g?)(V?) 1 *; y Y e * *
= d d d
(80)ay w3 Apax(Amax— Amin) fymindy f*‘xdx +f"z y+f)’1 yfxl xf(yz—Af)mdx
22172
. o(y) x(y*—x) (5.43)
sinh(y /T,)  y>—%
Performing the x integration, we obtain, for the averaged linewidth, the following result:
27 (g*)(V* o
(AQ))av: (g Z< ) z %Fo(r,}\'mimkmax:AermimTr) » (5.44)
. @p Amax( )"max - }\'min)
with
*2 1 1 Y1 1 1
Fo=1 2,232 2 L2\3/2__ (2 +2)3/2
0—2 .fymindy Slnh(y/Tr) y5—2p (,V XI) + x, ysmh(y/T,) yS——Zp [(y Xr) (y XZ) ]
1 1
(5.45)

Y2
Y innp /T 5

[A7—(?—x3)71 | .
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W A
2
> 1
4 3
®min
w,
Omin Amax A

FIG. 7. Integration regime of the variables A and W for the
evaluation of (5.14) in the case of optical phonons.

Here o, describes the constant density of librational
modes. In the numerical evaluation we have assumed
p=1, r=1, and A,=2, ie., w,=wp, Ap.x=2wp, and
Amax=10. The temperature-dependent part of the
linewidth F, is represented in Fig. 9 for y;,=0.5 and in
Fig. 10 for yn,;,=0.1. The three curves in each figure
represent Fy for Ay,=3, 4, and 5, respectively. The inset
gives the temperature dependence for A, on an enlarged
scale. From the figures it is clearly seen that the linewidth
depends strongly on A;,. Comparison of Figs. 9 and 10
shows that the onset of the linewidth contribution from
the optical phonons is strongly influenced by the value of
Ymin- For larger values of y.,, a smaller part of the
TLS’s contributes to the dephasing because of energy con-
servation, leading to slower dephasing and thus a smaller
linewidth. Another interesting outcome of the numerical
evaluation of the integrals is that as in the case of acoustic
phonons the linear temperature dependence of the high-
temperature approximation extends to rather low tempera-
tures. The formal reason for this behavior is again the
difference in terms in the integrand of (5.45). A numeri-
cal estimate®® of the prefactor of the linewidth expression
shows that the presence of low-frequency optical modes
can influence the linewidth considerably.

W, -

PV A
'min . : - !Eg Az,

W, V;
/
/

Omin W Amax V W? + Ar%\ax \ Wg "'Ar%\ax E

FIG. 8. Integration regime for the variables E and W result-
ing in (5.43).
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0.40 T T T T T T T T T

0.36

0.32

0.28}

1072 F,

0.00
0.00 0.20 0.40 0.60 0.80 1.00

FIG. 9. F, determining the temperature dependence of the
linewidth for the onset of the librational- and optical-mode fre-
quencies Ymin=0.5 for Ayin=3, 4, and 5. The inset shows, on an
enlarged scale, the nonlinear part of Fy.

VI. CONCLUSIONS

In this paper we have presented the first treatment of
optical dephasing of impurities in amorphous hosts using
the density-operator approach. The density-matrix equa-
tion allows us to describe relaxation processes in the
model used in the preceding sections, as well as to derive a
coupled set of equations for the correlation functions
describing the optical line shape.

We obtained, in Sec. IV, a full set of exact eigenvalues
for the equivalent four-level problem describing the sys-
tem part coupled to the bath, and give results in the weak

1.00 T

sl 012 P ]

osol O08F% \
=

0.04

0.00 L

107" Fy

0.50} i .
}‘min' 3
0.40 _

030} Ymin= 01 1

0.20- 1

o.10- in__ ]

0.00L <Lt L i

0.00 0.20 0.40 0.60 0.80 1.00

FIG. 10. Temperature dependence of the linewidth F, for
Ymin=0.1. Note the crossover to a linear temperature depen-
dence occurs at very low reduced temperature, T, << 1.
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coupling regime (V,,Vg<<E). In the course of the full
treatment for the various contributions to the optical
linewidth, we have identified several different mechanisms
for the temperature dependence: With increasing tem-
perature we find lifetime broadening on the one hand and
the Lyo-Orbach term and motional narrowing on the oth-
er.

We have introduced phonon-induced tunneling both via
acoustic and optical vibrations (librations) with compar-
able contributions to the optical dephasing rate. The
averaging over the various parameter ranges characteriz-
ing the TLS’s has been performed and shows a strong
dependence of the linewidth on the range limits.

We find that the crossover from quadratic to linear T’
dependence for acoustic-phonon—TLS coupling occurs at
much lower temperature (by 2—3 orders of magnitude)
than in the calculation of Lyo and Orbach. For coupling
to optical modes, the crossover is from exponential to
linear at temperatures determined by the lowest
librational-mode frequency.

It is not possible to explain the Hegarty-Yen T depen-
dence over the observed temperature range of several hun-
dred degrees K. Another challenging problem is the ab-
sence of any break in the linewidth-versus-temperature
curve. Additional theoretical and experimental work is
needed to clarify presently open areas such as the direct
coupling to phonons, higher-order scattering processes,
and the influence of fractons.?’
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APPENDIX A

Here we give the definition of the abbreviations intro-
duced in Sec. III in connection with the derivation of the
equation of motion for the density operator (3.9). We
have

P=3P-1s_.D,, (A1)
gs Wgs
P=3pP-1p_,D,, (A2)
gs w‘ls
P,(0)= 3, [P$(0)—P{3(1)1D _ 4Dy (A3)
qs
Py(1)= 3 [P$(1)—P$(0)1D _ 4Dy, (A4)
qs
P,(0)= 3 [P$(0)—PL(1)1D_ 4Dy, , (AS)
gs
Py(1)= 3 [PE5(1)—P%(1)1D _ 4Dy , (A6)
qs
Ao= 2 (g )(2ngs+1)D _ gDy (A7)

qs
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A2(0)= 2 [8351(0)-}-8'{‘;( l)]D—quqs ) (AS)
qs

Ay(D)= 3 [8%(1)+8(3(0)1D 4D, , (A9)
gs

A40)= 3 [853(0)+8%(1)]D 4Dy (A10)
qs

A= [8%5(1)+8%0)]D _ 4D, , (A11)
qs

Wi, =2A,(0)B% , (A12)

W, =2A,(1)B% , (A13)

Wi=2A4(0)B% , (A14)

W =2A41)B% , (A15)

&€ =€,+2Pydy—P1A% +P,(0)B , (A16)

& =€,—2PyA,—P AL —P,(1)B2 , (A17)

& =€;+2Pydp—P A3+ P,(0)B} , (A18)

€ =€,—2PyAdp—PA3—P,(1)B} , (A19)

APPENDIX B

Here we give an alternative, concise derivation of the
connection between the equations of motion for the
density-matrix and two-time correlation functions.

Expressing the density operator by the eigenstates (2.25)
of the system Hamiltonian, we have

p=p; i) . (B1)
ij
Its equation of motion is given by
p=—i XL |i)j|py (B2)
ij
and can be written in the following way:
pz—izzcij,mn[m)(n Ip,] N (B3)
ij mn
pmn = 2 G j,mnPij - (B4)
ij

In these expressions, Cj;;, is the tetrad corresponding to

the superoperator L.
The two-time correlation functions in (4.8) are given by

Kpw(T)=(P* e L7 m)(n|). (B5)

Differentiating with respect to 7 and using (B2) and (B3),

we hgve
Kpu(T)=—i(P* e LL m)(n|), (B6)

Ko (1)=—i(PT | e 73 Cpu 5 [ )i |) - (B7)
i
Taking into account that C,,,;; are c numbers, and again
using the definition of the correlation function, we find
Kon(1)=—i 3, Copp 15K (1), (B8)
ij

showing that the matrices describing the time develop-
ment of the density matrix and the correlation functions

are transposed to each other.
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