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Nonlinear-optica1 properties of biexcitons. II. Four-wave mixing
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The nonperturbational tleatIQent fol the calculation of the nonl1near-optical susceptibility of an
exciton-biexciton system near resonance, developed earlier, is extended to account for multibeam

configurations; the case of forward degenerate four-wave mixing is examined in particular. Because
of the mutual lnteract1ons among the beams the propagation of each bean1 1n a multlbeam confligU-

ration is described by a different effective dielectric function; In a pump- and test-beam configura-
tion the renormalization of the polariton dispersion relation near the two-photon biexciton reso-

nance is manifested fox' the test beam by the opening of a, pump-induced polariton gap, while for the
strong pump beam itself the dispersion relation displays only a divergence, with no gap. For the pa-
rarneters of CuCl, the nonperturbational treatment reproduces the main (asymmetric) features of the
experimental four-wave-mixing spectrum well. This casts serious doubts on the Pano-interfeIence
model for the biexciton, which was previously invoked to reconcile the asymmetric appear'ance of
the spectrum to the perturbational description of four-wave mixing in terms of the third-order sus-

ceptibility.

I. INTRODUCTION

The nonhnear-optical spectroscopy of biexcitons in
CuC1 has commanded a lot of interest in the last few
years, both because of the insight which it provides into
the electronic states of semiconductors and because of the
potential applications associated with the strong optical
Qonlincafitics. Until fcccntly» optical cxpcnIDcnts OQ

biexcitons were vie~ed within the traditional perturbation-
al framework of nonlinear optics. For example, the
transmission spectrum and the phase-conjugation (degen-
erate four-wave mixing) spectrum of CuC1 in the vicinity
of half the biexciton frequency were regarded as direct
manifestations of the third-order susceptibility X of the
material. Thus deviations from the familiar behavior of
X obscfvcd in thcsc spcctfa wcfc attributed to novel phe-
nomena: the intensity-dependent width of the two-photon
absorption (transmission) spectrum was attributed to col-
lisions within the biexciton gas, while the asymmetry of
thc phase-con)ugatlon spectrum was cxplalQcd by invok-
ing an autoionization process for the biexcitons.

The direct experimental observation of many higher-
order scattered beams resulting from the interaction of
two laser beanls near the biexciton resonance in CUCl has
demonstrated, however, that the traditional perturbational
framework of nonlinear optics is inadequate for the inter-
pretation of optical experiments near the resonances of
sucI1 Systems. - This fact casts serious doubts on thc pcl-
turbational interpretation of nonlinear-optical experiments
in CuC1: If the third-order susceptibility X' ' does not suf-
fice to describe two-photon absorption and four-wave
mixing, then the evidence for collisional and autoionizing
phcnoIDcna ln blcxcltons Qccds to bc fcvlscd.

Several authors have calculated the nonlinear-optical
dielectric function of CuCl in the vicinity of the two-
photon blcxclton fcsonaQcc thf ough QonpcftUI'batlonal
methods, thus obtaining the intensity-dependent renormal-

ization of the polariton-dispersion relation. In a recent
publication (hereafter referred to as I) we developed a
nonperturbational technique for the calculation of the
nonlinear-optical polarizability based on thc determination
of the unitary transformation that diagonalizes the
cxclton"blcxclton —Iadlatlon Hamlltonian. TIlc QoQIlncRf
dielectric function thus obtained is exact within the rotat-
ing wave approximation (i.e., it includes all fully resonant
terms of all orders of the susceptibility), and reduces to
the expressions found by other authors under the ap-
pfopfiatc approximations. By tfcatlng light plopagatlon
also in a nonperturbational framework, we showed that at
least part of the intensity-dependent width of the biexciton
resonance» obscrvcd ln tfansIDlsslon expcfiIDcnts» 18 duc to
the frequency displacement of the intensity-dependent
biexciton resonance (chirping) as the transmitted beam is
absorbed while it propagates. If biexciton collisions cause
additional broadening, the effect of this latter mechanism
will be intertwined with the apparent broadening due to
Chirping.

A dielectric function, however, calculated for the prop-
agation of a single beam cannot take into account the in-
teraction between different light beams propagating in the
same medium. In the perturbational language of non-
linear optics, this nonlinear dielectric function incorpo-
rates only the intensity-dependent renormalization of the
first-order susceptibility and can be used therefore only
for the description of the most elementary optical-
nonlineaf experiments: those involving a single light
beam, such as transmission or reflection spectroscopy.
The IDore interesting experimental situations involving
several bcaIDS such as state-pr'cpalation and ploblng set-
ups or n-wave-IDixing configurations I'equire the CRICUIR-

tion of the renormalization of the (n —1)th order suscepti-
bility and cannot be accounted for through the one-beam
dielectric function. The nonperturbational description of
four-wave m1xlng uslllg the denstty-matrix formahsm has

Oc 1984 The aerican Physical Society



NONLINEAR-OPTICAL PROPERTIES OF. . . . II. . . .

recently been addressed by several authors. '

In this paper we generalize the treatment of paper I to
address the problem of the nonlinear-optical response of
an exciton-biexciton system in a general n-beam configu-
ration. In order to make contact with experimental obser-
vations, we specialize our treatment to the description of
forward degenerate four-wave mixing in CuC1. This pa-

per is organized as follows: In Sec. II we review the basic

ideas of paper I while at the same time we recast them in

a generalized framework which permits the treatment of
multibeam experiments. In Sec. III we apply our theory
to degenerate four-wave mixing and analyze previous ex-

perimental results in the light of this theory. Finally, Sec.
IV contains a summary of our results and a discussion of
the nonperturbational approach.

II. MODEL

A. Hamiltonian

+EJ' e' '8»+kb»), (2.3)

where p~ is the exciton transition dipole per unit cell, N is
the number of unit cells in the crystal, and pz is the
exciton-biexciton transition dipole. A prime E is used to
indicate the possibility that the exciton and the biexciton
do not feel exactly the same field, due to the "local-field"
contribution: As discussed in paper I, if in CuC1 only the
exciton is subject to the local field (while the biexciton

%c cons1dcf a semiconductor interacting w1th n d1st1nct

laser beams, all at the same frequency co, in near resonance
with the exciton and with the two-photon biexciton transi-
tions. %C assume, however, that the beams may be dis-

tinguished through their directions of propagation, so that
each may be represented by a plane-wave electric field

Edit —gk -P' g —l QPE +1k»P
(2.1)

As in paper I, the electromagnetic field is expressed classi-

cally while the electronic states of the crystal are treated
quantum mechanically. The resonance condition permits
us to ignore most electronic states of the semiconductor
and to write the semiconductor Hamiltonian as involving

only two types of quasiparticles: excitons and biexcitons,
wh1ch Rfc both bosons. Then

Ho ——g 0(q)b b + Q Q(Q)BgBg,
Q

where b»lb» (Bg/Bg) are the creation and anmhilation

operators for excitons (biexcitons) of wave vector q (Q)
and frequency co (0). These operators follow Bose com-
mutation relations. Absorption of a photon of wave vec-

tor k~ may create an exciton of the same wave vector, or it

may create a biexciton of wave vector kz+q if an exciton
of wave vector q is already present (actually or virtually)

1n thc crystal. Thus, thc 1ntcfact1on Hamiltonlan bctwccn
the crystal and the jth beam is

H = VN p)(E e ' 'b—
k

+E*e'~'bk )

v2+(EJ' e '"'8—
»+k,.b»

fee» directly the applied external field), inclusion of the
local field produces simply a constant shift of the exciton
frequency in the calculation of the nonperturbational sus-
ceptibility. Under the same assumptions, it can be shown
that the same effect occurs in multibeam configurations.
For this reason the prime in Eq. (2.3) will be dropped, and
local-field effects will not be explicitly considered in this
paper.

The Hamiltonian of a crystal interacting with n distinct
beams 1s

Clearly, the wave vectors of the excitons and biexcitons
entering in Eq. (2.4) must satisfy the same conservation
relations that may exist among the wave vectors of the
light beams as iInposed by the experimental geometry.
Since the individual interaction Hamiltonians HJ are
quadratic in the exciton and biexciton operators, the uni-

tary transformation that diagonalizes (2A) may be ob-
tained in analytical form. The diagonalization procedure
is easiest if the oscillatory time dependence of the interac-
tion Hamiltonian is eliminated through a rotating-frame
transformation analogous to that used in nuclear magnetic
fcsonancc. Slncc thcfc alc two I'csonanccs 1nvolvcd, R

double rotating frame must be used, one for the excitons
rotating at frequency co and one for the biexcitons rotating
at 2m. The Hamiltonian in this frame is

H=HO+ g HJ, (2.5a)

Ho ——g 5(q)b»b»+ g 6(Q)BgBg,
Q

H = ~Np, )(E bk+E bk), .
,J i J i

—v2 Q (EJB»+k b»+EJ 8»+k b.»».
(2.5b)

g.sc)

with 5(q) =coo(q) —co and h(Q) =Q(Q) —2'. The unitary
transformation may now be written as the product of two
successive partial transformations each diagonalizing part
of the Hamiltonian. First, a translational transformation

U& is used such that

U)bq U) ——bq+xq,

U)Bg U) ' ——Bg+yg

(2.6a)

(2.6b)

U»» U2
' = X~»»b»+ X~» gBg

U28g U2
' ——g ug b + g p'g gBg

q Q

eliminates the quadratic cross terms (8 b+Bbt) in HJ.
The overall unitary transformation is given by

(2.7a)

U=U2U) . (2.8)

(and the complex conjugates for the creation operators).
The parameters xq and yg are then chosen so that the
linear terms in the exciton operators (b»+b» ) are eliminat-
ed in Eq. (2.5). Second, a rotational transformation is
used, such that
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B. Nonlinear polarization

The electromagnetic fields propagating in the medium
induce an oscillating polarization which in turn may emit
radiation similar to a classical antenna, according to
Maxwell's equations. Thus, in order to account for the
experimental observation of a light beam of frequency to

and wave vector k generated and propagating through the
material, it is necessary to calculate the induced polariza-
tion of the same frequency and wave vector. In this calcu-
lation, all transitions which may produce a photon in the
k direction must be included. Thus the polarization
relevant to an experimental observation is given by the ex-
pectation value of the (co,k) component of the dipole
operators for both the ground-to-exciton and the exciton-
to-biexciton transitions

2

[Ej+4vrP(co, kj )], (2.11)

where P(to, kj) is the steady-state amplitude of the (co, kj )

component of the induced polarization which depends in
general on the values of all the fields present. We may
formally separate P into two parts:

where y and I are transition-dipole damping constants
for the exciton and the biexciton, respectively.

C. Nonlinear propagation

In multibeam experiments the Maxwell equations can
be written as a series of propagation equations, one for
each beam. The steady-state propagation equation for the
jth beam in a material system may be written as

P(cok) =v N p~bt e' + F2 g Bk+zbqe' (2.9) P(to, kj) =rb (E; )+Xj(E;,Ej)Ej, (2.12)

over the state in which the system is found after the field
is turned on adiabatically. The expectation value of the
first term gives the probability that the photon emitted by
the oscillating induced polarization is associated with the
annihilation of an exciton, while the second term gives the
probability that the emission of a photon takes place when
the crystal undergoes a biexciton-to-exciton transition.
Clearly, calculations that neglect this latter term cannot
adequately describe the optical response of biexcitons
especially at high intensities.

By using the unitary transformation U that diagonalizes
the Hamiltonian in the double rotating-frame representa-
tion, the amplitude of the induced polarization may be
written as

P(co,k)=V '(n
~

UP 'U '
~
n), (2.108)

where V is the volume of the crystals,
~
n) is the initial

state of the system, while p' is the same as Eq. (2.9) but
with the oscillatory time dependence suppressed. We note
that if the initial state of the crystal contains no excitons
or biexcitons, i.e.,

~
n) = ~0) the rotational part of the

unitary transformation gives no contribution as was
shown in paper I,

P(~ k) = V '«
I
U2»P'Ui U2

'
I
0)

= V '(Oi UiP'Ui '
i
0) . (2.10b)

Thus, in such a case, the translational part of the unitary
transformation is sufficient for the calculation of the in-
duced polarization.

The induced polarization is created by the nonlinear in-
teraction of the electromagnetic fields, but is destroyed by
the relaxation processes that take place in the crystal. The
steady-state value of the polarization amplitude may be
obtained by adding a small imaginary part to all frequen-
cies in Eq. (2.10), positive for creation operators, negative
for annihilation operators, and equal to the decay constant
of the corresponding state. In particular, the detunings
become

the first part (rjj) is independent of Ej but depends on all
other fields (denoted by E;) in the medium, while the
second part depends on the value of Ej as well as the
values of the other fields. This partition of P permits us
to rewrite Eq. (2.11) as

2

(ejEj+4mgj ), (2.13a)
2 2 j j

where we have defined

e~
——1+4~XJ (2.13b)

aE,
Z

1kJEJ

where

(2.14a)

k= ~eN

c

is the wave vector. These equations are valid when

1 ((~ )

(2.14b)

(2.15)

that is, when the wavelength varies slowly, so that a wave
vector can be defined locally. Under the same conditions,
the full equation with the source term may be written as

which plays the role of an effective dielectric function ex-

perienced by the jth beam during its propagation but de-

pends on the presence of all fields. The term in gj plays
the role of a source term and causes the emission of radia-
tion EJ, as from a classical antenna. We note that both eJ.

and gj are in principle different for different beams prop-
agating in the same medium.

For the case in which eJ and gJ do not vary greatly
with distance, as for example when the intensities of all
fields involved do not decrease (due to absorption) or in-

crease (due to generation or amplification) too fast, the
second-order propagation equation (2.13) can be reduced
into a first-order equation. In particular, when rt j ——0, fol-
lowing the same procedure as in paper I, the propagation
equation may be approximated by

5(q)~5(q)+iy,

b(Q)~b, (Q)+il
'BEj Q7 Y/j=ikjEj+4~i
Bz c

(2.16)
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This equation is exact only when eJ and qJ do not depend
on z. It is, however, a good approximation to the full
propagation equation, as can be verified by redifferentiat-
ing Eq. (2.16), when condition (2.15) is satisfied, and at
the same time

1 a"J~J
(2.17)

that is, when the variation of the amplitude of the source
term is small over one wavelength.

III. FOUR-WAVE MIXING

We now examine the forward configuration of degen-
erate four-wave mixing, as described in the experimental
papers of Chemla and co-workers. ' In these experi-
ments, the CuC1 crystal is initially in its ground state, and
interacts with a strong laser beam (pump) of wave vector
ko and a weaker beam (test) of the same frequency and of
wave vector k 1 to produce a series of scattered beams
emerging in the directions

k„=(n + 1)ko —nk (3.1}

However, when the test beam is very weak, only the first
scattered beam (n = 1) is observed, and the four-wave mix-
ing configuration is realized. Clearly, in the description of
this process the test field is included only up to first order
while the pump field must be treated nonperturbationally.
The response of the material, thus, can be expressed by the
X' ' corresponding to four-wave mixing, renormalized,
however, for the high intensity of the pump beam. It is
this simpler problem that we address in this paper, by lim-
iting our calculation to the beams corresponding to n=0
and n =+1. Inclusion of higher-order scattered beams

I

(n =+2, +3, . . . , ) and the full nonperturbational descrip-
tion of the phenomenon can easily be achieved following
the procedure we develop for four-wave mixing; however,
even though this is conceptually straightforward within
our formalism, the corresponding algebra is rather tedi-
ous. Furthermore, we examine only the case in which
there is no initial exciton or biexciton population in the
sample, since this case corresponds to the experimental
conditions while at the same tiine it simplifies the calcula-
tion of the unitary transformation that diagonalizes the
Hamiltonian.

Within the four-wave mixing configuration, it is reason-
able to assume that the relative intensities of the fields in-

volved are

IEo
I

'» IE 1I'» IEi
I

' (3.2)

and thus we may ignore all transitions involving more
than one test or signal photons. We therefore take into
account all one-photon transitions and only those two-
photon transitions that involve (1} two-pump photons, (2)
a pump plus a test photon, and (3) a pump plus a signal
photon. Since there are initially no excitons or biexcitons
present in the crystal, the wave-vector conservation rules
limit the interaction of the radiation field to excitons of
wave vector ko and k+1 and to biexcitons of total wave
vector Ko =2ko=ki+k —» E—i =ko+k —» and E
=ko +k

&
. The biexciton Eo is directly involved in the

two-photon absorption of the pump beam and in the
four-wave mixing process, while the two others result
from the absorption on the test or signal beams induced
by the presence of the pump beam. In keeping with the
assumption (3.2) we neglect biexcitons of wave vector
K+2 ——2k+1 involved in the two-photon absorption of the
test and signal beams. The Hamiltonian corresponding to
this situation in the double rotating fraine of reference is

H =5bobo+ ~0B0 ~&pi(Eob o+Eobo }—p2«0Bobo+EoBob o )

+5b ib 1~&I-1«-ib 1+E ib 1) V2«1Bob1—+E 1Bobi)

+5b ibi ~NIJ1(E1b 1+Ei

bi�

) —P2(E1Bob —1+E1Bob—1}

+~ 1B 1 I i«0B —ib i+E.B,b, )

v2« 1B ibo+—E 1B-ib-o}

+M 1B, P2(E0B ib 1 +Eo—Bib 1)

—1M&«1B ibo+E1Bibo }

(3.3a)

(3.3b)

(3.3c)

(3.3d)

(3.3e)

(3.3f)

(3.3g)

where we have taken 5(ko) =5(k 1)=5(k 1 ) =5 and
b,(K0)=h(K 1)=b(K 1)=b which is rigorously justi-
fied for cubic crystals. The first line of this Hamiltonian,
Eq. (3.3a), is identical to the Hamiltonian examined in pa-
per I: It describes the interaction of the pump beam alone
with the crystal, and involves the excitons ko (through
one-photon transitions) and the biexcitons Ko (through
two-photon or two-step transitions). The interaction of
the crystal with the two other beams is described in Eqs.
(3.3b)—(3.3g). In particular, Eqs. (3.3b) and (3.3c) describe
the one-photon interaction of the test and signal beams
with the crystal, through the corresponding exciton transi-
tion, as well as the two-photon interaction which gives rise

I

to four-wave mixing through the deexcitation of a Ko
biexciton by the einission of one test and one signal pho-
tons: The last term of Eq. (3.3c) corresponds to the case
in which the signal photon is emitted during the
biexciton-to-exciton transition, whereas in the last term of
Eq. (3.3b) it is the test photon that is emitted in this tran-
sition while the signal photon is associated with the
exciton-to-ground part of the two-photon transition.
Equations (3.3d) and (3.3e) involve the K 1 biexciton and
thus describe the test-beam absorption induced by the
presence of the pump beam: in Eq. (3.3e) a test photon is
involved in the exciton-to-biexciton transition, whereas in
Eq. (3.3c) the test photon is associated with the ground-
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to-exciton step. Similarly, Eqs. (3.3f) and (3.3g) describe
the induced absorption of the signal beam giving rise to
the E~ biexciton.

The Hamiltonian (3.3) may be diagonalized according
to the procedure outlined in Sec. IIA. For our purposes
and for a crystal initially in its ground electronic state it is
sufficient to calculate only the translational part of the

I

unitary transformation, as shown in paper I. Introducing
Eqs. (2.6) into Eqs. (3.3), we may calculate the values of
the parameters x; and y; which define a translational uni-

tary transformation such that the linear terms of Eqs.
(3.3) are eliminated. The system of siinultaneous linear
equations that results from this substitution is

5Xp

—p2Eo&o
—p2E )xp

—P2E&xo

+0

+0

+0
+0

—p2E&x ~
—p2E &x &

—p2EoX ) +0

+0 —p2EoX i

—p2EoXo

—p2E &Xo

—p2E —So
+~So

+0
+0

—p2E-S-1
—p2Eo3' —j

+0
+0

+~X—i

+0

—
p2E &fi

+0
—p2Eo3'I

+0

vN piEo

~EpiE
v EpiEi
0

0

(3.4a)

(3.4b)

(3.4c)

(3.4d)

(3.4e)

(3.4f)

In keeping with our assumptions on the relative strengths
of the three radiative fields we may solve Eqs. (3.7) only
up to first order in E+i, but to all orders in Eo.

The calculation of the generation and propagation of
each beam in the crystal involves the induced polarization
of the corresponding wave vector, as in Eqs. (2.9) and
(2.10). For the pump beam, this polarization is given by
the expectation value over the adiabatic state of the dipole
operator of all transitions involving a pump photon.
These are the one-photon ko-exciton transition, the ko-
exciton —to—Ep-biexciton transition, and the pump-
induced absorption of the test and signal beams. That is

iJ (ko) =v N p ibo+pzBobo+p2B ib —i+iJ2B—ib i

(3.5a)

For the signal beam, the corresponding dipole operator
involves the ki exciton, the test-and-signal deexcitation of
the Eo biexciton (four-wave mixing), and the pump-
induced absorption of the signal beam, giving thus

p(ki)=V Npibi+p2Bob i+p2Bibo, (3.5b)

while for the test beam the dipole operator iM(k i) has the
same form as Eq. (3.5b) but with the indices +1 inter-
changed, The induced polarization interacting with each
beam may be obtained by combining Eqs. (2.10), (2.6), and

t

Npixi +p yzoic' i+p2yixo) .

(3.6b)

The expression for P(k i) is similar to Eq. (3.6b) with
the indices 1 interchanged. Inserting now the solutions
of Eqs. (3.4) into Eqs. (3.6) and taking into account the
relative intensities of the fields involved (3.2), we obtain
for the pump beam

P(ko) =&o(EO)EO

with

(3.7a)

2 (64*5*+2iIR')
R'~'

w"ere R =
I P2EO

~

is the Rabi frequency of the exciton-
biexciton transition driven by the pump beam. For the
signal beam we have

(3.7b)

P(ki ) Qi(Ep E i )+Xi(EO)Ei

where

(3.8a)

(3.5) as

P(ko)= V (~Npixo+pzyoxp+p2y ix i+iM2yixi )

(3.6a)

and

XP ~P2
2 2

gl(EO E—i )
V

55
(65—R )

i
b,5—R

i
b,5—R 6'5' —R

+ EoEoE*-i (3.8b)

525 b5
(65—R )

i
b,5 R

i
b,5—R b,*5"——R

+ (3.8c)

while for the test beam the indices +1 are interchanged in
Eqs. (3.8).

For the sake of clarity, the induced polarization (3.8)
was partitioned formally into two terms, as in Sec. IIC.
This separation permits a better understanding of the role
of the induced polarization in the Maxwell equations.
The first term, g, is independent of the field EJ and thus
serves as a source term for the generation of the jth beam

in the Maxwell equations. In the perturbational language
of nonlinear optics, this term can be expressed as the
third-order susceptibility relevant to four-wave mixing re-
normalized by all higher-order virtual transitions involv-
ing the pump beam, in addition to four-wave mixing. In
the second term, the quantity XJ(EO) of Eq. (3.8c) as well
as the corresponding Xo(EO) of Eq. (3.7b) represents the
renormalization of the first-order susceptibility seen by
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FIG. 1. Polariton-dispersion relations near the biexciton reso-

nance of CuC1 (3.186 CV) with no damping, renormalized by a

st1ong pump beam. Uppcl cuI'vc: polafiton fcnoi IIlallzatlon in-

duced on a weak (test or signal) beam. Lower curve: self-

fcnorma11zatioIl of pump-beam polariton dispersion. Solid 11nc

( ) is for an internal pump field of 500 esu, dashed-dotted
linc (- -.-) 1S fol' 350 csu, long-dashed 11nc (—) 1S fof 150 csu,
and short dashes (- - - -) are for 50 esu.

FIG. 2. RCAcctivity of CuCl in the vicinity of thc two-photon
biexciton resonance (3.186 CV) with no damping, for two in-

cident beams a high-intensity (pump) and a low-intensity (test)
beam. Curves are for different internal pump fields, as in Fig.
1. Test beam displays a polaritonlike gap, while the pump beam
exhibits divergence (the reAectivity is equal to 1) at only one

point.

eq(EO) =e +4mXJ(EO), (3.9)

where e„ is the background dielectric function due to all

electronic states other than the exciton and the biexciton.
It should be noted that the value of the different electric
fields entering in Eqs. {3.2)—(3.9) are to be taken inside the
inaterial. Near the air (or vacuum) interface, these fields

may be related to the incident intensities through the
transmission coefficient

mc

1+~eq 1+~eq

2
8 IIQc

the jth beam (as it propagates in the material) due to the
intensity of the pump beam and the occurrence of the
exciton-to-biexciton transition. The real and imaginary
parts of XJ(Ec) correspond to the dispersive and absorp-
tive coefficients felt by the jth beam during its propaga-
tion in the system composed of the material plus the
pump beam. %hen the induced polarization is inserted in
the Maxwell equations, +J(EO) gives rise to ef(Ec), the ef-
fective dielectric function of the medium seen by the jth
beam in the presence of the pump beam,

Thus, in order to express the nonlinear susceptibilities in
terms of the incident intensities, Eqs. (3.7) and (3.10) must
be solved self-consistently.

A few co~ments on the dielectric functions seen by the
three beams are in order. The dielectric function seen by
the pump beam co{ED) and Eq. (3.7) are identical to the
corresponding expressions obtained in paper I for a single
incident beam propagating through the material. This is
due to the fact that all calculations are performed to infin-
ite order for the pump field but only to first order for the
test and signal fields: There is no first-order contribution
of these latter fields to Xo(Eo). On the other hand, the
dielectric functions seen by the test and signal beams
e i(Ec) and ei(E&) are identical to each other, but have a
different functional form from eo(EO) This implies .that
optical measurements of the material done in one-beam
experiments or in two-beam pump-and-test configurations
do not give the same results. In particular, the renormali-
zation of the polariton-dispersion relation in the vicinity
of the two-photon biexciton resonance is seen quite dif-
ferently by the pump and by the test beams: In a one-
beam experiment (or for the pump beam of a two-beam
configuration) this renormalization is manifested by the
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FIG. 4. Calculated transmission spectra of a weak test beam
in the presence of a high-intensity pump beam near the two-
photon biexciton absorption of a 0.5-pm film of CuCl. Curves
are for different incident pump intensities.

FIG. 3. Imaginary part of the optical susceptibility of CuCI
in the vicinity of the two-photon biexciton resonance for two in-

cident beams: a high-intensity (pump) and a low-intensity (test)
beam. Damping constants are y=0.07 and I"=0.15 meV.
Curves are for different internal pump fields: )& is for a field of
900 esu, + is for 650 esu, and the rest are as in Fig. 1. At high
intensities Imp corresponding to the test beam may be negative,
indicating amplification.

divergence of the polariton dispersion at only one point,
whose spectral position varies essentially as the square of
the pump field inside the material, and is given approxi-
mately by

co„=(Q—R2/5)/2 . (3.11)
This gives rise to a relatively sharp peak in the reflectivity
of the material at u„ for a constant transmitted pump
field Eo. On the other hand, in a two-beam experiment
the test beam measures a qualitatively different polariton
dispersion: The system composed of the material plus the

pump beam exhibits a polariton gap, that is, a spectral re-

gion in which the test beam cannot enter the crystal be-

cause e i(EO) is negative and the corresponding renor-
malized refractive index is purely imaginary. The reflec-
tivity seen by the test beam in the presence of the pump
beam presents, therefore, a region in which it reaches the
value of 1 (one), corresponding to the pump-induced open-

ing of the polariton gap. For the parameters of CuCl
(Refs. 10 and 11) (coo——3.204, 0=6.372 eV; e„=4.1,

p2 ——10 ' esu, and a longitudinal-transverse splitting of
coLT

——Xp&/Ve„=S.4 meV) this gap extends from co, to
approximately (co„+0/2)/2 for intensities of up to a few
tens of MW/cm; its position and width, thus, vary with
the pump beam. A pump-induced polariton gap in CuCl
has recently been observed' in hyper-Raman experiments.
Although the present calculation is not applicable, strictly
speaking, to such multifrequency configurations, we may
expect its conclusions to hold qualitatively even when the

pump, test, and signal frequencies are all different, as in
hyper-Raman scattering. A comparison of the polariton-
dispersion relations and the corresponding reflectivities
seen by the pump and test beams, when no dissipative ef-
fects are present in the crystal, is shown in Figs. 1 and 2.
These curves are calculated at a constant internal field,
rather than at a constant incident intensity; that is, the
transmission coefficient of Eq. (3.10) is not taken into ac-
count. The reason is that when no damping is included,
the self-consistent solution of Eqs. (3.7) and (3.10) cannot
converge near resonance. Please note that also in paper I
Figs. 1 and 2 were calculated without the self-consistent
correction for the transmission coefficient; consequently,
the intensities identified in the figures correspond to the
squares of the internal fields, and not to the incident in-

tensities.
The origin of the difference in the dispersion relations

can be traced to the distinguishability of the beams parti-
cipating in the two types of processes. As noted in Sec.
II 8 and Eqs. (3.S) the induced polarization is the sum of
all elementary processes in which there is a net emission
of one photon. The dielectric function seen by the test
beam includes all elementary processes which involve one
test photon along with several pump photons: The pump
photons are emitted and reabsorbed and the net result is
the emission of the test photon. The induced polarization
has also another component which is linear in the test-
beam field: it involves all elementary processes in which
one test photon is absorbed but two pump photons are
emitted (along with any number of virtual emissions and
reabsorptions of pump photons) so that the net result is
still the emission of one photon. This latter component of
the induced polarization, however, does not contribute to
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R )[(0—2') +I ] 0—2co
(3.13)

as can be seen from Eq. (3.8c) after some algebra. In this
case, the test beam is amplified when it propagates in the
presence of the pump beam. This behavior may be easily
understood if we consider the four-wave mixing process as
taking place in two steps: {1)absorption of two photons
from the pump beam to reach the Eo biexciton state and
(2) deexcitation of the biexciton by the emission of two
photons. The presence of the test beam causes the stimu-
lated emission of a k

& photon, along with a k& photon to
satisfy energy and momentum conservation. Thus when
this stimulated emission is stronger than the linear and the
induced absorption of the test beam, a net amplification is
observed.

The transmission spectrum of the test beam can be ob-
tained by solving the propagation equations (2.16) for the
pump and test beams,

~Eo lN
[&o«o)1 Eo1/2

BZ C
(3.14a)

~E—]. EN [~,(E,)]'"E,
Z

for each frequency co, and setting as a boundary condition
that at z =0 the internal field is related to the incident in-

(3.14b)

the test-beam dielectric function but is included in the
source term for the signal beam (ri~). On the other hand,
for the pump beam {or for single-beam propagation) the
induced polarization includes all elementary processes in
which only pump photons participate, with the net result
being, of course, the emission of one pump photon. As
the pump photons cannot be distinguished among them,
the two separate contributions which for the test (and sig-
nal) beam yield X; and qj, both enter in the determination
of the pump-beam susceptibility. Indeed, it is easy to veri-
fy that when ko ——k, =k &, that is, when the pump, test,
and signal beams cannot be distinguished so that
Eo E~ F——

~
————E Eqs. (3.7) and (3.8) give identical re-

sults. That is,

X((E)E+ri) =So(E)E,

where the indices are used simply to denote the different
functional forms.

%'hen r'elaxation processes are included, the susceptibili-
ties and the corresponding dielectric functions acquire an
1maglnary part. This causes the polM1ton-dlspcrslon rela-
tion to be modified: The polariton divergence of eo(Eo)
and the polariton gap of e~(Eo) disappear. At the same
time, the reflectivity peaks due to this polariton effect be-
come greatly attenuated.

For the pump beam, the imaginary part of the nonper-
turbattonal susceptllMllty Xo(Eo) is always posltlve, md1-

cating that this beam can be only attenuated when it pro-
pagates in the crystal. The maximum of Imago shifts to
lower frequencies by an amount essentially proportional to
the incident intensity. Qn the other hand, the imaginary
part of the test-beam susceptibility I ~(Eo) may take neg-
ative values for sufficiently strong pump fields as shown
in Fig. 3. This occurs when

tensity according to Eq. (3.10) self-consistently. In Eq.
(3.14b) we have neglected the four-wave mixing term ri
for the generation of the test beam, because of assumption
(3.2). Equations (3.14) can be solved sequentially: the
pump-beam equation can be solved as in paper I and its
results can be inserted in Eq. (3.14b) to give the transrnis-
sion of' the test beam. Figure 4 presents the transmission
spectrum of the test beam in the presence of the pump
beam, obtained through the numerical solution of Eqs.
(3.14). We note that the transmission spectrum of the test
beam displays an intensity-dependent width which reflects
essentially the chirping due to the attenuation of the pump
beam, as described in paper I: As the pump beam is at-
tenuated in the sample, the absorption maximum for the
test beam shifts to higher frequencies due to the intensity
dependence in the denominator of the susceptibility [Eq.
(3.8)], thus giving an apparent width to the transmission
spectrum. It is thus possible that the pump-induced ab-
sorption width of a pair of weak counter-propagating test
beams recently reported may be due (at least in part) to
this chirping effect, rather than to collisional effects aris-
ing from the injection of polaritons and biexcitons by the
pump beam.

The spectrum of the signal beam generated by the
four-wave mixing process can be obtained by solving the
propagation equation for that beam

91=i—[e)(Eo)] E)+4ni
8 [ (E )]

(3.15)

for each frequency, after inserting the results of Eqs.
(3.14). A numerical solution as a function of frequency is
presented in Fig. 5 for I=2 MW/cm, y=0.07 and
I'=0.15 meV, and a CuCl slab thickness of 80 pm. This
figure reproduces rather well the experimental observa-
tions of Ref. 3 including the strong asymmetry observed
in the four-wave mixing spectrum. This latter feature can
be explained within our model if' we consider the fact that
the four-wave mixing spectrum can be regarded to a first
approximation as the superposition of two spectra: the
spectrum for the generation of the signal beam, minus the
absorption spectra for the pump, test, and signal beams.
As shown in Fig. 6, the spectral maximum of the source
term g& of the propagation equation lies to lower frequen-
cies with respect to the absorption maximum given by the
imaginary part of the susceptibility X~. %hen the two
spectra are superimposed, the absorption carves out a dip
on the side of the generation curve, thus giving an asym-
metric appearance to the four-wave mixing spectrum. In
addition the effects of the chirping due to the pump-beam
attenuation, discussed above, as well as the linear absorp-
tion tend to enhance this asymmetry. At higher intensi-
ties, the frequency difference between the maximum of g&
and +I increases, and thus the absorption dip is produced
further away from the peak of q&. This causes an increase
in the asymmetry of the four-wave mixing spectrum, in
accordance with what was observed experimentally. On
the other hand, at sufficiently low pump intensities and
for short distances of propagation the induced absorption
is not very strong and no dip occurs in the four-wave mix-
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FIG. 5. Calculated (- - - -) and observed I, ) spectrum of
dcgcncratc four-%Pave mixing signal near thc two-photon blcxcl-
ton resonance in a 80-pm slab of CUC1. For the calculated spec-
trum, pump intensity is 2 M%/cm and damping constants are

y =0.07 and I =0.15 meV. Experimental spectrum taken from
Ref. 3.
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FIG. 6. Relative spectral positions of the renormahzed signal
generation term g~ ( ) and induced test and signa1 absorp-
tion Imps (———) in the degenerate forward. four-wave mixing
configurations. Curves al'c fof diffcrcnt pump intensities. Spec-
tral maximum of source term is abvays to the red of absorption
Hlaxlmuin, glvlng risc to thc asymmetry of thc four-wave mixing
spectrum in Pig. 5.

ing spectrum, a feature also observed experimentally.
This strongly suggests that the spectral characteristics of
the four-wave mixing signal must not necessarily be taken
as evidence of a Fano interference between the sharp biex-
c1ton state and thc t%'o-polarlton cont1nuum as prcvlously
asserted. The work of other authors ' suggests that the
Fano-interference model may even be at variance with the
available data on the nonlinear-optical behavior of biexci-
tons.

Another feature of the calculated spectra which
deserves some discussion is the values of the parameters
for which these spectra fit the experimental data best.
The only adjustable parameters were (I) the exciton damp-
ing constant found to be y-0.07 meV and (2) the biexci-
ton damping constant, with I =0.15 giving the best re-
sults. We note that the y obtained is almost an order of
IDagmtudc sIIlallc1 than that g1vcn by cxpcr1IDcnts 1Q

linear optics. ' Such large values of y cannot give a
reasonable fit with the experimental four-wave mixing
spectrum since the asymmetry is a very sensitive function
of the exciton damping constant in our model. This large
discrepancy can be understood if we consider the role of
inhomogeneous broadening: Different microscopic re-
gions in the crystal may have slightly different transition
energies due to a distribution of random strains in the
sample. The observed spectrum therefore will consist of a
superposition of many "local" spectra slightly displaced
with respect to each other, thus exhibiting an apparent
"inhomogeneous" width. In a linear spectrum both the
exciton damping and the inhomogeneity contribute to the
experimental linewidth of the transition, and the two con-
tributions cannot be d1sentangled without recourse to non-
linear techniques such as hole burning or photon echoes.
In four-wave mixing, on the other hand, the damping con-
stants and the inhomogeneity do not affect the spectral
parameters in the same way: For example„ the asymmetry
of the four-wave mixing spectrum is not greatly modified
by the presence of an inhomogeneous distribution and
thus it may give access to a better determination of the
exciton-damping constant. The small value of y obtained
is reasonable, given the small radius of the Z3 exciton in
CuCl: The lifetime (or coherence time) of the exciton is
long, since there are few impurities or defects within its
volume which could destroy the electron-hole correlation,
The magnitudes of the values for both the exciton and
biexciton damping constants are corroborated also by oth-
cI' Qon11neaf-opt1cal experiments.

The values obtained for the two damping constants are
essentially indicative of their order of magnitude but are
probably not very accurate. The reason, is that the model
used incorporates the main physical ideas behind the non-
perturbational treatment of four-wave mixing but is cer-
tainly not COGlplctc: 1t treats the test and signal clcctric
fidds only to first order, neglects higher-order scattered
beams, and does not include explicitly the role of inhomo-
geneous broadening and of the spectral bandwidth of the
light beams. Inclusion of all these considerations would
probably modify somewhat the values of y and I' that
best describe the experimental spectrum. Extension of the
model along these lines is possible within our formalism.
The algebra, however, becomes quite cumbersome without
IDuch addit1onal phys1cal insight as a coIDpcnsation.
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The near-resonant conditions and the giant oscillator
strength of the exciton-biexciton transition render invalid
the perturbational formulation of the nonlinear-optical
response of CuC1 near its two-photon biexciton resonance
since the successive orders of the optical susceptibility
diverge due to their resonant denominators. In paper I we
developed a model which permits the nonperturbational
calculation of the nonlinear-optical response of an
exciton-biexciton system to a single laseI beam, thus
describing the nonlinear propagation of light in such a
system. The model is based on a quantum-mechanical
description of excitons and biexcitons as bosons while the
electromagnetic field is treated classically, and the an-
tiresonant terms of the radiative interaction are neglected.
The corresponding Hamiltonian may be diagonalized
analytically and this permits one to obtain the fully
resonant part of the induced polarization nonperturbation-
ally. The induced polarization displays a "biexciton" res-
onance whose position depends on the incident intensity.
This implies that the transmission spectrum displays an
intensity-dependent width in agreement with experimental
observation: Attenuation of the propagating beam shifts
the biexciton resonance frequency and thus gives rise to an
apparent width due to the chirped absorption.

In this paper we extended the theory of paper I to ac-
count for multibeam experiments by including in the
Hamiltonian the radiative interaction of all excitons and
biexcitons whose wave vectors conform to the geometry
imposed by the experimental configuration of the laser
beams. To make contact with experimental observation
we specialized our treatment to the case of forward degen-
erate four-wave mixing (in which a strong pump beam in-
teracts with a weak test beam to produce a phase-
conjugate signal beam) in a CuC1 crystal with no initial
populRtloll of cxcltoIls RIld 111cxcltolls. T11c ullltal'y
transformation that diagonalizes this Hamiltonian can be
obtained analytically through the solution of a system of
linear equations, and this gives directly the induced polari-
zat1011 of tllc systc111.

The induced polarization thus obtained interacts with
the 1ncldent radlatlon slmllar to a classical osclllatlng di-
pole antenna, as described by the Maxwell equations. For
the sake of clarity, two contributions may be distinguished
in the induced polarization for each wave vector k, which
are respectively independent or depend on the electric field
strength of the laser beam with the same wave vector k.
The former serves as a source term for the generation of
radiation of wave vector k and it corresponds to the renor-
malization of the third-order susceptibility for four-wave
mixing by higher (2n+ l)th order susceptibilities due to
the high incident intensities. The latter term corresponds
to the renormalization of the linear susceptibility for each
beam by higher orders, and thus it gives rise to an effec-
tive didectric function which each beam feels as it prop-
agates in the sample in the presence of all other beams.
The incident fields thus induce an anisotropy in the ma-
terial system, since to each direction there corresponds a
(generally) different dielectric function, arising from

high-order interactions among the different propagating
beams. In multibeam situations, therefore, it is not possi-

ble to characterize the optical response of the material sys-
tem by a single effective dielectric function. Renormaliza-
tion produces a qualitatively different dispersion relation
for each beam. In particular, in the four-wave mixing
configuration dispersion measurements performed on the
weak test beam will indicate that the presence of the
strong pump beam causes the opening of a polaritonlike
forbidden gap in the vicinity of the two-photon biexciton
I'esonance, its width and exact posltlon depending on t4e
intensity of the pump beam. On the other hand, the po-
lariton dispersion experienced by the pump beam itself has
a qualitatively different structure near the two-photon
biexciton resonance: The effective refractive index
presents a divergence at only one frequency and no polari-
tonlike gap opens up. %'hen damping is included both the
induced polariton gap (of the test beam) and the disper-
sion divergence (of the pump beam) disappear and the sus-

ceptibility acquires an imaginary part. For the pump
beam this imaginary part is always positive indicating that
the pump beam is attenuated upon propagation, while for
the test beam it may have also negative values correspond-
ing to an amplification upon propagation: Indeed, four-
wave mixing involves the disappearance of two-pump
photons simultaneous with the appearance of a test and a
signal photon leading to a possible amplification of the
test beam.

%hen the pump and test beams propagate simultane-

ously in the nonlinear medium, a signal beam is generated
by four-wave mixing. The generation and propagation of
this beam may be accounted for through the correspond-
ing induced polarization and the Maxwell equations: the
spectrum of the signal beam may be described roughly by
the spectrum of the source term of the induced polariza-
tion, however, with a dip carved out because of the two-

photon absorption of the pump beam and the pump-
induced absorption of the test and signal beams. Since the
spectral peak of the source term lies to the red of the two-

photon absorption peak, the spectrum of the signal beam

displays a marked asymmetry: it is more intense on the
red side of the two-photon absorption dip, rather than on
the blue side. This behavior has been observed also experi-
mentally. In the initial interpretation of these experiments
an autoionization of the biexcitons leading to a Fano in-

terference was invoked in order to reconcile the observed

asymmetry with a source term given only by the third-
order nonlinear susceptibility g' '. However, the fact that
a nonperturbational description of the optical response of
biexcitons is necessary near resonance, together with the
success of the nonperturbational calculation in accounting
for the asymmetry of the four-wave mixing spectrum,
does not permit us to deduce such an autoionization in
biexcitons.
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