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A. Gonis
Department ofPhysics and Astronomy and Materials Research Center, northwestern University, Evanston, Illinois 60201

A. J. Freeman
Department ofPhysics and Astronomy and Materials Research Center, Northwestern University, Evanston, Illinois 60201

and Center for Materials Science, Los Alamos Xationa/ Laboratory, Los A/amos, ¹wMexico 87445
(Received 29 August 1983)

The embedded-cluster method is used to calculate the density of states (DOS) of nonrandom sub-

stitutionally disordered alloys. This method is based on the calculation of the Green's function for a
cluster of atoms embedded in an effective medium. The effect of increasing cluster size as well as
of different choices of the effective medium is investigated numerically in terms of one-dimensional

alloys with various scattering strengths and degrees of short-range-order (SRO). A method for the
self-consistent treatment of SRO in terms of the pair distribution function is proposed and in many
cases is found to lead to results in much better agreement with exact DOS's than those obtained
when SRO is not treated self-consistently.

I. INTRODUCTION

The introduction and application of the coherent-
potential approximation' (CPA) has increased greatly
our understandmg of disordered systems, particularly of
random, substitutionally disordered alloys. In these al-
loys, atoms of various species are randomly distributed
over the N sites of a regular lattice. The CPA provides
the most satisfactory prescription for the calculation of
the site-diagonal element of the Green's-function operator,
and hence for the calculation of the one-particle properties
of these systems within a single-site approximation. In
the CPA, one considers that the real, disordered material
is replaced by a self-consistently determined effective
medium which is characterized by an energy-dependent
site-diagonal self-energy, and which preserves all sym-
metries of the lattice. The CPA yields unique and analyt-
ic results, i.e., densities of states (DOS's) and momentum
spectral weight functions that are non-negative and satisfy
fundamental sum rules. There exist several reviews of the
CPA (Refs. 3—5) both for systems describable by tight-
binding (TB) and muffin-tin ' (MT) Hamiltonians.

In spite of its many desirable properties, however, the
CPA possesses several limitations. The most important
aiiioilg tllese aie tile followiiig: (i) 'tile CPA is apphcabie
only to random substctutlonally dksordered alloys and can-
not account for the effects of short-range order (SRO)
which is known to be present in many disordered systems,
and (ii) the CPA cannot treat the effects of many-site sta-
tistical fluctuations. By SRO, we mean the tendency of
atoms of a given kind to surround atoms of the same kind
(clustering) or of a different kind (ordering). In principle,
both of these limitations can be removed in a multisite, or
cluster extension of the CPA, and several such extensions
have been proposed ' in the literature. In this paper we
propose new methods and cluster techniques for the calcu-
lation of the DOS of nonrandom~ substltutlonally djsol-
dered alloys.
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FIG. 1. Exact DOS's (histograms) for one-dimensional
weak-scattering alloys with tEq ———e& ——1.0, 8"=1.0 (5=1.0),
e =0.5, and various degrees of SRO designated in the manner
deflined 1n the test. The CPA DOS s (solid curve) for a random
alloy is also shown for comparative purposes.
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A satisfactory cluster theory of disordered systems
must satisfy a rather stringent set of criteria, the most im-
portant of which are hsted below. Among other proper-
ties, the theory should include the following:

(1) It should yield analytic, physically meaningful re-
sU1ts, l.c., Qon"negative DOS Rnd IDGIQcQtUIH spectra1
weight functions. Analyticity is necessary for the satisfac-
tion of causality and of fundamental sum rules on the
DOS.

(2) It should be unique in the sense that it can be de-
rlvcd wlt11111 various formallsms RIld from VRrlous polllts
of view. For example, the CPA can be derived within the
locator, propagator, variational, diagrammatic, and func-
tional formalisms. There is strong indication that
uniqueness is necessary for the analyticity of a cluster
theory as exemplified by the analyticity of the molecular
CPA (MCPA), and the nonanalytic behavior of
nonunique theories, some of which are discussed below.

(3) It should preserve the symmetries of the underlying
lattice. Such preservation is essential to the calculation of
meaningful momentum spectral weight functions.

(4) It should become exact in the weak scattering and
dilute-alloy hmits.

(5) It should be applicable to multicomponent alloys

dcscribablc by clthcl TS oI' MT Hamiltonlans,
(6) It should incorporate various kinds of disorder, such

as disorder in the diagonal as well as the off-diagonal de-
ments of the alloy Hamiltonian in a TB description.

(7) It should yield DOS's which become exact as the
cluster size lnc1 cases.

(8) It should allow the calculation of one- and two-
particle properties in essentially the same formalism.

(9) It should allow the incorporation of multisite corre-
lation effects for random as well as nonrandom alloys.
Thus, it should describe correctly the structure of the
DOS's inside the band as well as yield the proper tailing of
the DOS's at the edges of the band.

(10) It should give correctly as many moments of the
DOS's as possible, since the moments of the DOS's can be
used to obtain physical information such as interatomic
lntcI'Rctlons ln thc dlsordcrcd material.

(11)It should be computationally feasible.
(12) It sllould bc Rppllcabic to ccrtalI1 TB disordered

systems that obey the Goldstone theorem, such Rs disor-
dered Heisenberg ferromagnets and alloys characterized
by both mass and force-constant disorder.

Even though some success had been achieved in limit-
ing cases, Qo theory, single-site or multisite, has been
developed that allows the treatment of Goldstone systems
in general, in spite of attempts in that direction. The
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FIG. 2. Cluster DOS's associated with the centers of clusters
of three, five, seven, and nine sites (solid curves) embedded in a
CPA medium for a random alloy with e~ ———e~ ——1.0, 8' =1.0,
and c =0.5, compared with exact DOS histograrns. Compare
also with Fig. l(a).
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FIG. 3. Results analogous to those depicted in Fig, 2 and for
thc same cncrgy parameters but fof a nonrandom, weakly clus-
tering alloy with SRO=O. 5. Compare also with Fig. 1(b).



other criteria are satisfied to various degrees by cluster
theories appllecl to electi'olllc systems; iilaliy of these
theories have been discussed in previous pubhcations. ' '
A discussion of some recent attempts at the construction
of theories that could incorporate the effects of SRO and
local environment fluctuations is given below.

It is convenient to classify cluster theories in terms of
the medium in which the cluster is embedded. On that
basis, one can distinguish at least three types of cluster
theories: (1) self-consistent cluster theories in which sta-
tistical fluctuations within a cluster of atoms are incor-

.porated into the theory in a self-consistent way; (2) non-
self-consistent cluster theories in which the cluster is em-
bedded in a medium determined in a non-self-consistent
way; and (3) cluster theories in which a cluster is embed-
ded in a medium that is determined in some self-
consistent way and which includes the fluctuations of a
cluster (usually a single-site) smaller than the embedded
cluster.

The forerunner of the completely self-consistent cluster
theories is the MCPA. In the MCPA the disordered ma-
terial is considered to be a collection of clusters (or mole-
cules) chosen so that the entire lattice can be generated by
the translation of the points in a cluster through a set of
translation vectors. The cluster Green's function now be-
comes a matrix and the scalar CPA self-consistency con-

dition is generalized to a matrix self-consistency condi-
tion. The MCPA satisfies many of the criteria enumerat-
ed above, e.g., criteria 1, 2, 4—7, and the number of mo-
ments given correctly by the theory increases with increas-
ing cluster size. However, the MCPA yields an effective
medium that possesses cluster periodicity (superstructure)
rather than point periodicity and thus violates the symme-
try of the underlying lattice. In addition, the MCPA is
very difficult to imp«ement computationally, becoming
impractical even for nearest-neighbor clusters in three-
dimensional systems.

The self-consistent central site approximation '

(SCCSA) was introduced in an attempt to overcome the
difficulties of the MCPA mentioned above. In the
SCCSA one retains only one of the MCPA self-
consistency conditions. The effective medium is deter-
mined by requiring that the cluster-averaged Green's func-
tion associated with the central site of the cluster be equal
to the site-diagonal element of the effective-medium
Green's function. Thus the SCCSA preserves the transla-
tional periodicity of the lattice while being computational-
ly much simpler than the MCPA. However, the SCCSA
has been shown to yie«d'7 nonanalytic results, such as
two-valued DOS's, and therefore is not a satisfactory
theory of disordered system.

The self-consistent boundary site approximation'
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FIG. 4. Results analogous to those shown in Figs. 2 and 3 but
for a strongly clustering alloy with SRO=0.9. Compare also
with Fig. 1(c).
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FIG. 5. Results analogous to those shown in Figs. 2—4 but
for a strongly ordering alloy with SRO= —0.9. Compare also
with Fig. 1(d).



(SCBSA) resembles the SCCSA in that it also involves a
smgle sdf-consistency condition for the effective medium,
but differs from the SCCSA by using a boundary site
rather than the central site in that condition. It has been
shown' that for a one-dimensional TB disordered system
with nearest-neighbor hopping, the SCBSA yields DOS's
that are identical to those obtained in the MCPA. Thus,
in the case of such systems the SCBSA yidds results with
thc correct analytic propcrtlcs. Even though QG general
proof of analyticity of the SCBSA exists, published calcu-
lations, ' as well as unpublished work, ~o indicate that the
SCBSA may be analytic in general. One unsatisfactory
aspect of the SCBSA is that the boundary of a given clus-
ter is not uniquely defined for all clusters.

The augmented-space formalism ' has been used in at-
tempts"'z to incorporate the effects of SRO in a self-
conslstent theory. Thcsc Incthods ylcld analytic results
but the results do not reflect the rich structure in the DOS
of one-diiiieiisioiial systenis as acciii'ately as tliose ob-
tained in the SCBSA (or MCPA). The augmented-space
formalism has also been criticized for its inability to ac-
count for the fluctuations in compact clusters of atoms.
Finally, the traveling-cluster approximation (TCA)
ylclds results that arc ln overall good agrccmcnt %'1th

those obtained in computer simulations for three-
dlmcnslonal random alloys. HG%'ever» thc TCA ls aQ
exceedingly difficult theory to apply computationally and
apparently c~ not bc used ln connection %'ltd systcIHS
with SRG.

In a non-self-consistent cluster theory, one calculates
the Green's function for a cluster of atoms embedded in
an effective medium that is chosen so as to satisfy several
fundamental requirements. This approach has the advan-
tage of being computationally very simple and yields re-
sults that are in good agreement with the computcr-
simulated DOS's of disordered systems. However, this
method suffers from various drawbacks. Since the self-
energy of the effective medium is not very strongly depen-
dent on the alloy under investigation, the resulting DOS's
may possess the incorrect structure especially near thc
edges of the band and extend into mathematically forbid-
den regions, i.e., where the DOS of the alloy is mathemati-
cally shown to vanish. As a result, fundamental sum rules
on the DOS may be violated. Finally, non-self-consistent
cluster theories yield nonunique results that depend on the
choice of the effective medium.

In contrast to the methods just described, the
embedded-cluster method' ' (ECM), representing the
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FIG. 7. Cluster DOS's RssoriRted with the centers o$ clusters
of tllrcc, flvc, scvcIl, Rnd H1nc S1tcs cH1bcddcd 1H 8 CPA mcdiUIQ
for RH 811' with thc SRmc energy pRrRmctcrs Rs- 1Q Flg. 6 but
with SRO=O. 5.
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third class of cluster theories mentioned above, strikes a
balance between analytic requirements and computational
simplicity. Of all cluster theories proposed, it comes
closest to possessing the desirable characteristics of an al-

loy theory. In the ECM, one calculates the Green's func-
tion for a cluster of atoms embedded in a self-consistently
determined effective medium. The medium is chosen in
some optimal way, and is usually' ' ' that determined in
the single-site CPA. When the method is used in its full

generality, ' the structure of the medium surround-

ing the cluster is properly treated. In simplified ver-

sions, the true lattice is replaced by a Bethe lattice (or
Cayley-tree lattice) with the concommitant possible loss
of structure in the DOS, or the introduction of the wrong
structure. Such a replacement is usually not necessary
since for most systems the complete version of the theory
is quite simple computationally, particularly with the use
of modern day supercomputers.

The ECM has been shown' ' to yield analytic results
and DOS s that are in excellent agreement with exact
DOS obtained by eigenvalue counting methods for a
large variety of substitutionally disordered random alloys.
As we show in the following sections, the ECM can also
be used to obtain accurate DOS's for alloys with various
degrees of SRO. Furthermore, it can be used in conjunc-
tion with a two-site generalization of the CPA that allows
the self-consistent treatment of the two-particle distribu-

tion function. Some previous theories that have been pro-
posed ' ' for the treatment of SRO are based on the
augmented-space formalism, and thus suffer from the
shortcomings of that approach. In a recent attempt, '

SRO is treated in a fashion that requires an educated
guess of the effective medium associated with a fully or-
dered structure, and the results are nonunique, depending
on the choice of that medium. In the approach taken
here, arbitrary SRO can be taken into account without
prior knowledge of the nature of the ordered medium.
This is an advantage, since most often it is not clear what
that medium ought to be. Also, it mill be shown that
SRO can be incorporated into the theory in. a self-
consistent manner with only a slight increase in computa-
tional effort. In fact, our numerical investigations reveal
that the effective medium plays a vital role in determining
the DOS of disordered alloys, and in many cases the self-
consistent incorporation of SRO is necessary for obtaining
accurate results.

In the following sections we develop methods for calcu-
lating the cluster average of the site-diagonal element of
the Green's function at the central site of the cluster,
denoted by 0, and are given by the expression

n (e)= ——ImGOO(e),g 1

where e is an energy parameter, and J denotes a cluster
configuration. The total DOS's are obtained as an average
over all cluster configurations of the partial DOS given by
Eq. (1.1),

n (e)= g I'Jn~(e), (1.2)
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where Pz is the probability of the occurrence of configura-
tion J. Clearly, any degree of SRO can be included in the
average through the quantities I'J.

The remainder of the paper takes the following form.
In Sec. II we derive briefly the equation determining the
Green's function of a cluster embedded in an effective
medium. In Secs. III and IV we discuss various methods
for determining the effective medium in general as well as
in some limiting cases. Numerical results obtained using
the formalism of Secs. II—IV are presented in Sec. V. Sec.
VI contains a discussion of our results and several con-
clusions that can be drawn from them.
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FIG. 8. Results analogous to those depicted in Fig. 6 but for
weakly ordering alloys vnth SRO =—0.5.

The formalism for calculating the Green's function for
a cluster of atoms embedded in an effective medium has
been presented in detail in previous publications, both for
TB (Refs. 12, 14, and 25) and for MT (Refs. 26 and 27)
Hamiltonians. For the sake of completeness, a brief out-
line of the method is given in this section for systems
describable by TB Hamiltonians.

In a TB formalism, the Hamiltonian describing a sub-
stitutionally disordered alloy can be written in the form

H = g e;a; a;+ g 8',za; aJ, (2.1)
l,J

where the a; (a;) create (destroy) an electron on site i In.
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R binary alloy, AgBI ~, Rtollls of spcclcs A Rlld 8 Rrc dis-
tributed with concentrations c and 1 —c, respectively, over
the N sites of a lattice. The quantities c; can in general
depend on the chemical occupation as well as on the envi-
ronment of sites i, but only the dependence on the atom on
s1tc l 1s usuaHQ coQsidcrcd. Thus, thc 6; caIl assume thc
values e~ and e~, with probabilities e and I —c, respective-

ly. The variation of the e; from site to site is known as di-

agonal disorder. The transfer terms 8',J describe electron

hopping from site i to site j, and can depend on the chemi-
cal occupation as weil as the environment of site i and j.
Any dependence of the 8";J on the chemical configuration
of an alloy is known as off-diagonal disorder (ODD).
Even though the dependence of 8' on the chemical occu-
pation of sites I' and j can be incorporated into the single-
site CPA (Refs. 6 and 32) as well as into the ECM, ' we
will assume for simplicity that the 8;J depend only on the
distance bctwccll sites I aild j, Rnd Rrc lildcpcildcIlt of thc
chemical occupation of these sites. ODD can easily be in-
corporated into the folmahsm that follows through a gen-
eralization to matrices of the appropriate scalar quantities.

From the definition

g;=(z —e )
—I (2.4)

If the material is considered as a collection of nonover-

lapping clusters C, the equation of motion„Eq. (2.3), can
be cast into the form

Gcc =gc &cc+ ~cc Gc-c
Cli

(2.5)

Here, the various cluster quantities are defined through
tllcll' sltc fllRtrlx clclllcllts. Wc have

(2.6b)

follows that in a site or Wannier representation the matrix
elements G;j satisfy the eqution of motion

G,J ——g; S,J.+ g 8";kGk~ (2.3)
k

Here, g; is the "bare" locator for site. i and is defined by
thc cxp1cssioB

(2.2)

for the Green's-function operator at (complex) energy z, it (+'«);, =a, , I ac, Jec'. (2.6c)
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PIG. 9 (a) Results analogous to those depicted in Pig. 7 but for strongly ordering alloys with SRO= —0.9. (b) Cluster DOS's asso-
riated with the center of a single nine-site ordered cluster for the same energy parameter as those in Figs. 6—8 and for SRO= —0.9.
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(Hc);~ ——
8

&j &
l'QJ' (2.8)

The cluster-renormalized interactor hc has site matrix
elements given by the expression

(~c);,= g II'kgk~ij. + g ~ikgkII'kinÃ)+ ' ' '

k@C k@C

(2.9)

It is clear from this expression that (b,c) J represents the
sum of all paths that start at site i and end at site j of the
cluster C but avoid all sites in C at intermediate steps.

The cluster equation of motion, Eq. (2.5), can be iterated
with the second term on the right-hand side being treated
formally as a perturbation. One then obtains the expres-
sion

Gcc ——(z H—c h—c )
—1

for the cluster-diagonal part of the Green's function. In
this equation, z stands for zI, where I is the unit matrix in
cluster space, and Hc is the intracluster Hamiltonian with
matrix elements

X,q cr—5—gq+ JY~J(1 5;—J ) . (2.10)

For simplicity, we will assume' that 8',z ——8',&. Then, the
expression for the cluster-diagonal elements of the
Green's-function operator corresponding to a cluster em-
bedded in that medium can be written in the form

Gcc ——(z Hc —hc )— (2.1 1)

where Zc is given by an expression analogous to Eq. (2.9)
but with every g; replaced by the effective-medium loca-
tor,

g =(z —cr) (2.12)

Thc clustc1-I'cnofInallzcd 1ntcI'actoI's Ac can now' bc ob-
tained in terms of the self-energy o. If every e; in Hc is
replaced with 0., Eq. (2.11) yields an expression for the
cluster-diagonal part of the effective-medium Green's
function,

For substitutionally disordered alloys describable by the
Hamiltonian (2.1), b,c depends on the material surround-
ing the cluster C but is independent of the chemical con-
figuration of the cluster. Let us then assume that the
cluster is surrounded by an effective medium character-
Izcd by a self-cnc1gy X w'1th matr1x elements~
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FIG. 10. Cluster DOS's associated with the centers of clus-
ters of one, three, five, and seven sites embedded in a two-site
SCBSA medium that incorporates SRO self-consistently. Here,
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FIG. 11. Results analogous to those shown in Fig. 10 but
with SRO= —0.5.
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Gcc ——(z —Hc —b,c ) (2.13)

with an obvious definition of IIc. The effective-medium
Green's function (Gcc);1 can also be evaluated by Fourier
transforming its eqution of motion, e.g., Eq. (2.3) with
every e; replaced by o. The matrix elements of Gcc are
thcQ gj.vcQ bp thc cxpfcss10Ils

With the elements of Gcc determined as in Eq. (2.14), one
can evaluate Gcc, the Green's function for a cluster em-
bedded in an effective medium.

A convenient choice for the effective medium is that
which is determined in the single-site CPA. The self-
consistency condition determining the CPA effective
medium can be stated in terms of the Green's function in
the form

(2.17)

(2.14)

W'(k)=N ' g 8;,e
f R(-R-)

(2.15)

Equation (2.13) can now be used to obtain an expression
for the renormalized interactor of the effective medium

where the integration extends over the Briliouin zone (+Z)
of the lattice, QBz denotes the volume of the zone, and R;
denotes the position of site i with respect to a fixed origin.
The Fourier transformation of the transfer terms entering
Eq. (2.14) is defined by the expression

Here, Goo is the site-diagonal element of the Green's func-
tion correspondmg to a smgle site embedded in an effec-
tive medium, and Goo is the corresponding quantity for
that medium.

In the original applications' ' of the ECM, the effec-
tive medium was chosen to be that determined in the
CPA. This choice was also made in much of the numeri-
cal work presented in Sec. V. However, for certain non-
random alloys it was found that the CPA did not provide
an adequate embedding medium and a different choice of
the medium had to be made. A method which yields an
effective medium that incorporates the pair correlation
function, and thus the effects of SRO, in a self-consistent
way is discussed in the following section.
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FIG. 12. Cluster DOS's associated with the centers of clus-

ters of thrcc, flivc, seven, and nine s1tcs CIDbeddcd in a two-site
SCSSA DMdium for an alloy with the saIDC energy para, meters
as those in Figs. 10 and 11, and with SRO= —0.9.
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sltc clustcI's cIQbcddcd 1n a CPA IDcd1UIQ (top part) and 1n a
two-site SCBSA IDedium (bottoID part) for an a,lloy with
eg ———eg ——2.0, W' = 1.0, c =0.7, and SRO= —0.4.
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III. TWO-SITE GENERALIZATION OF THE CPA

As was mentioned in the last paragraph, it is often
necessary to consider the cluster as embedded in a medi-
um that includes any possible SRO in a self-consistent
way. Clearly, any theory that accomplishes this task can
also be used for random alloys, although for such alloys.
the CPA usually provides a satisfactory embedding medi-
um. A comparison between the cluster DOS's for random
alloys obtained with a CPA embedding medium and with
a medium analogous to that proposed below has been
given elsewhere. '

The pair correlation function can be incorporated self-
consistently into the SCBSA applied to a two-atom clus-
ter. The self-consistency condition determining the effec-
tive medium takes the form

~OO ~oi
6,=

~io ~»
I

where by symmetry 600——A~~ and 60& ——6~0. The quanti-
ties 6;J appearing in Eq. (3.2) are given by Eq. (2.16) and
the self-energy 0 is determined through the single self-
consistency condition, Eq. (3.1). Thus, a two-site SCBSA
yields an effective medium which preserves the transla-
tional invariance of the lattice.

—8' z —ei

(3.1)

where Goo is the site-diagonal element of the Green's
function for one of the two sites in the cluster, and
( . )c denotes an average over all cluster configura-
tions. Note that Eq. (3.1) represents a very different con-
dition from the CPA condition (2.17). Explicitly Gc is
given as the 2 &(2 matrix [see Eq. (2.11)]

IV. TWO-SUBLATTICE MODEL

Although not true in general, some disordered systems
with strong ordering tendencies can be viewed as disor-
dered states of a nearly ordered system. As a concrete ex-
ample, consider a one-dimensional binary alloy, Ao 5Bp 5,
in which atoms of type A have a strong preference to be-
ing surrounded by atoms of type 8, and vice versa. Such a
system may then be considered to result upon slightly
disordering a perfectly ordered system of the type
ABABAB. . . . Thus, one may describe the-disordered sys-
tem as consisting of two interpenetrating sublattices, each
characterized by individual A and B atom concentrations.
Since an A atom in sublattice 1, say, is nearly always sur-
rounded by atoms of type B one could approximate C~,
the A atom concentration in sublattice 1, by Pzz the prob-
ability of finding an A atom next to a 8 atom in the disor-
dered material. Then, the concentration of 8 atoms in
sublattice 1, C &, is given by the relation C

&

——1 —C &.

Similar considerations hold for sublattice 8 with the roles
of A and 8 interchanged.

In the two-sublattice model, the disordered material is
considered as an alloy in which the concentration varies
periodically through the material in some particular direc-
tion. Thus, in the limiting case of very strong SRO, a
disordered material may be treated as a compositionally
modulated alloy (CMA). The extension of the CPA to
CMA (MODCPA) has been described fully elsewhere,
where it was shown that the MODCPA, essentially a
single-site theory, gives an accurate representation of the
DOS's of strongly modulated alloys. ln fact, the accuracy
of the MODCPA increases with increasing modulation
strength and in the limit of an ordered system . the
MODCPA becomes exact. The formalism for extending
the CPA to a two-sublattice model is practically identical
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FIG. 14. Cluster DOS s associated with the centers of clusters of nine and eleven sites embedded in a two-site SCBSA medium for
an alloy with eq ———e~ ——1.0, W = 1.0, c =0.5, and SRO=0.9. Compare with Fig. 4.
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to that of the MODCPA (Ref. 33) and will not be present-
ed here.

The advantage of using the MODCPA lies in the fact
that it may be possible to obtain a fairly accurate repre-
sentation of the DOS's of strongly ordering systems by
means of a single-site theory. Numerical results, present-
ed in the following section, confirm this conjecture.
Clearly, it is always possible to calculate the DOS's for
clusters embedded in a MODCPA medium and this ap-
proach has been shown to improve on the MODCPA
and to yield quite accurate results for weakly to moderate-

ly strongly modulated alloys. For strongly modulated al-

loys, on the other hand, not much improvement of the
MODCPA results upon the use of a cluster theory. Thus,
by appropriately choosing the effective medium, one can
indeed reduce the size of the cluster that is necessary for a
faithful representation of the DOS's of nonrandom substi-

tutionally disordered alloys.

V. NUMERICAL RESULTS

%e have carried out extensive numerical calculations
based on the formal considerations presented in Secs.
II—IV. Our aim is to investigate the following three ques-

tions with respect to calculating DOS's for nonrandom

substitutionally disordered alloys: (i} Is the ECM able to
reproduce the DOS's of nonrandom alloys'? (ii) How large

a cluster is needed for an accurate representation? (iii)

How important is the effective medium in which the clus-
ters are embedded in determining accurate DOS's for non-
random alloys?

Our calculations were carried out for a one-dimensional
single-band model substitutional alloy describable by a TB
Hamiltonian of the type displayed in Eq. (2.1). Alloys of
two different scattering strengths, and of various degrees
of SRO, were investigated. The scattering strength 5 is
defined by the expression

~=
I ~~ —ea I

lw, (5.1)

P» C„+a(—i —&„), with @=A or 8 . (5.2)

Clearly, a&0 (a &0) indicates clustering (ordering}, and
a=0 denotes a random alloy. In the following figures,
the values displayed for the SRO parameters are the
values of a in Eq. (5.2).

where eq and e~ are the site energies of the A and 8
atoms, respectively, and w is —,

' the bandwidth of either
species, taken as equal to 2 in all cases. For ez ———e~
=1.0, 5=1.0, corresponding to an intermediate scattering
strength, non-split-band case, and for ez ———ez ——2.0,
5=2.0, corresponding to a strong scattering, split-band re-
gime. Short-range order (clustering or ordering) was in-
corporated into the theory by means of the pair distribu-
tion functions P„„,where p, v designate any of the species
A or 8. In particular, we chose the model
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FIG.' l5. Single-site DOS's (solid curve) calculated in the
two-sublattice model described in the text for an alloy with
e~ ———t.~ ——2.0, 8'=1.0, c =0.5, and SRO=0.85, compared
with an exact DOS histogram.
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FIG. 16. Results analogous to those shown in Fig. 15 but for
a weakly ordering alloy with SRO= —0.5.
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In order to follow the discussion in the text, we divide
our presentation of the numerical results of the ECM ac-
cording to the medium chosen to embed the cluster.
Thus, Figs. 1—9 depict results obtained with clusters em-
bedded in a medium determined in the CPA. Figures
10—14 show DOS's obtained with clusters embedded in a
two-site SCBSA medium, and compare some of these re-
sults with corresponding results obtained with a single-site
CPA medium. Densities of states obtained in a two-
sublattice model are presented in Figs. 15—17. Figures 18
and 19 show comparisons between exact moments of the
DOS's for various nonrandom alloys with the moments
obtained in the embedded-cluster method. Unless other-
wise stated, the DOS's associated with the center of a clus-
ter were used averaged over all cluster configurations.

A. Clusters embedded in a CPA medium

Figure 1 shows exact DOS histograms for alloys with
energy parameters e„=—ez ——1.0, W =1.0 (5=1.0), con-
centration c =0.5, and with various degrees of SRO. The
CPA DOS's for the random alloy are also shown. It is
clear from these figures that clustering [parts 1(b) and
1(c)] and ordering [part 1(d)] tendencies can strongly af-
fect the DOS. It is to be kept in mind that in all figures
corresponding to alloys with c =0.5, the bands are sym-
metric about @=0.0. %e see then that increasing cluster-

ing causes the weight of the DOS's to shift toward the
edges of the subbands associated with the alloy constitu-
ents. This effect can be understood intuitively as follows.
In strongly clustering alloys, the greatest contribution to
the DOS's arises from large clusters of atoms of a given

kind and thus resembles the DOS's of the corresponding
pure materials. Similar arguments yield an insight into
the shape of the DOS's of strongly ordering alloys. Thus,
for strongly clustering alloys the DOS is very nearly equal
to the average of the DOS of the two pure systems 2 and
B. On the other hand, ordering causes the DOS to con-
centrate near the centers of the subbands and produces a
split-band effect. It is also clear from these figures that
the CPA expectedly gives an increasingly poorer represen-
tation of the DOS with increasing clustering or ordering.
Note in particular that the width of the CPA DOS is
about equal to that of the exact DOS for the case of a ran-
dom alloy, but it is narrower than the exact results for
clustering alloys and wider for ordering alloys.

Figure 2 shows cluster DOS's for the case of a random
alloy associated with the centers of three-, five-, seven-,
and nine-site clusters embedded in a CPA medium. These
figures show the increased accuracy that is obtained with
increasing cluster size. The DOS's obtained with a seven-
and a nine-site cluster represent the exact DOS's quite
faithfully, resolving all major peaks and even some minor
ones. As has been pointed out in previous publica-
tions, ' ' the structure in the DOS is associated with
specific configurations of compact clusters of atoms. This
point is discussed further below.

Figure 3 shows results analogous to those of Fig. 2, but
for alloys of intermediate clustering strength. It is again
seen that cluster DOS's represent the exact numerical re-
sults quite accurately within the band. However, the
edges of the band are represented somewhat less accurate-
ly. This is because the CPA effective medium produces a
band which is much narrower than that of a clustering al-
loy, and the cluster DOS's vanish in the region in which
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FIG. 17. Single-site DOS's calculated in the MODCPA for a modulated alloy with e& ———e& ——2.0, &=1.0, C&~ ——0.9, and

Cqq ——0.5, compared with an exact DOS histogram.
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the CPA DOS's vanish. This effect is seen more dramati-
cally in Fig. 4, which depicts the results for a strongly
clustering alloy. The cluster DOS's give an adequate rep-
resentation of the exact DOS inside the band, but a very
poor representation near the edges especially with increas-
ing cluster size. Note that the cluster DOS's would
correctly tend to move toward the edges of the subbands
with increasing cluster size, but in the outermost of these
regions the CPA DOS's vanish. We will see later that this
deficiency is remedied with the introduction of a two-site
self-consistent cluster theory.

Densities of states for strongly ordering alloys are
shown in Fig. 5. This figure shows results analogous to
those in Figs. 2—4, and it is seen that a nine-site cluster
gives an excellent representation of the main part of the
DOS's and even resolves the minor peaks on the sides of
the central peak. Recall from Fig. 1(d) that the CPA
bandwidth is larger than that of the ordered alloy and
thus the CPA effective medium can support the structure
induced by intracluster fluctuations.

Figures 6—9 depict exact and cluster DOS's for strong-
scattering split-band alloys, 5=2.0, with concentration
c=0.5 and various degrees of SRO. Figure 6 shows
DOS's for a random alloy. It is seen that the seven- and
nine-site cluster DOS's agree quite well with the exact re-
sults inside the band, with the greatest differences between
exact and calculated results occurring near the edges of
the band. Analogous results are obtained for clustering al-

loys in Fig. 7. As was the case for clustering, weak-
scattering (5=1) alloys, the edges of the bands are
represented poorly by cluster DOS's, especially for large
clusters.

Figure 8 represents results analogous to those of Fig. 6,
but for ordering alloys. In this case, the CPA provides an
adequate medium in which a cluster can be embedded,
and cluster DOS's give a very accurate representation of
the exact DOS. This is also found to be the case for
strongly ordering alloys, Fig. 9(a). Note in particular that
the main contribution to the DOS's arises from the
single-ordered configuration, ABABAB. . ., as is shown in
Fig. 9(b). Here, the solid curve represents the DOS at the
center of a nine-site cluster in the ordered configuration.

B. Clusters embedded in a two-site SCBSA medium

Figure 10 depicts cluster DOS's for clustering alloys as-
sociated with clusters embedded in a two-site SCBSA
medium as described in Sec. III. Short-range order is in-
corporated into the theory in a self-consistent way
through the use of the appropriate two-site distribution
functions, P~, Pzz, and Pzz, in the cluster average in Eq.
(3.1). It is seen in this figure that the cluster DOS's espe-
cially those for the seven-site cluster, give a faithful repre-
sentation of the exact DOS's inside the band, and even
represent the structure near the edges of the band quite ac-
curately. Thus, the self-consistent treatment of SRO
yields a more appropriate embedding medium than that
obtained with the CPA. Note in particular that the DOS's
for a single site embedded in a SCBSA medium are almost
as wide as the exact results. The gains resulting from a
self-consistent treatment of SRO are evident upon com-
parison of the cluster DOS's for five- and seven-site clus-

ters shown here with the corresponding clusters embedded
in the CPA medium (Fig. 7).

Results analogous to those shown in Fig. 10 (but for or-
dering alloys) are shown in Fig. 11. Comparing them with
Fig. 8, which shows analogous results for clusters embed-
ded in a CPA medium, we observe that (i) small size clus-
ter, one and three sites, embedded in a two-site SCBSA
medium for relatively weakly ordering alloys, yield a
somewhat more accurate representation of the DOS's then
corresponding clusters einbedded in a CPA medium for
random alloys, and (ii) for larger clusters, five and seven
sites, the cluster DOS's for clusters embedded in an
SCBSA medium are quite similar to those obtained in a
CPA embedding medium. Thus, the embedding medium
becomes less and less important with increasing cluster
size, provided that it is an appropriate medium, i.e., its
bandwidth is sufficiently large to support the structure in
the DOS's produced by local environment fluctuations.
Equivalently, the more appropriate the embedding medi-
um the smaller inay be the size of the cluster required to
produce an adequate representation of the DOS's. Results
analogous to those in Fig. 11 (but for strongly ordering al-
loys) are depicted in Fig 12, .which should be compared
with Fig. 9(a).

It should be noted that the DOS's associated with a
single-site or a three-site cluster embedded in a two-site
SCBSA medium (Fig. 11) can possess very sharp struc-
ture. This structure is not an indication of nonanalytic
behavior since the SCBSA for one-dimensional TB alloys
with nearest-neighbor hopping yields DOS s identical to
those of the MCPA which is known to yield analytic re-
sults. Figure 11 shows that clusters larger than a single
site are indeed necessary for an accurate representation of
the DOS's.

The discussion just given is further illustrated by the re-
sults shown in Fig. 13. Here, the energy parameters of the
alloy are the same as those in Figs. 6—12, but with con-
centration c =0.7 and a=0.4 (weak ordering). For this
case both the CPA and the SCBSA provide appropriate
effective media. Thus, the cluster DOS's for a seven-site
cluster embedded in a CPA medium (top part) are very
similar to those obtained with an SCBSA medium (bottom
part).

Further comparison between the results obtained with
CPA and SCBSA embedding media is afforded by Fig.
14. Here, the curves represent cluster DOS's for 9- and
11-site clusters, left- and right-hand side panels, respec-
tively, embedded in a 2-site SCBSA medium for the same
alloy parameters as those in Fig. 4. Comparing the re-
sults for the nine-site clusters we see that the DOS's in the
interior of the band are similar in the two methods, but
that the clusters embedded in an SCBSA medium are in
excellent agreement with the exact DOS's near the band
edges in contrast to the results obtained with a CPA medi-
um. Thus, we see once again that for band regions that
are within the span of the effective medium either a CPA
or a two-site SCBSA medium can be used in conjunction
with the embedded-cluster method. However, the SCBSA
provides an embedding medium that is appropriate for a
wider range of alloy parameters than that obtained in the
CPA.
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C. Two-sublattice model calculations

Figure 15 shows DOS's for an alloy with the same ener-

gy parameters as those in Figs. 6—12, with concentration
c =0.5 and a= —0.85 (strong clustering). The curve is
calculated in the two-sublattice model introduced in Sec.
IV. It is seen that even a single-site theory can produce an
adequate representation of the DOS's for an appropriately
chosen effective medium. Comparison with the very simi-
lar case shown in Figs. 9 and 12 shows that the single-site
results provide a better representation of the DOS's in the
interior of the band than the ECM, but represent the
minority peaks less accurately. Thus, as was mentioned in
the previous subsection, with an appropriate embedding
medium a small cluster, even as small as a single site, may
yield DOS's in satisfactory agreement with exact results.
Figure 16 shows results analogous to those of Fig. 15 but
for a somewhat smaller ordering parameter.

Finally, Fig. 17 shows the DOS's for a two-site modu-
lated alloy. Here, Cq ~

——0.9 and C&2 ——0.5 are the A-atom
concentrations in the two sublattices and Czl ——1 —Czl,
I =1,2. The results obtained in the MODCPA (Ref. 33)
(solid curve) for a two-site modulated alloy are in good
overall agreement with the exact results.

proach of the calculated to the exact moments with in-
creasing cluster size for the care of strongly ordering al-
loys.

VI. DISCUSSION AND CONCLUSIONS

Our aim in this paper was to investigate the applicabili-
ty of the embedded-cluster method to calculate the single-
particle Green's function, in particular the DOS's, of non-
random disordered alloys. Our numerical results allow us
to reach several conclusions.

(1) The ECM provides a reliable and efficient method
for calculating the DOS's in nonrandom as well as ran-
dom alloys.

(2) The accuracy of the CM increases with increasing
cluster size provided that an appropriate embedding medi-
um is used in the calculation. Such a medium becomes
less important as the size of the cluster increases.

(3) The embedding medium can play a vital role in the
accuracy of the calculated results. For a well-chosen
embedding Inedium a small cluster, even a single-site clus-
ter, can yield an adequate representation of the DOS's of a
substitutionally disordered alloy, as is indicated by the re-
sults obtained in the two-sublattice model and in the
MODCPA.

(4) In many cases, such as for one-dimensional alloys

D. Moments of the DOS's

The nth moment p„of the DOS's with respect to some
energy origin eo is defined by the expression

Pg= E—E'p Pl E 6' . (5.3)

4.Q

-0.5

Clearly, the zeroth moment equals the charge and the first
moment yields the band energy of a system. More gen-
erally, moments can be used to obtain information about
the interatomic potentials in substitutionally disordered al-

loys. Also, comparisons between exact and calculated mo-
ments may be used as a gauge of the accuracy of various
approximations for calculating the DOS's in disordered
systems. Thus, it has been shown that the CPA gives
correctly the first eight moments of the DOS's of random
substitutionally disordered alloys.

Figure 18 shows moments of cluster DOS's for various
size clusters and various SRO parameters compared with
numerically computed moments. Here, the decimal num-
bers denote the value of the SRO parameter a in Eq. (5.2),
and the numbers in parentheses indicate the numbers of
sites in the clusters used in the calculations. The CPA
moments fit the first eight exact moments of the DOS's
for a random alloy as expected. Although not shown in
the figure, more moments of a random alloy can be fit by
using DOS's associated with clusters embedded in a CPA
medium. For ordering alloys (cf. the two lower curves in
Fig. 18), a large number of inornents can be fit, up to 20
for strong-ordering alloys, by using DOS's for clusters
embedded in a CPA medium. For clustering alloys (cf.
the upper two curves), it was necessary to use a two-site
SCBSA embedding medium with SRO self-consistently
taken into account to obtain the fits shown. This is in ac-
cord with our discussion of the cluster DOS's for cluster-
ing alloys given above. Figure 19 shows the gradual ap-
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FIG. 18. Logarithms of the moments of the cluster DOS's
about eo ——1.0 for alloys with eq ———e~ ——1.0, &=1.0, c =0.5,
and various degrees of SRO indicated by the decimal numbers
next to each curve, compared with numerical (exact) results.
The numbers in parentheses indicate the number of sites in the
cluster used to calculate the DOS's. The two top curves (cluster-
ing alloys) were calculated with a two-site SCBSA effective
medium.



the generalization of the single-site CPA to a two-site
self-consistent cluster theory. For one-dimensional TB al-
loys with nearest-neighbor hopping, the DOS's obtained in
the SCBSA are identical to those obtained' in the MCPA
and thus the two-site SCBSA used in this paper yields an-
alytic Icsults. Indeed„no Rilalytlc difflcllltlcs werc en-
countered during the performance of the numerical calcu-
lations. Foi higher-dlmcnslonRI systclns, Bo proof of
analyticity of the SCBSA exists. However, given the re-
sults of the various SCBSA calculations, ' it is to be ex-
pected that the two-site SCBSA will yield analytic, weli-
defined physical results in all cases. Note also that in the
two-site SCBSA the boundary of the cluster is always well
defined. As a further indication of analyticity, in all our
calculations the DOS's were found to satisfy the funda-
mcQtRI 8QI A1Ics.

The methods presented here are applicable to disordered
systems of any dimensionality describable by either TB or
MT Hamiltonians. In most realistic alloys, clustering or
oidcrlng tcndcnclcs Rl'c Ilot very strong Rnd a CPA cIBbcd-
ding medium can be used in conjunction with the ECM.
In some cases, however, where strong clustering or order-
Ing tendencies niay exist, 'thc self-consistent treatment of
SRO may be necessary in order to obtain accurate results.

FIG. 19. I ogarlthllls of the moments of the cIQsteI' DOS s
Rbout 6'o= 1.0 for vaAou8 size clusteI's for' an alloy %'itb

gg = —gg = 1.0» 8 = 1.0» and Q =0.5, and SRO= —0.9 con"
paled with the exact I"esAts. The size of the clusteIs Used are
sho%'6 next to the cori"espondmg cUI ves.
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