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x-P-T phase diagram for the y-tz transition in Ceo 9 „La„Tho, alloys
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We report the results of resistivity measurements on Ce09,La„Tho l alloys for x =0.10, 0.11,
0.14, and 0.17 in the temperature interval 4.2—300 K and for the pressure range 0—12 kbar. Using
these results we have semiquantitatively determined the P-T phase boundary for the isomorphic y-a
phase transition for each concentration x. For x =0.10, 0.11, and 0.14 the transitions are continu-

ous at zero pressure, first order for pressures within the interval P, (x) & P & P,"(x), and continuous

for higher pressures P & P,"(x). Hence, for these concentrations the phase boundaries terminate at
two critical points. For x =0.17, all observed transitions are continuous. Hence, in x-P-T space the

surface of first-order transitions terminates at a critical edge (T,(x), P, (x)) such that, over an inter-

val of x, P, (x) is double valued and such that there is a "critical inflection point. " These unusual

features can be understood qualitatively as following from very general Fermi-liquid properties of
the cerium 4f electronic system, together with the dilution and negative-pressure effects of alloying

with lanthanum. We show that this qualitative description is consistent with existing experimental

data.

I. INTRODUCTION

In cerium metal the y-o, phase transition, which is an
isomorphic lattice collapse between two fcc phases of sub-
stantially different density, has been the subject of
numerous investigations over the years. ' While it is gen-
erally acknowledged that the transition involves a change
in the character of the 4f electrons, the nature of this
transformation is still a matter of dispute. In older work
it was assumed that the 4f occupation undergoes a large
decrease and concomitantly the valence increases when the
metal transforms from the y to the a state; this is the
"promotional model. " Older theories emphasized the role
of electron screening interactions (the Falicov model) and
lattice coupling (due to the large size mismatch between

f and f' configurations) in driving the first-order transi-
tion. Recent experiments indicate, however, that the
magnitude of the valence change is much smaller than
previously expected. This has led to a variety of proposals
concerning the mechanism of the transformation. These
include models which treat the transformation as a Mott
transition between a local-moment phase and a paramag-
netic 4f band phase, models in which changes in the
Kondo exchange energy are responsible for the differing
properties of the two phases, inodels which stress the
dynamics of the screening of the 4f electrons by the con-
duction electrons, and models which argue that already in
the free cerium atom there exists a tendency towards for-
mation of two f orbitals of differing atomic size. 9

One point on which all these models are in agreement is
that in the ground state of cerium metal (and of many
nonmagnetic cerium intermetallics) the 4f electronic sys-
tem can be described as a Fermi liquid. ' This is manifest
in enhanced Pauli paramagnetism and linear coefficients

of specific heat. There is a high level of universality
among compounds: The properties scale with a charac-
teristic Fermi-liquid temperature TFL which varies be-
tween compounds over a broad range (1—1000 K). While
it is generally understood that in the Fermi liquid the 4f
spin degrees of freedom are quenched in the Pauli
paramagnetic state, the microscopic character of the Fer-
mi liquid is a matter of considerable dispute.

The y-a phase boundary of cerium metal is known to
terminate in a critical point in the P-T plane. Studies' in
Ceo 9 „M„Tho t alloys (where M represents a rare-earth
solute and the thorium is added to prevent formation of
the double hcp P phase) also reveal the existence of a criti-
cal point x„T, at P=0 in the x Tplane. The -case of
Cep 9 La Thp l is shown in Fig. 1. For various thermo-
dynamic quantities, the large discontinuities and hys-
teresis associated with the transitions progressively shrink
as x increases until beyond x, =0.09 only continuous tran-
sitions are observed as broadened S-shaped curves. From
a detailed analysis of many such curves, the phase boun-
dary shown in the inset of Fig. 1 was obtained. '

Recently, it was speculated that if the cerium P-T
phase boundary could be extended to the negative-pressure
region, a second low-temperature critical point might be
observed. Since it is known' that the transition tempera-
tures of cerium alloys are strongly dependent on the size
of the solute M, with small (large) solutes exerting positive
(negative) "chemical pressure, " it was suggested that the
negative-pressure region could be realized by appropriate
choice of solute. Following this lead, we found" that for
the alloy Cep 8Lap ~Thp l the y-a boundary terminates in
two critical points in the P-T plane. This represents, to
the best of our knowledge, the only reported example of a
material with a phase boundary terminating in two critical
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loys and which complicates the analysis is the existence of
a small [(2—3)-K] residual hysteresis, even for samples
that exhibit continuous transitions. ' This can be seen for
concentration x =0.1 in Fig. 1; a related effect is the
rounding of the warming transition for Cea 9Tha &. This

500

200—

100—

(b)

can be understood as a manifestation of alloy inhomo-

geneity: For a distribution of concentrations x about the
mean value x, a certain fraction of the sample will exhibit
hysteretic first-order transitions even when the transition
for the mean value should be continuous. The inhomo-
geneous strain fields which are expected to accompany the
enormous cell collapse (b, V/V-0. 15) can also contribute.
These effects are compounded further in the high-pressure
cell by the existence of small gradients in the pressure
medium and by unavoidable pressure changes that occur
when the sample volume changes within the frozen medi-
um. Such effects are strongest in the vicinity of the criti-
cal points where the thermodynamic properties vary rap-
idly with x and P. Indeed, we found that for x =0.14 no
hysteresis was observable at low pressures but appeared
only as the pressure approached the pressure of the lower
critical point; for x =0.17, no hysteresis was observed at
any pressure below 7 kbar. Owing to this residual hys-
teresis we found that it was not possible to use the analysis
developed for Ce~ „Th„alloys' to determine precisely
the parameters of the critical region. Hence, the phase
boundaries given in Fig. 6 represent only a semiquantita-
tive estimate based on the qualitative features of the data.
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FIG. 6. Pressure-temperature phase diagrams for
Ceo 9 „La„Tho ~ with (a) x =0.10 and (b) x =0.14. The small

solid circles give the values of P and T for the warming and

cooling transitions, and the solid lines are our estimate of the

equilibrium phase boundary of first-order transitions with their

terminations in critical points (large solid circles). The dashed

lines represent the locations of the continuous transitions. The

equilibrium boundaries are plotted together in (c) together with

the x =0 data from Ref. 15 and our x =0.17 data. The open
circle in (c) gives our estimate of the parameters of the "critical
inflection point. "

III. EXPERIMENTAL RESULTS

As can be seen from Fig. 1, for alloys of
Ceo9 „I.a„Tho ~ with concentration x greater than the
critical concentration x, =0.09, the transitions are con-
tinuous. When pressure is applied to the alloy with a con-
centration (x =0.10) slightly larger than x„ the following
sequence is observed (Fig. 2). Below 2 kbar the transitions
remain S shaped and continuous. At higher pressures the
transitions are clearly first order: The hysteresis becomes
enormous and the transitions (especially upon warming)
appear discontinuous. These effects reach a maximum
near 5 kbar. At the highest pressure the transition again
appears S shaped and continuous. A very similar se-
quence is observed for x =0.11 (Fig. 3). For the concen-
tration x =0.14, the sequence is qualitatively different
(Fig. 4). At low pressures the "residual hysteresis" dis-
cussed in Sec. II is not observed; this is because the values
of x and P are sufficiently different from the critical
values that the alloy and pressure inhomogeneities are in-
sufficient to allow any regions of the sample to have
first-order transitions. At somewhat higher pressures (the
curve marked 3.4 kbar in Fig. 4) residual hysteresis is ob-
served, but the transition still appears to be continuous.
For still higher pressures, the transition is markedly
discontinuous (5.6 and 7.3 kbar); for the highest pressure
studied, the transition is once again continuous. As
shown in Fig. 5 for the largest concentration studied
(x =0.17), there is a further qualitative change: No resi-
dual hysteresis is observed and all transitions are continu-
ous up to 6.3 kbar.

In Figs. 6(a) and 6(b) we plot the transition tempera-
tures estimated for warming and cooling for two of the
samples (small solid circles). (We remind the reader that
the pressures quoted here differ from those given in Figs.
2—4 in that they have been corrected for the temperature
variation of the cell pressure. ) As a result of the effects
mentioned in Sec. II, the first-order transitions are sub-
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FIG. 7. Schematic representations of the x-P-T phase dia-

grams for Ce~ „Th„and Ceo9 „La„Tho~.

stantially rounded and it is difficult to precisely locate the
critical points. Nevertheless, the actual phase boundaries
for x =0.10, 0.11, and 0.14 clearly exhibit two critical
points. In Figs. 6(a) and 6(b) we have estimated the loca-
tion of the critical points on qualitative grounds and have
drawn a smooth curve between the warming and cooling
transitions as an estimate of the equilibrium phase boun-
dary. The dashed lines represent the midpoints of the
continuous transitions. In Fig. 6(c) we have replotted the
estimated phase boundaries for x =0.10 and 0.14 along
with the midpoints of the continuous transitions for
x =0.17. In addition, we have included the low-
temperature portion of the phase boundary for Cep 9Tllp
(x =0) as measured by Huang et al. ' For this concentra-
tion there is no low-temperature critical point, and while
the high-temperature critical point has not been located, a
reasonable estimate would be P, =15 kbar and T, =450
K.

The following qualitative features are apparent from
Fig. 6(c). Firstly, at fixed pressure, the transition tem-
peratures decrease with increasing concentration x.
Secondly, the pressure of the low-temperature critical
point increases, while that of the high-temperature critical
point decreases with increasing x. At some concentration
xr the two critical points should coalesce into one, beyond
this concentration only continuous transitions would be

observed. We estimate that the value of xt is 0.16, so that
the sample with x =0.17 would have only continuous
transitions. The critical inflection point appears as a sin-
gle small open circle in the P-T plane, ' we have plotted a
reasonable estimate in Fig. 6(c) (xi ——0.16, T =140 K, and
P =7.5 kbar).

These results are somewhat clearer when visualized in
three dimensions. Qualitatively, the x P-T-phase diagram
has the appearance shown in Fig. 7. Consider first the
case Cep9 „La„Thp &. The line BC is the first-order
boundary in the x-T plane at zero pressure, which ter-
minates at the zero-pressure critical point
C(x, (P =0),T, (P =0) ) and the line AB is the phase boun-
dary in the P Tpla-ne for x =0 terminating at the critical
point A(P, (x =0),T,(x =0)). The curve AC is a line of
critical points (the "critical edge" ) which is the termina-
tion of a surface of first-order transitions. The points F,
6, H, and I are high-temperature critical points, while D
is a low-temperature critical point, and the point E is a
"critical inflection point, "corresponding to the concentra-
tion xI beyond which the transitions are continuous. The
line DF is a phase boundary at fixed x with two critical
points. For all concentrations x in the interval
x, (P =0) &x &xI, two critical points are observed. The
shape of this is to be contrasted with the x-P-T phase dia-
gram for Cei „Th„,at the top of Fig. 7. In that system,
application of pressure to samples with x close to
x,(P =0) always makes the transitions less first order. '

The critical edge is nearly linear and P, (x) is single valued
everywhere.

We stress once more that the phase boundaries given in
Fig. 6 are only semiquantitative. Owing to the residual
hysteresis effects discussed above, it is not possible to dis-
tinguish precisely between first- and second-order transi-
tions. Our qualitative criterion is that transitions which
are broad and S shaped with residual hysteresis of only a
few degrees are second order (e.g., the transitions marked
1.0 and 10.2 kbar in Fig. 2), while transitions with large
hysteresis and kinks or discontinuities (e.g., the transitions
between 4 and 6 kbar in Figs. 2—4) are first order Insofa. r
as any one concentration x shows a lower and upper criti-
cal point, while some larger x shows only continuous tran-
sitions, the three-dimensional phase diagram must have
the form shown in Fig. 7. That this is so is, we believe,
amply demonstrated by our data. For example, if one
were to insist that all curves showing hysteresis are first
order, then the sample x =0.14 satisfies the former cri-
terion and the sample x =0.17 satisfies the latter, so that
the phase boundary of Fig. 7 holds but Fig. 6 would have
to be revised. However, we wish to point out that in the
presence of alloy and pressure inhomogeneity, residual
hysteresis must be observed even where the mean concen-
tration and pressure represents a continuous transition.
Hence, we think the estimates given in Fig. 6 are not too
inaccurate.

IV. THERMODYNAMICS OF THE TRANSITION
IN A FERMI-LIQUID MODEL

To continue the discussion of the phase diagram, we
consider the following free-energy functional appropriate
to Ce~ „La~ alloys: '"
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i = T/TFL ring between two states of very different characteristic
tCDlpCfatU1CS, namely» TpL 1000 K 1Q the A StRtC Rnd

TFL —100 K in the y state. (The evidence that this is so
can be found in the melastic-neutron-scattenng spec-
tra. '6'7) The temperature dependence is determined by
the entropy of the Fermi liquid. It is known from experi-
mental studies in many cerium compounds that the ther-
IrlodynRID1G propeft1es scale %'1th TpL,' this IDcans that
the entropy SFL(t) is a universal function of scaled tem-
perature t = T/TFL', i.e., Spi, (T;V) =SFL(TITFi,( V)).
When integrated, such an entropy yields a free energy of
the form

FFL(T; V) =EFL( V) Tf(T—/TFL( V)), (2a)

f(t)= —f S(t')dt .
0

G =(1—x)F '(V)+xF '(V)+PV,
%'Ilefe

i gLaVLa( V/VLa 1)2

F '= —,'Bc Vc'(V/Vo' —1) +FFL(T;V) .

(la)

(lb)

(lc)

Except for the last (Fermi-liquid) tenn in F, the free en-

ergy is that of a simple mixture in the approximation that
cvcry atom ln thc alloy posscsscs thc saIIlc avclagc volume
V. The "normal" volume dependence is calculated from
tlM stf81Q-cncfgy penalty each GOIIlponcnt pays to &gust
to the average volume V. The normal volume Vo and bulk
modulus 80 for lanthanum are those appropriate for the
pure fcc metal; for cerium they are taken as the values the
trivalent metal would have in the absence of the
RnoIDaloUs terms, which CRIl bc obtained by sIDootMy 1Q-

terpo1ating between the values for lanthanum Rnd praeso-
dyniUID to be, respectively, 36 A and 280 kbaf.

Thc anomalous terms drlv1ng thc phase tI'RQsltlon Rfc
represented as an energy Ei;L(T; V) and entropy SFi.( T; V)
of the 4f Fermi liquid. The transition is viewed as occur-

v(P)
FIG. 8. (a) Entropy as a function of scaled temperature

f =T/TFL for ceriUIIl coIDpounds. TFL is the FerID1-liquid teID-

peiatUI'e. (b) Characteristic temperatures TFL Rs a, fUnction of
volume per atom for ceI'ium alloys. The points are estimates of
TFI using inelastic-neutron-scattering lineeidth data (Refs. 16
and 17). The smooth solid line is our interpolation. The dashed

line is a plot of the first term on the right-hand side of Eq. (1c).
(c) Dashed lines represent separately the suID of the norillal I'-V
isotherm and the tenn —B(k~TFI )/BV. Curve 1 is the sum of
these two terms. Curve 2 represents qualitatively the change in

shape of the isotherm at lour temperatures. Curve 3 represents a
critical isotherm obtained fIOID cui've 1 by eitheI' raising the
temperature or by alloying at T=0. Curve 4 repr'esents the re-
sult of first alloying (so as to obtain curve 3 at T =0) and then

raising the temperature.

The condensation energy EFL is expected to be of order

kz TFL( V), which experimentally is known to be a strong-

ly nonlinear function of the cell volume. Hence, from this
poiiif, of view tlie priniai'y iioiiliiiearity, wliicli allows foi
first-order transitions, arises from the volume dependence
of the charactenstic energy kii T„L.

Let us first consider the situation for pure cerium. The
equilibrium volume at fixed T and P is given by

BG &o' c, ~Ei-L T'f Fi. ~TFi.=P+ c, ( V —Vo')+ +--
where the prime indicates differentiation of f(t) with
fcspcct to thc scale variable t. First-order transltlons will
occur in the region where V(P) is multivalued; and the
solid will be unstable for negative values of the bulk
modulus 8 = —VBP/BV. To explore this possibihty we
iieed to coilsidei' tlie teiiipei'atliie dependence of SFL aild
the volume dependence of TFL. To estimate the entropy
we proceed as follows: It is known from theoretical stud-
ies that the "effective moment" TX/C (where X is the
susceptibility and C is the J= —, Curie constant) has near-

ly the same temperature dependence as the entropy. The
effective moment has been shown to be a universal func-
tion of T/TFi for cerium compounds. ' ' For the sake
of discussion we assume S/kzln6—:TX/C and plot the ex-
perimentally determined value in Fig. 8(a). We next make
thC RSSUIDptlon thRt EpI = —kg TpL Which» %'hlle not CX-0

Rct» should bc correct wlth1Q Rn 01dcf of IDagnltUdc Rnd

simplifies the discussion. In Fig. 8(b) we plot the volume
dependence of the linewidths measured in inelastic-
neutron-scattering spectra for certain alloys ' this is a
standard measure of TFL. In addition, we plot there the
normal volume dependence of F with normal bulk

1Ilodulus 80 =280 kbaf. Thc P- V fclatlon at T =0 can bc
found by summing the derivatives of these latter two
terms. To accomplish tllls wc hRvc soIDcwhat Rrbltraflly
drawn a smooth curve through the data points for k& TFL
Rnd dlffcfcntlated QUIDcrlcally. Thc Icsults 3I'c sho~n 1Q

Fig. 8(c). Curve 1 is the P-V relation so determined for
pule ccfiUID Rt T =0. Th1s cxjllblts thc csscntlal fcatufc
that as the pressure increases frorD large negative values
there is a first-order transition from the high-volume state
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to the low-volume state occurring in the negative-pressure
region. If we assume these have volumes of order 36 and
30 A, respectively, then by equating the free energies in
the two states and utilizing Fig. 8(b) to determine E„L,we
obtain P~(T =0)= —5 kbar.

Next we consider the situation for pure cerium at fixed
pressure (P=0). At T=0 the system will be in the low-
volurne state. As the temperature increases, the large en-

tropy gain will lower the free energy of the y state until at
some temperature To(P =0) there will be a first-order
transition to the high-volume state. Assuming the same
values of Vr and V as above and an entropy gain of
1.5k&, the Clausius-Clapyron equation yields
bP/ET=30 K/kbar and To(P=0)=150 K, in good
agreement with experiment.

As the temperature increases, there is a significant ef-
fect on the shape of the P Visoth-erm. As T increases, the
final term in Eq. (3) increases the pressure at fixed V;
since the magnitude of the increase varies as

[T/TFL( V)], the effect is biggest at high volumes where

TFL is smallest. The net effect is shown qualitatively as
curve 2 in Fig. 8(c); the P Vcur-ve becomes more nonlinear
(and the transitions inore strongly first order) as T initial-

ly increases. At very high temperatures, where the entro-

py saturates to k~ln6, the isotherm will become rnonoton-
ic. The temperature at which the isotherms change from
multiple valued to monotonic is, of course, that of the
high-temperature critical point; the critical isotherm is
shown qualitatively as curve 3.

For the alloy case, we have

gLa gLa
P=(1 x)P '(V)+—x L, (VO' —V)+x q, (VO' —Vo'),

where Pc'( V) is the P Vrelation fo-r pure cerium, Eq. (3).
Alloying has two main effects. The final term in Eq. (4)
acts as a constant-pressure shift so that part of the
negative-pressure region of Fig. 8 becomes accessible at
positive pressure. (For Vo' ——37.5 A and Bo' ——279 kbar,
the magnitude of this shift is 1 kbar for x =0.1). The
second effect is that the Fermi-liquid terms are diluted,
i.e., the contribution of the term —B(kgTFL)/BV to the
isotherm decreases with increasing x. There will be a crit-
ical concentration xc(T=0) such that the T=0 iso-
therms will be single valued for larger concentrations.
However, it remains that as temperature initially increases
the P-V isotherms become more nonlinear and first order-
like. Hence, for a concentration x slightly larger than
xc(T =0), the T =0 isotherm will qualitatively resemble
curve 3 of Fig. 8(c), but the isotherm at slightly elevated
temperature will resemble curve 4. This leads to a lower
critical point on a P-T phase diagram which will occur at
positive pressure, if the constant-pressure shift mentioned
above is large enough. As the temperature is raised still
further, the entropy terlns again will saturate and the iso-
therrns approach that of the normal material, leading to a
'second (upper) critical point. However, for a sufficiently
large concentration x &xi, the Fermi-liquid terms will be
diluted so strongly that only continuous transitions are
possible at any temperature. The concentration xz is then
that of the critical inflection point.

V. DISCUSSION

We have seen that the experimental x-P-T phase dia-
gram shown in Figs. 6 and 7 has a qualitative explanation
in terms of a free-energy functional which includes the
Fermi-liquid behavior in a natural way. First-order tran-
sitions occur because the condensation energy is a highly
nonlinear, decreasing function of volume. The main ten-
dency of alloying is to dilute the Fermi-liquid terms and
hence make the transitions continuous. However, because
the Fermi-liquid entropy develops more rapidly with tern-
perature at larger V, the P-V isotherms tend to become
more first order as T initially increases. Over a limited
range of x this leads to P-T phase boundaries with two
critical points.

This treatment, while qualitative, is not tied to any
specific microscopic model but is cast in terms of the ex-
perimentally established Fermi-liquid behavior. In this
section we discuss several of the assumptions which were
made in the course of the treatment. Following this we
discuss the relation of our general treatment to a recent
calculation '" of the cerium phase diagram Fin.ally, we
discuss the possibility of realizing similar phase diagrams
in other alloy systems.

A. Assumptions underlying the Fermi-liquid treatment

The free-energy functional [Eq. (1)] does not include the
energy or entropy of mixing of the alloy. This we justify
on the basis that diffusion is limited in the low-
temperature solid, so that the concentration x (as opposed
to the chemical potential) becomes a constrained variable,
i.e., the free energy of mixing will be only a weakly vary-
ing function of temperature. Secondly, we have calculated
the normal volume dependence in the harmonic approxi-
mation, under the assumption that the normal contribu-
tion to the thermal expansion (typically 10 /K) is a
small fraction of the volume expansion at the phase tran-
sition (hV/V=0. 1). Thirdly, we have neglected to dis-
cuss the role of thoriuin dilution. This will have a com-
parable effect to lanthanum in diluting the nonlinear
Fermi-liquid terms but will have a different effect on the
absolute value of the pressure at the transition. On the
basis of size alone, addition of thorium acts as positive
chemical pressure (where lanthanum dilution gives nega-
tive chemical pressure). However, it is known experimen-
tally' that there is also a valency effect (i.e., trivalent
solutes such as lanthanum stabilize the y state more
strongly than thorium, which is tetravalent) which should
be included in a more complete treatment.

The assumption that the entropy is proportional to the
effective moment (S/k~ln6= TX/C) is more in the nature
of a convenience for the sake of discussion. What is clear
experimentally is that the entropy is qualitatively as
shown in Fig. 8(a): linear at low temperatures, saturating
to the free-ion value for T&&TFL, and scaling with
T/TFL. For example, the ratio of the effective moment to
the low-temperature linear specific heat has essentially the
free-Fermi-gas value for most cerium compounds. ' ' '

The most serious assumption is that the ground-state
energy EFL can be identified as k~ TFi.. This cann—ot be
justified on the basis of experiment alone. However, it
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FIG. 9. P- V isotherms and P-T phase boundaries for

Ce~ „La„alloys as calculated in a model where the Fermi-liquid

free energy is taken from the solution of the spin- 2 Kondo
0

problem. The units are Vo ——36 A', Pk ——34 kbar, and T =0.04

corresponds to 300 K (from Ref. 11).

B. Relation to recent calculations in a Kondo model

Recently, Allen and Martin calculated the phase dia-
gram for cerium metal by treating the system as a set of
spin- —, Kondo impurities. This allows explicit calculation
of the Fermi-liquid free energy for fixed Kondo coupling
constant J. The dependence of J on volume was
parametrized from experimental data, such as given in
Fig. 8(b). The scaling property of the free energy is
obeyed rigorously in this model. For the spin- —,

' case, the
condensation energy varies as J, while the characteristic

does appear to be a feature of certain theories of valence
fluctuation effects. For example, in a Kondo model it ap-
pears to hold for large orbital degeneracy, while for the
spin- —, case, strict proportionality does not hold. For
the sake of the qualitative discussion, the essential require-
ment is merely that EFL be a strongly nonlinear, decreas-
ing function of volume; this is valid even for the spin- —,

case.
Once these assumptions are made, it becomes possible

to calculate the P Visothe-rms at all T from experimental
data alone. In our qualitative treatment, we somewhat ar-
bitrarily drew a smooth curve through the data for
ktt TFt.( V) and differentiated graphically. Given the error
bars and the limited amount of available data, it would be
quite possible to draw this curve with smaller slope in the
region of interest so that the minimum in B(k&TFL)/BV
would be substantially shallower, thereby altering the
phase diagram in significant ways. To resolve this diffi-
culty requires more data for k~TFL( V). The appropriate
experiment would be to measure the low-temperature
value of the inelastic-neutron-scattering linewidths as a
function of pressure in a Ceo sLao &Tho ] alloy, where TFL
can be scanned over most of the relevant range.

Given this uncertainty in the details of TFt ( V), we can
claim only that the Fermi-liquid treatment of the phase
transition is consistent with the existing data. It is also
consistent with a recent calculation where the Fermi
liquid was given an explicit microscopic model. %hat we
are attempting here is to clarify the general features re-
quired of such a model that will yield the observed phase
diagram.

temperature varies as exp( —1/J); hence, TFL is not
rigorously proportional to EFL. Nevertheless, the calcula-
tion agrees fairly well with the experimental phase dia-
gram. More recently, " the calculation was extended to
the alloy case; the results for Ce~ „La are shown in Fig.
9. (The calculation did not include terms for the thorium
atoms; rather, it adjusted the parameters for the pure-
cerium case to fit the properties of Ceo 9Thp ~.) The iso-
therms exhibit explicitly the sequence described above for
the situation x &xc(T =0), and the phase diagram is in
good agreement with the experimental one shown in Fig.
6(c).

The restriction to spin- —, case is not necessary, as
Bethe-ansatz solutions for the J=—,

' case now exist. '

This should cause quantitative but not qualitative differ-
ences (e.g. , in the relationship between EFt and k&TFL).
A lesser known factor is the degree to which coherence be-
tween 4f electrons on neighboring sites will affect the cal-
culation. Recent work suggests that such coherence van-
ishes as 1/(2J+1) for large orbital degeneracy, but J = —,

is probably an intermediate case. A deficiency of the cal-
culation is that there is no microscopic justification given
for the volume dependence of the coupling constant.
However, since the coupling constant J depends on the hy-
bridization matrix element and since the latter is believed
to be strongly volume dependent, ' it is reasonable to ar-
gue that J varies strongly with volume (as 1/V,
4&m &6). The qualitative aspects of the phase diagram
follow from such general properties of the Fermi liquid
that it is possible that any of a number of other micro-
scopic models ' ' for cerium might duplicate the results.
(Although, whether or not the other models can do this is
not known a priori. ) Hence, the microscopic character of
the Fermi liquid cannot be resolved by the phase-diagram
data alone.

C. Application to other alloys

Similar x-P-T phase diagrams can be expected in other
Ce~ M alloys. However, we have already mentioned
that for Ce~ „Th alloys the application of pressure al-
ways makes the transitions more continuous hence, the
x-P-T phase diagram has the appearance of Fig. 7 and
there is no range of x where two critical points are ob-
served. In terms of Fig. 8, the reason for this is that the
transitions occur at temperatures which are already suffi-
ciently elevated that they are above the range where the
initial sharpening of the isotherms occurs. This, in turn,
results from the fact that both the smaller size and larger
valence of thorium relative to lanthanum favor stabiliza-
tion of the low-volume state. The most likely cases for
giving two critical points are then M =Yb and Eu, both
of which are divalent and have larger atomic size than
lanthanum. It is also possible that dilution with other
trivalent rare earths, such as Pr or Gd, will create a com-
parable phase diagram as in the lanthanum case.

Finally, we consider the case of Sm& „M~S alloys. For
M=Y and Gd, it is known' that the x-T phase diagram
terminates in both an upper and a lower critical point. In
terms of the free-energy functional [Eq. (1)], the lower
critical point can be expected on the basis of the dilution
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effect on the nonlinear terms alone. Experimentally, it is
not known whether two critical points exist in any P-T
plane at fixed x. An important difference to the cerium
case is that the ground state for small x is not a Fermi
liquid but rather a divalent J=0 singlet, and so the high-
entropy state is the low-volume phase. This makes it dif-
ficult to generalize from the present results to the case of
SmS.
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