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The ionic conductivity of a binary system consisting of two kinds of monovalent ions in the two-
dimensional honeycomb lattice is calculated by the path probability method of irreversible statistical
mechanics. The main purpose is to gain insight into the probable cause of the mixed-alkali effect
observed in B-alumina-type systems and glass systems in general. It is shown that if the interaction
between the two components is attractive, the existence of a sharp minimum which is caused by or-
dering can be expected at a certain composition. The minimum is shown to be mainly due to a per-
colation difficulty created by mutual arrangements of two kinds of ions. Based on these findings, it
is suggested that the major cause of the mixed-alkali effect is the drop in the percolation efficiency
due to the blocking of the diffusion (percolation) path created by mutual interaction of different

kinds of ions.

I. INTRODUCTION

The problem we deal with here is a general theoretical
treatment of ionic conductivity of two-component systems
in which conduction ions are mutually interacting strong-
ly. We deal with this problem utilizing the pair approxi-
mation of the path probability method (PPM) of irreversi-
ble statistical mechanics.!~* Our major interest in dealing
with this problem is to get an insight into physical causes
of so-called mixed-alkali effect. The mixed-alkali effect
(MAE) has been known for some time in glass systems.>®
In binary glass systems in which one kind of alkali ion is
progressively substituted by another kind of alkali ions, it
is observed that the conductivity does not vary linearly
with the fraction substituted. Instead, one often finds a
substantial decrease in the conductivity at intermediate
compositions without any apparent physical causes. Ir-
respective of the effort of many researchers, the cause of
the effect has not been satisfactorily explained.>¢ Howev-
er, recently the existence of a similar effect in crystalline
systems such as in B-alumina-type systems has also been
observed.”~!° The existence of the effect in B-alumina
systems indicates that MAE is a common phenomenon
whether the system is crystalline or not. If this is so, there
is possibility that the origin of MAE, at least its qualita-
tive features, can be understood by the treatment in crys-
talline lattice systems which is theoretically far more easi-
ly tractable than in glass systems.

The theoretical basis of ionic conduction in solids so far
has been essentially the random-walk theory. In other
words, if there are n conduction ions with the charge e
and the mobility u, the conductivity o is considered to be
given by

o=nep . (1.1)
Based on this expression, past efforts in explaining MAE
have been to give reasonable causes to reduce n and/or
by the addition of other ions as exemplified by theories
such as the theory of Hendrickson et al.!! and the weak
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electrolyte theory.!>!> However, in the ion conduction in
solids, there is another factor f; which may be called the
percolation efficiency which was introduced by Sato and
Kikuchi with the name of the physical correlation fac-
tor.>3 If explanations of MAE based on n and u only are
not satisfactory, the explanation of the effect should then
be based on the percolation efficiency.!* Indeed we will
show that there are some experimental evidences which
indicate that the percolation efficiency is really playing
the essential role in MAE.

Our interest in the present theory is to show in binary
systems in general that how the percolation efficiency can
be defined and that under what condition the decrease in
the percolation efficiency becomes conspicuous. By
knowing this condition, our next task is to relate this con-
dition and the probable cause of MAE which may be
occurring in glass systems and B-aluminas. Indeed, for
extracting the percolation efficiency in the conductivity of
solids, any simple lattice system will suffice. However,
because we will be dealing with MAE of B-alumina-type
systems, the adoption of the two-dimensional honeycomb
lattice which was already utilized by Sato and Kikuchi for
the idealized model of B”-alumina®® explained in Sec. II
would be convenient. The model is essentially a lattice-
gas model and many-body effects in transport are con-
tained because mutual interactions among constituent con-
duction ions are included. As a theory of diffusion, the
model represents a generalized vacancy mechanism. How-
ever, as was pointed out in the original treatment,”® the
model is sufficiently general to include other mechanisms
such as the interstitial mechanism and interstitialcy mech-
anism which has been claimed to be operative in -
aluminas!®!® and in glasses.!”

The treatment of mass transport by PPM has been
made extensively. However, the treatment for binary sys-
tems has been limited to the derivation of the correlation
factor of isotope diffusion of one of the constituents and
the treatment of ionic conductivity of binary systems has
never been shown. Therefore, in the following we show
the outline of the derivation of required quantities by the

3550 ©1984 The American Physical Society



29 ‘ IONIC CONDUCTIVITY IN BINARY SYSTEMS 3551

pair approximation of PPM although the basic concepts
utilized are the same. In Sec. II, we describe the specific
model for which the ionic conductivity is calculated. In
Sec. III, an outline of the mathematical procedure of the
PPM is given in order to make the presentation of the
model system unambiguous. There, all the variables need-
ed to define the model system are given. In Sec. IV, the
flux expression is given, and the Onsager equation for
mass transport is derived under the steady-state condition.
Expression of conductivity and its analysis are given in
Sec. V. We calculate the composition dependence of the
total conductivity as well as that of individual com-
ponents. The correlation factor of the isotope diffusion of
one of the constituents are also calculated because the iso-
tope diffusion is often helpful in understanding the mech-
anism of diffusion. In the last section, we try to organize
these results so that MAE in B-alumina and glasses can be
properly understood.

II. MODEL

The specific theoretical model proposed in this work is
that when an electric field (and/or a generalized chemical
potential gradient) is imposed, two kinds of monovalent
ions move on the two-dimensional honeycomb lattice (Fig.
1). The major task of the theory is then to derive the On-
sager equation for mass transport,

by=—Lygay—Lypag,
. . (2.1
®p=—Lgqay—Lppag,

in an analytical fashion.* The letters 4 and B indicate the
two components. Symbols ®, and Py represent the flows
of 4 and B, respectively, and a, and ap are the chemical
potential gradients for 4 and B ions, respectively, which
serve as the driving forces. Knowing the expression of
L;;’s, we can obtain detailed information of the kinetic
properties of the system. The kinetic conefficients L;’s
thus determine properties such as conductivities, the
mobilities of ions, the percolation efficiency, and the
correlation factors for isotope diffusion.

FIG. 1. Honeycomb lattice. Two sublattices are marked by
open (a) and solid (B) circles. These lattice sites are occupied by
two kinds of ions (4 or B) or vacancy (V). Some sites, called
sites, are favored sites for an A ion and some called f sites are
favored sites for a B ion. Conduction and/or diffusion take(s)
place on this plane via a vacancy migration mechanism. v and
v+ 1 indicate the position of lattice sites while n indicates a
bond between the vth and the (v + 1)th lattice sites.

The two-dimensional honeycomb lattice consists of two
kinds of ions and vacant sites. We assume that the con-
duction (and/or diffusion) takes place via vacant sites as
was done earlier.2~* That is, the motion of ions is as-
sumed to be a hopping into the nearest-neighboring vacant
site. We further assume mutual interactions among con-
duction (or diffusing) ions. Introduction of mutual in-
teractions among diffusing species of ions is a necessary
feature to discuss the many-body nature of ionic trans-
port. Here we assume that the interactions among mobile
ions are taken into account in the form of nearest-
neighbor pair interactions. The new feature in the present
model is that two interpenetrating sublattices are con-
veniently introduced to define the ordered states of the
system which may be set in at low temperatures in dealing
with ion transport.

III. GENERAL OUTLINE OF THE METHOD

We work on a system consisting of two kinds of ions 4
and B in the two-dimensional honeycomb lattice. Each
lattice site is occupied by ions (4 or B) or vacancy (V).
Hereafter, i stands for the ions (4 or B) or vacancy, and
we shall refer to 4, B, and V as 1, 2, and 3, respectively,
when convenient. Ions 4 and B have charges Ze and
Z,e, respectively, where Z; is the valence and e the elec-
tronic charge. We eventually assume Z,=2Z, =1 in order
to avoid complications due to charge-compensation prob-
lems arising from possible change in distribution of
charge particles. Figure 1 shows one of the lattice planes
which forms the two-dimensional honeycomb lattice. We
introduce a coordination axis as shown in Fig. 1 in order
to define the variables needed in specifying the state of the
system. Lattice lines parallel to the x direction are num-
bered by an integer written as v. A lattice point on the vth
line may be called a vth lattice point (or a v site). The
center of a bond connecting a vth lattice point and a
(v + 1)th point is designated by n which is equal to v+ 5.

We assume the ions move from lattice sites to adjacent
vacancies due to the driving force such as an applied elec-
tric field E and/or a concentration gradient of these ions.
Although the direction of the force can be taken arbitrari-
ly, here we take it in a symmetric direction along the
plane as shown in Fig. 1 for the sake of simplifying the
mathematical treatments.

A. The state and the path variables
(relations among variables)

In PPM we first define a certain number of variables
called the state and the path variables. The state variables
are introduced to describe the state of the system at time ¢.
To describe the kinetics of the system, that is, how the
state of the system changes with time, we need the path
variables which connect the state of the system at ¢ and
t+ At

In our model, two sublattices called the a and the 8
sites in the honeycomb-lattice net (see Fig. 1) are intro-
duced to define the possible ordering of the two com-
ponents which may appear at low temperatures due to the
mutual interactions among ions. We assume that the in-
teractions among ions are taken into account in the form
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of nearest-neighbor pair interactions.

Let us define the state variables. The fraction that an «
site is occupied by the ith species is defined as p;. Hence,
P expresses the fraction that an « site is occupied by an 4
ion. The corresponding fraction on a S site is defined as
g;. A configuration of a nearest-neighbor bond is of the
form i-j, where the first member i is for the a site and the
second member j is for the B site, where i and j take 1, 2,
and 3, depending on whether the sites are occupied by an
A ion, a B ion, or a vacancy. Then it is convenient to de-
fine the fractions of bonds in three directions which are in
the i-j configuration as x;;, y;j, and z;;, respectively. These
state variables are summarized in Table I. So far we have
defined the state variables of the system which specify the
state of the system at time ¢. In kinetics the system is gen-
erally observed as it changes toward the eventual equilibri-
um state. This state changes to a different state in a short
time interval Az. Hence it is convenient to define its con-
jugate path variable, which gives the fraction (or probabil-
ity) for a certain unit jump in a certain cluster configura-
tion between ¢ and ¢ +At. Here we assume At much larger
than the time required to complete a unit jump but suffi-
ciently small so that for any cluster (any pair) there is a
negligible probability that more than one ion jumps.
Under these conditions, the number of types of possible
changes during At is greatly reduced when we consider the
migration mechanism, and the possible types of changes
are then found based on simple geometrical arguments.
Let us define the path variables which depend on time ¢
and t +At. The conjugate path variables of p; and g; are,
respectively, defined as P;(t,t+Af) and Qy;(1,t +At).
Here P;;(1,t +At) describes the fraction (or probability) of
the path which connects the state of an a site occupied by
the ith species at ¢ and by the jth species at ¢t +-At due to a
unit jump of ions through the vacancy-migration mecha-
nism. The same interpretation is applied to Q;; for a B
site. It should be noted that we also include the case
where i and j can be the same species, otherwise one of

TABLE I. Definition of state fractionals.
responds to 4, B, and ¥, respectively.

i=1,2, and 3 cor-

State fractional
of i’s on a vth state

Configuration
on a vth site

i on a(v) pi(v)(t)
i on B(v) q‘_(v)(t)

State fractional

Configuration of an i-j pair

a(v) B(v) x‘f,v)( t)

a(v) B(v+ 1) yi(j”)( t)

ﬁ(v) a(v+l) z](,")(t
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them must be 3 (i.e., a vacancy). When i and j are dif-
ferent, we need a third subscript on which of the three
bonds the vacancy migration occurs; as is seen in Fig. 1,
each point has three bonds associated with it: the right,
the center, and the left. A subscript R, C, or L is used to
mdlcate the location of the migration activity. For exam-
ple, P1 3,r is the fraction of the path which connects the
state of the occupant at an « site in a vth lattice line due
to the configurational change. That is, an 4 ion at an «
site on a vth lattice plane at ¢ moves to the right, leaving
the site vacant at ¢ +At. The possible cases for the P’s
and Q’s are listed in Table II.

Similarly we can define the conjugate path fractionals
of the configurational state of the pair, x;;, y;;, and z;;, as
Xiju(tt +A1), Y (2t +A), and Zj y (¢, 4 At), respec-
tively. Here X’s, Y’s, and Z’s connect the fraction (or
probability) of the path associated, respectively, with the
configurational change of the state fractionals x;;, y;;, and
zj; at time ¢ and ¢ + At on the same sites. When the con-
figuration does not change, i =k and j =/ hold. When it
does change, the change is in either i or j so that either
j=lor i=k holds. When it changes, say ik and j =/,
either i or k must be 3 (i.e., a vacancy). For this sort of
configurational change, we introduce a subscript R, C, or
L to indicate the bond dlrectlon on which the migration
occurs. For instance, X 12 32,1 is for an A-B pair at t and a
V-B pair at t + At, the 4 ion having moved toward the left
in At, by breaking an interaction energy €45 between ions
A and B. Hereafter, ¢;; stands for the nearest-neighbor in-
teraction energy between the i and the j species, where we
assume €;y=¢€yp; =€py=0 (i =4 and B). The similar in-
terpretation holds for Y’s and Z’s. It should be noted that
these configurational changes of a pair cluster in time in-
terval At is assumed due to a unit jump of an ion through
the vacancy-migration mechanism. Possible path frac-
tions of the configurational changes of the pair state at an
a and a B site are listed in Table III. It should be noted
that our formulation will be made in the lattice-fixed
frame of reference.

Now that we define the appropriate variables to
describe the system, it is easy to write the relations be-
tween these variables. The normalization conditions for
p’s and g’s are

3 3
zpi(v)= E qi(v)z

i=1 i=1

(3.1

Geometrical consideration leads us to the following rela-
tions between the point-state variables and the pair-state
variables:

3
(v) __ 2 x 2 y(n) 2 z(n—l) ,

(3.2)

zyﬂn—l) 2 (n) R

V) __ (v)
g;"'= zxﬁv
j=1

where i takes 1, 2, and 3. The path variables are for the
configurational changes during the time interval At
Therefore the state fractionals (p’s and ¢’s) and their con-
jugate path fractionals (P’s and Q’s) at time ¢ and ¢ + At
are related as
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TABLE II. Definition of the path fractions: P,fj”) and Q,fj"’. i=1and 2.

Configuration Configuration
change on o change on g
site Path fractional

PY(t,t +At)
®

X v
@\C Pi,g,C

§<R P{Yx

(v)
P33

Path fractional

(t,t +At)

=

8060 FO0Q Q0 TOO ol
(Q?

A-O ~
Q
wE

(9}

O TG
X

8\
"R
2T
(9}
46\\
(e}
o
(9}

<

v
P3ir

i ()=PY + P} + P+ PR +P a3) B. Change of state

(v) (), p) W 4 pw %)
pi"(t +A0=Py"+P3jp +Piic+ P3ig + P33 When we define the change of a quantity f in At as

for an « site. Here i takes 1 and 2. The same expressions _ _
are obtained for a 3 site by replacing p’s by g’s and P’s by Af =ft+AD—f0) 3:5)
Q’s. Similarly we can relate the state fractionals of bonds  then the change of states at the @ and the S sites on a vth
(x’s, y’s, and z’s) and their conjugate path fractionals (X’s, lattice plane perpendicular to a conduction (or diffusion)
Y’s, and Z’s) by looking at the occupant at an  and a 8 plane is given by making use of p;’s in Eq. (3.3) and the
site at time ¢ and ¢ + At, respectively. These relations are  similar expressions for g;’s and the relations (3.4):
given in Appendix B.

From geometrical considerations, we see the following

‘ 1 (v (v (v) (v) v v »
relations among the path fractionals: Ap;"'=(P3c—Pi3,c)+(Pyir —Pi3r)+ (P —Pi3)
v _ (n)__ y(n) (n—1 (n—1
PRe=0 c=XDu=XY, =(Xg - X +(Y§ —Y4(zg -V -za-Y),
( ) ) .
P 1,l) c= 1“3; C=X(3r)t3 = (ﬁt ’ (3.6a)
R Q(3v+Ll) (;1) = Y(n)
ip =Yi33=Yai , ) ) (v (v) )
P(w (D _yim —yim B4 AgM=(Q%c~ Q%) HONL — QN +(Qir—Q(5R)
3iR= i,3L = 3113= BI ’ __1) _1) ( ) ( )

(v (v—1) (n——l)_ (n—l) =(X£;;) (V))+(Y(” Y(é; )+(Za':. i )
P1,3L—‘Q 3,iR = 1 3,3i Z (36b)
pY (v—l) —Zn=D_Zzn-1 ’

3, x L= 34,03 Bi ’

for i=1 and 2. In the above expressions abbreviated nota-  for i=1 and 2. It is clear that the expressions (3.6a) and
tions are introduced, indicating an a or a B site is occu-  (3.6b) show the configurational change of a site occupancy

pied by the ith species either at time ¢ or ¢ 4 At. in an a and a B site in the vth lattice line of the conduc-
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TABLE III. Definition of the path fractionals of bond pair. There are, in total, 60 possible configurational changes on the x ¥,

y™, and z™ bonds during time interval A¢. i and j take 1 and 2.

Configuration change

Configuration change

Bond pair on a bond Path fractional on a bond Path fractional
a(v) B(v) a(v) B(v)
o.o X(V)'EX'(V) o'e X(V)_X(V)
o'a ai i o'o Bi —A34i3
x¥ &o X (L or R) o& X3 (R or L)
020 0,0, ’
%: W (L or R) :% X3 (R or L)
a(v) B(v+1) a(v) B(v+1)
c’e Y(n_)E Y'(I’I) °'° (n) _ y(n)
0'0 ai i ' Yﬁi = Y(3i,i 3
00
gy ¢°¢° ¥y (L or ©) O w
0l0 P4 Vil (€ or B
Q0
&0 Y% (L or ©) GO Y (C or R)
020 010 "
B(v) a(v+1) B(v) a(v+1)
000 Zm_Zn 000 Zg=zZ%;
°'° ai =433 o'o !
" &0 Z%, (L or C) 0& Z (Cor B)
j, o 0 i3,ij 0 o )

35

ijf?s (L or C)

Z; (Cor R)

§¢

tion (or diffusion) plane, respectively, during the time in-
terval At via the vacancy-migration mechanism.

Similarly we can write the configurational change of
pair-state variables Ax;;, Ay;;, and Az; by making use of
Egs. (B1) and (B2) and the corresponding equations for

]

(n) (n) (n) (n) (n)
Ay — Az = (Y350 — Yijis, o)+ (Y3

where i and j take 1 and 2.

C. Definition of flow

In order to derive the Onsager equation for mass trans-
port, it is necessary to define the flow of the two com-
ponents. The net flow of the ith species may be defined as

the pair-state variables for z’s. These relations are given
in Appendix B. In fact as will be shown later (see Sec.
IV), the difference Ay,-(j”)—Az}i'” will be used as the condi-
tion for the steady state. In terms of path variables,
Ay}j”)—Az}i") is given by

(n) (n) (n) (n) (n)
c—Yi3,0) + Yy R — Yilia,R) + (Y355 — Y35

(n) (n) (n) (n) (n) (n) (n) (n)
—(Zi3j,c—Zijis,0) — (23,0 —Zij3j,0) — (255 — Zif3j R ) — (250 — Ziis, L)

(3.7)

>

the average change of the fractionals at an a and a B site

in an arbitrarily taken reference lattice line, say, a vth lat-

tice line, and is given by
"V _ "= L(Ap/V+Ag™) . (3.8)

Then the average flow of the ith species across the nth lat-
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tice line can be given by

o= [(Y — Y +(Zg —Z0)] (3.9)
for i=1 and 2. It is noted that the flow is expressed in
terms of the path variables which indicate the fractionals
of the exchange of an ith atom and a vacancy across the
nth line.

In the PPM formalism, those path variables, X’s, Y’s,
and Z’s, are given in terms of the most probable path
which determines the path on the free-energy surface and
they are expressed in terms of the state variables at a time
instant ¢ and the physical parameters such as interaction
energies €;;’s between ions. Expressions for the most
probable path of individual path variables are given in
Appendix C and Table IV.

IV. DERIVATION OF THE ONSAGER EQUATIONS

The Onsager equations for mass transport are linear
equations which relate the flows of particles of individual
species and the respective potential gradients such as
chemical potential gradients as driving forces. The flows
of ions induced by an electric field as a driving force are

evaluated from Eq. (3.9) in terms of those expressions for
|
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the most probable path of individual path variables de-
fined for the jump of the ith species (Appendix C). Let us
consider the case where a small chemical potential,

aM=da\” /dn ,

is further imposed on the system. Note that the chemical

4.1)

potential p; for an ith ion is defined by u;=a;B87!

[B=(kpT)~!is the reciprocal temperature] and that a dot
notation is used for the spatial derivative rather than the
conventional time derivative. In the PPM, the Onsager
equations are defined across a reference plane at a time in-
stant ¢. In the following our aim is therefore to obtain the
relationship between the flows and the driving force,
which arise from these potential gradients.

A. Expression of the flow

When ¢; and/or E exist(s), naturally we can expect the
concentration gradients p; and g¢;. Another quantity
which is of a similar nature as p; and ¢; is the deviation
from equilibrium, that is, the dev1atlon from symmetry of
the pair-fraction variables, y,, y,(J';) and z(") z,(]'e'), in-
duced by @; and/or E. It is noted that the latter appears
in the following combination:

(n) (n) (n) (n) (n) (n (n) (n) (n) (
(n) Yij  —JVije Ji3 _yt3e y3} _y31e Y33 '—y zx]n —Zu'é z3 _zx;e) z(3']'~)—z(3’,',? Zg’;)_Zggl
§j = n (m) -
yije yi 3e y3je y33e Zu': Zt(;e Zg';'e) gg)e
(n),(n),(
=81 yl] Zi3 z3jy
i NI G 4.2)

zu Ji3 y3}

for i,j=1 and 2. The subscript e indicates the equilibrium
value when @; and E vanish and the § notation is defined
by

(n) — (n)

Syu —-yu —Yije' -

As can be easily proved from Eq. (4.2), ¢5’}') satisfies the
relations

(4.3)

3 =v4=0 (4.4)
for i=1 and 2; however, the symmetry relation
g =7 (4.4b)

does not hold. Therefore, ¥ does not vanish. This is be-
cause of the fact that our system consists of two sublat-
tices (a and ). Of course, for the disordered phase, there
is no distinction between the lattice sites, and hence the re-
lation (4.4b) does hold and ¥ =0 is satisfied.>

When the potential gradient, i.e., the force (&;/B
and/or Z;eE), is imposed on the system, we expect the net
flux of ions, ®; in Eq. (3.9), is to be induced. Our aim is
now to derive the dependence of ®; on the force and ;.
To do this it is convenient to define the normalized flow

Yﬁz’: _ Y(n) ZS;;)-—Z(é:)
s | 2, @
le e

TABLE IV. Path variables and most probable path expressions. i and j take 1 and 2. A’s and K;; are defined by Egs. (C3) and

(C4), respectively.

Path variables Most probable path

Path variables Most probable path

(n) 1
Y,;’;',]' X(v+ ) (n)/q(v+l)
Y%;t)q g')y(n)/p(v)
,ij,C iy 3j
Yif3c XKy /At
y'lyll)s c X(V+I)Ku n)/A;nA,
Y(;)UR Z(n+l) (n)/q(v+1)
y'l(]”a R Z(n +1)K']y(n)/A;:lAj
(n) ( 1
Y Za Ky /N
(n) -1
Y37,l]yL Z(': ) (i;)/p(v)

( ), (n) s (v)
ZxejC l{/zl" /q *
(n) (v+1) (n) s (v+1)
Z3J']C Xpgi 3j/ ¥

(n) 1
Zu 3C X(a‘;+ )Klj (n)/AL”a)u

Zl(1,13 c X(ﬁ\})K z(n)/A(n)

(n) (n+1) (n) (n)
le,3ij Yax Klj ij /Az,ai
Z(3§)IJR Y(él_i—l) (n)/p(v+1)

s 4 3j

(n) (n—1

ZifisL Y5 Kyl /ALy

(n) (n l) ( ) (v)
Zl3,u,L Y 3 /q ”
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where i takes 1 and 2. It is noted that in equilibrium

X =Y=2 (4.62)

holds, and that X, Y, and Z, are, respectively, the
values of X;, Y;, and Z; when the forces vanish. We can

show the relations
)

BZieEa (n) A (n—1)A (%) (. (v+1)\2_(m) A (n—1)
2\I/f-")=81n ! i3 Az,cu' Axfai(qi )231‘ Ay,Bi

A
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~BY,
Xaie =‘X'Bx‘e =X, =e At xi3e(Ax,aie /Die )2

(4.6b)

and the same for ¥’s and Z’s in equilbrium.
By making use of Egs. (C2), (C3), and the 8 notation de-
fined in Eq. (4.3), we can write U!" as

for i=1 and 2. Here A’s are defined in Eq. (C3). We as-
sume the change of properties along the forces (i.e., the
potential gradient) is small and expand the right-hand side
of Eq. (4.7) around the point » applying the following gen-
eral formula:

gt =g ™+ mg." . (4.8)

Here g™ is the deviation caused by the potential gradient

of g™ from the equilibrium value g{™, and g is the spatial
derivative with respect to n. Applying this to Eq. (4.7)
(note that v and n are related by n =v+%), we can ex-
press Eq. (4.7) as

(n)_(n) A (n) A(n)
yigz?a’il AzaiAynﬂi

2W\W =27.eBEaq +81n |~ X I
: ' Yz A AR,

—(d/dn)[3In(AAZ) —21n(pPgd™],  (4.9)

where Aln) and AY) are given by
(n)_.(n)
PieXie
(n) ’
X33 (4.10)

(n),.(n)
93¢ X 3je

(n)
X33¢

(n)
Aaie =

A=

A’s represent the effect of energy bonds being broken as
an A or a B ion jumps. When Egs. (4.10) and (A12) are
used, the d /dn term is written as

(d/dm)[3 (A A% —2In(pMgiM)]
=26, +(d /dn)n(pLgP) .
Substituting Eq. (4.11) into Eq. (4.9), we obtain

(4.11)

(m)_(m) A (1) A(R) () (%)
Vi3 237 Maai Aygip3"q 3

(n),(n) A(n) A(n) (v+1) (v+1)
V3izi3 AzﬁiAyaipliv q3

(4.12)

2"+ —Z;eBEa)=81n

for i=1 and 2. To obtain the expression (4.12), we used
the relation

(v+1)_(v+1)
1’3"+ ‘I3v+

d (n)_(n)
1 =61
dn n(pSe q3e ) n pgv)q gv)

Differentiating A’s in Eq. (4.12) and using Eq. (A11) for
the equilibrium values, we obtain

—BZ;ieEa_(n)  (n41) A (v+ 1)/ (V)2 (1) A (n+1)
e A VAR (02 Ayt

;Y)ﬂl(pl(v+l))2 (4 7)
A;:’;'l)(q,‘(w)z
| 5 y5
e
dlnAjy= 3 — -5y,
j=1P3e (4.13)
3 y(g) ’
e
A =3 sy .
j=193e

Similar expressions are obtained for SlnAg'a’,,- and 81nA§f'§,-

by replacing y by z. Doing the same for p’s and ¢’s in Eq.
(4.13), we obtain

3 gn=D
) ije —1
81npY = 2 W 81nz,-(j” ',
i=1 f)'f (4.14)
n
SingV'= 3, Z 5 Ing
ng;"'= Y, ~8Inz;" .
j=1 Yie
Noting that at equilibrium
1) 1
Pie =Pi(en)=pi(e"+ zPi(eV)=Pi(ev+ )’
(4.15)
Ge =0 =qi T =q =gV,
and

Xije =Vije =Zjie

hold, use of Egs. (4.13), (4.14) and the related expressions
in (4.12) transforms the latter to

29" + 6" —Z,eBEa)

2 x(n) 2 x(n)
3ke . (n) k3e ,(n)
=— 3 —mlik+ X i, (416
k=1 D3e k=1 43e

where ¢§-1'-‘) is given by Eq. (4.2). It is noted that although

¥;; is written in a general form, the significant elements
among v;; are 1y, and i, for the order phase whereas be-
cause of the symmetry relation (4.4b), either ¥, or ¥ is
significant for the disordered phase.

B. The steady-state condition

In order to derive a relation between the flux ®{" (or
™) and the force (¢ —Z;eEa), we must eliminate ¥y in
Eq. (4.16). The necessary equation is supplemented by the
steady-state condition. When the system reaches a steady
state, there is no change of fractionals with time for a site
occupant. This means that Ap; and Ag; must vanish at
the steady state. As seen in Egs. (3.6), Ap; and Ag; are the
functions of X’s, Y’s, and Z’s. It is convenient to intro-
duce the relations as was done before:*
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X=X +0(®)]+ 1%,
Yaien =[X"+0(®@)]+ 1oy ,

(n)
]+ 2 (DZX ’

(4.17)
ZRe=[X2+0(®

where the plus sign applies to the subscript ai and the
minus sign to Bi. When Ap; and Ag; in Egs. (3.6) vanish,
we can derive the following relations among ®’s:

o+ o+ 050,
‘D(V)+ (n—1)+q)(zni)=0 .

Because of Eq. (3.9), ®’s in Eqs. (4.18) are related to o
by

(4.18)

d

x(§') I(c';) (3n)
ie (n) e .in) (n) Jje
e + z Thle yim_gim | 4
(n)y(n) (n) J (n) (n)
93¢ Xie k=1 93e e Xje

for i,j=1 and 2, where 1/:‘") is given by Eq. (4.2). Rela-
tions (4.16) and (4.21) form the basic equations to obtain
the force-flux relation, and hence the kinetic coefficient
for the system.

C. The Onsager equation

The relations between the fluxes and the potentlal gra-
dients (forces) are derived by eliminating four ¥;;’s (i,j=1
and 2) from Egs. (4.16) and (4.21). The resultant expres-
sions are of the form

\i; (n)

«> —> 2
—TA viz "=~ 3 I,4; (4.22a)
j=1

Ai Edi —Z,-eBEa N

for i=1 and 2. The current ®,; is defined as the flux
per unit area in a unit time. From Eq. (4.22) the Onsager
equation is given by

(4.22b)

P =-T& viz = (4.23a)

2
— X L4y,
j=1

L;=X"l; /(V3ac At) (4.23b)

for i=1 and 2. Here a is the distance defined in Fig. 1,
and c is the interplanar distance perpendicular to the plane
where diffusion and/or ionic conduction take(s) place.
The explicit expressions of /;;’s are complicated and only
the derivation of [;’s is given in Appendix D. Equation
(4.23) shows the linear relation between the currents and
the driving forces. The currents, ®{; (i=1 and 2), and
hence its linear coefficients L;’s, are evaluated across an
arbitrarily taken reference plane (indicated as » in Fig. 1)
which is (perpendlcular to the direction of the driving
forces. M1 and ®Y), then represent the difference of
the jumps of A and B ions, respectively, across the refer-
ence plane in the two directions. The interactions among
ions create a certain distribution of two components and
vacant sites. This distribution is eventually determined by
the pair approximation of the cluster variation method
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V=1 (OF — %)= (@G- =0, . (419

It should be noted that Eq. (4.19) is independent of n, as is
expected in the steady state, since the net flow defined in
Eq. (3.8) vanishes. In the steady state,

Ay —Azj"=0 (4.20)

should also be satisfied for the pair-state variables. By
making use of Egs. (C3), (4.5), (4.17), and (4.18) and the
related expressions for the most probable path, the
steady-state condition (4.20) can be expressed in terms of
the ¢;;’s and the equilibrium quantities

(n)

(n) X 3ke (n) (n)
7+ 3 T |-
k=1 P3e

(4.21)

(CVM) of equilibrium statistical mechanics (see Appendix
A)."® Equation (4.23) was obtained under the steady-state
condition where the current should occur without disturb-
ing the overall distribution of ions. Hence the jumps of
ions across the reference plane are calculated by knowing
the local environment of jumping ions. It should be noted
that the kinetic coefficients L;;’s consist of four terms,
namely, the diagonal terms (L,; and L,,) and the cross
terms (L, and L,); the former elements are due to the
independent flows of 4 and B ions and the latter elements
are due to the interacting flows of 4 and B ions, respec-
tively. In the PPM, each element of the kinetic coeffi-
cients is given in an analytical fashion. We can therefore
obtain the detailed information about the conduction
and/or the diffusion mechanism(s) of the system by exam-
ining these elements. It should be noted that the kinetic
coefficients L;;’s satisfy Onsager’s reciprocity theorem,
i.e., Llj =L]l (i?ﬁj).

V. EXPRESSION OF CONDUCTIVITY
AND ITS ANALYSIS

Ionic conductivity is calculated under the steady-state
condition. Different from the diffussion treatment which
will be reported elsewhere, we do not have a concentration
gradient [i.e., @;=0 in 4; defined in Eq. (4.22b)] so that it
is not necessary to specify the local ion of the reference
plane and we may drop the superscripts n and v. From
Eq. (4.23), the particle flux, ®y4; (i=1 and 2), are given
by

2
Oy =Pae ¥, Z,L,;E , (5.1)
j=1

where L;; is given by Eq. (4.23b). Hence the electric
current J; due to the conduction ion i is given by

2
J,-=Z,-e<DUAi =ﬁae2 2 Z,ZJLUE N (5.2)
j=1
where i takes 1 and 2. The total electric current J is then
given by the current due to ions 4 and B;
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2
J= 3 J;=0/E .

i=1

(5.3)

The last equation defines the conductivity o; of the sys-
tem as a whole, which includes the contribution from the

two kinds of ions 4 and B:
or=0,+0,, (5.4)

where o and o, are the conductivity of the ions 4 and B,
respectively, given by

o1z Z%? 91 P70 [ A 2x13e111 1+ﬁl£ ’
V3c  kgT Ple Z, Iy
(5.5a)
o, Z2? 36"  Asone 2x238122 - Zy Iy ’
V3c kT P2e Z, Iy
(5.5b)

where A’s are given by Eq. (4.10) and the derivation of
l;j’s are illustrated in Appendix D. These quantities indi-
cate the average distribution of ions in the steady state and
hence can be evaluated by making use of the equilibrium
distributions of species, which are determined by the
CVM. They also include kinetic parameters U’s and ¥’s
which indicate the basic jump frequencies of ions.

In defining the percolation efficiency, it is necessary to
refer to a random-walk system consisting of ions with ap-
propriately defined average jump frequencies. In our
treatments, these jump frequencies include the effect of
bond breaking of immediate surroundings due to the pair
interactions (effective jump frequency factor) and the dis-
tribution of accessible vacancies (the vacancy availability
factor). The basic jump frequencies of 4 and B ions, w;
and w,, are defined as

~U,/kyT —U,/kyT

w;=Yde , Wy=de , (5.6)

respectively. Therefore, the average jump frequencies at a
fixed distribution are given in the form

—U,/kpT —U,/kpT

D=3 VIWe, D5="10se Vaws . (5.7)

Here, & { (i=1 and 2) indicates the average jump frequen-
cies of an ith species at an a site. V¥ and W/ are the cor-
responding vacancy availability factor’ and the bond
breaking factor (defined earlier as the effective jump fre-
quency factor?) and are, respectively, given by

Vi=xise (5.8
2
u’ia= Ax,aie ,
Die

for i=1 and 2. It is noted that in equilibrium, Eq. (4.6b)
holds so that the following relation is expected to hold:

2 2
Ax, aie Ax, Bie

Xi3e =X3je (5.9

ie Gie

viz.
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vewe=vFwp

for i=1 and 2. Therefore, the average jump frequencies
of ions so defined are the same for both from the a site
and from the S site. The percolation efficiency is defined
to that of the random walk. Therefore, the first factor of
each equation in Eq. (5.5) is the contribution from the
random walk of particles to the conductivity, but the
second factor f5;’s (i=1 and 2) defined as

fn=Iy 1+£lﬁ , (5.10a)
VAN

fra=I 1+512—‘ (5.10b)

12=1% Z, L, .

indicates the effect of the deviation from the random walk
of particles and is defined as the percolation efficiency
factors of individual species of ions.

There are contributions to the conductivity from the
“cross terms” Iy, and /,;. The importance of the cross
terms are often discussed in terms of irreversible thermo-
dynamics.'®?° The cross terms indicate the effect of a fin-
ite flow of one species to those of others. These terms are
often referred to as “wind” effects.?! The advantage of
the PPM is that these terms can be derived analytically
and their meaning can be unambiguously understood.
Referring to Eq. (5.2), the cross terms o1,=07,; can be de-
fined. These terms are mostly due to the correlation fac-
tor of different species of conduction ions. However, it is
also noticed that these terms do not necessarily vanish in
the limit of random walk (no interactions among ions).
This is due to the requirement of the reference system that
the total system be in the equilibrium state even if a mass
motion ®; is measured with respect to the reference sys-
tem. Therefore, in deriving the Onsager equations, the
reference system should be clearly stated.

The isotope diffusion and hence the “correlation factor”
is often utilized in identifying the diffusion mechanism
and hence its meaning must be clarified. In a general case
of diffusion, the correlation has been defined as the per-
colation efficiency of a single atom of the observing
species with respect to the random walk.* It is to be noted
that this definition of the correlation factor is not always
the same as that defined as the ratio of the diffusion coef-
ficients of isotope and of the self-diffusion or the Haven
ratio. The derivation of the correlation factor for a corre-
sponding case to the present one has been made by the
PPM (Ref. 2) and it is not repeated here. Because we deal
with two sublattice cases, we utilize the concept of partial
correlation factors 4 and f 5* for each sublattice in order
to derive the correlation factor f,« of the system. In oth-
er words, the correlation factor for the tracer diffusion of
one of the components, f_, are calculated by??

B

1 1 1 1
= + (5.11)

fg* 2 f;* fg*

from the partial correlation factors Sy« and f, 5,. (these are

related to the jump of a B* atom from an a and a B site,
respectively) and these are given by
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o ofaf  ofof Lof

7 os+of T ag+ef T 51
5.12

o, Qf0F  of0f .

Bor+0f T og+0f T

where Q’s and Q’s are defined in Egs. (D1).

The actual calculations require the following parame-
ters. First, we need interaction parameters. These param-
eters express the nearest-neighbor pair interaction energies
among conduction ions and are denoted by €4, €pp, and
€43, Where €44, etc., stand for an 4-4 pair interaction en-
ergy, etc., respectively. Here €;; is an effective interaction
energy expressed in the form of a pair interaction energy
but it includes both direct and indirect interactions. It has
been found that the interactions among conduction ions
are to be repulsive in order to expect superionic conduc-
tion.? We define that the positive sign of €;;’s indicate the
attractive force so that the energy E is defined as
E = —¢€,, and so on. We further assume that no apparent
interaction exists with respect to vacancy; €4y =€y
=e€py=0. The difference in the magnitudes of interac-
tions between the same kind of ions and different kinds of
ions creates either attractive or repulsive interactions be-
tween the two components. If no other interactions exist,
the former tends to create ordering while the latter tends
to produce phase separations. In view of several physical
evidences, let us tentatively assume that the former is the
case. Interaction between different kinds of ions are deter-
mined by the combination??

€=€AB‘—‘%(€AA +€BB) . (5.13)

Here €>0 means an attractive interaction while € <0
means a repulsive interaction based on the present sign
convention. These parameters, along with the concentra-
tion of A and B ions and vacancies, are enough to deter-
mine the distribution of ions at a specified temperature by
the pair approximation of the CVM (see Appendix A). In
addition to this, &’s and U’s appearing in Egs. (5.5) deter-
mine the conductivity at a specified temperature and com-
positions. The actual calculations were made with the fol-
lowing values of parameters:

€44 =€BB=—1.0, EAB=—O.8 . (514)

In other words, the interactions among ions are repulsive,
but the combination is such that it tends to create an or-
dered distribution among different kinds of ions at low
temperatures [Eq. (5.13)]. The phase diagram then takes
the shape represented schematically in Fig. 2. In the ab-
sence of vacancies, the critical point of order-disorder at
the stoichiometric composition (p, =pp =0.5) is given by
the pair approximation of the CVM:?

=10g10L R (5.15)

€
k B TC w—1
where 2w is the coordination number of the lattice 2w =3
for the two-dimensional honeycomb lattice). As the con-
centration of the vacancies py increases, the critical tem-
perature lowers. All these properties can be calculated
analytically by the pair approximation of the CVM.
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COMPOSITION

FIG. 2. Schematic phase diagram which separates the or-
dered (shaded) region from the disordered (unshaded) region.

However, we normalize the temperature utilizing T given
in Eq. (5.15). We calculated necessary quantities for cases
where py is 1X107* and 2X 10~! based on the formulas
(5.5a) and (5.5b). For the sake of simplicity, we further
assume that €, =e€pp, that the jump frequencies of ions 4
and B are the same, i.e., w;=w, (or ¥;=7, and U; =U,)
and that these ions A and B are singly ionized
(Z,=2Z,=1). The difference in the jump frequencies of
the two species in the solid would then be due to the
bond-breaking factor.

The results of calculation for py=1x10"* and
2x 107! at T/T~0.5 are shown in Fig. 3 as a function
of concentration of 4 and B ions p, and pp (p4+pp=1),
respectively. The calculated quantities are

0;y=04+0p, 04=044+04p, Op=0pp+0py (5.16)

by making use of the formulas (5.5a) and (5.5b). It is to be
noted that the cross term o045 (=o0p,) is not negligible
compared to the diagonal term 0,44 (or ogg). In addition,
the percolation efficiency factor fj; (i=1 and 2) defined in
Egs. (5.10) (see Fig. 4) and the correlation factor for the
tracer diffusion of one of the components f g+ (see Fig. 6)

are also calculated. At T/T¢~0.5, for both p,,=1x10"*
and 2 107!, the system becomes ordered for concentra-
tions near p,=pp=+. Further the distribution p4,, pg.,
etc. of ions and vacancies py, and gy, on the two sublat-
tices are shown in Fig. 5 in order to make interpretations
easier. The calculated conductivity of the system, o;, o,
o, and o43=0p,, shows a very sharp minimum, espe-
cially for py=1x10"%, at the composition p,=pp=-.
The change of the mobility or the change of the effective
(average) jump frequency indicated in the figures by
dotted-dashed lines also shows a minimum. This decrease
in the mobility is due to the increase in the bond-breaking
factor because of the increase of different ions at the
nearest neighbor as the composition approaches to
p4=pp =7 and as a result of ordering. At the same time,
a very pronounced decrease in the percolation efficiency is
noticed. This decrease in the percolation efficiency is due
to the percolation difficulty’® created by the ordering
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FIG. 3. Dependence of 0, 04, 05, and o4p (relative scale) on composition p4 at T/T¢c~0.5. The dot-dashed line shows the case
where the percolation efficiency factors f4 and fp in oy are artificially set equal to 1 to show the percolation efficiency whereas the
dashed line shows the case where the development of the long-range order is artificially suppressed in order to show the effect of or-

dering. (a) py=1Xx10"% (b) py=0.2.

among conduction ions.

The correlation factor (see Fig. 6) for the species B, fp«,
also shows a sharp minimum at the same composition
range. As was discussed earlier,>?* that decrease is due to
the “physical correlation factor f;” or the percolation effi-
ciency. The correlation factor f B is defined as the per-
colation efficiency of the motion of a single ion (of the
species B) with respect to that of the random walk. The

ratio which differs from the value 1 of the percolation ef-
ficiency of a single ion and that of the assembly of ions
(the Haven ratio®®) is due to the difference in the statisti-
cal weight of the jump into a vacancy of the two cases.
The correlation factor, f I is equal to 0.5 for the limit
ps—1, but is close to 1 for py—1. For pp—1, fp«

should take the accepted value of the correlation factor
for self-diffusion?® [the exact value is, however, % rather
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than 5 (Refs. 4 and 28)], but for p4—1, the value corre-
sponds to that for the impurity diffusion for the case
W, >>Wp.2 The condition D, >>Wp is created by the
large bond-breaking factor for the B* atom.

If py increases, the vacancies provide the percolation
path and the percolation efficiency increases and the
minimum in the conductivity broadens. Nevertheless, a
considerable part of the decrease in the conductivity is yet
ascribed to the decrease in the percolation efficiency in the
ordered range. A conspicuous result for the case with a
large number of vacancies (py=2X1071) is the appear-
ance of two minima in the conductivity. This situation is
an artifact and reflects the nonequal distribution of vacan-
cies for the two sublattices as shown in Fig. 5. The un-
equal distribution for the case €44 =€pp is created in order
to make the pair interaction energy the minimum,?’ and
hence the bond-breaking factor becomes maximum at this
condition. However, Fig. 3 shows the the percolation effi-
ciency yet plays a significant role to make the minima in
the conductivity more distinctive. As the number of va-
cancies decreases, these two minima eventually coincide
into one to make a broad minimum before it becomes a
sharp cusp as py—0.

It is to be noted that, in the present approximation of
the PPM, the percolation efficiency does not deviate from
1 unless the long-range order is created or the distinctive
sublattices are created.”? The effect of the short-range or-
der plotted by broken lines in Fig. 3 is therefore solely due
to the change in the mobility. However, it is to be pointed
out that a substantial decrease in the percolation efficiency
is expected in a system with a developed short-range or-
der.® The expressions of the PPM with respect to this
point has been corrected” and will be published shortly.

FIG. 3. (Continued.)
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V1. DISCUSSION AND CONCLUDING REMARKS

We have developed a general theory of mass transport
for a two-component system based on the two-
dimensional honeycomb lattice-gas model by applying the
PPM of irreversible statistical mechanics and obtained the
Onsager equations. As far as we know, this is the first at-
tempt to calculate the many-body features of ion transport
in binary systems in a systematic fashion. Expressions of
the conductivity [Egs. (5)] consist of two factors: the mo-
bility of ions and the percolation efficiency. The former is
equivalent to the expression of the random walk of parti-
cles with the average jump frequencies of 4 and B ions in-
cluding the bond-breaking factor which takes care of the
effect of immediate surroundings due to the mutual in-
teractions among ions, and the vacancy availability factor
which ensures the motion of ions via a vacancy of aver-
aged solid. The second factor expresses the efficiency of
the motion of ions towards the long-range diffusion rela-
tive to that of the random walk.

The theory shows quite generally that a substantial de-
crease in the percolation efficiency occurs if the long-
range order is developed in the system. A minor correc-
tion of the present approximation of the PPM further
shows that the development of the short-range order is
enough to expect a substantially equivalent result.”’ The
decrease in the percolation efficiency is traced to the
development of the percolation difficulty due to the
development of ordered arrangements.?*

The percolation efficiency is an efficiency of ionic
motion toward the long-range diffusion and, hence, is ex-
pected to vanish if the measurement is carried out at high
frequencies. We have shown, within a limited degree of
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FIG. 4. Dependence of percolation efficiency factors f;4 and
f1p on composition p, at T/T¢c~0.5. The dashed line shows
the case where the development of the long-range order is artifi-
cially suppressed in order to show the effect of ordering. (a)
pr=1x107% (b) py=0.2.

approximation and under a certain condition of the sta-
tionary state, that the value of the correlation factor de-
creases by conversion from the ensemble averaging at an
instant time to the time averaging [corresponding to the
conversion from o(ew) to o(0)].* If the major cause of
MAE is due to the percolation efficiency effect as expect-
ed, a substantial frequency dependence of MAE is expect-
ed. Indeed, the measurements by Hunter et al. on (-
alumina systems’® and Tomozawa et al. on glass sys-
tems’! indicate that this is the case. In other words, our
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FIG. 5. Equilibrium distributions of (a) A and B ions and (b)
vacancies (V) at an a and a B site, respectively, as a function of
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expectation that MAE is mostly due to the percolation ef-
ficiency is quite likely.!*

The second importance of the theory is that the de-
crease of the percolation efficiency is due to the (local) or-
dering of ions by mutual interactions of different kinds of
ions. If this is true, we do not expect the existence of
MAE in a binary system consisting of isotopes. Such an
isotope effect has been investigated, and so far no MAE
has been found in isotope mixtures.’? This also indirectly
supports our contention. On the other hand, this effect
cannot distinguish our model from those models dealing
with the decrease in the mobility by mutual interac-
tions.!> 12
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FIG. 6. Composition p, dependence of correlation factors
f o+ at T/Tc=0.5. The dashed line shows the case where the

development of the long-range order is artificially suppressed in
order to show the effect of ordering. (a) py=1Xx10"% (b)
pV=0.2.

The present results of calculation can more or less be
applied to B'’-alumina systems and to [B-alumina systems
with some modifications. The decrease of the percolation
efficiency by local ordering can also be interpreted as the
effect due to decrease of the percolation efficiency by
blocking of the diffusion path. It is, however, difficult to
compare the present calculated results directly with effects
found in glass systems. A major character of MAE in
glass systems is that the ionic conductivity drops substan-
tially by the substitution of a rather small amount of
ions.>® Although a quantitative calculation is difficult for
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glass systems, we might add the following suggestions.
The diffusion path of glass systems can be characterized
by the mixture of low-dimensional parts (small coordina-
tion number and down to one dimension) in the three di-
mensional path. If the sites on these low dimensional
parts are blocked, which is expected to occur at a relative-
ly low value of substitution, a substantial drop in the con-
ductivity is expected. However, a satisfactory explanation
must await further study.
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APPENDIX A: DERIVATION OF a; AND x;,

We outline the equilibrium treatment of the system by
the CVM.!® The total configurational energy E of the sys-
tem with N lattice points is written as

N
E=-— 7 2 2 fij(xije +Vije +Zije )
i j

(A1)

=—3N3 3 exe
F

for i,j=1, 2, and 3, where —¢€;; (€;>0) is the interaction
energy between the i-j species, and x;;, yij, and z;, are
the state fractionals of the pair at equilibrium. According
to the pair approximation of the CVM, the entropy is
given by

3 3
S=ksN| S L)+ S Lige)—2 3

303 1
L (x,'je ) + 7
i=1 i=1 i=1j=1
(A2)
where the function L (x) is defined as
L(x)=xIlnx —x . (A3)

The L’s in Eq. (A2) originate in the logarithm of the fac-
torials in the number of ways of constructing the system,
and are approximated as defined in (A3). The p;, and the
g;. designate the fractionals of the ith species on the a and
the B sites in equilibrium, respectively. These are related
to the fractionals of the pair-state variables as

3 3
Pie= 2, Xijes Gie= >, Xjie » (A4)
j=1

j=1



3564

and are normalized:

3 3
2Pie= zqie':l .

i=l1 i=1

(AS5)

The fractional of the concentration of the ith species p; is
then expressed in terms of p’s and ¢’s as
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and p; satisfies

3
2pi=1.

i=1

(A7)

In order to derive the equilibrium state, we minimize
the Helmholtz free energy with the constraint given by
(A6). The free energy per site is given from (A1) and (A2)

2p:=Die +4ic » (A6)  as
1
F=-33 S e —knT | SLp)+ 3L (gie) =3 3 3 Llxye)+7 (A8)
i i i
Introducing a Lagrange multiplier A;, the minimization of F under the constraint (A6) is equivalent to that of
(A9)

BF=— %3 2 €ijXije —
"j

with respect to x;;,:
ABE) (A10)
ax,-je
Equation (A 10) gives the equilibrium state x;j, as

Bey—hi—A;
Xije =PieGic)* e ! I
=(xi3ex3je/x33e)eﬁ€ij ’ (A11)

where B=(kpT)~!. The chemical potential u; is derived
from (A9) as

SLpe)+ S Lgi)—% S Lix)++
i i ij

+3 E Ai(pie +Gic —2p;)
1

|
fori=1 and 2.

Next our task is to determine the Lagrange multiplier
A;. Let us introduce 7; and 7; as

exp(31;)=pi. /qic »
(A13)
ﬁi E(pieqie )l/3exp( _}b') )

Then the expressions (All) and (A12) are, respectively,
written in terms of these quantities and K;; defined by Eq.
(C4):

B(BF)/ap,Ea,:ﬁp,=3(k3—7»,) x,-je=ﬁ,~ﬁjK,-j_lexp(71,~—17j) for i,jzl, 2, and 3 s (A14)
= 3In(X;3.% 3 /% 33) —In(picGie /P3eq3e)  (A12)  and
]
177K 17 'exp(my — 1) + 727K 57 'exp(1n, — ;) + 57 expln; — ;) ‘
ai=31n(77i/773)—3(7li-"773)—21n MmNk Pl —m; MNilh 2 P\M2—7; 737 €XpL13—1; (A15)

7173exp(11—73) + 7277 36Xp(17,—13) + 7373

for i=1 and 2. Determination of A; and hence (A14) and (A15), is equivalent to expressing them in terms of the known

parameters K;;’s and p;’s. We can obtain the equations for unknown quantities 7; and 7;, where i takes 1, 2, and 3, when

Eq. (A14) is substituted in Eq. (A4) and further in Eq. (A6), we have the equations
pr=T1 1K 11" +717K 15 cosh(ny —my)+ T scosh(m—73) ,
p=T7171K 13 cosh(n; —m,) + 7 3K ' +7acosh(m,—73) (A16)
p3=Tj17scosh(1;—n3)+F7scosh(m—3) +7 3 .

When Eq. (A 14) is substituted in Eq. (A4) and the first equation in (A13) is used, we obtain the following equations:

TIK T + 717K 1 exp(;— ) +717:exp(n, —n3)
exp(3771)=~2 o RO eR—" — ,
MK +717.K 1 exp(ny—n1) 4777 3exp(n3—71)
772K ' exp(n, — 1)+ 7 3K 3 +Taffaexp(m,—13)
1K 13" exp(n1—12) +71 3K ' +727exp(13— 1)

71713exp(13— 1)+ 7:Xp(13—12) +7 3
exp(3n3)=—— — — -

7 1773exp(n1—n3) +7273exp(172—73) +7 3

Solving these simultaneous equations for 7’s and 7’s for given values of p’s and K’s (i.e., €’s and T) we can, in principle,
express X, and a; in terms of these values and hence we can evaluate the kinetic coefficients derived in the text. For the
disordered phase, p;, /g; =1 holds and hence from the first equation in (A13), n;=0 holds. Then Egs. (A14) and (A15)
are reduced to the function of 7’s and Egs. (A16) and (A 17) to the three equations for %; (i=1, 2, and 3).

(A17)

exp(31m,)=
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APPENDIX B: RELATIONS BETWEEN
THE PAIR-STATE FRACTIONALS AND THEIR
CONJUGATE PATH FRACTIONALS

The state fractionals of bonds (x’s, y’s, and z’s) and
their conjugate path fractionals (X’s, Y’s, and Z’s) are re-
lated as follows

v) (v) (v) (v)
x,J (8)= 2 ij,3j + EXW Xu,u ’

L,R
SV)(t) 13 31+ 2 Xl(;)lj +X(;,)t3 ’ (Bla)
R,L,j
x31 (t)— g‘l,)l3+ 2 X(af)ﬂ 31,31 ’
R,L,j
xi (e +An)= 2 X3+ ZX S+ X »
x,(;)(t-}-At 3zt3+ 2 le]‘,’l) (g,)iS ’ (Blb)
R,L,j
x31 )(t +At)= 13 31 2 j(xv.’)n (3‘1’)3i ’
R,L,j
)( )= (n) Y(n) Y(n)
yu =3 Yy 31+2 i,i3 1T Lijij »
L,C
W O=Yh+ 3 Y,%",,+Y3,3, (B2a)
R,C,j
y31)(t g’tl,)13+ 2 Y(S'z‘)jl"" 3'1')31' ’
L,C,j
yiPE +An = 2 Y5+ 2 Y+ Y,
y,-‘;”<t+At>=Y§:§’,~3+ > 1',‘,?,’3+Y.-§',.-3 , (B2b)
R,C,j
y3t (t +At) l(;)3l 2 Y,(;ns)x“i"Yag,a; .
L,C,j

Similar expressions are obtained for the relations be-
tween z’s and Z’s by replacing y by z and Y by Z, and the
subscripts (ij)’s by (ji)’s in Egs. (B2). It is noted that in
the above expressions i and j take 1 and 2, and the sum-
mation over L, R, and C means the sum over possible mi-
gration activities of a vacancy in a summand from the
left, the right, and the center, respectively. These relations
are used to obtain the condition for the steady state (see
Secs. III B and IV B).

APPENDIX C: THE PATH VARIABLES
AND THE MOST PROBABLE PATHS

The standard procedure of the PPM is to formulate the
path probability function in terms of the path variables
and then to maximize it with respect to the independent
path variables keeping the state at ¢ fixed.! This corre-
sponds to the process of selecting the most probable values
of state variables which make the free-energy minimum in
the CVM.!® It was shown in Ref. 1, that, when the pair
approximation is employed, it is not necessary to go
through the maximization procedure but the most prob-
able path expression can be written down by inspection
applying a superposition relation. This technique is ex-
plained in detail in Ref. 1, and we will present the results
using this short-cut procedure.

When ¥; is the vibrational contribution to the jump fre-
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quency for an ith species (i=1 and 2) and U, is the activa-
tion energy for a jump of an ith species into a nearest-
neighboring vacant site, the probability of a unit jump is
given by

3P0 (Cla)
where B=(kzT)~! is the reciprocal temperature. This
jump frequency is referred to the spatial jumping condi-
tion where the jumping ion is completely surrounded by
the vacant sites. When the system is subject to the con-
stant electric field E pointing to the right (see Fig. 1), the
activation energy for the jumping ion i with charge Z;e
along a y and a z bond is changed by +Z;eEa/2 depending
on the sites where the ith ion is located. Then the proba-
bility of a unit jump is expressed by

e —BU;£Z;eEa/2) (C1b)
for i=1 and 2. The effect of surrounding [which is not
taken into account in either (Cla) or (C1b)] is assumed to
be entirely due to the interaction with nearest-neighboring
ions. Introducing the nearest-neighboring ions’s bonding
energy €; and applying the superposition relation, we easi-
ly write down the expressions for the most probable path
of individual path variables defined for the jump of the ith
species:

Xf,‘,f)=«9,-e 'At x';)Ayn&IA(znaTI)/( (v)) ,
X5 =de PUAtx AT VAN, gV
Yﬁ,':-’=ﬁ,-e‘”‘”"‘z"E‘””A DAL AL /R
(C2)
Y(n) Se B<Ui+l.~eEa/2)At (n)A(n+1)A(v+1 /(g\V D)2
Zi,’})=«‘}ie‘B(U‘+Z"eEa/2)A (n)A;v;nA;naTn/( v+Dy2
(n) 13 B(U"—Z""’Ea/Z)Atz{})A;‘,' ' n_l)/(q(v))z
for i=1 and 2, where A’s are defined by
ALy= 2 Kijxi(jV)

(C3)
J(tvl)& = 2 Kjix}iV) .

Similar expressions are obtained for A,’s and A,’s. Here i
takes 1 and 2 and K;; is defined by

Kij=exp(—Be;;) (C4)
and is assumed to satisfy
K,*j =Kjl . (CS)

It is noted that €;3=€33=0 for i=1 and 2 is assumed. As
seen from Egs. (C2) a jump of an ith ion across the vth
reference plane, is proportional to At, to the jump frequen-
cy of the ith ion, &;exp(—BU;), to the vacancy availability
factor, i.e., the probability of having a vacancy at its
nearest- nelghbor distance across the reference plane at
time #,x;, and to the bond-breaking factor, i.e., the effect
of breaking bonds with the neighboring ions at time ¢
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The similar interpretation is applied for the jumps ¥’s and
Z’s. It is noted that the activation energy for a jump of
an ion i along y and z bonds is lowered by Z;eEa/2 for the
Y, and Zg; jumps, and is raised by the same amount for
the Yg and the Z, jumps, respectively. The second
group of the most probable path variables we need in for-
mulating kinetic coefficients are those in Eq. (3.7). These
are listed in Table IV.

APPENDIX D: DERIVATION OF I;’s
Let us define the quantities

— y(n) — vy, (n) , (n)
Q?=Xien /Qia=Xien Q3: /xi;e ’

(D1)
=X /0P =X"p /x5,
and further introduce the quantities
N 2
Yila)= Z ok,
(D2)

(B = z Q&Y .

It is noted that g3, and p;, are related to the equilibrium
distributions by Eq. (A4) and X,, is given by Eq. (4.6b).
The flux [Eq. (4.16)] can then be expressed in terms of Eq.
(D2) as

W= 4, — L) = F(B)] (D3)
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where A; is defined by Eq (4.22b) and i takes 1 and 2.
Substltutlon of \I’ ) given by Eq. (D3) into Eq. (4.21)
and use of Egs. (D1) and (D2) lead to

o Q9i(@)+ 9558+ 0F @)+ 0F,(8)
u 2007 +0F)
4,08 4,08
Qe +0f

Substituting Eq. (D4) into Egs. (D2), we obtain the four
simultaneous equations for ¢1(a) l,bz(a 1/)1(3 ), and 1/)2( B).
Solving these equations for ¢, )’s and 1,0, B)’s and substi-
tuting these results into Eq. (D3), we obtain the flux ex-
press1on in terms of the known quantities Q{’s, Qﬁ s, Qs,
and Q, s which are the function of the equilibrium distri-
butions obtained in Appendix A and the given physical
parameters ¥; and U; (i=1 and 2). After rearranging the
flux expressions, we can write the fluxes in the form

(D4)

W= 14,14, ,
W= 154, —Ipd, ,

(D5)

and hence we can obtain the explicit form of /;;’s in terms
of the known quantities by identifying the resultant ex-
pressions for the fluxes to Egs. (D5). Explicit expressions
of I;j’s are given by the author (A.S.) upon request.
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