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Frequency response of hopping systems: Application to polyacetylene
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Hopping mechanisms for conductivity are characterized by a broad distribution of hopping rates.
%C have calculated the ratio of the conductivity in the high-frequency regime (frequency greater
than thc maxlmuIQ hopp1ng frcqucncy) and its dc value. Thc results fol 1socncrgctlc hopping and
variable-range hopping are shown to differ, although both are found to be independent of the details
of the hopping attempt frequency. These results are applied to the experimental data for doped
trans-polyacetylcnc. Charge conduction in undoped and hghtly doped trans-polyacetylene is in

agreement with isoenergetic hopping consistent with intersoliton electron hopping. In contrast, the
data for trans-polyacetylene doped to 0.01—0.05 I3 per carbon are in better agreement with

variable-range hopping, consistent with the proposal of variable-range hopping among pinned soli-

tons. These results support a change in the charge transport mechanism as polyacetylene is doped.

I. INTRODUCTION

Hopping 1TlcchanlslTls Rrc all charactcrlzcd by 8 broad
(log-normal) distribution of hopping rates and hence ex-
hibit many features that are common to all hopping
models. ' We have considered the expected behavior of
the conductivity (0) in the dc (co=0) and high-frequency
limits. The high-frequency limit is reached when co is
greater than the maximum hopping rate or attempt fre-
quency I o. The ratio cr(co=0)/cr(co&&I &) is a useful
quantity because its value is a sensitive measure of the dis-
tribution of site energies, but it is independent of the com-
plicated details of the hopping mechanism. In particular,
we consider the two extreme cases, isoenergetic hopping,
where the distribution of site energies is narrow on the
scale of kttT, and variable-range hopping, in which the
distribution is much broader than kttT. Since the ratio
obtained is very different in the two limits, it is a useful
diagnostic of the charge conduction mechanism.

Trans-polyacetylene is one of the few materials we
know ln which hopping conduction has been IncasuI'cd
for a broad range of frequency (dc to 10' Hz) and tern-
perature (80—300 K). This has been facilitated by the
large absolute values of the hopping conductivity, in con-
trast to the much lower values in more tI'aditional hopping
systems. Polyacetylene has been of particular interest
since the report that upon doping its dc conductivity can
be varied from 10 through 10+ Q ' cm '. For light
to moderate doping levels (up to approximately one
dopant per 20 carbon atoms) the addition of charge leads
to the formation of charged soliton levels or domain
walls. ScvcI'Rl dctallcd mechanisms~ some lnvolvlng
the presence of solitons, have been proposed to account
for the charge transport in different regimes of doping
conccntI'Rtlon. These lncludc lsocncI'gctlc phonon-Rsslstcd
hopping among solitons' ' and variable-range hopping
among fixed defect sites ' (these defect sites could also be

pinned solitons' ). Comparison of the predicted ratio with
the experimental results for o(co) of undoped trans-(CH)„
shows agreement with isoenergetic hopping and disagree-
ment with variable-range hopping. In the range of 1—5%
I3 per carbon atom, the results are in accord with
variable-range hopping Rnd ln dlsaglecI11cnt with lsocncr-
getic hopping. The same diagnostics could be applied to
other hopping systems such as amorphous semiconduct-
ors, provided accurate high-frequency (infrared) and dc-
conductivity data are available on identically prepared
SRIQplcS.

The only feature of our results that depends on any-
thing but the distribution of site energies is the depen-
dence of the maximum hopping rate I'o on the various pa-
rameters such as temperature. Thus, in comparing the re-
sults of theory and experiment in polyacetylene, no discus-
sion of the physical nature of the hopping process is in-
cluded. The interested reader is referred to Refs. 13—15
for a discussion of intersoliton hopping and to Ref. 2 for a
discussion of variable-range hopping.

In Sec. II we summarize our principal results for the
conductivity ratio. The details of the calculation have
been left to the Appendices. In Sec. III the experimentally
measured conductivity ratio is compared with the calcu-
lated ratios for both undoped trans-polyacetylene and
lodlnc-doped tfaM-polyacetylcnc. Thc I'csUlts RI'c summa-
rized in Sec. IV.

II. CONDUCTIVITY RATIO: THEORY

In the class of hopping models we will consider, the
clcctI'ons Rfc RssulTlcd to hop bctwccn locallzcd states oI'

sites which we label by their spatial location R. The set of
sltc"occUpatlon probablllties satisfy 8 master cqURtlon
specified by the hopping rates y - „between each pairR R"
of sites, R and R'. The thermally averaged transition rate
is thus
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X- -„,=2
I
ct.(R—R') I,

where
3

u= ej j
j=1

(2.1)

eJ is a unit vector in the j direction, and gj is the decay
length of the wave function in that direction. [Note, there
may be logarithmic corrections to Eq. (2.1) in some cases,
but these are small. Also, note that the results are insensi-
tive to the form of the anisotropy of the falloff. For ex-
ample, if

X
R R'

3 1/2

g aj(RJ —RJ' )

our conclusions are unchanged. ]
The distribution of X's is thus determined by the proba-

bility of finding a site at R' given that there is a site at R.
At large distances, this probability is simply the concen-
tration C; of (impurity) sites. In the case of variable-
range hopping, we will take

I - -,=f-y- -,(1 f—-,),R R' R R R' R'

where f is the thermally averaged site-occupation prob-
R

ability of site R. These transition rates are random vari-
ables which can be expressed in the formI,=I pexp( —X,),R R' R R'

where X is a well-behaved random variable which thus im-
plies an extremely broad distribution of transition rates.
In the case of isoenergetic hopping, we will assume that

of extreme disorder using a percolation analysis. ' A
similar analysis can be applied in the general case, and the
resulting expression is known' to interpolate smoothly be-
tween the large and small disorder limits, and to agree
well with numerical experiments in the intervening re-
gimes. In this spirit, approximate expressions for the dc
conductivity are also obtained in the Appendixes.

The results can be summarized as follows. For isoener-
getic hopping,

o(oo) 9D
o (0) 32rrA R p

'4
2BRpF e (2.4)

where 3=0.45, 8=1.39,
(All) and is equal to 1

hopping (Appendix 8),

D = 1, and F(x) is given by Eq.
for large x. For variable-range

o( a& ) 3~(2.3)
cr(0) 0.2

T
3/2

Tp

1/4 '

XG exp[+(Tp/T)'i ] 1+0
To

III. APPLICATION TO POLYACETYLENE

(2.5)
where 6=1.

In both cases, o(co) is an increasing function of co, and
only approaches its infinite-frequency value when co ) I p.
Note again that the conductivity ratio is independent of
the complicated physics that determines the absolute mag-
nitude of the transition rates. Only the frequency at
which o(co) saturates depends on I p.

(R—

GIO
X + 0 ~ ~ (2.3)

where G is a model-dependent number of order 1, ( )
represents a configuration average, 0 is the volume, and o.

is averaged over polarizations. This expression is evaluat-
ed for the case of isoenergetic hopping in Appendix A and
variable-range hopping in Appendix B.

The dc conductivity is considerably more difficult to
calculate. It can be evaluated asymptotically in the limit

IE-„ I+ IE-„.I+ IER —E-„, I+ 2kTB

where E- is the energy of the state at site R. [In cases ofR
strong electron-phonon coupling, Eq. (2.2) may not be an
adequate approximation, but we will not treat that com-
plication here. ] The distribution of X's is determined by
the density of states p(E), which we assume to be indepen-
dent of energy in the vicinity of EF.

At high frequency, the conductivity can be evaluated
simply using the Einstein relation between the conductivi-
ty and the diffusion constant

2

cr(co) = — g (R—R') I
6kttT 0 R R'

R, R'

A. Undoped and lightly doped trans-polyacetylene

The frequency-dependent conductivity (0—10 Hz) has
earlier been reported for room temperature" and as a
function of temperature. At 295 K, o is independent of
co to 10 Hz, with o(0)=8X10 fl 'cm ', while the
fair-infrared data of Hoffman et al. gives cr(10'
Hz)-10 ' 0 'cm '). The o(cp) is only weakly depen-
dent on cp for greater than 10' Hz, suggesting I p(10'
Hz. These results give

o( co )/o(0) =1.3 X 10

This experimental result can be compared with the predic-
tion of isoenergetic hopping [Eq. (2.4)] and variable-range
hopping [Eq. (2.5)].

A detailed analysis of this material within isoenergetic
hopping was done in Ref. 3, which leads to the value of
the parameters C; =1.3X10 cm (2.35X10 per car-
bon), and the dimensionally averaged decay length

g —(gg2(3)' =3.58 A, so 2BRp//= 20.6,
F(2BRp/g) =1.065, and, from Eq. (2.3),

cr( ao )/o(0)-6X10

in good agreement with experiment. On the other hand, if
the dc conductivity is assumed to be due to variable-range
hopping, Tp is found' to be Tp 1.9X 109 K, and hen——ce

cr( co ) /cr(0) -4X 10'3,
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in clear disagreement with experiment. Since it seems un-

likely that the value of I 0 can be much greater than an
optical-phonon frequency [typically of order 5X10' in

(CH)„], the fact that 0(to) has reached its infinite-
frequency value for m-10' Hz is consistent with these
expectations.

The dc conductivity in polyacetylene is strongly tem-
perature dependent. If the conductivity is due to isoener-
getic hopping, this necessarily implies that I 0 must be
strongly temperature dependent. For instance, at 84 K,
0(0)=2X10 ' 0 'cm ', almost 9 orders of magnitude
smaller than its value at 295 K. The highest frequency at
which o.(to) has been measured3 at 84 K is ta= 10' Hz.
There is indication that at this value of to, the conductivi-
ty is beginning to saturate (see Fig. 1). Hence it seems
reasonable to assume that o( oo ) =cr(10 Hz). The conduc-
tivity ratio at this frequency is

cT(10 Hz)/o(0) =4X10

which is nearly the same as that at 295 K, and in good
agreement with the (temperature-independent) ratio
predicted for isoenergetic hopping. By contrast, if the
conductivity were due to variable-range hopping with
To ——1.9)&10 K, thexatio would be

tr( a) )/tr(0) —5 X 10" .

In the case of isoenergetic hopping, the majority of the
temperature dependence of the dc conductivity is deter-

mined by the temperature dependence of I o [see Eq.
(A8)]. In Ref. 3 it was found that this temperature depen-
dence could be fit by a high power-law dependence
I 0(T) =(const) T' ' (a form suggested in Ref. 15 as the re-
sult of a crude approximate evaluation of the integral over
the electron-phonon coupling constants that determine the
rate of intersoliton hopping). Thus, a second independent
consequence of the assumption that the conducting mech-
anism is isoenergetic hopping is that I 0(84 K)/I 0(300
K.) =7X 10-'. Thus a value of r,(84 K)=7X 10' Hz is
the largest possible value consistent with I'0(295 K)-10'
Hz. We see, therefore, that the constraints imposed by
these two observations can just be satisfied by a model of
isoenergetic hopping. We note, in fact, that from an
analysis of the ac conductivity over the full range of tem-

perature and frequencies measured in Ref. 3, that it was
concluded that the proportionality constant in Eq. (2) of
Ref. 3 is 1 X 10 sec K', or in other words, that
I'o(84 K) =2X10 Hz and I'o(295 K)=3X10' Hz, in
reasonable agreement with the results of the present paper.

B. Moderately doped polyacetylene

Polyacetylene doped to the range of 0.005—0.05 dopant
per carbon has been shown to have high dc conductivity
together with a magnetic susceptibility much less than
that of the metallic state. ' """—"The conductivity of
iodine-doped samples had earlier been shown to be fre-
quency independent up to 10 Hz. Infrared conductivity
data show' 0 to be independent of frequency up to 10'
Hz for samples doped in the range of 0.03—0.05 per car-
bon. Hence for this regime,

cr( ao ) /0 (0)= 1 . (2.5)

E

Z

~ 10

I74K
I49K
118K z
84K v

In this regime, the predictions of Eq. (2.4) and (2.5) are
less sensitive to choice of parameters. For isoenergetic
hopping, Eq. (8) gives

0( a) )/o(0) =20,
for (-3.6X10 cm and R0-1.2X10 ' cm. Here g
was chosen as the three-dimensionally averaged soliton de-

cay length, ' and Ro was chosen as appropriate for 0.05
dopants per carbon. ' Larger values of Ro (lower doping
levels) lead to larger values of o(0o)/0'(0). Doubling the
assumed three-dimensional decay length to 7 A and as-
suming that there is a minimum hop distance,
R;„=1.2 X 10 cm, still leads to a value of
tr( Oo ) /o. (0)=3.5 somewhat larger than the experimental
ratio.

The predictions for variable-range hopping may also be
compared with the available iodine-doped data' for
0.03—0.05 I3 per carbon. Here, To varies from 3.8& 10
to 2.9)& 10 K, with the result that

)/~(0) =1

l

10'

FREQUENCY' f(Hz)
Fl&. 1. Ina'„vs Inf for trans-(CH)„(Ref. 3). The sohd hnes

Rlc drawI1 Rs 8 gUldc fol thc cyc.

for To-10 K and c(pro)/o( )=0. 2f3or TO=2.9X106 K.
Contrasting these results with those for isoenergetic hop-
ping shows better agreement between theory and experi-
ment for the variable-range —hopping approach. We note,
however, that due to the high concentration of sites in
these samples, we are in both cases using the expressions
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for the dc conductivity beyond the regime where they are
formally justified. Indeed, no good treatment of hopping
conduction at high concentration of sites exists; in this
limit the theoretical results should be used with caution.

IV. SUMMARY

Hopping mechanisms for conductivity are all character-
ized by a broad distribution of hopping rates. We have
calculated the ratio of the conductivity at high frequency
(frequency greater than the maximum hopping rate I"p) to
its dc value. The results for isoenergetic hopping and
variable-range hopping differ, although both are found to
be independent of the details of 1 p.

Trans-(CH)„and doped trans-(CH)„span a wide range
of conductivities. Several different regimes have been
identified, and it has been suggested that in each the con-
ductivity is dominated by a different charge transport
mechanism. The results for isoenergetic intersoliton elec-
tron hopping are in good agreement with the detailed ex-
perimental frequency and temperature-dependent conduc-
tivity of undoped trans-(CH)„. The experiments are in-
consistent with variable-range hopping. In trans-(CH)„
doped to 0.01—0.05 I3 per carbon, the data are consistent
with variable-range hopping, while the ratio is smaller
than that which would be expected for isoenergetic hop-
ping. These results then support a change in the dominate
charge transport mechanism as trans-(CH)„ is doped to
the nearly metallic regime.

APPENDIX A: ISOENERGETIC HOPPING

An essential aspect of the intersoliton electron hopping
developed by one of the authors is the isoenergetic nature
of the movement of the charge among soliton sites. '

A similar situation can occur in the case of polaron hop-
ping. For isoenergetic hopping, the hopping rate between
sites separated by displacement R is approximately

where

(A 1)
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1a( ao ) = 3 (o]+(T2+03) . (A5)

By replacing R by gr where r is dimensionless,

2 2e I oc
o, (m) = —g'g, D,

B

9 e 2I'p
D

32m. kgTRp Rp Rp
(A6)

Here Ro is the average separation between impurities and
r

D = f dR(r )2 2„P(g r)
ETC

(A7)

Al" e
oj(0)=

kB TRO Ro
e

—2BRO/g'
(A8)

where 3=0.45 and B=1.39. This is in agreement with
Eqs. (B8) and (B9) of Ref. 23 for the low site density limit,
where S, &g1, where

1/3
6P,

S,=
ETC

(A9)

and P, is the critical percolation number. For higher con-
centrations (larger c, smaller S, ), o& (0) is approximately

AI pe

(A10)

where

F(x)=[1+x '+7x +12x +12x —x e "]

(A 1 1)

Equations (A6) and (A7) were defined so that DJ is very
close to 1. That is, DJ depends only on the short-range
behavior of P(R), (where

I
a R

I

—1). It is chosen so that
if there are no short-range correlations in the placement of
sites [that is, if P (R)=c], then D~ = 1.

At zero frequency (the dc limit), oj(0) is given asymp-
totically by the expression

e) e2 e3 Dividing Eq. (A6) by Eq. (A10), we obtain
(A2)

e; is the unit vector in the ith direction, and

k=(k 0 k )'" (A3)

oj( oo )

o.~(0)

9DJ g 2BRp 2az, rgF e
32m A Rp

(A12)

is the effective dimensionally averaged localization length,

0 =kei+kez+ke3.
By assuming that the probability of finding a site at the

origin (0) is c (concentration of sites per unit volume) and
that the probability of finding a site at R, given that there
is a site at 0, is P (R)dR, Eq. (2.3) becomes

eI c
oj(ao)= — f dR(RJ) P(R)e I

~
I (A4)

B

Here oJ is the conductivity in the jth direction, and

APPENDIX B: VARIABLE-RANGE HOPPING

When there is a broad distribution of site energies and
weak electron-phonon interactions, the hopping rate is ap-
proximately given by an expression of the form

I'„' = I pexp[ —2
I
a R

I

—z( I
&. I+ IE I+ I

&. &
I
)~4T] . —

(B1)
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If the probability of finding a site with energy E at the
origin ls po [independent of E within several AT of Ep.
and po E E =C an the probabi ity o inding a site

at R with energy E' given a site 0 with energy E is

P(E iE', R), then

e'I ego

2ktt T

)& I dEidE2dR(RJ ) P(E&
i Ez,R)

and E;ktt T =E;. If we define

kit To ——2.3'',

e I 0
o,.( m ) =(3~)(2.3)'

(85)

(82)

For the simple case where P (E
~

E',R)=pc, GJ = 1.
The dc conducttvtty for the case of vartable-range hop-

ping is given approximately by Eqs. (15a) and (15b) or
Ref. 23,

gj(ac)=(3m) (pokttT) ( (gq) GJ,
AT

(83)
. t/2

oj(to=0) =0 2e I.opogj
To

J

I/O,
0

T
. (87)

dR P(E)kjtT ~E2kJtT, r()
GJ

—— dEI dEp R
18m Po

—2r ~ /2~~ IEl I+ I+2 l+ IE1 ~2 I
~ge e (84)

oj(ao )

oi(0)

1/4
To

GJ exp +

The ratio of Eqs. (86) to (87) then gives
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