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We report de Haas —van Alphen rneasurernents of the Fermi surface of lutetium at temperatures
down to 0.3 K Rnd in fields up to 1SO kG in the (1010) and (1120) planes. Lutetium, having a filled

4f shell, serves as R nonmagnetic prototype of the structurally similar (hcp), trivalent, heavy rare-
carth clcIncnts froI11 Gd to Tm. Thc fact thRt no complete frequency branches were obscrvcd indi-

cates that there are no closed pieces of the Fermi surface. We observed all but one orbit predicted

by relativistic augmented-plane-wave calculations of Kecton and Loucks and by recent spin-

orbIt —11ncarlzed-RugIIlcntcd-plane-wave calculations of Tlbbctts and Harmon. The dRtR support R

geometry similar to that of yttrium, and in good qualitative agreement with energy-band theory.

I. INTRODUCTION

The heavy rare-earth elements, Gd through Lu, are iso-
structural (hcp) with one another at low temperatures and,
with the exception of divalent Yb, in their metallic envi-

ronments they have three conduction electrons derived
from 6s and 5d atomic states. They differ in number of
4f electrons per atom, increasing from 7 for Gd to 14 for
Lu. At sufficiently low temperatures, Gd through Tm
exhibit various forms of magnetically ordered struc-
tures. ' " Gd transforms directly from paramagnetic to
ferromagnetic, while Tb through Tm each have a tem-
perature range over which an antiferromagnetic
modulated-moment phase exists, whose structure may be
generally described as a screw-type arrangement of spins

with wave vector Q along the c axis. For the antifer-
romagnetic structures, the spacing between parallel por-
tions of the third- and fourth-zone sheets of the Fermi
surface has been associated with Q. '

The paramagnetic Fermi surfaces of the trivalent heavy
rare-earth elements are expected to be quite similar to one
another since the same 6s and 5d conduction electrons are
involved in each case and since their lattice constants are
similar. Despite this similarity, there can be no measure-
ment of the paramagnetic Fermi surface in any of the
heavy rare-earth elements except Lu. The other elements
all display low-temperature magnetic order, which modi-
fies the paramagnetic Fermi surface either by introducing
exchange splitting of the bands in the case of ferromagne-
tism, or by introducing extra Brillouin-zone faces due to
the larger magnetic unit cell in the case of the modulated-
moment systems. The nonmagnetic elements Y and Sc
are isoelectronic and isostructural with Lu, suggesting
that their Fermi surfaces might serve as models for the
heavy rare-earth elements. However, both Y and Sc are
considerably lighter atoms where relativistic effects are
not expected to be as important as in Lu. In addition,
band-structure calculations show small systematic changes

in the Fermi surface of the heavy rare-earth elements as
one moves across the series, making a rigolous analogy be-
tween Y and Sc and the heavy rare-earth elements impos-
sible. As we will show, there are many similarities be-
tween the Y and Lu Fermi surfaces, but some important
differences exist also. Consequently, Lu is the only ele-
ment where the paramagnetic heavy rare-earth Fermi sur-
face with tllc appropriate relativistic modlfllcatlolls call bc
experimentally explored.

There has been earlier experimental work on the elec-
troillc stlllcturc of till'cc of thc hcRvy rale-cRrtll clc-
ments' and on Y. ' Experimental and theoretical
work on Sc is in progress. Detailed Fermi-surface mea-
surements have been made on ferromagnetic Gd, ' and
partial results have appeared for Tb (Ref. 23) and Lu.~4

For Y and Gd, the experimental results generally confirm
existing non-self-consistent band-structure calcula-
t1ons, while ITlcasurcmcnts on Tb and thc prcv1ous
work on Lu are not sufficiently complete for serious com-
parison. A review of experimental work through 1976 has
llcc11 glvcll by YouIlg, R11d. I'cvlcws of 'tllcol'ctlcal wolk
have been given by Liu, Freeman, and Dimmock. '

Recently, self-consistent relativistic band calculations of
Lu have been carried out by Tibbetts and Harmon.

Previous de Haas —van Alphen (dHvA) measurements
on Lu (Ref. 24) were made on a single crystal having a
resistance ratio of about 60, in pulsed fields up to 200 kG,
and yielded only one frequency branch. We present new
dHvA measurements on a single crystal having a resis-
tance ratio of 100, in fields up to 150 kG produced by a
high homogeneity superconducting magnet and at tem-
peratures down to 0.3 K. We observe a total of seven new
frequencies in addition to the single branch reported ear-
lier. We present measurements of the variation of the
orbital areas with angle, and of the effective mass and
Dingle temperature for selected orbits. A slight misorien-
tation of the crystal for field directions near (0001)
which was noted in a preliminary report of this work
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has been corrected. A detailed comparison of our experi-
mental results is made to the band calculations of Tibbitts
and Harmon.

II. SAMPLE PREPARATION

Single crystals of lutetium were grown at Ames Labora-
tory using the arc-zone-melting technique ' and purified
by electrotransport in a hydrocarbon-free atmosphere hav-

ing a pressure not greater than 1.0X10 ' Torr. During
electrotransport, the temperature of the Lu rod was held
at 1100'C for 430 h. Because of the ease with which Lu
twins if stressed, it was necessary to use copper braid for
current leads which also functioned as a strain-free flexi-
ble support. For dHvA measurements, a piece measuring
approximately 0.025 &(0.025 &&0.050 in. was spark-cut
from the single-crystal rod and electropolished in a
perchloric-acid —methanol solution. The major symmetry
directions were determined by Laue diffraction so that the
oriented crystal could be rotated in situ in either the
(1010) or (1120) plane.

&I IRD&

FIG. 1. Fermi surface of I.u in the —,2 th wedge of the first

Brillouin zone', (a) zone 4 and (b) zone 3. The fractions of the

nesting vector Q=Q, +Q„ lying in each zone are labeled.

With the exception of a new 150-kG superconducting
magnet, the dHvA spectrometer is as described else-
where. The magnet was custom-built to combine
high fields with high homogeneity, a requirement for
sensitive dHvA measurements. Field profile measure-
ments which utilize NMR on Al show the homogeneity
near the magnetic center to be 0.09% at 148 kG for 1-cm
axial displacement. For routine field measurements, the
magnetoresistance of a noninductively wound copper coil
calibrated by NMR field measurements was used. dHvA
measurements were made using the field modulation tech-
nique at 101 Hz with dctcctlon on the second harmonic.

t,u has three valence electrons per atom, with two
atoms per primitive unit cell of the hexagonal lattice.
(This corresponds to six atoms per conventional Bravais
unit cell. ) There are six conduction electrons per primitive
cell, enough to completely fill three of the valence bands.
The lowest two valence bands are filled, while bands 3 and
4 are each partially filled. The even number of valence
electrons per unit cell implies that Lu is a compensated
metal; i.e., there are as many electrons in band 4 as there
are holes in band 3. In terms of Fermi-surface geometry,
this implies that the occupied volumes of the third and
fourth zones add exactly to one zone volume.

Band-structure calculations. ' indicate that the Fermi
surfaces in zones 3 and 4 are topologically similar, as indi-
cated in Fig. 1. Each sheet is open along the I —A direc-
tion, with the occupied region toward the outer rectangu-
lar zone faces. If the surface is viewed as containing
holes, it looks like a central trunk along I —A with flat-
tened arms extending along the six A —L, directions on the
hexagonal end faces of the zone. The surfaces of these
arms approximately parallel to the I KM plane make up
the "webbing" feature containing the nesting vector Q as-
sociated with the magnetic order.

In nonrelativistic band calculations the zone-3 and
zone-4 surfaces must touch in the basal AHL planes of the
Brillouin zone. This degeneracy led to the use of the

"double-zone representation" for describing the Fermi
surface. This scheme is useful for showing various com-
posite orbits traversing the zone-3 and zone-4 sheets
which can occur due to magnetic breakdown across the
spin-orbit energy gaps in the AHL plane. However, it was
found experimentally in both Y (Ref. 28) and Lu (this
work) that the spin-orbit energy gapa in the AHI. plane
are sufficiently large to prevent magnetic breakdown at all
experimentally accessible fields, so that the double-zone
representation is not useful for these cases and we will not
employ it in this paper. Instead, we view both sheets of
the Fermi surface in a single reduced zone, with the zone-
3 sheet lying inside the zone-4 sheet. Since neither sheet is
closed, the terms electron and hole cannot be unambigu-
ously applied to either of them. This terminology has oc-
casionally appeared in earlier work, with the zone-3 sur-
face often depicted as containing holes and the zone-4 sur-
face as containing electrons. In this paper we will refer to
the surfaces simply as zone 3 and zone 4. Particular cy-
clotron orbits on each surface will be designated as elec-
tron or hole according to whether they enclose occupied or
unoccupied regions of the Brillouin zone.

The similar topology of the zone-3 and zone-4 sheets
implies that the same generic types of orbits appear on
both sheets. In addition, many of these same orbits ap-
pear in Y and Sc. The earlier thorough descriptions of the
Fermi surface and cyclotron orbits in Y (Ref. 28 and 33)
are useful for visualizing and analyzing the Fermi surface
of Lu. To make comparison easier, Table I shows the or-
bit designations and experimental areas and masses for Y
and for the present work on Lu. Each orbit, specified by a
field direction and orbit center, may appear as many as
four times in the table: once in each of zone 3 and zone 4
for Y and for Lu. The angular dependence of the ob-
served cross-sectional areas for Lu in the (1010) and
(1120) planes is shown in Fig. 2. The notation for the
syinmetry points and directions in the hexagonal Brillouin
zone in shown in Fig. 1(b).

Oscillations of the y and 5 orbits were observed only
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FIG. 2. Comparison of experimental and theoretical cross-
sectional areas of the Fermi surface of Lu as a function of angle
for the (1010) and (1120) planes. Solid circles, experimental;
open circles, band structure of Tibbetts and Harmon
(Ref. 36).
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above 130 kG at temperatures below 0.5 K, and even
under these favorable conditions had very small ampli-
tudes. y was especially weak. The small amplitudes for y
and 5 are consistent with the heavy masses predicted by
Tlbbetts and Harmon, as c4scussed ln Sec. IV, and with
the large mass measured on the orbit corresponding to y
in Y.

The areas of all branches turn upward with field direc-
tion before their amplitudes diminish to zero, consistent
with ail opell surface geometry. Tllele ls no evidence sllp-
porting a closed Fermi surface, since we found no
branches extending continuously from (0001) to the basal
plane.

Effective masses were obtained from the temperature
dependence of the amplitudes at a fixed value of field and
are given in Table I. Hoekstra and Phillips measured a
mass of 0.39 on the a orbit, in reasonably close agreement
with our measurement of 0.42. The amplitude of the os-
cillations from y, 5, and 8 were too low for their masses
to be measured. Dingle temperatures, a measure of the
electron scattering lifetime, were obtained from the field
dependence of the amplitudes and are also given in Table I
for certain orbits on the zone-4 sheet.

Table I shows several differences between the Fermi
surfaces of Y and Lu. In zone 4 the y orbit in Y was not
observed, although the topology of the Fermi surface
demands that it be present. We observe the corresponding
orbit in Lu, 5, but only weakly as discussed above. In
zone 3, the noncentral P orbit in Y is not predicted to exist,
in Lu, nor is it observed. This indicates that the cross-
sectional area of the trunk is more nearly constant along
the I —A axis near the I KM plane in Lu than in Y. Our
experiments do not show any analog in Lu to the noncen-
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tral e orbit in Y, implying that the cross-sectional areas
of the flattened arms in zone 3 and zone 4 do not increase
as the L point is approached from A. We did not observe
in Lu any analog to the a' orbit of Y, although the topolo-

gy of the Fermi surface strongly suggests that it should
exist. However, this orbit probably has a large effective
mass (the a' orbit in Y has a mass of 3.9) and an unfavor-
able curvature factor, making its observation difficult.
The corresponding orbit in zone 4 was not seen in Y or in
Lu. Likewise, the noncentral 0 orbit predicted by band
theory in zone 3 of Y was not seen in Y or in Lu. Finally,
the P orbit in Lu, corresponding to the 53 orbit in zone 3
of Y, was not observed. This will be discussed in more de-
tail in Sec. IV.

The effective masses in Lu differ from those of Y.
Table I shows that the masses in zone 4 are larger in Lu
than in Y, especially on the P and rj orbits. For the single
orbit in zone 3 where comparison is possible, the mass is
smaller in Lu than in Y. In general, the masses in Y and
Lu are expected to be comparable, though slightly larger
in Y, as indicated by electronic specific-heat measure-
ments and band-structure calculations of the electronic
density of states. Specific-heat measurements show values
of y near 8.2 mJ/molK for Lu (Refs. 48 and 49) and
10.2 m J/mol K for Y, ' while band calculations
predict values of the density of states of 23.5
states/atom Ry for Lu (Refs. 34 and 37) and 26.8
states/atom Ry for Y. These data imply an average
enhancement of the masses of 2.0 for Lu and 2.2 for Y. It
is surprising that despite these large enhancements, neither
Lu nor Y is a good superconductor [tT, &0.1 K for Lu
(Ref. 54) and T, &0.005 K for Y (Ref. 55)]. Apparently
the large mass enhancements in these metals include signi-
ficant repulsive many-electron interactions in addition to
the attractive electron-phonon interaction.

IV. COMPARISON WITH BAND STRUCTURE

Non-self-consistent relativistic augmented-plane-wave
(RAPW) calculations were performed by Keeton and
Loucks for paramagnetic Gd, Dy, Er, and Lu. Recently
Tibbetts and Harmon ' have performed self-consistent
spin-orbit —linearized-APW (SO-LAPW) calculations on
Lu, treating the non-spin-orbit relativistic effects in the
initial step and including the spin-orbit coupling as a
second variation. The results of Tibbetts and Harmon
for the angular variation of cross-sectional areas are
shown together with our dHvA data in Fig. 2. The
theoretical cross-sectional areas obtained by Keeton and
Loucks (estimated) and by Tibbetts and Harmon are tabu-
lated in Table II along with the current dHvA results and
the earlier results of Hoekstra and Phillips. The areas
attributed to Keeton and Loucks were estimated graphi-
cally from their partial Fermi-surface cross sections. Us-
ing lattice constants a=3.50 A and c=5.50 A, which
yield Brillouin-zone areas A (ALH) =0.087 a.u. ,
A (I ALM) =0.164 a.u. , and A (LHEM) =0.095 a.u. , we
arrive at the estimates given in column six of Table II. In-
spection of Table II shows that both theoretical results
give qualitatively the same Fermi-surface geometry in
agreement with our dHvA data. The calculations of Tib-
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betts and Harmon g1ve somewhat better quant1tat1ve re-
sults for a, q, 8, g, and a slightly worse result for c.

Ill botll balld calclllatlolls thc cyllndrlcal surfRccs slll-
rounding (0001) curve outward parallel to the basal
plane, and g1vc risc to closs-scct1onal areas that 1ncrcasc
more rapidly with angle than would those of a smooth
cylinder, consistent with the measured angular dependence
of thc p, 5, 6, Rlld 'Q ol bits. Tllc cxpcrllllclltRI uncertainty

,in 8 is too large to allow any statement regarding the rate
of change of its area with angle to be made.

The structure of the Fermi surface near the H K li—ne
in zone 4 differs in the calculat'ions of Tibbetts and Har-
mon ' and of Keeton and Loucks. The latter authors
find a single, minimum area orbit centered at H for the
field direction along (0001). In contrast, Tibbetts and
Harmon find two orbits in zone 4, labeled cI and p in Fig.
1. The P orbit, centered at H, is a maximum orbit, while a
smaller minimum orbit u is centered on the H —K line
away from H. This structure is qualitatively similar to
that in zone 4 of Y. Both sets of authors predict a single
orbit P' in zone 3 of Lu, centered at H and analogous to
the 51 orbit of Y.

The experimental data are most consistent with the cal-
culation of Tibbetts and Harmon. The observed P orbit
cannot be associated with the zone-3 orbit P' because the
angular dependence of its area and the angular range over
which it is observed are not appropriate. Thus, in the
Keeton and Loucks calculation, there is no interpretation
for the observed P orbit. The observed a orbit area rises
faster than that of a cylinder as the field is tipped off
(0001), implying that it is a minimum orbit. The a orbit
joins smoothly with p in the (1120) plane, as predicted
qualitatively by Tibbetts and Harmon. Furthermore, we
find the effective masses of a and P to be 0.42 and 0.9,
respectively, similar to the predicted values of 0.38 and
0.65 if a reasonable mass enhancement is assumed. These
mass values are significant because they differ from those
of Y, where the 5I and 5z orbits were found experimen-
tally to have the same mass, 0.39.

Within the Tibbetts and Harmon interpretation we can-
not explain why the H centered P orbit is not seen all the
way to (0001) in the (1120) plane, nor why P is not seen
in the (1010) plane. We speculate that the zone-4 surface
in the neighborhood of H is highly distorted, producing an
unfavorable curvature factor for the P orbit. As support
for this speculation, we note that the a orbit rises appreci-
ably faster in the (1120) plane than in the (1010) plane,
and that the extrapolated areas of the u and P orbits differ
by more than 70% at (0001). Neither of these features is
seen in the band theory for Lu nor in the experiments on
Y. In both cases the area behavior of the two orbits near
(0001) is very nearly the same in both the (1010) and
(1120) planes, and the area difference between the central
and noncentral orbits at (0001) is only 20%. As noted
by Tibbetts and Harmon, and by Loucks, the bands
near the H point are very flat and the Fermi surface in
this region is sensitive to small changes in the potential,
for exampl'e, due to non-muffin-tin effects.

Similar geometrical arguments apply to the P' orbit,
which was not observed despite a careful search for it.
Band-structure calculations ' of Lu explicitly show that

the zone-3 Fermi surface is sharply curved near H as the
AHL face of the Brillouin zone is approached from E, as
illustrated in Fig. 1(b). This implies that P' will have an
unfavorable curvature factor and exist over a rather nar-
row angular range for fields near (0001). In addition, the
Dingle temperatures for the small orbits centered on the
H—E line may be rather high, as indicated in Table I for
the a orbit. Unfavorable curvature factors for P and P',
high Dingle temperatures, and relatively high masses
(I'=0.65 and 0.74 for P and P' in the band calculation
of Lu versus 0.39 and 0.53 measured for the correspond-
ing orbits in Y) may make the signals too weak to observe.

Comparison of the theoretical and experimental effec-
tive masses in Table II shows that the larger area orbits
have a mass enhancement close to the average value of 2.0
derived at the end of Sec. III. This correspondence sug-
gests that the reason for the weak signals associated with
the y, 5, and 8 orbits is their relatively large enhanced ef-
fcctlvc Illasscs, cxpcctcd to be 2.6, 7.8, alld 4.4, Icspcctlvc-
ly, based on the values of the band masses. The lower ap-
parent enhancement of masses of the smaller area orbits
may be an artifact of the band calculation due to the sen-
sitivity of the calculated Fermi surface near the H point to
small changes in the potential, as noted above. The calcu-
lated areas of the u and P orbits are too large. If the areas
are adjusted downward, the calculated effective masses
will also decrease. If the slopes of the bands are held con-
stant while the areas are reduced, the masses scale with
the square root of the area. For the a orbit, an adjustment
in area of nearly a factor of 2 is required, which would
lower the calculated mass to a value m.uch more consistent
with the averge enhancement of 2.0. A similar adjustment
of the P orbit area and mass would bring its enhancement
closer to the average, but quantitative estimates are diffi-
cult to make because the observed and calculated orbits
are for slightly different field directions.

A key feature of our results is the existence of the g and
e orbits, which, in conjunction with band-structure results,
we interpret as being I. centered on the nested zone-3 and
zone-4 sheets. It has been proposed that the separation be-
tween these two sheets across the AHI. plane along M—I.
determines the spatial period of the particular modulated-
moment structure, and when the ordering occurs, the
parts of the surface perpendicular to (0001 ) are destroyed
by the introduction of superzone boundaries, while those
parallel to (0001) remain, but in a somewhat modified
fashion. ' ' ' '

The Q vector describing the modulated magnetic order
is related to the band structure through the q-dependent
susceptibihty X(q). Calculations of X(q) which utilize
the bands of Tibbetts and Harmon and of Keeton and
Loucks' ' ' assuming constant matrix elements give a
peak in X(q) at Q=0.54m/c, very close to the length of
the nesting vector separating the zone-3 and zone-4 sur-
faces along the M l. line. Since th—e Fermi-surface
geometry is the most important factor governing the posi-
tion of the peaks in X(q), we may adjust the theoretical
value of Q using the experimental areas of the e and g or-
bits. Both measured areas are smaller than predicted by
theory, implying that the length of the nesting vector and
position of the peak in g(q) have been overestimated. If
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the shapes of the theoretical e and g orbits are kept fixed
while the sizes are reduced until the areas agree with ex-
periment, the contribution of the zone-4 sheet to the nest-
ing vector along the M I. l—ine is reduced by 5%, the con-
tribution of the zone-3 sheet to the nesting vector is re-
duced by 21 /o, and the total length of the nesting vector is
reduced by 11% to 0.48tr/c. The experimental ordering
vector obtained by extrapolation from measurements on
L~ alloys' (where A' represents a rare-earth element) is
0.53m./c. Although these geometrical corrections to Q de-

grade the agreement with experiment, the agreement is
still very satisfactory in view of the approximation of con-
stant matrix elements in the calculation of X( q ).

V. CONCLUSIONS

We present data over an extensive portion of the Lu
Fermi surface, the best prototype surface for the elements
Gd through TID in their paramagnetic phases. The data
support a Fermi-surface geometry qualitatively similar to
that of isoelectronic Y, ' consisting of two nested sheets
with a webbing feature centered at I.. The surface is in

good qualitative agreement with RAPW calculations of
Keeton and Loucks, but recent self-consistent SO-
LAPW calculations by Tibbetts and Harmon provide
somewhat better quantitative agreement. The data sup-
port the existence of L-centered orbits arising from the
webbing at I. which has been associated with magnetic or-
dering of elements Tb through Tm.
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