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Ballistic phonon imaging in sapphire: Bulk focusing and critical-cone channeling effects
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Phonon imaging has been used to study the anisotropy of ballistic phonon flux in single crystals
of sapphire cut in several different crystallographic orientations. Three types of intense local maxi-

ma in phonon flux are observed in these images. The most prominent of these structure types corre-
sponds to mathematical singularities in bulk phonon focusing. The second type of structure, which
has not been noted in previous phonon-imaging experiments, is a nonsingular local maximum in

flux which can be quite sharp, and would evolve into a genuine singularity if the elastic constants
were appropriately changed. These "precursors" and the singularity structures are well predicted in

sapphire by Monte Carlo simulations based on the low-temperature elastic constants. The third

type of structure is intrinsic to the surfaces of the sapphire and is sensitive to the crystallographic
orientation and the quality of these surfaces. It corresponds to a concentration of transverse pho-
nons close to the critical cone for mode conversion between transverse and longitudinal waves at the
surface. We interpret this wave-vector channeling effect in terms of a longitudinal pseudo-surface-
wave that exists at the sapphire surface when it is either free or only weakly perturbed by an adjoin-

ing medium. In our experiments the adjoining medium is a metal film. A model for treating weak

mechanical bonding between two adjacent media is developed which is able to account qualitatively
for the width and intensities of the observed critical-cone structures. The existence of these new

surface-related structures signifies the potential usefulness of phonon imaging for characterizing
the scattering of thermal phonons at interfaces. In particular, our results provide a quantitative

measure of the elastic coupling between crystal and metal film. The weak nature of this coupling
helps to explain previously reported anomalous Kapitza resistance and phonon reflectivity of solid-

solid interfaces.

I. INTRODUCTION

Phonon-imaging techniques have been used successfully
in recent years in studying the complex directional depen-
dence of ballistic phonon transport in crystals at low tem-
peratures. ' In the typical phonon-imaging experiment a
point source of heat (generated by means of a focused
laser or an electron beam) is scanned across the metallized
face of a crystal, and ballisti'c phonons emanating from
this heated spot are detected by a superconducting bolom-
eter mounted on the opposite face of the crystal. The im-

ages that are generated in this way reveal pronounced
nonuniformity in phonon flux, and they invariably feature
sharp, well-defined structures corresponding to directions
in which the phonon flux is very much greater than, that
in the background.

In the past the principal cause of flux anisotropy has
been ascribed to a bulk effect known as phonon focusing,

whereby, in a crystal, the wave vector k and ray vector V
of a phonon are not, in general, colinear. As a conse-
quence, even with the assumption that the phonons enter-

ing the crystal have k vectors which are distributed uni-

formly in all forward directions, the concentration of pho-

non V's, and thus the energy flux, can vary enormously
with direction. ' The phonon constant- frequency sur-
face (slowness surface} is a useful construct in interpreting

this effect. A ray vector V= V co(k) is required to be
k

normal to this surface. A typical slowness surface (see,
e.g., Fig. 2} displays regions of positive and negative
Gaussian curvature and lines of zero curvature (parabolic
lines) separating these different regions. The smaller the
curvature of this surface at any point, the greater the ex-
tent to which ray vectors are grouped together in the
direction normal to this surface, and hence the larger the
flux enhancement in this direction. At the parabolic lines
this focusing effect becomes mathematically infinite, "
thereby yielding a singularity (caustic) in the phonon-flux
intensity. Phonon caustics have been calculated on the
basis of continuum elasticity theory for a number of crys-
tals, and these are in good agreement with the sharp struc-
tures that have been experimentally observed in phonon
images of crystals in the past.

In this paper we provide a detailed description of the
phonon-focusing patterns of sapphire (A1203), both from
a theoretical and experimental point of view. These pat-
terns conform to the trigonal symmetry (Laue rhom-
bohedral group Rl) of the sapphire crystal. One of our
phonon images is shown in Fig. 1(a). As can be seen, it
clearly displays the predicted pattern of caustics shown as
the thin solid lines in Fig. 1(c). In addition, our images
for sapphire contain two other types of we11-defined struc-
tures. The first of these is comprised of the pair of slop-
ing ridges running from the center to the lower corners of
the experimental image in Fig. 1(a). This feature is
predicted by bulk-focusing theory and corresponds to
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PIG. 1. (a) Ballistic phonon image for sapphire at 1.6 K. The detector and excitation faces are cut in the [1102]direction, referred
to conventional hexagonal axes, and both are highly polished. Bright regions indicate directions of high phonon Aux. The image
represents a +32 horizontal scan with the [1T02j direction at the center of the pattern. The time gates of the boxcar integrator are
set to accept the ST and FT modes. (b) Similar to (a) but with both faces of the sapphire roughened as described in the text (Sec. III).
(c) Theoretical map of the caustics for sapphire projected onto the viewing surface of (a) and (b). The fast and slow transverse caus-
tics are identified. The ST critical-cone channeling contour is given by the thick line. The scan line for Fig. I5 is indicated by the
dotted line. The dashed line indicates the position of the precursor.

large but not mathematically infinite phonon flux and is
indicated by the dashed line in Fig. 1(c}. Slight changes in
the elastic constants, however, can transform these ridges
into genuine singularities. Similar features have also been
observed in diamond' and quartz' and are, we feel, suffi-
ciently widespread to warrant closer attention and a
specific label. Since they generally seem to precede the
appearance of new caustics as the elastic constants are

varied, which in practice might be effected by the applica-
tion of stress or a change in the temperature, etc., we call
these features "precursors. "

Bulk focusing is only one of several processes influenc-
ing the directional dependence of phonon flux. Phonons
crossing the interface between the metal film, where they
are generated or detected, and the crysta1 substrate are
subject to whatever conditions prevail at this interface.
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References 14 and 15 pose some important questions on
this issue. Extensive calculations have been carried out on
the basis of acoustic mismatch theory, i.e., in the frame-
work of continuum elasticity theory and assuming perfect-
ly bonded (welded contact) adjoining media. ' ' For some
situations, these calculations predict fairly gentle varia-
tions of the transmitted flux with direction. Such features
are not easily verified in detail, since there are other fac-
tors (I/r falloff with distance, phonon scattering, etc.)
that have a comparable effect. In other cases, particularly
where acoustic mismatch is large and the crystal is highly
anisotropic, much more pronounced surface-derived an-

isotropy is predicted. ' A possible reason why experimen-
tal surface directivity effects have not been reported for
solid-solid interfaces in the past is that sufficiently smooth
crystal faces have not been employed in phonon-imaging
experiments. Surface roughness, on a scale that is large
compared with the dominant thermal-phonon wave-

lengths, will have the effect of smearing out any surface
directivity effect in accordance with the distribution of
surface normals, and therefore no sharp features from this
source should be observable. (Note, however, that bulk
focusing does not suffer the same fate. )

The sapphire crystals that we have used for obtaining
the phonon images displayed in this paper are optically
polished disks with surface roughness on a scale of less
than 100 A. ' They have revealed for the first time the
unambiguous presence of surface-derived anisotropy of
phonon flux in crystals. ' An examination of Fig. 1(a) re-

veals a striking feature not predicted by bulk-focusing
theory: This is the large oval-shaped band or halo that is

twisted into four small loops where it passes through pairs
of slow transverse (ST) caustics. Great simplification is

effected by translating this halo into a k-space distribu-

tion of ST phonons, thereby removing the dis-

torting effect of bulk focusing. The loops are eliminated,

and the k-space distribution that results is found to be
sharply peaked in directions lying very close to the critical
cone for mode conversion of ST waves to longitudinal (L)
waves at the crystal surface. The thick line in Fig. 1(c)
represents the calculated locus of these critical ST rays

projected onto the viewing surface, and comparison with

Fig. 1(a) shows that this contour is in good agreement
with the position of the experimental halo. In other sap-

phire crystals with different crystallographic orientations
of the surface, this new feature does not, in general,
resemble a halo, but in all cases its shape is accurately
predicted by the critical-cone condition. Moreover, there
is also an analogous critical-cone channeling structure for
fast transverse (FT) phonons.

%e will show in this paper that this channeling effect is
associated with an angular resonance that occurs in the
mode conversion of bulk T to evanescent L waves at the
sapphire surface when the crystal is quasifree, i.e., either
loosely bonded to the metal film, bonded to a Inetal film

of low acoustic impedance, or both. This type of reso-
nance is the signature of a pseudo-surface-wave, also
known as a leaky surface wave. Ideal bonding between the
two media (when the acoustic impedance of the metal film
is large) leads to the almost complete extinction of these

pseudo-surface-waves and is not able to explain the inten-
sity of the channeling structure. The pattern and intensity
of the critical-cone channeling of phonons can, however,
be qualitatively accounted for by admitting "flexible"
boundary conditions that allow for the relative displace-
ment of the two adjoining media at the interface. This
model is also able to account for our experimental obser-
vation that the appearance of the channeling structure is
quite insensitive to the type of metal used for the heater
film, provided that adequate adhesion to the sapphire sub-
strate is achieved.

II. PHONON IMAGING OF SAPPHIRE

A. Experimental

The experimental method in this work is modeled after
the technique first used by Northrop and Wolfe on ger-
manium. To study the directional nature of ballistic pho-
nons in crystals we produce a small heat pulse on one face
of the crystal and detect the phonons, emanating from this
spot, at the opposite face. The need for a large array of
phonon detectors is eliminated by slowly scanning the
heat source across the front surface and recording the
detector signal for each source location. A full image of
the phonon-flux pattern is stored in a computer and then
displayed on a television monitor through a video inter-
face.

The crystals used in this experiment were sapphire win-

dows, or disks, 2—3 mm thick and of several crystallo-
graphic orientations. All crystal faces were optically pol-
ished on a fine diamond lap and then buffed in a
chemical-mechanical polishing solution of Syton by the
supplier. ' This produced a surface that was smooth to
about 100 A over several millimeters, as measured by
dragging a diamond stylus of radius 2.5 pm over the sur-
face. High surface quality is needed to observe the surface
effects reported here.

The phonon detector used here is a 50&50 pm super-
conducting Al bolometer evaporated through a special
mask onto the sample. This mask is formed by scanning a
focused, Q-switched yttrium aluminum garnet (YAG)
laser beam across a I-pm-thick sheet of stainless steel to
cut the bolorneter pattern. The Al bolometer is 600 A
thick and thus has a small heat capacity and response
time on the order of 10 ns to incoming heat pulses.

The small size of the detector enables us to resolve
features in the flux pattern down to one degree of arc on
3-mm-thick samples. The bolometer is cooled to approxi-
mately 1.6 K and current biased so that the Al film is
halfway through its superconducting transition. Thus the
bolometer becomes a sensitive and fast detector of heat,
capable of fine angular resolution.

The heat source in these experiments is provided by
focusing a 200-mW Ar+ laser beam down to 50-pm spot
on a metal film, which has been evaporated onto the crys-

0
tal. The 5145-A light is modulated by an acousto-optic
device to provide a 100-ns pulses at a repitition rate of 100
kHz. The film prevents direct excitation of the bolometer
and provides a spatially localized Planck energy distribu-
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tion of phonons with instantaneous temperature of ap-
proximately 10 K. This implies R peak 1ntcnslty Qcal 600
GHz or 100-A. wavelength. We have found that Al,
Cu, and Ni films of 2000-A. thickness all result in very
similar phonon images, although the optical absorptivity
of the metal (which is largest for Ni) does affect the abso-
lute intensity of the images. On the other hand, our im-
ages obtained with Ag are very weak and nonuniform in
intensity, evidently because of poor adhesion between Ag
and sapphire.

The resulting signal from the bolometer is amplified by
a fast preamplifier and then averaged by a boxcar integra-
tor gated to accept both transverse phonon modes. This
averaged signal is sent to a Digital Equipment Corpora-
tion LSI-11/23 computer that records the signal level and
the position of the laser spot in the form of a 256 X256 ar-
ray. The computer also controls the scanning of the laser
spot across the face of the sample through two steering
m1rrors attac11cd 'to pi cclsioil galvanomctcrs. Tllc filial
256+256 arIay can thcQ bc displayed On a v1«ico monitor
for analysis. The experimental and theoretical images
presented in this paper are photographs of this monitor.

B. Phonon focusing theory

Bulk elastic anisotropy has a dramatic influence on the
ballistic propagation of phonons in crystals. While a
number of factors are mvolved, the most 1mportant con-
tribution comes from phonon focusing. This effect has
been discussed by a number of authors, ' " and so only a
brief summary of thc salient p01nts 1s glvcn herc. Thc
phonon flux emanating in any direction, from a point heat
source, is directly proportional to the phonon amplifica-
tion factor A for that direction. This is the factor by
which differential solid angles in k space are reduced
when mapped into V space, and consequently the factor
by wh1ch phonoIl I'Ry vccto1 s become conccntratc«I 1Q

direction compared with their k vectors.
The ray vector, V= V'-„co(k),of a phonon is required to

be normal to its surface of constant frequency m(k) in k
space. In the long-wavelength limit, where phonon veloci-
ties are independent of frequency, the simple scale change
k~k/co(k) has the effect of collapsing all the constant-
frequency surfaces onto a single surface, known as the
acoustic slowness surface. The tendency of phonon
ray vectors to group in any direction clearly is dependent
on the curvature of the slowness surface, and in fact it can
be shown that""

'=(S VEC/,

where S=k/co(k) is the slowness vector and IC is the
Gaussian curvature of the slowness surface. Figure 2
shows the slowness surface of sapphire. Because of elas-
tic anisotropy this surface is noticeably nonspherical; there
are regions where this surface is entirely convex, i.e., both
of the principal curvatures are positive, and there are
saddle-shaped regions where the two principal curvatures
are of opposite sign. Along the lines of parabolic points
that separate these different regions, the Gaussian curva-
ture, which is the product of the two principal curvatures,

is zero. The phonon amplification factor therefore varies
gI'catly with d1rcctlon, Rnd along thc parabolic 11ncs~ where

=0, it becomes infinite, yielding the caustics shown,
for example, in Fig. 1(c).

The ray surface of sapphire is shown in Fig. 3. It
represents the locus of the extremities of ray vectors
(group-velocity vectors) pointing out from the origin. It is
multiply foM.cd 1Q a coIIlplcx way. Thc folding c«igcs RI'c

composed of V's corresponding to parabolic points on the
slowness surface and therefore directions of infinite focus-
Illg. Wllcll projected ollto a givcII vicwiIlg surface tllcsc
folds yield the singularity lines or caustics in the phonon
images. Within the folding system for each real-space
dlrcctlon thc1c RIc scvcrRl I'Ry vcctoI's, Rll ln genclal asso-
ciated with different k-space diI'ections.

A convenient method for predicting the overall
phonon-flux pattern is to generate a large number of ran-
dom di.rections in k space, compute the group-velocity
directions for each of these k's, and then project these
rays onto the specific viewing surface. The density of ray
vectors in a small region on the viewing surface is propor-
tional to the phonon-flux intensity along that propagation
direction. This Monte Carlo technique has been used, for
instance, in generating the theoretical phonon images in
Fig. 4(a), which applies to the same crystallographic orien-
tation as the experimental image of Fig. 1(a). The utility
of th1s tcchn1quc 1s thRt 1t conveys informati011 on thc
phonon flux in all directions and reveals the existence of
not only genu1nc s1ngular1t1es but also nonsmgular max1-
ma in the phonon intensity. Comparative intensities of
various features are also revealed in these Monte Carlo
IIIlages.

C. Focusing effects in sapphire

Ballistic phonon images for c-cut sapphire, obtained by
electron-beam excitation, have recently been reported by
Eichele, Huebener, and Siefert in Ref. 4. Previous work
on phonon focusing in sapphire includes three-
dimensional theoretical plots of the phonon-flux intensity
by Rosch and Weis (Ref. 7), a partial analysis of singulari-
'ty structures by Taborck RIld GoodstciII (Rcf. 11), RIld usc
of optical methods for detecting ballistic phonons by Ka-
plyanskii et al. (Ref. 8).

%e have obtained experimental phonon images for sap-
phire on samples of three different crystallographic orien-
tations. Images for the first of these orientations, which
has faces cut in the [1102j direction, have been shown in
F1g. 1, Rnd thc coIYcspoIldlng Monte Carlo image has bccn
provided in Fig. 4(a). The "halo" seen in Fig. 1(a) is a
surface-dependent feature that will be discussed in the
next two sections. As can be seen in Fig. 1(b), when both
surfaces of the sapphire are roughened this halo disap-
pears. The remaining structures in the image are all due
to bulk focusing.

The longitudinal sheet of the slowness surface for sap-
phire is entirely convex, and hence there are no lines of
parabolic points to give rise to focusing singularities. For
completeness we show this sheet and the corresponding
sheet of the wave surface in Figs. 2(c) and 3(c). However,
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FIG. 2. Slowness surface for sapphire. It shows a gnd of
lines of constant Ok and Pk at 5-deg intervals in the range
—30'&Pk & 120' and 0'& Ok & 180'. The lines of zero Gaussian
curvature are shown as heavy lines. The Cartesian axes are
oriented with respect to the standard hexagonal axes as follows:
X~)[1120], Y~([1100], Z(~[0001]. (a) ST sheet. lbl FT sheet.
(c) L sheet.

FIG. 3. Ray surface for sapphire. It has been constructed by
mapping out the set of group velocities corresponding to the gri
of slowness vectors in Fig. 2. The lines along which this surface
is folded correspond to the lines of zero Gaussian curvature in

Fig. 2. The dashed curves correspond to ellipses of conical re-
fraction. (a) ST sheet. (b) FT sheet. (c) L sheet (reduced in
size by a factor of 2).
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FIG. 4. (a) Monte Carlo calculation of the focusing pattern of
sapphire for the same situation as in Fig. 1. This and later
theoretical images are each composed of about 10 ray vectors.
The computation requires about 20 min of CPU (central pro-
cessing unit) time on a Digital Equipment Corporation computer
VAX-11/750. (b) Monte Carlo image for germanium centered
on the [100] direction. Interesting similarities can be seen be-
tween the images for sapphire and germanium.

the time gates for the experimental image were set to ac-
cept only slow transverse (ST) and fast transverse (FT)
phonons emanating from the pulsed heat source. Like-
wise, the Monte Carlo image contains the flux pattern for
ST and FI' phonons but not for L phonons. Comparison
between Figs. 1(b), 1(c), and 4 shows that there is good
agrccmcIlt bet%'ccn thc experimental Rnd thcolctlcal im-'

ages. The ST focusing pattern is composed of the
necktie-like structure in the upper center, the horizontal
"bar" across the center, and the vertical pedestal-like
structure in the lower center of the image. The remaining
structures, i.e., the narrow V-shaped band passing below
the necktie-like structure to the upper corners and the two
sloping ridges of high but nonsingular phonon intensity
running from the center to the lower corners, are due to
PI' phonons. Comparison with the ray surfaces shown in

Figs. 3(a) and 3{b) reveals the correspondence between the
caustics in the images and folds in the ray surface.

The two sloping FT ridges in the lower half of the im-
age match the highly distorted regions of the ray surface
where this surface is almost folded over on itself. In fact,
it requires only modest changes in the elastic constants in
order for the ray surface to develop pairs of folds along
these distorted regions and in order for the sloping ridges
in the phonon images to be transformed into genuine caus-
tlcs. SlIIlllar %veil-deflncd edges have bccn observed ln ex-
perimental images for diamond' and quartz' and also
appear in theoretical images for numerous other sub-
stances. In general, they are precuI'sors of genuine singu-
larities, should the clastic constants be altered in a suitable
way. In practice, this might be accomplished, for in-
stance, by atomic substitution, externally applied stress, or
variation of temperature. In the case of sapphire the
changes in the elastic constants that affect this transfor-
mation bring the crystal closer to a situation of cubic sym-
metry and to an imaging pattern similar to that for ger-
manium shown in Fig. 4(b). Comparison of Fig. 4(a) and
4(b) shows the interesting similarities between the images
for these two crystals of different symmetry. In this par-
ticular case the precursors could therefore be regarded as
relics of broken symmetry.

Thc second sapphllc saII1plc wc have studlcd has sul-
faces normal to the crystallographic c axis. An experi-
mental image obtained with this sample is shown in Fig.
5(a), and the Monte Carlo image for this view is shown in
Fig. 5(b). These images display the required threefold ro-
tational symmetry and three Inirror symmetry planes. As
with the previous orientation, only the effects of ST and
FT phonons are shown. The various focusing structures
identified for the previous orientation can be seen in this
onc also.

The additional features unaccounted for by bulk pho-
non focusing are the three faint X's inside the lower por-
tions of each necktie-like structure. This surface-
dependent feature is more easily discernable in the en-
largement shown in Fig. 6{a) and will be discussed in the
next section.

The predicted pattern of caustics for this orientation is
shown in Fig. 5(c). A theoretical image for the enlarged
view is shown in Fig. 6(b). It has been calculated with the
use of elastic constants measured by the cw resonance
technique and extrapolated to 2 K. Comparison between
Figs. 6(a) and 6(b) shows the theoretical image to be quali-
tatively correct, but some minor quantitative differences
remain. Figure 6(c) has been generated using elastic con-
stants measured by the pulse-echo techmque, also extra-
polated to 2 K. This second theoretical image is in better
agreement vnth the experimental image even though the
elastic constants were varied by only 1—5% from Fig
6(b). This sensitivity of phonon images to the precise
values of elastic constant ratios provides a useful check on
the low-temperature values of these constants. In princi-
ple, one can determine these ratios from scratch using this
technique.

An experimental image for our third sapphire sample is
shown in Fig. 9(a). All the focusing structures observed
for the other two orientations are present in this image as
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p onon image for sapphire with faces cut normal to the crystallographic c axis and polished. The image
represents a radial scan of 58 . (b) Monte Carlo image for the same situation

'
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'
n as in a . e ca cu ate critical-cone contours is denot-

e y t e sequence of dots. The intensities of the dots are determined by the polarizatio d't' d d
'

~ ~

ariza ion con ition iscussed in tne text. (c) Line
drawings of the caustics and of the critical cone contours for the same orientation as (a) and (b).

well. This image contains additional information on
critica1-cone channeling and will be discussed further in
the next section.

III. CRITICAL-CONE CHANNELING:
EXPERIMENTAL AND GEOMETRICAL ASPECTS

As pointed out in the preceding section, there are struc-
tures in the ballistic phonon images of highly polished
sapphire that cannot be explained on the basis of bulk
focusing alone. These additional features correspond to a

sharply peaked angular distribution of phonon wave vec-
tors. The phonon image shown in Fig. 1(a) contains a
striking feature that is almost invisible in the accompany-
ing phonon image in Fig. 1(b), which was obtained from a
crystal of the same orientation but with surfaces
roughened with a 1-pm diamond paste. The feature re-

ferred to is the large oval-shaped band or halo that is
formed into four loops where it passes through pairs of
ST caustics. Bulk-phonon focusing on its own does not
predict the existence of this halo, although from the way
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FIG. 6. (a) Enlargement of portion of the experimental phonon image of Fig. 5. (b) Theoretical image for the same situation as in
(a), calculated with the elastic constant values Ci i ——495.0, C» ——161.1, Ci& ——111.1, C« ———22.2, Czz =499.9, C44 —147.7, all in units
of 10' dyn/cm . These have been obtained by extrapolation to 2 K from values given in Ref. 25. (c) Theoretical image obtained us-
ing the elastic constant values C)I ——495.2, C)2 ——165.4, C)3 ——113.0, C)g ———23.2, C33 —493 2, C~ ——148.8, all in units of 10'
dyn/cm . These are low temperature values extrapolated from values given IRef. 26.

the halo is deflected at the caustics it is evident that focus-
ing does have an influence on its ultimate shape. In this
section we discuss some simple geometrical ideas that al-
low the propagation directions and relative intensities of
these wave-vector channeling structures to be predicted.
There seems to be no evidence of wave-vector channeling
features in the phonon images for sapphire obtained by
Eichele et al. This probably stems from different surface
conditions of the samples used in their and our experi-
ments.

The sensitivity of the halo to surface condition and, as
we shall see, also to surface orientation, shows that this
new feature originates at the metal-crystal interface. Its
existence implies that the phonon-transmission probability
at this interface is strongly peaked along certain wave-
vector directions. This wave-vector channeling effect is
intrinsic to both interfaces. At the heater interface it re-
sults in a phonon distribution in the crystal that is rich in

k s along certain directions, whereas at the opposite inter-
face it favors the transmission of phonons with certain
selected k's from the crystal into the detector. Roughen-
ing one of the two faces of the crystal reduces the overall
intensity of the channehng structure by about a factor of
2, while roughening both surfaces almost eliminates this
feature, as Fig. 1(b) shows.

The roughening we have carried out has been on a scale
( —1 pm) that is large compared to the dominant phonon
wavelengths, which are on the order of 100 A. One of
the actions of the roughening is to present to different
phonons crossing the interface surface segments that are
tilted ln a variety of directions with 1'espect to tile avel'age
surface normal. Thus any channeling taking place at the
interface is smeared out in accordance with the distribu-
tion of surface-segment orientations. If this is a broad
distribution, there is unlikely to be any clearly defined
surface-derived structure surviving. Bron et al. (Ref. 15)
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have suggested a similar mechanism hindering the
piezoelectric generation of high-frequency phonons in
quartz.

The characteristic that distinguishes the phonons in the
halo of Fig. 1(a) from other phonons is that in the former
all lie very close to the critical cone for mode conversion
of ST to L waves at the crystal surface. ' In this phonon
image there is also the faint presence of an analogous
channeling structure for FT phonons.

The physical significance of the critical cone is por-
trayed in Fig. 7, which shows a schematic section of a
slowness surface. For clarity only the L and one T sheet
are shown, although critical cones do exist for both trans-
verse sheets and are discussed below. In general, when a
wave is incident on a crystal surface, it gives rise to three
reflected waves. All of these have the same frequen-
cy and are phase matched in the surface, i.e., they all have

the same wave-vector component k~~ or slowness com-
ponent S~~=k~~/~ in that surface. When an incident T
wave approaches at a small angle to the surface normal,
i.e., S, lies un thin 'the critical cone, the three outgoing re-
flected waves are all bulk waves, having real components
Si of slowness normal to the surface. As the incident T
wave approaches the T—+L critical cone, the ray vector
for the reflected L wave tilts over and ultimately becomes

parallel to the surface. The slowness Si of the longitudi-
nal wave does not, in general, at this stage lie in the sur-

face, and, furthermore, the ray vectors V, of the incident
T wave and Vi of the reflected L wave do not, in general,
lie in the sagittal plane, i.e., the plane containing the
slownesses SI and S, and normal to the interface. %'hen

S, lies outside the critical cone, no bulk L wave is pro-
duced, but instead there is an evanescent L wave confined
to the surface. The slowness vector for this L wave has
component Sj, which is complex, the imaginary part re-
sulting in the exponential extinction of the wave away
from the surface.

The computational procedure we have followed has
consisted in parametrizing the problem with respect to po-

lar coordinates 8, and P, of S with respect to the normal
to the surface. The azimuthal angle P, was set as a se-

quence of values spaced at regular intervals. For each
value of P, a root-finding technique was employed to lo-
cate the polar angle 8, that rendered the ray velocity

FIG. 7. Schematic view of section through a slowness surface
showing the critical-cone condition.

Vl(8„$,) parallel to the surface. The corresponding value
of Si was obtained in the process.

The second stage of the calculation was to find the S, in
this sagittal plane (same P, but different 8, ) that satisfied
the phase-matching condition. The associated ray vector
V, was then obtained and projected onto the opposite face
of the crystal to determine the point of arrival of the asso-
ciated portion of phonon flux. The totality of such S,
vectors, for each of the experimental surface orientations
of sapphire, turns out to lie fairly close to a circular cone
of half-angle about 34'. [Indeed, if one were to assume
elastic isotropy, this cone would be perfectly circular, and
the half-angle would be O, =arcsin(C~/C~~)'~ -33'.]
The mapping to V space, however, results in the much
more complex curves shown in Figs. 1(c), 5(b), 5(c), 8(a),
8(b), and 9(b). This is because the cone intersects regions
of curvature of different sign in the slowness surface, and
hence the critical cone rays follow a contour on the ray
surface that meets and is deflected by folds in that sur-
face. A comparison between the experimental and calcu-
lated results shows that, as regards the location of the
critical-cone channeling, agreement is extraordinarily
good.

For the first orientation of sapphire, the FT channeling
structure is very much fainter than the ST channeling
structure. The reason for this can be attributed to the fact
that the phonons comprising the FT structure for this par-
ticular orientation all happen to have polarization vecors
directed very nearly perpendicular to the sagittal plane.
Such phonons are expected to participate only weakly in
mode conversion (in the case of an isotropic medium,
waves of this type do not mode convert at all) and thus
show little sign of critical-cone effects. For the other
crystal orientation on which we report, this is not the case,
and both ST and FT channeling structures are in evidence.

We demonstrate below that the simple expedient of pro-
jecting the polarization of the T phonon onto the sagittal
plane and squaring is able to account fairly accurately for
the relative intensities of the two critical-cone channeling
structures. This weighting procedure has been used in cal-
culating the critical-cone structures for the first orienta-
tion shown superposed on a theoretical phonon image in
Fig. 8(a). The FT channeling structure is extremely faint
compared to that of the ST structure, and the ST structure
matches accurately the halo in the experimental image of
Fig. 1(a). The calculated channeling structures for the c-
axis orientation, taking account of the polarization depen-
dence of the intensity, are shown in Fig. 5(b) superim-
posed on a theoretical phonon image for this orientation.
In this case the FT channeling structure is actually much
more intense than the ST structure, but the FT channeling
structure lies entirely within the intense triangle-shaped
band of FT caustics and is difficult to discern in both the
experimental [Figs, 5(a) and 6(a)] and theoretical [Fig.
5(b)] images for this orientation. In order to reveal the
shape of this structure unobscured by the FT caustics, it is
shown again in Fig. 8(b), which contains a line drawing of
the ST caustics with the FT caustics omitted. The ST
channeling structure for this orientation only acquires ap-
preciable intensity within the lower regions of the
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FIG. 8. {a) Monte Carlo image corresponding to Fig. 1.
Critical-cone contours are shown by the sequence of dots, the in-

tensity of which are determined by the polarization condition.
(b) ST and FT critical-cone contours superposed on line drawing
of ST caustics for the same situation as in Fig. 5.

FIG. 9. (a) Experimental phonon image for sapphire with
surfaces cut normal to the direction (0=55', /=7'i and pol-
ished. (b) Line drawing of caustics and dotted critical-cone con-
tours.

necktie-like structures, where it takes on the appearance of
a set of X's. These accurately match the corresponding
faint structures in the experimental images of Figs. 5(a)
and 6(a).

A third crystal orientation with surface normal to the
direction [8=55', /=7'] shows a more even mixing of the
two channeling structures. The experimental image is
shown in Fig. 9(a), and the predicted channeling structures
superimposed on a line drawing of the caustics are shown
in Fig. 9(b). In this case, both FT and ST structures can
be seen and there is reasonable agreement between theory
and experiment as regards the location and intensity of
these structures.

There are other types of modes conversion, with atten-
dant cones of critical directions, that might also give rise
to wave-vector channeling. The most obvious of these is
ST~FT conversion. The convoluted shape of the slow-
ness surface for elastically anisotropic media, however, al-

lows for other possibilities also. Depending on the orien-
tation of the crystal surface with respect to concave and
saddle-shaped regions of the slowness surface, mode con-
version within a single transverse branch may occur. This
phenomenon has been discussed in some detail by Mus-
grave and Henneke. %'hen it does occur there are reen-
trant critical directions corresponding to the reemergence
of a bulk wave from an evanescent wave as the angle of
incidence is increased For larger ang. les of incident there
will be further critical directions where these bulk waves
again give way to evanescent waves.

For sapphire these ST—+FT and other critical directions
occur at fairly large angles to the surface normal, and so
any channeling structures they might lead to lie out of the .

field of view of our experimental images. For this reason
we have not investigated these in detail.
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IV. CRITICAL-CONE CHANNELING: LOOSE
BONDING MODEL OF AN INTERFACE

A. Loose bonding between two isotropic solids

The geometrical arguments of the preceding section en-
abled the shapes and relative intensities of the critical-
cone structures to be predicted. They did not, however,
explain the existence of these structures nor account for
their finite width or their absolute intensity. In this sec-
tion we present some preliminary results drawn from a
physical model of two isotronic elastic solids loosely bond-
ed to each other. This model is able to provide useful in-

sights into the nature and origin of these observed struc-
tures and to identify conditions that are favorable for
critical-cone channeling. The model is also able to ac-
count qualitatively for the intensity variation across the
width of the channeling structures and to explain the corn-
parative insensitivity of these structures to the type of
metal heater film used.

The impetus for developing our model derives from in-

formation contained in Fig. 10. The inset in this figure
shows graphically the conditions for mode conversion at a
surface of a transverse wave that is polarized in the plane
of incidence. When the incident angle 0 is less than

8, =arcsin( Vt/Vl ), there are both longitudinal and trans-
verse reflected waves that meet the k ~~-conservation condi-
tion. When 0& H„nolongitudinal wave has a sufficiently

large k vector to satisfy k~~ conservation. The condition

+k& =kl =~ IVI can howev«be satisfied by taking
kz to be imaginary, i.e., corresponding to an evanescent
wave with displacement exponentially decreasing away
from the surface The d. ashed lines in the inset represent
imaginary values of kq. Figure 10 shows the squared am-

plitude
~

I
~

of the reflected L wave for a unit-amplitude
incident T wave. Three different conditions are depicted:

(a) The sapphire surface is traction-free, i.e., o,znj =0,
where o;J is the stress tensor and n =(n;) is the normal to
the surface.

(b) The sapphire surface is perfectly bonded to Cu.
This reqiures continuity of traction force o;Jnj and dis-
placement field u = (u;) across the interface.

(c) The sapphire surface is loosely bonded to Cu in the
sense to be explained later in this section.

In each case the directions of the outgoing waves are
governed by Snell's law, and the amplitudes are deter-
mined by the boundary conditions. As can be seen in Fig.
10, in case (a) there is a pronounced angular resonance in

~

1
~

lying just beyond the critical angle 8, =33'. This
resonance can be interpreted as the signature of a longitu-
dinal pseudo-surface-wave.

It is worth reiterating here what the distinction is be-
tween a true surface wave and a pseudo-surface-wave. A
true surface wave is a wave that satisfies the boundary
conditions and that is composed of phase-matched evanes-
cent partial waves only (i.e., no bulk partial waves). For a
free surface this wave is known as a Rayleigh wave, and it
consists of at most three partial waves (or two if the medi-
um is isotropic), while for an interface between two dif-
ferent media it is known as a Stonely wave and is com-
posed of at most six partial waves (or four if both media
are isotropic). The Rayleigh wave is represented schemat-
ically by the small squares in the inset of Fig. 10. The
sizes of these squares indicate the relative magnitudes of
its partial waves. The velocity of a surface wave is less
than that of any of the bulk waves in the relevant direc-
tion, and so it does not phase match to any bulk waves at
the surface. A pseudo-surface-wave, on the other hand,

I

8 =55
I

C

I

I

(0)
I

I

I

k(I k((

oo

FIG. 10. Mode conversion from transverse to longitudinal waves at a sapphire/copper interface. The sapphire is taken to be iso-

tropic with the sound velocities being V,I
——11.1 km/sec and V„=6.04 km/sec and density p, =3.986 g/cm, and the corresponding

values for Cu are V ~
——4.70 km/sec, V, =2.26 km/sec, and p =8.93 g/cm (see Ref. 16). (a) no bonding, (1) perfect bonding, (c)

loose bonding with coupling parameters +II = 1.0, o:&——1.1.
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has a velocity along the surface that is intermediate be-
tween the largest and smallest bulk velocities in its direc-
tion, and it is composed of both bulk and evanescent par-
tial waves but with the amplitudes of the euanescent wave
component being much larger than the bulk uraoe com-
ponent. If the evanescent component is excited at the sur-
face, this wave will propagate a considerable distance
along the surface, only slowly radiating energy away from
the surface into its bulk wave component (hence the name
"leaky surface wave"). The pseudo-surface-wave is
represented by the small circles in the inset of Fig. 10.
The sizes of these circles indicate the relative magnitudes
of the components.

The existence and location of the pseudo-surface-wave
resonance in

~

I
~

for the free sapphire surface strongly
suggest the participation of this wave in the observed
critical-cone channeling effect. Actually, case (a) is of for-
mal interest only as there cannot be any phonon transmis-
sion across a free surface. On the other hand, we see in
Fig. 10 that the pseudo-surface-wave resonance is almost
totally suppressed when there is an ideal bond [case (b)]
between the sapphire and Cu, or any other material of
large acoustic impedance for that matter. The experimen-
tal situation would therefore appear to correspond to some
sort of imperfect bonding as represented, say, by case (c)
in Fig. 10. How might an intermediate or weak type of
mechanical bonding therefore arise, and what is the sim-
plest way of modeling it mathematically'

The granular metal films used in this investigation were
produced by vapor deposition onto the crystal substrate,
the surfaces of which had not been specially cleaned, al-
though a rinse in ethanol and acetone before evaporation
was usual. One might reasonably therefore expect the ex-
istence of a complex boundary layer between the metal
and crystal that is composed of water vapor, possibly
some hydrocarbons, oxides, highly disordered metal
atoms, microvoids, etc. It is difficult to gauge on a
priori grounds what the precise acoustic characteristics of
such a boundary layer are going to be. Indeed they will
most probably vary depending on the prior history of the
particular sapphire surface, how it has been handled, its
temperature during evaporation of the metal film, and so
on. The thickness of this boundary layer may well vary
from point to point on the crystal surface, and the effec-
tive density and elastic constants can be expected to vary
across the layer. Based in part on the weak acoustic cou-
pling indicated by our experiments, we picture the general
character of the boundary-layer material as loose and
spongy rather than tightly coordinated, and thus the aver-

age density and elastic constants, and hence acoustic im-

pedance, should be less than those of the adjacent bulk
media. It is attractive to think that one might represent
this type of boundary layer as a distributed compliance. If
we ignore possible inertial effects associated with this
compliance, then the traction forces o.

;J (0 )nj and
cr;J(0+)nj on the two sides of the interface are necessarily
equal. In our model, we will allow a discontinuity in the
displacement field at the interface, requiring only that the
traction force be proportional to the relative displacement
hu;=u;(0+) —u;(0 ) between the two media. The sym-
metry of the situation dictates that when the relative dis-

E yllp
II=

yr(A, '+ 2p')
Eq —— (4)

where a is a lattice constant, A,
' and p' are conveniently

chosen Lame elastic constants ' that could, for instance,
be taken to be those of sapphire (which we are here assum-
ing isotropic), and y~~ and yr are two dimensionless num-
bers. VA'th the assumption that the effective elastic modu-
li of the boundary layer are small compared to those of
the crystal and that the thickness of this layer is larger
than the lattice spacing a, it follows that yll=yg«1.
Also, we show in the Appendix that if the boundary-layer
material satisfies the thermodynamic constraints on bulk

placement points along the interface, the traction force
should be parallel to this displacement, while for a relative
displacement normal to the interface the traction force
should again be parallel to the displacement. The restor-
ing force constants K~~ and Ki (per unit area of the inter-
face) for these two directions will be treated as indepen-
dent parameters of our model. When the relative displace-
ment points in an arbitrary direction, its components nor-
mal and parallel to the interface are (b, u. n )n and
hu —(Au n)n, respectively. The traction force can be
resolved in a similar way. Making use of the proposed
proportionality between the forces and displacements, one
obtains immediately that

cr;J(0 )nj =o;J(0+)nj

=Kr(bu. n)n;+K~~(bu; —(bu n)n;)

=[K~~5)+(K, K~~—)n;n)]du& .

In our model this set of six equations describing nonideal
mechanical bonding between the two media replaces the
normal boundary conditions for ideal bonding. In the
weak-coupling limit, i.e., K~~,K&~0, Eq. (2) reverts to the
boundary conditions for two independent traction-free
surfaces, while the strong-coupling limit E

I I

E
yields the conditions that apply to perfect bonding, i.e.,
continuity of displacement and traction force across the
interface.

The appendix discusses some circumstances under
which these boundary conditions would adequately
represent the boundary layer. There is a higher cutoff fre-
quency beyond which this approximation breaks down.
Variation of XII and K& along the interface is readily ac-
commodated in this theory, providing that it takes place
over distances on a scale that is large compared to the

0
dominant phonon wavelength ( —100 A in our experi-
ments). If this variation takes place more rapidly than
this, local translational symmetry in the interface is lost
and the k-vector selection rules for phonon transitions
break down. It is evident from the homogeneity of the ex-
perimental halos that the long-range variations are quali-
tatively rather small.

On purely dimensional grounds it is possible to express
K„andK, int cform
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media (which seems plausible although it is not rigorously
required), then Kj ) 3 K~~ & 0.

B. Calculation of differential spectral emissivity

The adaptation of conventional acoustic mismatch
theory to accommodate the boundary conditions postulat-
ed above is straightforward. Phonon transition probabili-
ties at the interface are, as usual, given by the power
transmission and reflection factors for incident acoustic

for the two media. There are no displacements normal to
the plane of incidence and consequently no traction forces
in this direction. Two of the six boundary conditions are
therefore automatically satisfied. The amplitudes
I,t, I„,I t,l, of the four outgoing waves are deter-
mined by the requirement that the sum of the five partial
waves should satisfy the remaining four boundary condi-
tions. This yields the set of four inhomogeneous linear
equations for the (complex) amplitudes:

waves.
To illustrate how the calculation of these factors

proceeds, we consider an L wave of unit amplitude and
frequency to incident on the interface. The displacement
of this wave is given by

A11 A12 A13

A21 A22 A23

A41 A42 A43

A 14 r„
A 34 ~mI

A44

83
84

i( k ~ r —et)u=x e

where x is the polarization vector of the wave, r is posi-
tion, and t is time. This gives rise to a total of four outgo-
ing waves as shown in Fig. 11, an L and an SV (transverse
wave polarized in the plane of incidence) wave in each of
the two media. The postulated boundary conditions
preserve translational symmetry in the interface, and so
the five partial waves are phase matched in the plane, i.e.,
their wave-vector components, k~~ =k sin8=(co/V)sin8, in
the plane are all identical. Therefore the directions of
these waves are related by Snell's law

i V.r
(A,, +2p, )to

(10)

where the coefficients A,J and BJ are functions of (i) the
various angles, (ii) ratios of Lame elastic constants A,„p„

, and p for the two media, and (iii) the dimensionless
parameters

x(( v„
II Pc

sinOc~ sine« sinOm~ sin~m~ For example, typical coefficients are

where the V's are the different wave velocities, with the
subscripts denoting the mode, L (l) or T (t), and the medi-
um crystal (c) or metal (m). The stress fields accompany-
ing these waves are derived from the stress-strain relation-
ships

c+2Pc'
(iaqcos8, t+2 sin 8« —1)

pcsln0cI

sinO, IB2= —la~~ . —2cos8 I .
sin8«

(12)

p, )
~rrr
e~ ~m

BQ; BQJ BQk

rz r;

Ap- 2&Q 27M

Equation (8) is solved numerically to obtain the ampli-
tudes. A similar calculation yields the outgoing waves for
an incident SV wave. To accomodate the multitude of
scattering channels, we will employ the notation I 1 for
the amplitudes, i =cl, ct, ml, or mt specifying the incident
wave and j=cl, ct, ml or mt specifying the outgoing wave.
The power factor of phonon-transition probability for
mode i to mode j is given by

pJ. VJ i

Ii'
i

cos8i
(13)

p; V;cosO;

The transition probabilities are dependent on frequency
through the coupling parameters a~~ and az. On setting

a~~ -a&-1, we arrive at a characteristic scale of length

kmt

FIG. 11. Reflection and refraction of a longitudinal wave in-
cident on a sapphire/metal interface.

against which the phonon wavelength A may be com-
pared. For A~&Ap, one has that a~~, a&~&1, and the inter-
face is seen as nearly ideally bonded, while for A «Ao,
one has that a~~, aj &&1; the effect is as if the two media
were not joined at the interface and there is no transmis-
sion across the interface. The heat pulses used in our ex-
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Moreover, the peak has essentially the same shape as that
in the Cu/sapphire case, i.e., it is skewed, rising more
steeply on the inside (small 8). It is clear, therefore, that
this resonance is a feature that is intrinsic to the sapphire
surface and is not strongly influenced by the adjacent met-
al film and the coupling constants, providing the coupling
is "weak. " Interestingly, we note that for a~~, aI&& 1, in
the case of Al/sapphire, the resonance is still present al-
though reduced in intensity compared to that of the back-
ground. The reason for this is that the acoustic im-
pedance of Al is appreciably smaller than that of sapphire,
and so the sapphire surface is not as constrained as when
it is bonded to Cu. In fact, reducing the acoustic im-
pedance of the metal film has almost the same effect in
enhancing the relative intensity of the resonance as reduc-
ing the magnitude of the coupling parameters. In the case
of a second medium of very low acoustic impedance com-
pared to that of sapphire, the resonance is fully developed
even for perfect coupling.

This effect is reminiscent of the phenomenon of
critical-angle reflectivity that is used as a diagnostic tool
for examining surfaces and that has also been invoked in
connection with the Kapitza resistance between solids and
liquid helium. In this case a compressional wave in a
liquid is used to excite a Rayleigh wave in a solid surface,
and a resonant dip appears in the variation of the reflec-
tivity with direction. In critical-angle reflectivity, the
acoustic impedance of the liquid is, in general, consider-
ably smaller that that of the solid, and so the Rayleigh
resonance is only slightly broadened, and the need to con-
sider modified boundary conditions (as done here) appears
not to have arisen. An important distinction between the
two effects is that the Rayleigh wave, unlike the pseudo-
surface-wave, does not phase match onto any bulk acous-
tic wave in the solid, and so some form of attenuation
mechanism, such as scattering by dislocations or free elec-
trons, must be invoked for removing energy from the Ray-
leigh wave. For the pseudo-surface-wave, energy is natur-
ally removed from the surface by the bulk-wave com-
ponent. Bulk attenuation is not required and, in fact,
would tend to mask the observed effect since it would lim-
it the transmission of the ballistic T phonons through the
crystal. Certainly there can be appreciable attenuation in
the metal film. Our calculations, however, show that at-
tenuation there has very little influence on critical-cone
channeling.

flow LJ(T,8), which is obtained by integrating Eq. (15)
with respect to co:

L~(T,8)= f f~(co, T)eJ(m, 8)cos8d~

=gj(T)ei(T, 8)cos8,

where

~k~4 T'
J 12~3y2g (T)=

(20)

ATe (T,8)= — —e — x, 8 dx
e —1' (22)

is the differential emissivity of the interface.
Figure 14 shows e«(T, 8) for the Cu/sapphire interface

for several values of

~II T,

kJI T/fico ir T (23)

'Vx TI

kgT/%co m. T '

where the two quantities

(24)

T= V—
k "a

m
TI —— V

kII
' a

are temperatures on the order of the Debye temperature
TD. As can be seen in Fi.g. 14, when g~~ and gz are of or-
der 1 or smaller (i.e., T is sufficiently high so that the
dominant phonons experience reasonably loosely bonded
conditions at the interface), as with e«(co, 8), a peak occurs
just beyond 8, . The averaging process carried out by the
integral in Eq. (22) has, however, resulted in the broaden-
ing of this peak.

C. Differential emissivity

Because e«(co, 8) is a function of the frequency co, the
spectrum of phonons entering the crystal does not corre-
spond to the Planck distribution of phonons striking the
interface from the metal side. As we have seen, the
transmission probability and hence the emissivity decrease
with increasing frequency (i.e., decreasing a~

~

and aJ ) aild
hence higher-frequency phonons will be comparatively
scarce in the transmitted flux. This effect will be less so
in channeling directions where initially the emissivity does
not decrease as rapidly as m is increased. A quantity that
is of more direct physical relevance in this context than
the spectral phonon power flow is the integrated power

90'

FIG. 14. Differential emissivity e„(T,8) for copper into sap-
phire for (a) g~~=gI ——5 (b) q~~=g =2 (c) gl~=g =0.5.
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Figure 15 shows a plot of experimental detector signal
as the propagation angle 8 is scanned across the critical-
cone halo in Fig. 1(a), i.e., a line scan as depicted in Fig.
1(c}. The halo intensity corresponds to about a factor of 2
increase in flux intensity over the background. A compar-
ison of Figs. 14 and 15 shows that there is a reasonable
similarity between the shapes of the experimental and
theoretical peaks when g~~=gz —1 to within about a fac-
tor of -2. For a reasonable value of TD/T-100 this
means that y~~ -yi ——,', , i.e.„Ei-(A, +2p)/30a,
J

~~
-p/30a. In simple terms this imphes that the boun-

dary layer has a compliance about 30 times that between
two adjacent atomic layers of sapphire. This would be
consistent, say, with a boundary layer of 10 atomic spac-
ings and an effective moduli about one-third of those of
sapph1rc. Thus our results 1nd1catc that thc bonding be-
tween sapphire and metal in our experiments is far from
perfect. Thermal phonons allow us to probe this imper-
fect bond on a microscopic scale. In contrast, owing to
the frequency dependence of the coupling parameters a~~
and ai, the transmission of acoustic waves with GHz or
less frequency is not significantly affected by this imper-
fect bonding.

D. Channeling at the detector interface

A similar channeling process takes place at the detector
interface. At this interface, the spectral absorptivity

$«(~,8) for SV phonons is equal to 1 —(spectral reflectivi-

ty), i.e.,

and there is a similar absorptivity

for L phonons. In Eq. (27) 8 refers to the direction of the
T phonons, while in Eq. (28) it refer's to the direction of
the L phonons. Comparison between Eqs. (18), (19), (27),
and (28) reveals the close relationship

e,i(co, e,i)+e«(co, e«)=p, i(co,e,i)+p«(a), 8«), 8«(8,
(29)

conncct1Ilg the cmiss1vit1cs and absorpt1vitics. In thc
above equation subscripts et or cI are attached to 8 to dis-
tinguish between directions for T and L phonons. The
sharp peak lying just beyond 8, shows up in exactly the
same form in the SV absorptivity and emissivity.

For an incident flux of phonons having a Planck-type
distribution of frequencies a differential absorptivity

P«( T,e) can be generated by integration over ~ and, just
as with Z«(T, 8}, the peak near 8, survives for sufficiently
high Planck temperature.

Thus the critical-cone channeling process is shared (not
necessarily in equal proportions) by the radiator and
detector interfaces. It is straightforward to calculate the
net spectral transfer rate of phonons from the heater
through the crystal into the detector. With the assump-
tion of no phonon scattering in the bulk of the crystal,
this rate will be proportional to fz (co, T)ez (co,e)
XPJ(ro, e)cos 8. By integrating over frequency, one ob-

tains the total transfer rate. The main qualitative change
is a slight sharpening of the peak.

Thus we see qualitatively similar results emerging for a
variety of different approaches. The main point is that
when the sapphire surface is relatively unimpeded in its
movement by its boiidiiig to ail adjoiiiiiig medium, a
pseudo-surface-wave can exist at that surface, and this

C3

a9

QP

C:
C3

CL

FIG. 15. A linc scan taken acloss the halo ln Flg. 1(a), shovHng phonon intensity variation with dlI'cctlon. Thc location of thc scan
line vrith respect to the phonon caustics is shown in Fig. 1(c). Ovnng to focusing the real-space position of the halo is shifted from
-33' to -22'.
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wave plays an important role in the transfer of thermal
phonons across that interface. The phonons that are as-
sisted by this process are selectively channeled into direc-
tions close to the critical cone. There may possibly be
other formulations of the boundary conditions, apart from
the type we have proposed in this paper, that are able to
account for the observed channeling intensity, but they
will almost certainly embody, in some form, the idea of
"weak" coupling.

Our findings here contain important implications for
the theory of thermal boundary resistance and phonon-
reflection effects at interfaces. The decrease in emissivity
caused by loose bonding implies an increase in thermal
boundary resistance. This is consistent with the general
observation that measured thermal boundary resistances
for solid-solid interfaces are often somewhat larger (by up
to a factor of 2 or so) than their calculated values, and
that the differences tend to increase with increasing tem-
perature (see, e.g., Ref. 35).

The decrease in the emissivity as the effective coupling
strength is decreased also goes hand in hand with an in-
crease in the reflectivity coefficients, as examination of
Eq. (29) shows. This may well explain the anomalously
large phonon refiection coefficients reported by Marx and
Eisenmenger for silicon-metal interfaces (see Ref. 14).
Actually, these authors claim that their Si crystals are
geometrically rough and that the phonon scattering at the
interfaces is largely diffusive. Roughness, however, does
not explain the large reflectivity. When two media of very
similar acoustic properties are in intimate contact, the re-
flectivity of the interface is small, regardless of whether
the interfaces is smooth or rough. Large refiectivity in
this situation implies that there is a "soft" boundary layer
or loose bonding between the adjoining media of the type
we have discussed here.

V. CONCLUSIONS

We have shown in this paper that phonon imaging is a
useful source of information on both bulk and surface in-

fluences on ballistic phonon propagation in crystals. The
sapphire crystals we have studied display three types of
well-defined structures in their phonon images. The first
two are focusing singularities and near-singularities,
respectively, which come about as a result of bulk elastic
anisotropy.

The third type of structure we report on originates at
the interfaces between the crystal and the heater and
detector metal films. It corresponds to a highly nonuni-
form distribution of phonon wave-vector directions that is
maximized near to the critical cone for mode conversion
between T and L waves at the crystal surface. The pres-
ence of this type of structure demonstrates that on the
scale of the dominant phonon wavelength —100 A. the
polished surfaces of our sapphire crystals are at least par-
tially flat. The existence of these wave-vector channeling
structures is related to the generation of longitudinal
pseudo-surface-waves at the crystal surface, and this re-
quires that the surface is only slightly constrained by the
metal film to which it is bonded. We have proposed a
model employing boundary conditions that takes account

of loose bonding between crystal and metal film. This
model is able to explain the presence of the channeling
structures and qualitatively account for their intensity
variation.

The use of this model in conjunction with our experi-
mental results has provided for the first time a quantita-
tive measure of the bonding between sapphire and metal
films. The bonding is found to be quite weak on an atom-
ic scale, giving rise to a large critical-cone channeling ef-
fect, but still consistent with the high transmission of
low-frequency waves across such an interface. These re-
sults provide a model for understanding the anomalous
transmission and reflection at crystal-metal interfaces as
reported in previous conductance and heat-pulse experi-
ments.
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APPENDIX: DERIVATION OF EFFECTIVE
BOUNDARY CONDITIONS

Recently there have been a number of papers demon-
strating how the problems of rough surfaces or surface
overlayers can be advantageously recast in terms of
equivalent boundary conditions. In the process the crucial
parameters for the scattering of acoustic waves or pho-
nons are identified and unimportant features and details
are eliminated. In general, a characteristic scale of length
appears in these theories, and the equivalent boundary
conditions only apply for wavelengths greater than this
size. In this appendix we describe how the boundary con-
ditions used in Sec. IV can be derived from a boundary
layer of a fairly general nature.

Figure 16 shows a layer of isotropic material of thick-
ness h, density p, and Lame elastic constants A, and p
sandwiched between two semi-infinite isotropic elastic
media having corresponding material constants p~, k, ~,p~
and p2, A,2,p2. In the direction normal to the interface, dis-
tances are given in terms of x 3 inside the layer
(0 &x i & h) and x3 in the adjacent media. The two inter-
faces conform to normal boundary conditions, i.e., con-
tinuity of displacement and traction force.

Let us consider a plane SH wave (a transverse wave po-
larized normal to the plane of incidence, i.e., in the x2
direction) of frequency co, incident on this layer from
below giving rise to the various reflected and refracted
waves as shown. Inside the layer the displacement field is
given by
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Pz z P]z 0+

o23(0i)=f( k }[ui(0p ) —u2(o }]
—g(k)[u3(0+)+uz(0 )],

where

]uk(cos8)cos[(kh cos8}/2]
2 sin[(kh cos8)/2]

and

(A4)

(AS)

0

FIG. 16. Reflection and refraction of an SV wave at a thin
film of material sandwiched between two other media.

uz ——A expIi[k(x]sin8+x3cos8) —cot]J

+8 expI i [k (x]sin8 —x 3 cos8) —cot] I,
Q] =Q3=0 q

(A 1)

where k =to/V, =co(p/]M)'~ and A and 8 are the ampli-
tudes of the two waves. It follows that the traction-force
components of the stress within the layer are

013=033=0 ~

pk(cos8)sin[(kh cos8)/2]
2 cos[(kh cos8)/2]

are wave-vector-dependent coupling coefficients. In the
long-wavelength limit (kh «1},expanding these coeffi-
cients leads to the much simpler result:

o'23(0 —) —Ell[u2(0+) —u2(0 )]+0(k h ),
o23(0+) =Ell[uz(0+) —u2(0 )]+O(k h),

which involves a single wave-vector-independent coupling
constant

Ell =P/h .

In a similar way we can treat an incident L or SV wave.
Owing to mode conversion between L and SV there are
now four waves in the layer and therefore four amplitudes
to consider. These amplitudes can, as above, be expressed
in terms of displacements at the boundaries, and analo-
gous equations to (A3) and (A4) derived. On expanding
the coupling coefficients one finds, to leading order, that

Bu 3 Bu2
Op3=p +

Bx&

=ipk (cos8)A exp I i [k (x ]sin8+x 3 cos8) —cot] )

(A2)

and

lT]3(0 )=o ]3(0+)

=Ell[u](0, ) —u, (0 )], kh «1 (A9)

i]uk(cos8—)B expti[k(x]sin8 —x3cos8) cot]] . — o33(0 )=o33(0+)

We may use Eq. (Al) to express A and 8 in terms of the
displacements at (x 3 ——0)-(x3 ——0 ) and (x 3

——h )
(x 3 —0+ ) and then substitute into Eq. (A2) to obtain the

stresses o33(x3 ——0 } and o23(x3 ——0+) at the upper and
lower surfaces. The result can be written in the form

where

EJ [u3(0+)—u3(0 )], kh « 1

A, +2]]t
h

(A10)

(A 1 1)

$3(0 )= f(k)[u2(0+) —u2(0 )]

+g(k)[u3(0+)+u2(0 )], (A3)
l

is a second coupling constant. Equations (A7), (A9), and
(A10) are conveniently summarized for a plane interface
of arbitrary normal n =(n; ) by the single tensor equation

]J'(0o+) i=no]i(0 )nj=[EI!5V+—(Ei Ell)n;nJ][uJ(0+) —uj(0 )], kh «1 . (A12)

The generalization to a finite or infinite number of layers
is straightforward and simply requires that admittances be
summed, i.e.,

where Ell and Ei are the coupling constants for the indi-
vidual layers and (Ell ),tt and (Ei),tt are the effective cou-
pling constants for the composite layer. The overall limi-
tation on the validity of this approximation is that

(Ell)off =g(EII) (A13) gk;h; «1 . (A1S)

«i)crt = g(Ei} (A14)

The normal thermodynamic constraints on bulk materials
(that the bulk and rigidity moduli should be positive} re-
quire that
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(A, +2@)& —,p &0,

implying that

(A16) the inequalities indicating the range of values consistent
with experiment. The validity of the effective boundary
conditions introduced here requires that

(A17) co& co&
(A20)

Since the thin layer we are considering is able to derive
support from the adjacent media, it is not compelled to
satisfy the normal bulk thermodynamic constraints.
However, since we have little reason to anticipate abnor-
mal mechanical properties of the layer material, we have
confined most of our calculations, which we report on
here, to values of the coupling constants that satisfy the
inequality (A17).

In Sec. IV we have shown that the important parame-
ters determining phonon scattering probabilities are

There is a limited frequency range that satisfies all the
inequalities (A18)—(A20), namely

(A21)

The inequality (A21) demands in particular that

and

Vcr

(A,c +2pc )co

(A18)

& 1, (A19)
h (A,, +2@,)co

(A22)

i.e., the acoustic impedences of the boundary layer should
be small compared to those of the crystal in order for
these boundary conditions to be valid in the regime of
small a~~ and uz.
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