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Structure factors F, of perfect silicon crystals have been measured at room temperature for a
number of 16 reflections up to the (880) for both Ag Ka; and Mo Ka, radiation. The measure-
ments are based on the analysis of the fine oscillatory structure of Laue case rocking curves. The
data are consistent with earlier results obtained with the pendellosung method using wedge-shaped
crystals, but probable errors were reduced to below the 0.1% level. An important advantage of the
new method is the significantly reduced ideal crystal volume of typically 0.5 mm? for silicon and
material with similar absorption, which makes it applicable even if large perfect crystals are difficu-

It, or practically impossible, to grow.

I. INTRODUCTION

The pendellosung fringe method with wedge-shaped
crystals, proposed by Kato and Lang in 1959,! made feasi-
ble for the first time a structure-factor determination with
an accuracy better than 0.5% and, simultaneously, put the
data on an absolute scale. As a consequence, structure-
factor values became an additional important test of
crystal-binding theories and band-structure calcula-
tions.>~® This is mainly due to the fact that on a 0.1%
precision level free-atom wave functions no longer
describe the scattering amplitude adequately, since the as-
pherical distribution of valence electrons must be taken
into account. Unfortunately, because of the high degree
of crystal perfection necessary throughout a wedge of
several millimeters height, very few materials have been
experimented with, namely silicon,’~!! germanium,'? and
quartz.!> The most comprehensive studies were carried
out with silicon, where a number of reflections were mea-
sured by Hattori et al.’ and, with increased precision, by
Aldred and Hart.!! Besides the latter, only one further
group stated probable errors on the 0.1% level for a few
reflections,'® but discrepancies between these measure-
ments amounted to almost 0.4%.

Apart from the pendellosung fringe method, several
other methods for high-precision measurements of struc-
ture factors were elaborated, such as (a) the reflection pro-
file method,'* (b) the evaluation of the fine structure of
Bragg and Laue case reflection curves from thin single
crystals,’ or (c) the pendelldsung effect with a white in-
cident beam.!® As compared to the pendelldsung fringe
method, all of them have less accuracy (about 0.5% at
best), but they have the advantage of a considerably small-
er perfect-crystal region needed as a specimen.

It is the purpose of this paper to show that with the
rocking-curve method in the Laue case!’ structure factor
determinations can be performed with at least the high
precision of the pendellésung fringe method, but with sig-
nificantly (e.g., about 2 orders of magnitude) reduced
perfect-crystal volume. In order to demonstrate the
strength of the new method experiments were carried out
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with silicon crystals, offering the possibility of direct com-
parison with the previous measurements mentioned above.

II. THEORY

With the use of the ray geometry shown in Fig. 1, the
intensity of the twice-reflected beam R, as a function of
the angle 80 between the net planes of crystals 1 and 2 is
calculated both in plane-wave!’ and in spherical-wave!'s
theory to be proportional to the convolution integral

Ro(80)~3 [~ If(0)F,(0+80)d6 , (1)

where the sum is taken over the polarization states
a=o,7 with C?=1, C"=co0s205. Indices 1 and 2 distin-
guish crystals 1 and 2. The single-crystal intensity Iz (6)
for crystals with thickness ¢ is given as
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FIG. 1. Ray geometry for the symmetric Laue case. Intensi-
ty Ro(80) is measured integrally over the full width of the out-
going beam. The « axis is normal to the Bragg planes (hkl), the
86 axis is normal to the plane of the figure, and the p axis is nor-
mal to both the k and 80 axis.
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with Y (6) measuring the deviation 6 —6p of the incoming
beam from the kinematical Bragg angle 0p:

(AZ)? cosOp
Y(0)= (6—063p)
‘ d? [ B v
2 172
X
o | L_ L,
4sinfp | vy Yo

3)

d is the spacing of the net planes used. v? is a function of
the complex Fourier coefficients X, X5 of the dielectric

polarizability X(T),
XpX
ol @
[Xn X |
and can, for low absorption, be approximated by'’
Xin o Ag|C%|
Xio ™ (yoys)'*

V=1-—i (5)

Xi0» Xin are the imaginary parts of the Fourier coefficients
Xo» Xn; Mo is the normal absorption coefficient; v, and y)
measure the angle between the crystal-surface normal Z

and the directions Eo and Eh of the incoming and reflect-
ed beams:

k k
Yo=—o'Z, Yh=—nr—7. 6)
| kol I kp |

The polarization-dependent extinction length A{ is related
to the structure factor F; according to

o Myan)'”? Vv 7 1
© | CUGx rlce| re |Fal

Here, V, is the volume of the unit cell, A is the wavelength
used, and r, is the classical electron radius. Typical values
of AZ range from 30 to 200 um for silicon crystals.

For monatomic crystals of the diamond structure
within the spherical atom approximation, the structure
factor Fj, is connected with the atomic form factor f} ac-
cording to

Fyp=38auf , (8)

)]

where

1 for h,k,l all even and h +k +1=4n
a,= {1/V2 for h,k,l all odd 9)
0, otherwise .

The shape of the rocking curve depends on the extinc-
tion length AY and therefore, apart from some geometrical
factors, on the structure factor F, in two ways: (a) AZ is
part of the conversion factor equation (3) connecting abso-
lute angle 6 and the angular dependence function Y (6),
and (b) together with the crystal thickness A; determines
the periodicity and the imaginary damping part of the sin
function of Eq. (2). As a consequence, both the angular
scale and the precise shape of the convoluted curve R are
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FIG. 2. Left wings of calculated rocking curves Ry(86) for
silicon (800), MoKa; radiation. Crystal thickness is
t;=689.0 um, #,=699.1 um. A is diminished in steps of
0.0738 um from 81.623 um on the left to 80.886 um on the
right. A7=A7/|C7|. Line a, its parallel a’, and line b help to
visualize the change in the positions of the subsidiary extrema.

| Fj, | dependent. In low-absorption cases (ut < 1—2) the
imaginary part is small compared to 1, and especially the
shape becomes extremely sensitive to AJ variations. This
is clearly demonstrated in the series of half-rocking curves
in Fig. 2 calculated with A7 diminishing in steps of 0.0738
pm from 81.623 to 80.886 um and A; varying corre-
spondingly [Eq. (7)]. For a given experimental curve, it is
quite straightforward to select the best fitting computed
curve, thereby determining the absolute value of AY to
better than 0.1%.!7 With knowledge of V,, A and the
geometrical factor (y¢y,)'"% | F, | is obtained.

Of equal influence as A? in Eq. (2) is the crystal thick-
ness ¢, which therefore must be measured with corre-
sponding precision. On the other hand, it is not essential
that both crystals have exactly the same thickness. As can
be seen in Fig. 3, changes in ¢ of just one crystal can be
clearly separated from equal thickness changes in both
crystals, which is, except for the absolute 6 scale,
equivalent to a change of |Fj | in our calculations. This
fact is important with respect to precision, because thus
only one error of thickness ¢ is introduced in the results.
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FIG. 3. Influence of crystal-thickness changes on the shape
of the rocking curve R,. Calculations were done for silicon
(220), AgKa; radiation, |f,|=8.436; (a): t;=689 pm,
1,=699 ym; (b): t;,=691 um, ;=699 um; (c): ¢,=691 pm,
£,=701 pm.
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FIG. 4. Lever system to measure the crystal thickness with
an accuracy of better than 0.1 pum. The lever can be rotated
around 0. Specimen leans against two steel tips b and is sup-
ported by polished steel pins a. It is pressed against a third tip ¢
by the inductive transducer which is set to zero reading with the
help of the micrometer screw. The system is calibrated with
gauge plates of different thicknesses as specimens. With a total
length of 1 m the lever reduces the micrometer movement by a
factor of 20.

III. EXPERIMENTAL

The experiment was carried out using conventional
sealed-off x-ray tubes. Crystal thickness ¢ is critical on
one side because of the necessity for measuring its abso-
lute values to better than 0.1%), which is much easier for
thick crystals. On the other hand, there is stringent
demand to keep uot well below 2. An additional advan-
tage of thick crystals is the increasing total number n of
oscillations on the wings of the rocking curve (n=~t/A,),
which may be used in the fitting process.

Parallel-sided samples were prepared from a (111)-
grown float-zone crystal with a residual strain of 21078
(labeled no. 6 in Ref. 19). The surface normal chosen was
(110), which allows one to measure a high number of re-
flections in the symmetrical Laue case with many of them
being barely affected by growth striations.!” In the cut-
ting process, any deviation from the (110) direction was
kept below 1’ by proper alignment of crystal and diamond
saw using a low-index x-ray reflection. After a conven-
tional etching procedure, usually a surface roughness of
several micrometers remains, which makes a precise thick-
ness determination impossible and, at the same time,
smears out the fine oscillations on the wings of the rock-
ing curve. Therefore a final mechanical-chemical etching
process was used, which is known to produce a surface
flatness of better than 1000 A, still retaining a strain-free
surface.’® With a contact-free optical thickness measure-
ment system incorporating a traveling microscope with a
resolution of +1 um, a pair of crystals with #; =699.5 um
and ¢, =691.0 um and high plane parallelism was select-
ed. After the experiment the crystal thickness was deter-
mined with the help of the high-precision lever system
shown in Fig. 4. By comparison with calibrated thickness
gauge plates, an accuracy of better than +0.1 um was
achieved. It was found that both crystal plates were
slightly wedge shaped with a thickness gradient of
(0.16,0.12) yum mm ! and (0.0,0.7) ygmmm ™! in ({(T10) ,
(001)) directions for crystals 1 and 2, respectively.
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As described in an earlier paper,!” the crystals were
standing on two screws, leaning slightly against a third at
the top. Although no glue was used, the mounting proved
to be stable, even if the crystals were tilted within their
surface plane by more than 30° as was necessary in the
case of the (111) reflection. The beam position on the
crystals was determined to 0.5 mm with the help of an
appropriate diaphragm which could be positioned in front
of each crystal. In the beam plane (i.e:, the plane which is
extended by the incident and diffracted beams), the width
x. of the beam is increased due to the energy spread
within the whole Borrmann fan. At the exit surface of the
second crystal it is given by

xe=f/COSGB+2(11+tz)tan63 s (10)

where f is the width of the focus or of the slit in front of
the first crystal, whichever is smaller. The beam height A
is purely determined by the geometrical divergence of the
beam and can be kept as low as intensity demands allow.
In our experiments, typically f~0.8 mm and 4 =0.5 mm.

If the curface normal makes an angle k with the beam
pla . 1), the effective crystal thickness ¢’ is enlarged
to

t'=t/cosk . (11

During the experiments, k was controlled to better than
0.1° to avoid any errors. A misalignment in p smears out
the rocking curve and by means of piezoelectric transduc-
er p could be adjusted to better than 1”. The angular reso-
lution required to measure the fine structure of the rock-
ing curve is extremely high. The evaluation of Eq. (3) for
large values of O0—0p results in an angular increment
AO~d /t in angle between subsequent maxima. In order
to resolve this structure in the most extreme case of the
(880) reflection of silicon, where d/t~6.9X 108 corre-
sponding to A8=0.014", curves were measured at inter-
vals as small as 10>, An appropriate rotation table of
high stability and reproducibility was described else-
where.?!

Rocking curves contained between 30 and 250 extrema
depending on wavelength and reflection chosen. For pre-
cise determination of the extrema intensity, each curve
was resolved into 500—3200 points, which were measured
each with a statistical error of typically 1%. The count-
ing system consisted of a Nal scintillation counter with
pulse height discrimination in order to exclude harmonics
if necessary. Total time of measurement was from 4 to 20
h for one curve. For each reflection, at least four
rocking-curve scans were made. Stability was improved
by an antivibration base with a resonance frequency of 1.7
Hz and a thermal shield reducing room-temperature fluc-
tuations to far below 0.1 K.

IV. DATA EVALUATION AND RESULTS

In a first step the relative heights of the extrema of ex-
perimental rocking curves are compared to those of sets of
theoretical curves similar to Fig. 2, thereby determining
the value for A,. Slight thickness variations in vertical
direction (perpendicular to the beam plane) within the
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FIG. 5. Two examples of the excellent agreement between the
measured solid curve and the corresponding theoretical dashed
curve, shifted slightly to the right. Tails of the rocking curves
have been shifted horizontally towards the center.

beam occur for crystal 2 due to the relatively large thick-
ness gradient of 0.7 um mm ™! in the (001) direction. In
our calculations this is taken into account by averaging
curves with appropriately chosen values of ¢,. For some
reflections [mainly (400), (800)], crystal 2 is slightly wedge
shaped in the horizontal direction as a result of the thick-
ness gradient. In this case, as can be shown by numerical
calculation of beam paths in the spherical-wave case,?? the
rocking curves become slightly asymmetrical (about 1%
difference in height of corresponding extrema on both
wings), but the left-right averaged value remains un-
changed and no additional error has to be taken into con-
sideration. Two examples of the excellent correspondence
between experimental and theoretical curves are shown in
Fig. 5.

In our calculations the parameters occurring in the ima-
ginary part of v* [Eq. (5)] have values

0.732(AgKa;)

o= |1.46(MoKa,)

measured in mm ™!, taken from Ref. 23,
X,
Zih o 4, D, (1—E®2Q sin5) ,
Xio

with

and

0.0591 (AgKa;)
2=10.0463 (MoKa,)

from Ref. 24, where a,, is given by Eq. (9).

For the calculation of the Debye-Waller factor Dy, a
Debye temperature of ®, =543 K (Refs. 9 and 25) was as-
sumed. This value was used also for the reduction of the
structure factors to a common temperature of 20°C.10 It
should be noted that calculations are not very sensitive to
the precise value of the imaginary part of v, e.g., to the
stated values of ug and X, /X;0, sO variations of its value
of 5% do not change the resultant data for A,.

From A, we calculate structure factors Fj, and, together
with Eq. (8), atomic form factors f}, using

0.5594227(7) (AgKa,)

A=10.7093185(4) (MoKa,)

(measured in A) from Ref. 26 and
V. =a}

with
ay=5.43102018(34)

in A at 22.5 °C, taken from Ref. 27.

No additional error is introduced in this final calcula-
tion because of the high precision of these parameters.
Furthermore, there is no need to pay attention to the
thermal expansion coefficient for silicon [a~2.6
X 107¢ K~! (Ref. 28)]. We would also like to point out
that because of the natural width of the Ka, line, oscilla-
tions are slightly smeared out. This effect can be calculat-
ed easily and does not additionally alter the shape of the
curves.

A major point which has not been discussed so far is
the influence of the minute residual strain present in our
specimen, consisting of both local lattice rotations and
Ad /d fluctuations of 2 10~% as mentioned above. Main-
ly reflections from net planes (hkl), not including an angle
of 90° to the growth axis, might be influenced. This effect
was carefully considered by numerical computation of re-
sulting curved beam paths and the changed phase in-
tegrals applying the ray optical theory in the form given
by Bonse® to our problem of a spherical wave incident on
a double-crystal Laue geometry. As a result calculations
give asymmetric rocking curves with smeared-out oscilla-
tions only for strain coefficients significantly higher than
those we have to consider.?>*

Table I lists our results together with results from ear-
lier measurements. The probable errors given in
parentheses are mainly determined from the fitting pro-
cess of measured and calculated curves. A second contri-
bution, amounting to 2.8 X 107%, is given by the uncer-
tainty in the crystal thicknesses and the beam position.
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TABLE 1. Present results of atomic scattering factors fj of silicon for T=293.2 K and comparison
with earlier measurements. Probable errors are given in parentheses except for AH’s values where the
mean derivation is given.

Present work AH? Others

Reflection AgKa, MoKa, AgKay MoKa, AgKa,

(111) 10.658(5) 10.699(6) 10.668(6) 10.706(5) 10.664(2)°

(220) 8.440(5) 8.487(10) 8.439(8) 8.483(6) 8.463(1)°

311 7.738(5) 7.771(6) 7.746(9) 7.773(7)

(400) 7.053(4) 7.074(4) 7.054(8) 7.079(10)

(331) 6.787(4) 6.803(4) 6.786(8) 6.815(7)

(422) 6.158(4) 6.200(4) 6.163(9) 6.21009)

(333) 5.835(5) 5.863(3) 5.832(5) 5.869(7) 5.843(2)°

(511) 5.844(5) 5.878(4) 5.846(5) 5.877(7)

(440) 5.389(4) 5.413(4) 5.390(8) 5.414(4) 5.408(2)°

(444) 4.170(3) 4.205(6) 4.178(4) 4.202(5) 4.172°

(551) 3.983(4) 4.008(3) 4.100(20)°

(800) 3.288(4) 3.322(3)

(660) 2.960(2) 2.988(2) 2.966(9) 2.988(7)

(555) 2.848(4) 2.870(4) 2.843(3) 2.865(7)

(844) 2.198(3) 2.227(4) 2.194(8) 2.211(6)

(880) 1.575(4) 1.578(4) 1.589(8)

2Reference 11, corrected for the more precise value of ap=5.431 A.
"Reference 10, without correction for nuclear scattering.

‘Reference 9.

V. CONSISTENCY OF THE MEASUREMENTS

On the 0.1% level there are only two more data sets
available for comparison. For the (111), (333), and (444)
reflections, all three measurements agree to within 0.2%,
whereas in the case of the (220) and (440) reflections, our
results agree with those obtained by Aldred and Hart
(AH) (maximum deviation 0.04%), but are certainly not
consistent with those of Tanemura and Kato. This sup-
ports the argumentation of AH, who pointed out that the
crystals of Tanemura and Kato were likely to be influ-
enced by inhomogeneous strain for these reflections. For
the other reflections—except (551) and (800), where no
other precise value is known—only AH’s data are avail-
able. Up to the (444), only 3 out of 20 values deviate by
more than 0.1%, thus demonstrating excellent agreement
and strongly indicating the high reproducibility of
structure-factor data obtained with quite independent
methods. All other results except for the Mo (844) value
agree to within 0.2%. There is slight indication (see Fig.
6) that AH’s (844) value might be too low.

A rather straightforward test for internal consistency is
a logarithmic plot of the differences in structure factors
for Mo and Ag radiation versus sin’6/A%.!! This has been
done for both ours and AH’s measurements in Fig. 6. As-
suming a dispersion correction which is independent of
sind/A  except for the Debye-Waller factor
D, =exp(— B sin?0/A?), we expect a straight line of slope
— B giving the value for Af =fy,—fa, in forward direc-
tion as the intercept with the ordinate. While our mea-
surements give Af'=(36+4)x 1073 and B=0.40+0.24,
where B is in good agreement with the expected value of
0.444, AH’s data result in Af'=(40+3)X10~* and
B =1.00+0.23, indicating that the differences in the form
factors are too low for higher Akl values. On the other
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FIG. 6. (a) Internal consistency test between the results ob-
tained for Ag K and Mo Ka,; wavelengths, see text. Error bars
indicate probable errors. Dashed line is a least-square fit exclud-
ing the (331) data. (b) Same as (a), but using AH’s data set (Ref.
11). Note the longer error bars in (b).
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hand, there is some indication, especially regarding the
seven low-order reflections, that the variation of Af’ with
sin/A might be more complicated than assumed in this
simple model.

In Table II Af values are listed resulting from both ex-
periment and theory. Our value of 36X 10~* is higher
than theoretical estimates and Cusatis’s interferometric
measurement, but it is in better agreement with them than
is AH’s value. With respect to the data of Takeda and
Kato, it should be noted that their value is measured with
pendellosung fringes using a total of five wedge-shaped
crystals. However, there is doubt that their value is reli-
able, because different specimens gave a wide distribution
between 16.9x 1073 and 39.8 X 1073 for Af".

VI. CONCLUSIONS

We have shown that absolute structure measurements
down to the 0.05% level can be performed with the
rocking-curve method in the Laue case. The accuracy
which can be achieved depends essentially on how much
the shape of the computed rocking curves changes with
varying |F, | values. The results obtained for silicon
agree well with former measurements made with the
pendellosung fringe method. In comparison errors of the
present method are lower by 50%. Two major advantages
of the new method make it applicable to less favorable
cases when only small perfect crystals are available:

(i) The perfect-crystal volume of the specimen is limited
solely by the existence of the Borrmann fan [see Eq. (10)]
and is typically 2 orders of magnitude smaller compared
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TABLE II. Comparison of experimental and theoretical
values for differences in atomic form factors for MoK a; and
Ag Ka, wavelengths.

(fMo _ng)X 103

Present work 36 +4

Aldred® 39 (T'=293.2 K)
29 (T=92.2K)

Price, Maslen, and Mair® 38

Cusatis and Hart® 29 +3

Takeda and Kato? 25.5+2.4

Gerward et al.® 29

Cromer and Liberman® 0 theoretical

Wagenfeld® 30

#Reference 31.
"Reference 32.
“Reference 33.
dReference 34.
*Reference 35.
fReference 36.
8Reference 37.

to the pendellosung fringe method. A total volume below
0.5 mm? is easily achievable.

(ii) Lattice strain influences are readily detected by
asymmetry in the rocking curve and/or smearing out of
the oscillations, so that it is easy to choose a crystal region

of sufficient perfection while aligning the double-crystal
geometry.
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