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Measurements of ESR spectra of Si:P and Si:As samples with donor concentrations in the range
3)&10' /cm to 9)&10' /cm have been obtained in the range 1.4—16 K at 9.5 GHz. The higher
temperature dg" /dH spectra were integrated to obtain g"(N, T,H). The experimental results and
simulated spectra based on Poisson statistics, but neglecting cluster topological effects and cluster-
cluster interactions, are not in good agreement and demonstrate the problems in using peak heights
of the central pair line or triad lines to determine cluster statistics. However, Poisson statistics pre-
dictions for the ratio of the integrated intensity of the outer lines to the total integrated intensity are

0
shown to be obeyed and determine the characteristic V, for cluster formation. V, =8.2&(10 A for

0
Si:P and 5.6X 10 A for Si:As. A search on a 2.5)& 10' /cm Si:P sample outside the isolated donor
transitions for the +SA /6 hyperfine transitions (3 is the Fermi contact hyperftne constant) of the

upper S= 2 state of donor triads predicted by Shimizu has revealed very weak extra "bumps" in
dg"/dH at Ho+35. 5 G in good agreement with Shimizu's prediction. However, the intensity of
these "bumps" is very much weaker than expected neglecting topological effects and cluster-cluster
interactions. An analysis of the many-electron hyperfine interaction based on a linear combination
of Slater determinants is given and applied to the donor triad case. The results are shown to agree
with Shimizu's results when overlap terms are neglected. Monte Carlo calculations on donor clus-
ters have yielded the topological distribution function P (B) [tan(28) =W3( Jb, —J„)/
(2J,b —Jb, —J„)]for donor triads and demonstrate it is sharply peaked about 8=0'. The role of
cluster-cluster interactions on the ESR spectrum of g"(N, T,H) is considered and these interactions
are discussed for donor triads.

I. INTRODUCTION

Since the discovery of extra ESR transitions associated
with shallow donors by Fletcher et al. ' and the subsequent
explanation of these extra transitions as donor pair lines
by Slichter nearly three decades ago, there has been a sub-
stantial revival in interest in donor clusters. For instance,
they are the precursors of critical behavior as the
insulator-metal transition is approached from the insulat-
ing side. In addition, donor pairs, triads, and larger clus-
ters form the basic units of a random spin system (insulat-
ing spin-glass) which exhibits spin frustration because of
the demonstrated lack of any long-range spin order as the
temperature T approaches zero, despite the strong pair-
wise antiferromagnetic exchange coupling.

Although there have been a significant number of ex-
perimental investigations of donor clusters in silicon by
ESR (Refs. 4—9) and infrared-optical' ' techniques in
addition to many theoretical calculations' ' of the spin
properties and optical properties, a number of questions
remain unresolved. These questions concern (1) the unob-
served spin transitions predicted by Marko' and Shim-
izu, ' (2) the origin of the "broad background line" stud-
ied by Cullis and Marko, (3) the role of cluster-cluster in-
teractions in addition to the asymmetry effect already
considered by Rosso, ' and (4) the effect of the spin states
of pairs on the extra optical transitions (shoulders on the
low-energy side of the 1s-2pc transition) of donor pairs
analyzed in detail by Capizzi et al. ' In addition to these
problems there is the question of whether the ESR spectra

of donor clusters can be utilized to experimentally test the
correctness of the generally assumed random distribution
of donors, namely whether the donors obey Poisson statis-
tics. Prior to our work, there had been no serious effort to
compare the relative integrated ESR intensities from dif-
ferent size clusters. The early ESR results of Feher et al."
showed signals from clusters of two, three, and four
donors, although the latter were shoulders on the
Mt, ———,

'
hyperfine lines resulting from the triad clusters.

In m~any of the early studies the ESR spectra were ob-
served between 4.2 and 1.3 K in the dispersion-derivative
mode (dg'/dH) under strongly saturating, fast-passage
conditions. With the objective of obtaining reliable rela-
tive intensities of the smaller clusters, we have made
slow-passage measurements of the absorption-derivative
(dX"/dH) spectra at sufficiently low power levels to be
well below saturation. Another important consideration
was to make measurements at sufficiently high tempera-
tures such that kT is much larger than the exchange split-
tings of the various spin states of a given cluster size so
that nearly all of the ESR intensity is recovered from the
high-spin states of a given cluster. As the doping level in-
creases, the exchange splittings increase, thus requiring
measurements at higher temperatures. The spectra have
been integrated twice to obtain the relative contributions
to the total integrated intensity from the clusters. The
X"(H) spectra are compared with calculated spectra based
on Poisson statistics, but neglecting topological hyperfine
broadening and cluster-cluster interaction effects.

Our own interest on the questions of "extra" or possibly
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forbidden transitions arose because of magnetocapacitance
measurements' which are interpreted in terms of dif-
ferent electrical polarizabilities for the different spin states
of a given cluster. This, in turn, led to a novel ESR-
capacitance experiment in which one attempts to observe
small capacitance shifts as one sweeps through the donor
cluster ESR transitions under strongly saturating condi-
tions. This experiment, which has not yet been successful,
depends critically on the strength of forbidden ESR tran-
sitions between states of different total spin. This situa-
tion and the fact that the transitions at +5A /6 outside the
isolated donor hyperfine transitions (at +A/2, with A the
Fermi-contact hyperfine (hf) constant] predicted by Shim-
izu' had not been observed, led us to search more careful-
ly with extensive signal averaging for the transitions at
+5A/6. This search did yield weak signals in the vicinity
of +5A/6 and calculations of triad clusters suggest that
the intensity is the right order of magnitude.

The many-electron isotropic hyperfine interaction has
been calculated using linear combinations of Slater deter-
minants. A result similar to that usually given ' ' ' '
for pairs is obtained. Neglecting overlap corrections, the
results for triads are identical to Shimizu's results. ' In a
related area, there have been recent ESR studies of Na and
K trimers and other alkali clusters in an argon matrix.
In this case the configuration of the three alkali atoms in
the trimer is thought to be determined by covalent bond-
ing with a specific configuration energetically favored.
For the present case the donors are distributed randomly
and clusters of three donors exhibit a topological distribu-
tion of triad configurations. Monte Carlo cluster calcula-
tions give an indication of the importance of topological
hyperfine broadening for triads.

One final objective for the present work was to attempt
to learn more about cluster-cluster interactions. The
computer-simulated spectra neglecting cluster-cluster in-
teractions and topological hyperfine broadening are shown
to be in unsatisfactory agreement with the experimental
spectra. Although it has not been possible to quantitative-
ly fit the observed X"(H) spectra by incorporating the
above two effects, some qualitative conclusions about
cluster-cluster interactions can be given.

The background for the ESR of donor clusters is
presented in Sec. II. Section III discusses the experimen-
tal procedures employed for data acquisition and analysis,
while Sec. IV presents and discusses the experimental re-
sults. The new development of the many-electron hf in-
teraction is given in Sec. V, followed by a qualitative dis-
cussion of cluster-cluster interactions in Sec. VI, and final-

ly by a summary of the important conclusions.

II. BACKGROUND —CLUSTER SPIN STATES

A. Donor pairs

teraction [for the many-valley semiconductor Si

J~J
——JJ(RJ,ko) contains interference terms between the

different conduction-band minima] and S1 and S2 are the
spina of electrons 1 and 2. A ht is the hf interaction of the
two electrons interacting with the two donor nuclei I; and

IJ positioned at R; and RJ. A ~f has traditionally been
given as

A ht=A(S1 I;+S2 IJ), (2)

DONOR PA I RS DONOR TRIPLETS

JI2
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s 0Q
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S = I /2
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/ 2 -'0 'b b a - JI2+ JI3+ J23

where A is the isotropic Fermi-contact constant. One
notes that (S1+S2) is a good quantum number of (1) when
A h~ is neglected. The spin energy levels are shown in Fig.
1 without the contribution from P hr. The form of 4 hf 1n
(2) does not commute with 4 —A hr and therefore leads to
forbidden transitions for J~(R,J ) &&A and to a substantial-

ly altered hf spectrum for JJ(R;J)-A. ' Because of the
distribution of R;1 values and the exponential dependence
of J,z(R,i), there will be a broad distribution of J,J values
over many orders of magnitude and there will always be
some fraction of J~J(R;~) values close to A.

The form of A hr given in Eq. (2) states that electron 1

only interacts with nucleus i and electron 2 only interacts
with nucleus j. This form is inconsistent with the two-
electron wave function for the H2 molecule independent of
whether one employs a Heitler-London wave function or
the Hund-Mulliken linear combination of atomic orbitals
(LCAO) wave function (or any linear combination of the
two). Thus, two donors which form an isolated pair in an
uncompensated semiconductor should exhibit a hf interac-
tion reflecting the consequences of a H2-like molecular

The spin Hamiltonian for donor pairs of spacing R;& in

a magnetic field Ho is given by
+ for S=O

— for S= I

QS-0

&S=I

g=

I. /2 2 2
I2 l3 23 l2 JI3 I2 23 I3 23

A =gp11HO. (S,+S1)+JJ(R~J)S1.S2+A hr,

where J;J(R,J) is the Heisenberg isotropic exchange in-
FIG. 1. Energy levels (not including hf interactions) for

donor pairs and triads.
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wave function for which each electron spends equal time
on both nuclei. Neglecting dipolar contributions to A hf
from a small p-state admixture, A hf should take the form

Phf ——(S; I;+S;.IJ+S2 I;+S2.IJ)1

=—(S,+S,) (I;+ I, ) .
2

(3)

B. Donor triads

The spin Hamiltonian for three donors in a cluster has
been given by Shimizu' and takes the form

A =gtMnHO (Si+S2+S3)+J12S1 S2

+J23S2 S3+J]3S) S3+A hf

where

(4)

However, this form is only correct within a manifold of
states of given S. There will be an off-diagonal term of
the form (A/2)(S1 —S2).(I;—Iz) between states of dif-
ferent total spin. When this off-diagonal term is taken
into account, it leads to the same hf spectrum calculated
with A hf in Eq. (2) and produces the same deviations
from the simple hf spectrum (lines at A/2, 0, and —A/2
with a 1:2:1 intensity ratio) as obtained by Marko. " The
form given in Eq. (3) for A hf has also been derived us-
ing the Wigner-Eckart theorem within a manifold of
states of total spin S=1.

larger clusters of m donors, the energy of the high-spin
state (S=m/2) is given by the sum over m(m —1)/2
pairwise exchange interaction terms JJ. Since J,J )0, the
high-spin state energies of larger clusters increase rapidly
with m requiring ever larger temperatures to recover all
the ESR signal intensity of that cluster size.

Based on the A hf in Eq. (4), Shimizu has found the hf
spectra (see his Table II) for the triad S=—,, and two
S = —,

'
spin states, to be a function of the angle 8 where

tan28= V 3(J23 J13)/(2J12 —J23 J13)

for J~2, J23 and J$3 ))A. His results show the S= —,

state has the standard hf spectrum (lines at
A/2, A/6, —A/6, —A/2 with a 1:3:3:1relative intensity
ratio). The two S = —, states exhibit characteristic hf spec-
tra that are, respectively, (A /2, —A/2) with a 4:4 intensi-
ty ratio for St~21 at 8=0' (also St~2„at 8=30') and
(SA /6, A /2, A /6, —A /6, —A /2, —5A /6) with a
1:1:2:2:1:1relative intensity ratio for St~2„at 8=0' (also
St&21 at 8=30'). Because 8=0' is highly probable for
those many nearly isosceles triangles one might expect to
be able to observe the peaks at +5A/6 predicted by Shim-
izu. ' In fact, weak peaks have been observed at the
correct positions and are discussed in Sec. IV. Although
the same criticism of the A hf given in Eq. (4) for triads
might be made, it can be shown that a many-electron
treatment with Slater determinants yields the same result
as Shimizu's when overlap terms are neglected. A i,f for
triads is discussed in Sec. V.

A hf —A (Si I 1+S2 I2+S3 I3)

is an extension of the form in Eq. (2). J12(R12), J23(R23),
and J»(R13) are the three pairwise Heisenberg exchange
interactions for the three different pairs. Ignoring 4 hf,

the energy levels for HO=0 are given by'
1 3

E3/2 4 (J12+J23+J13)~ Stotal (5a)

1Ein = —
4 (Ji2+J23+Ji3)

—T(J12+J23 +J13 J12J23 J12J13 J23J13 )
1 2 2 2 1/2

(5b)

The electron wave functions for these three different spin
states are given in Sec. V. The spin energy levels of the
donor triad, with the electronic Zeeman effect but without
the hf contributions, are shown in Fig. 1. The high-spin
S=—,

' state is always highest in energy while the two
S = —,

' states differ in energy depending on the topology of
the triad. They are equal in energy for the improbable
equilateral triangle (J12——J23 ——J13) with Eig2 ———3J12/4.
However, for the very probable nearly isosceles triangle
(J12»J23 and J13,J23 J13), the two S=—,

' states are
split by a large amount with the upper S = —, state being
much closer to the S = —, state than to the lower S = —,

'

state. A large fraction of the ESR intensity arises from
the high-spin state of the donor triad. Thus, to observe all
the ESR intensity of donor triads, the high-energy, high-
spin state must be fully populated according to Boltzmann
statistics, thus requiring kT»(J, 2+J23+J»)/2. For

C. Poisson statistics

Although the basic assumption of Poisson statistics of
noninteracting boxes used for noninteracting particles is
not strictly valid for donors interacting via the Heisenberg
exchange interactions, these interactions are not thought
to affect the distribution of donors. Introducing V, as the
characteristic voluine of a cluster (box) and n as the aver-
age number of donors per cluster, then the probability of a
cluster (box) containing k donors is Pk ——(n) e "/k! The
integrated intensity from all spin states in the high-
temperature limit from clusters of size k is proportional to
the partial susceptibility, i.e., Ik ——pk ~ kPk. The total in-
tegrated ESR intensity I„„ifrom all the clusters will be

I„„i——g Ik oc g kn "e "/k!=n ot:Iie",
k=1 k=1

(6)

where Ii is the integrated ESR intensity from the isolated
donor peaks (at +A/2 for the P donor; at +3A /2 for the
As donor). The outer peaks also have contributions from
the various clusters. These are well approximated by use
of the binomial theorem yielding a contribution to the
outer peaks of magnitude Ik/2" '. Hence I,„„,is given
by

I2 I3 I4
Io„„,=I)+ + + + . . =I)e

2 4 8

This leads to the ratio I,„„,/I„„~——e ",which can be
readily determined from the experimental data even at
doping levels where the individual cluster lines (k & 2) are
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no longer resolved. For Si:As the result differs slightly,
because the As nucleus has spin I = —, with a resulting
four-line hf spectrum for the isolated donor, and the
analysis leads to

—3n /4
Iouter /Itotal ( 2

In both cases Poisson statistics predict that the ratio
I,«„/I«„i decays exponentially with n. Since n =ItID V„
I,„„„/I„„iwill determine the characteristic volume V, of
the size of clusters in the Poisson sense, even though
cluster-cluster interactions and topological hf effects
smear the spectrum in a complicated manner. As n in-
creases beyond 2, cluster-cluster interactions (see Sec. VI)
become increasingly important and wipe out the resolution
of the individual cluster hf spectra, in addition to altering
the spectral shape of a given cluster spectrum. Cluster-
cluster interactions are sufficiently important, as will be
discussed in Sec. IV comparing experimental spectra and
simple calculated spectra ignoring cluster-cluster interac-
tions, that one cannot expect to use the peak heights of
particular ESR spectral components of a given cluster to
test the applicability of Poisson statistics. The ratio
I,„„,/I„„i defined above does allow one to test the pre-
dictions of Poisson statistics in an average sense.

III. EXPERIMENTAL

Measurements of dX"/dH have been made at 9.5 GHz
with a conventional X-band ESR spectrometer utilizing a
Nicolet signal averager in the temperature range 1.4—16
K. The TEio2-mode sample cavity was maintained in
thermal contact with the liquid-He bath using He ex-
change gas. Temperatures above 4.2 K were obtained util-
izing a wire-wound heater coil wrapped around the cavity.
The cavity (sample) temperature was inonitored with a
calibrated carbon resistor above 4.2 K and with the
vapor-pressure —temperature curve of He below 4.2 K.

The samples studied and their characteristics are given
below in Table I. Both Si:P [float zone (FZ), Czochralski
(Cz), and neutron-transmutation-doped (NTD)] and Si:As
(FZ and Cz) samples were studied. Donor concentrations
of all but the NTD samples (Ref. 23) were determined
from room-temperature resistivity measurements. The
National Bureau of Standards (NBS) conversion tables be-
tween p„T and ItiD (uncompensated samples} (RT denotes
room temperature) for Si:P were employed for both the
Si:P and Si:As samples. As a result the true Si:As, XD
values may differ slightly (probably less than 10%) from
the values in Table I. The samples were cut with a wafer-

Figure 2 shows X"(H) for the 9X10' -cm Si:P (Cz)
sample at T=11 K. The 4)& blowup clearly shows the
shoulders on the @=3 clusters (at Ho+A /6) positioned at
+A/4 arising from k=4 clusters as reported by Feher
et al. The dashed curves in Fig. 2 are simulated spectra
based on Poisson statistics, the usual degeneracy factors
(binomial coefficients —1:2:1 for pairs, 1:3:3:1for triads,
1:4:6:4:1for quads, etc.} for the hf line for Mi ——g, mi,
and the same line shape is assumed for each hf line in the
spectrum. The line shape has to be fit to a linear superpo-
sition of a Gaussian of width ~G and a cutoff Lorentzi-
an of half-intensity at halfwidth AHL given by

f(H H; ) =(1 c)fG—(H H;, k—HG)—
+cfL (H H;, bHL, A), — (8)

where the ith hf line is centered at H;, c =c(E) is a func-
tion of doping (the line shape is Gaussian in dilute limit
with widths reported by Feher ), and the Lorentzian cut-
off is arbitrarily taken to have the value of the isolated
donor hf splitting A. The constants in (8) were obtained

ing saw to 1.8X 1.0 cm and a thickness between 1 and 4
mm, then handlapped and given a CP-4 etch (1 HF, 1

HNO3, 1 CH3COOH).
Because in past studies measurements were usually

made of dX'/dH in the (1.2—4.2)-K range under strongly
saturating adiabatic fast-passage conditions, a power-level
dependence of dX" /dH was made at each temperature to
check for the onset of saturation (for dilute samples
dX"/dH could only be observed above 4.2 K). The
absorption-derivative spectra were taken at power levels
well below saturation under slow-passage conditions with
100 Hz field modulation (rtt Ti (1). The dX"/dH spec-
tra, with sufficient sweeps for an adequate signal-to-noise
ratio, were integrated to obtain X"(H) with the Nicolet
signal averager. For a good baseline after the integration
it was essential to set the microwave phase accurately and
to maintain it with good temperature stability. Integrated
intensities of the various cluster lines, as well as the total
integrated intensity, were obtained with a planimeter and
are accurate to +2%.

A careful search was made for the hf lines at +5A/6
predicted by Shimizu. ' For the 2.5&&10' -cm Si:P
samples the 25-G region above and below the main hf
lines (+A/2) was averaged over 400 sweeps. A similar
search was made for the 1.5)& 10' -cm Si:P sample.

IV. EXPERIMENTAL RESULTS
AND DISCUSSION

TABLE I. Sample characteristics (abbreviations as in the text).

Donor, type

P, NTD
P, NTD
P, Cz
P, FZ
P, FZ
P, Cz
P, Cz

pRT (Qcm)

0.090
0.090
0.065
0.0475
0.0325

ZVD (cm-')

3 && 10"
6&& 10"
9~10"
9X10"
1.5 &&10"
2.5&&10"
4.8 X 10"

Donor, type

As, FZ
As, FZ
As, FZ
As, FZ
As, FZ
As, FZ

pRT (Qcm)

0.067
0.049
0.035
0.0263
0.0236
0.0230

XD (cm ')

1.4X10"
2.4~10"
4.4~10"
7.8 X 10'
9.6y10"
1.0~ 10"
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Si —As
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T = I4K
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FIG. 4. X"(H) at T=14 K for a 1.4X 10' -cm ' Si:As sam-
ple with simulated spectra (dashed line) for several values of n.

can be determined to within +2% for the more dilute
samples and less accurately for the most heavily doped
samples. The I,„„,/I„t» ratio can be obtained for more
heavily doped samples where thc central clustcI' lines aI'c
no longer I"csolvcd.

I,„„,/I„„,-vs-ND results for both Si:P and Si:As sam-
ples are presented in Fig. 6. The results are consistent
with the prediction of Poisson statistics for I,««/Ito, »—XDV /2

—3%gV /4=—,e '
) over about 1 order of magnitude in ND.

The slopes in Fig. 6 depend on the characteristic volume
V, and yield 8.2X10 ' and 5.6&&10 ' cm for Si:P and
Si:As, respectively (a change in the ND-vs-pRT relationship
for Si:As would alter the V, value for Si:As accordingly).
These volumes correspond to critical radii of 125 and 110
A. , respectively. Cullis and Marko obtained a value of
126 A. for Si:P from the susceptibility of the broad-
background line which is part of the cluster spectrum. In
their theoretical calculations Bhatt and Rice' have used a
value of V, -200a~ where uz is the donor effective Bohr
radius. The result V, =8.2X10 ' cm for Si:P corre-

I.O
I I I I I I I I

0,3

O. l

Iouter
~ total

sponds to a value V, =1600az for az ——17.2 A for the P
donor. This eightfold increase of the experimental value
of V, over that employed in theoretical calculations of
clusters could well have implications for the comparison
of theory and experiment. However, the V, determined
experimentally is based on the hf spectrum and corre-
sponds to a critical exchange interaction J, =A (3=42.6
G for Si:P).

The results in Fig. 6 show that the predictions based on
Poisson statistics are correct in an average sense as
represented by I,«„/I„t». The problem with using peak
heights to test Poisson statistics is the presence of several
complex broadening mechanisms. These include, for clus-
ters k&3, cluster topological hyperfine broadening and
cluster-cluster exchange interactions. Based on the simu-
lated pair line being much too big (more than a factor of 2
in Fig. 2) this suggests the latter mechanism may be the
more important mechanism. More &vill be said about the
mechanisms in Secs. V and VI.

The pledlctlon by Shlmlzu of hf lines af, +53 /6 from
donor triads has not been previously reported despite
many ESR studies of donor clusters. The results of ex-
tensive signal averaging over a 25-G range above and
below the outer hf lines at Ho+2/2 are shown in Fig. 7.
Figure 7(a) shows an enlargement [220&& inset in (b), 350
sweepsj of a 25-G range below the main outer line at
H =Ho 2/2. A —small extra bump is shown centered at
—35.5 G below Ho. A similar bump is shown on the neg-
ative side of dX"/dH centered at + 35.5 G above Ho in
Fig. 7(b) (365& enlargement of inset, 175 sweeps) with a
somewhat poorer signal-to-noise ratio. A subtraction of
the smooth tail (using a polynomial fit) of the outer line
yields a positive bump of amplitude 0 0012K&.z"' on the

0.05

0.0 I—

—&O —20 —lO 0
H-H, (6)

Fgo, 5, g (0) for 2.5 g I()'7-cm 3 Si:P samples including
simulated spectra for different n values.

2 4 6 8 I0
N, ( t O "/cm')

FIG. 6. I««, /I«„~ vs ND for SI;P and Si:As samples. From
the result n =X,V, and the slopes, the characteristic volumes
are V, =8.2~10-" cm' and V, =5.6glO-" cm' for Si:P and
Si:As, respectively.



FIG. 7. dg" /dH for Si:P sample (X~-2.5X 10' cm ) showing extra absorption at (a) Ho —35.5 G and (b) Ho + 35.5 G. (a) and
(b) show a 25-G field range in the vicinity of +5A /6 where signal averaging was performed. Inset in (b) shows the overall donor ESR
spectra, which is also shown in dg" /dH after subtracting the large signal tail from the isolated donors, etc., centered at +3 /2.

low-field side and a negative bump of amplitude
0.0006F&z"'" on the high-field side. These bumps are not
symmetrical about +53 /6 and seem to have a tail extend-
ing out further than

~

5A/6
~

by nearly 5 G. They exhibit
the dX" /dH shape of a powder pattern characteristic of
hf spectra observed in glasses, which is what would be ex-
pected for k=3 clusters because of the distribution of 8
values (see Sec. II 8). For this sample tT=2 and a rough
estimate yields I'5~ ~6 ( Y',«„&&2) =0.014 neglecting the
P(8) distribution, thermal-population factors, overlap ef-
fects, and cluster-cluster interactions. These effects all
reduce the magnitude of Y~„~6 relative to the outer lines
and will be considered in Secs. V and VI. This analysis
shows the I'(8) and population factor f i'„reduce I'5qi6
by more than a factor of 2, while overlap and cluster-
cluster interactions can account for another substantial
reduction. The observation of two bumps very close to
+53/6, which are symmetrical about Ho and have ap-
proximately the correct intensity, is strong evidence that
these represent the k=3 donor cluster hf transitions for
the Si&z„state (near 8=0') predicted by Shiinizu. '

The g"(H) spectra shown in Figs. 2—5 all become
asymmetrical at lower temperatures with more absorption
on the low-field side of Ho. This asymmetry effect has
been studied carefu}ly by Morigaki and Maekawa and our
results agree qualitatively. No detailed analysis of the
asymmetry effect was made, since it seemed to be well do-
cumented and also satisfactorily explained. '

V. MANY-ELECTRON hf INTERACTION
FOR CLUSTERS
A. Introduction

The electron-spin Hamiltonian represents the interac-
tion between electron spins and the external magnetic field

and the hf and quadrupole interactions with nuclei, and,
as such, is an average over dectron coordinates. Seidel
et al. have discussed the many-electron hf interaction
for an X-center system for the spin state S =X/2 using
the Slater-determinant approach. %hen this Slater-
determinant approach is applied to the donor cluster, one
does not have orthogonal one-electron wave functions on
different sites. As discussed by Mattis, 7 this means dif-
ferent Slater determinants (S, ,

= g, i M, for a cluster

of size k) with the same value of S, will not be orthogo-
total

nal. Furthermore, for the general case with overlap ef-
fects, S„„iwill not be a good quantum number for a clus-
ter of arbitrary topology and it will not be possible to
write a cluster spin Hamiltonian as a sum of pairwise
Heisenberg exchange interactions as in Sec. II. The
correct cluster eigenvalues, of course, will be obtained by
diagonalizing the 2 &&2 matrices of Slater determinants.
In the absence of overlap effects, the results will reduce to
those discussed in Sec. II. However, the correct form of
the many-electron hf spin Hamiltonian will be different
for different spin states (different Sto«i) and will also de-
pend on the cluster topology and overlap effects.

B. Donor trlads

Because of Shimizu's results' and also because of the
experimental results shown in Fig. 7, it is worth discussing
the k=3 cluster case in more detail. There will be a total
of eight Slater determinants. Here we shall consider only
the three S, ,

= —,
' states (the S, = —', states are orthogo-

nal to the others; the treatment for the S, ,
= ——,

' states
is the same). The three Slater determinants are
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P&
——( I/6N& )'~ [(2 F—)13(1)a(2)a(3)+(8—D)a(1)a(2)P(3)+(C —E)a(1)P(2)a(3)],

$2——(1/6N2)'~ [(8 E—)p(1)a(2)a(3)+(C —F)a(1)a(2)p(3)+(A D—)a(1)p(2)a(3)],

f3——(1/6N3)'~ [(C D—)P(1)a(2)a(3)+(A E—)a(1)a(2)P(3)+(8 F—)a(1)P(2)a(3)],

(9a)

(9b)

(9c)

whe~e A =g, (1)gb(2)g, (3), 8 =pb(1)g, (2)g, (3), C =g, (1}g,(2)gb(3), D =lt, (1)gb(2)1l, (3), E =gb(1)p, (2)g, (3), and
F=g, (1)g,(2)pb(3) are the six permutations of electron orbitals on donor sites a, b, and c of the triad. These electron-
permuted orbitals are not orthogonal and the overlap integrals are

&a IB&=&8
I
c&=&a Ic&=&D IE) =(D IF&=(E IF&=s.,s„s.. .

&~ ID) =(8
I
E)=(c IF) =s~~ ~

&c ID&=s

(10a)

(10b)

(10c)

(10d}

Using (10a) and (10b), one obtains N, =1—Sb„N2 1 —S„——, and N3 =1—S,b. These three Slater determinants are not
orthogonal and one obtains

&fi I 02& =(1/N, N2) (S,bsb, s„—S,b) = —,(S„+Sb,) —S,b,

& 42 I 6& =(1/N2N3)' (S,bus« S~ ) =—,' (S,b+S—„) S~-
(S~bSb S« —S~~}=T(S~b+ b~}

(1 la)

(1 lb)

(1 lc)

The treatment by Shimizu' only considers electron-
spin functions for the Hamiltonian in Eq. (4) and does not
take account of overlap. This leads to the three orthogo-
nal linear combinations of Slater determinants (LCSD's)
when overlap is neglected, given by

0,'"=(-')'"(4i+6+A),
f'+ cos8$,' +——sin8$,'

= —sin8$,' +cos8$I

(12a)

(12b)

the states g,' and f& are coupled, leading to the eigen-
functions f+ and g' for the upper and lower S, „~———,

'

states, respectively, given by

and

0, =( 6 )'"(4i+42—2A»
Considering only the Fermi-contact part of the hf interac-
tion [the p admixture is small (less than 2%) for
R /a' ~ 3.5] the hf interaction Hamiltonian will be

C

M„r=gp~y~ g g S;.I 5(r; —R ), (13)
i a

For a triad with exhange constants J,b & Jb, &J„and
tan28=W3(Jb, —J«)/(2J~b —Jb, J«)

where yz is the P nucleus gyromagnetic ratio. The hf in-
teraction for g+ is given by

&0+'I ~hf I
0+'& =cos'8&4'"

I
~hf

I
0'"&+»n'8&4'"

I
~hr I

0'"&+»n28&0'"
I ~hrl 0'"& (14)

while (p' IA nfl g' ) is obtained by replacing 8 by
8—m/2. The matrix elements in Eq. (14), neglecting over-

lap corrections and considering only the diagonal first-

order terms S~I,~5( r; —R~), are given by

& q"."
I ~i,f I

0e"&
=—[2(~.+~b } ~g ]6

(15)

b
—~.»

2 3

where m„mb, and m, are the eigenvalues of I, for the
nuclei at a, 12, and c. This produces the hf pattern given in
Table II of Shimizu. ' The angular dependence of the
lines at +SA/6 for the S&&2„state is given by +52/6

(1——,
' sin 8). Note that at 8=30', the maximum value al-

lowed which occurs when J,b
—Jb, and J„=O, this line

has shifted inward to +3 /2 while a pair of the S&~2~ lines
have shifted outward to +53/6. In fact, one observes
from Eqs. (14) and (15) that the hf spectra of S~~2„and
S~~2I exactly interchange between 0=0' and 30'.

The hf interaction Hamiltonian of the S, „~———,
' state

can be shown to be given, neglecting overlap terms, by
(2/3)(S«„&. I«„&) as already alluded to in Sec. II.
Neglecting overlap effects, this result for the S«„|———,

'

state is independent of the topolog~ of the triad. In the
high-temperature limit, the S«„~———, state accounts for —,

'
of the total intensity from triads. To say more about the
intensity of the S~/2„lines at +52 /6, one needs informa-
tion on the probability distribution of the 8 values for
triads.
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We have performed Monte Carlo calculations of donors
situated on diamond lattice sites in a cubic box approxi-
mately 1SO—175 times V, containing between 160 and 500
donors depending on XD. The pairwise exchange interac-
tion Jij(R,&,ke) has been utilized and donors have been
grouped into clusters utilizing a cutoff J, =2=0.0057 K
(J, was varied to obtain the correct n for the particular
Si:P sample; n-2 for the 2.5X10' -cm Si:P sample
which yielded the results in Fig. 7). The P(8) distribution
for triads is shown in Fig. 8 in 2' intervals for 0'& 8 & 30'.
This distribution is sharply peaked near zero with most of
the intensity between 0' and 6'. However, there is a rela-
tively flat tail extending all the way to 30'. The small-9
triads come from those triads with Jb ~&Jb~ and J„.
However, these triads frequently have J,b »kT in which
case the Si~2„states will not be fully populated. Even for
8=30' one sometimes has J,b=Jb, &kT and a resulting
reduction of the occupancy of the Si&2„state. Also
shown is the quantity 4fi&2„P(8), with

I00 I 1

]
I I

I
I I

I
I I

I
I I

I
I I

80

60—
p(e)—

QP—

20

4P(e)fi

IO

8

—El /2 u /kT
2e

Eii2ilkT Eii2 jkT E3i2lkT1/21 +2e 1/2 u +4e 3/2

(16)

where the energies are given by Eqs. (5a) and (5b). This
quantity is substantially reduced in the 0 & 8&2' interval
to approximately 40% of the T~ac value at T=1.4 K.
However, this reduction below P(8) is not large for 8& 4'.
From the results in Fig. 8 we estimate these topological
and thermal-population effects reduce the +SR/6 hf line
intensity by a factor of almost 2 at T=1.4 K for
0'&8&9' (which corresponds to a 1.4-G line shift com-
pared to the halfwidth). This still leaves the observed in-
tensity shown in Fig. 7 a factor of 5 smaller than the cal-
culated estimate. Additional reductions can result from
overlap effects and cluster-cluster interactions.

It is very difficult to consider overlap effects for a gen-
eral value of 8, hence we will restrict our consideration to
8=0' values. For the S&/2„state, the +53/6 lines at
8=0' are shifted to

(17)

Numerical results from the Monte Carlo calculations for
triads using Eq. (17) show that even though the largest S,b
obtained can shift the hf line outward as much as 5 G, the
predominant effect for most clusters is considerably less
than 1 G. Overlap effects cannot account for any signifi-
cant reduction in the intensity of the +52/6 transitions.
The important remaining factor to be considered is the
role of cluster-cluster interactions.

l2 IB
8(deg)

24 50

FIG. 8. P(,8) vs distribution for triads resulting from cluster
Monte Carlo calculations. Also shown in the quantity
4P(8}f;~2„which takes account of the thermal populations of
the S~/~„states. This has a substantial effect in the 0'&0&2'
interval.

VI. CLUSTER-CLUSTER INTERACTIONS

Cluster-cluster interactions result from both residual ex-
change interactions between donors (J „&J, ) and from
dipole-dipole interactions; however, the latter are found to
be negligible. With the use of pairwise exchange interac-
tions between all the spins of one cluster with all those of
a second cluster, H;„, takes the form H;„,
=X X„J „8 S„,where m is in cluster I and n in cluster
II and J~„&J,. For clusters of size r and s donors,
respectively, there will be r Xs different values of J „.
One now needs to combine these terms in terms of the dif-
ferent spin operators for a given cluster. Because of our
interest in triads, we will consider triad interactions with
isolated donors, pairs, and triads.

For donors 1, 2, and 3 in a triad, and 4 and 5 in a pair,
one can show that 0;„,is given by

1H „,= —,(Ji4+Ji5+J24+J25+J34+J35)(Si+S2+S3) (S4+S5)
1+ 6 (J14 J15+J24 J25+J34 J35)(S1+S2+S3) (S4 S5)

+—„[Ji4+Ji5+J24+J25—2(J34+ 35)](Si+S2—2S3) (S4+Ss)+ ' ' ' (18)
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where the ellipsis represents three more terms in S~ —S2,

S4—Sq, and S~+S2—2S3. The leading term in (18) is a
Heisenberg-type term of the form H;„t =J ~S S~, where

S and S~ are the total spin of the ath and Pth clusters,
respectively. J ~ is the sum of all the individual J~„'s.
Because the J „~0, the terms involving the Heisenberg
interactions of the total spin on each cluster are frequently
the largest term; however, bemuse of the very broad distri-
bution in J~„magnitudes and the importance of the in-
terference effects resulting from the many-valley effects,
there will in some cases only be a few large J „'s between
any two clusters. Thus, some of the terms in (18) with
minus signs will also be large for certain clusters. Terms
with spin operators S~+S2—2S3, S~ —S2, and S4—S5 limit
the lifetimes of the spin states of the individual cluster
spin states. The Heisenberg-type terms involving the total
spin are diagonal terms that introduce small splitting of
the original cluster spin states (i.e., as in Fig. 1).

The consequences of these cluster-cluster residual ex-
change interactions on the hf interaction are very difficult
to consider in any quantitative manner. In principle, one
needs to look at the hf interaction of "clusters" of 4, 5,
and 6 and/or more donors and look at the hf interaction
of these larger clusters as the J „(J„&J, ) are varied to
break the larger cluster into two or more clusters. Quali-
tatively, the effect of the cluster-cluster interactions is to
broaden or washout the hf interaction of a specific small
cluster. Qualitatively, the magnitude of the broadening is
related to the distribution of the J p's and the other
lifetime-limiting terms in (18). Inspection of the results of
our Monte Carlo calculations show that the distribution of
the J p's is broad between J=A and the ESR linewidth
(AH=A/15). Qualitatively, it seems very possible to
reduce the intensity of a specific hf line (such as the
+5A /6 lines of the triad) by a factor of 2—5. A more de-
tailed analysis of this problem will be given in a separate
paper.

VII. CONCLUSIONS

The peak heights of the ESR spectra of X"(X,H) donor
pairs and triads are shown not to be in good agreement
with simulated spectra based on Poisson statistics, neglect-
ing topological hf broadening and cluster-cluster interac-
tions. However, the predictions of Poisson statistics for
the integrated intensity ratio I,„„,/I«„~ are obeyed in an
average sense over an order of magnitude in donor con-
centration, namely I,„„,/I«„& decays exponentially with
donor concentration XD. From the dependence of
I,„„,/I«„~ on n(ND), the characteristic volume V, for

cluster formation (from Poisson statistics V, =n/Nn) is
determined. Despite the fact that I,„„,/I„„~ apparently
obeys the Poisson statistics prediction, one should not con-
clude that the fraction of clusters of a given size (k) 2)
obeys Poisson statistics. In fact, Monte Carlo cluster cal-
culations suggest this is not the case in the n ~ 1 regime.
These calculations, assuming a critical pairwise exchange
interaction J, for a donor to be included in a cluster, show
that there are too few pairs and triads and too many large
clusters with a small number of improbably very large
clusters occurring.

A search for the hf lines at Ho+5A/6 for the S~~2„-
spin state of donor triads predicted by Shimizu has re-
vealed weak "bumps" in dX"/dH at Ho+35.5 G for a
2.5 &(10' -cm Si:P sample in agreement with Shimizu's
prediction. However, the intensity of these bumps relative
to the outer line at +A /2 is more than an order of magni-
tude smaller than expected, based on Poisson statistics,
neglecting overlap effects, topological hf broadening, and
cluster-cluster interactions. Topological hf broadening
and thermal-population effects can reduce the intensity
by, at most, a factor of 2. Since overlap effects at 8=0'
are too small to affect the intensity, most of the intensity
reduction must come from cluster-cluster interactions and
a smaller fraction of triads than expected from Poisson
statistics. The Monte Carlo cluster calculations definitely
demonstrate the inIportance of cluster-cluster interactions
in smearing out the cluster hf spectra; however, it is diffi-
cult to quantitatively estimate the magnitude of intensity
reduction.

The hf spectrum for isolated pairs of donors has devia-
tions from the simple 1:2:1intensity ratio that result from
pairs with J=A as calculated by Marko and also from the
cluster-cluster interaction and possible deviations from
Poisson statistics. The broad-background line discussed
by Cullis and Marko results from both topological hf
broadening and cluster-cluster interactions of the ESR
cluster spectra. Their characteristic radius R„determined
from the susceptibility associated with the broad-
background line, is in excellent agreement with that in-
ferred from the characteristic volume V, obtained in the
present work.
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