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A theoretical study is presented of the interaction between a high-intensity pump beam with a
wavelength of 10.6 pm and a low-intensity probe beam which is tunable in the (9—11)-pm region.
The dominant absorption mechanism of the optical beams in p-type Ge is direct intervalence-band

transitions between states in the heavy- and light-hole bands. The hole states in resonance with the

pump tend to saturate at sufficiently high intensities due to changes in the occupation probabilities
of the initial and final states. When the material is simultaneously irradiated by the pump and

probe beams, there is a nonlinear response which produces a component in the hole population
difference between the heavy- and light-hole bands which oscillates at the beat frequency. This os-

cillating component in the population difference acts as a spatial and temporal grating which mixes
the two beams. The absorption of the probe beam is modified by the presence of the pump beam by
both the saturation of the intervalence-band transitions and by the oscillating population difference,
which can scatter pump photons into the direction of the probe beam with the frequency shifted to
that of the probe. Calculations of the probe absorption as a function of the frequency difference be-

tween the probe and pump beams are presented. These calculations of the absorption spectrum are
compared with experimental results and good agreement is found. In addition to modifying the

probe absorption spectrum, the oscillating population difference leads to a current-density corn-

ponent which oscillates at the pump frequency plus the beat frequency. If the pump and probe
beams are nearly phase matched, this current-density component can generate a new optical beam

that oscillates at the pump frequency plus the beat frequency. The intensity of this generated wave

is estimated as a function of the beat frequency and the pump and probe intensities.

I. INTRODUCTION

In many p-type semiconductors, the absorption of light
with photon energies less than the band gap is dominated
by direct free-hole transitions. For light in the COq-laser
spectrum (A, -10 pm), these intervalence-band transitions
in p-type GE occur between the heavy- and light-hole
bands, whereby a free hole in the heavy-hole band absorbs
a photon and makes a direct transition to a state in the
light-hole band. ' The absorption due to the intervalence-
band transitions in p-type Ge has been experimentally
shown to saturate at high CQ2-laser intensities in a
manner closely approximated by an inhomogeneously
broadened two-level model. Theoretical calculations
suggested that this nonlinear behavior of the absorption
coefficient results from a population effect in which the
hole-occupation probabilities for states in the resonant re-
gion of the heavy- and hght-hole bands begin to approach
one another at high light intensities. "'

Experimental attempts have been made to understand
the response of the free-hole distribution to a high-
intensity pump of fixed wavelength by measuring the
transmission of a weak tunable probe also resonant be-
tween the heavy- and light-hole bands. "" By measur-
ing the transmission of the probe beam as a function of
the detuning of the pump and probe, one can investigate

the modification of the free-hole distribution by the high-
intensity pump for states nearly resonant with the pump
laser. The specific features of the spectral linewidths of
the probe absorption also yield valuable information on
the relaxation times.

In this paper, we present calculations of the absorption
line shape of the probe beam as a function of the intensity
of the pump beam. The absorption coefficient of the
probe beam is found to consist of two separate contribu-
tions. One part is due to the decrease in the distribution
of free holes in the resonant region of the heavy-hole band
induced by the saturating beam. The hole-burning effect
can be described using the theory presented in Ref. 13, in
which rate equations are constructed to determine the dis-
tribution of hole states in k space as a function of the in-
tensity of the saturating beam. The second part results
from the nonlinear response of the hole distribution to a
forcing oscillation at the beat frequency b, (b, =co+ —co )
for a pump laser with frequency co+ and a probe laser
with frequency co . This forcing oscillation induces pul-
sations of the difference in occupation probabilities be-
tween states in the resonant region of the heavy- and
light-hole bands. These population pulsations act as a
temporal and spatial laser-induced grating which can
scatter pump photons into the direction of the probe beam
with the frequency shifted to that of the probe beam, and
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vice versa. This coherent scattering can have a significant
influence on the light transmission as measured in the
probe direction. The calculated results show that the light
as measured along the probe direction cannot be directly
related to the response of the semiconductor due to the
presence of the pump beam alone. The contribution from
the coherent coupling of the two beams can be decreased
by using beams with orthogonal polarizations.

The two contributions to the probe absorption behave
differently as the probe frequency is detuned from the
pump frequency. Thus one expects the probe-absorption
coefficient to have a non-Lorentzian line shape as a func-
tion of the detuning of the pump and probe beams. Both
the incoherent and coherent contributi. ons to the probe ab-
sorption line shape are found to be approximately
Lorentzian, where each of the two contributions has a dif-
ferent linewidth. The composite hne shape of the probe
absorption in the saturated medium appears like a double
dip as a function of the detuning of the pump and probe
beams. This double-dip line shape should be especially
apparent when the incoherent and coherent contributions
to the probe absorption have linewidths that are signifi-
cantly different. A double-dip absorption line shape has
been observed in p-type Ge for a pump laser with a wave-
length of 10.6 pm. " In this paper, explicit values are
shown for the absorption line shape of a weak tunable
probe beam in p-type Ge in the presence of a high-
intensity pump beam at 10.6 pm, and good agreement is
found with the experiments of Ref. 11.

In addition to the coherent contribution to the probe-
beam absorption, the population pulsations can also gen-
erate a third optical wave at a frequency (2'+ —co ) with
a wave vector (2K+ —K ). Here K+ and K are the
wave vectors of the pump and probe beams, respectively.
If phase-matching conditions are satisfied, this generated
wave can reach an intensity comparable to that of the
probe beam. In this paper, we discuss the origin of this
generated wave and estimate its intensity as a function of
the pump and probe intensities and the detuning between
the two optical beams.

PI'cvloils tllcorctlcal dlscusslons of thc Rbsorpt1on of R

probe beam have been presented for inhomogeneously
broadened atomic systems with a distribution of frequen-
cies at resonance as a result of Doppler broadening. '

Inhomogeneous media which are not velocity broadened
have also been considered. ' ' These calculations have
shown the inadequacy of using only the hole-burning
model to describe the probe absorption for several dif-
ferent experimental situations. Two theoretical treatments
of the probe absorption in p-type Ge have been present-
ed. ' In Refs. 9 and 10, the Ge valence bands were
modeled as an ensemble of two-level systems with cascade
relaxation. The calculation of Ref. 10 includes only the
incoherent contribution to the probe-absorption coeffi-
cient, and thus finds the probe absorption line shape to be
approximateiy Lorentzian as a function of the detuning of
the pulnp and probe beams, which is in conflict with the
measured results of Ref. 11. The generated wave at
2~+ —co has not been previously discussed foI this sys-
tem. In ou1 calcUlatlonal apploRch, thc Gc valcncc bands

arc described ilsillg k p theory wlilcli Includes tlm Ilon-
parabolic and anisotropic valence-band structure. The ef-
fect of the interaction of the probe with the saturated
medium is described as a perturbation series in the probe-
field strength. Detailed results are presented to first order
in the probe-field strength.

The paper is organized in the following way: In Sec. II
we present our theoretical approach, in Sec. III we give
the results for p-type Ge, and in Sec. IV we summarize
our conclusions. In Appendix A we describe the effect of
the induced current density on the propagation of the op-
tical beams, and in Appendix 8 we briefly discuss the ef-
fect of higher-order terms in the probe field.

II. THEORETICAL APPROACH

In semiconductors with a diamond or zinc-blende struc-
ture, there are six bands near the valence-band maximum
(three sets of twofold degenerate bands). The heavy- and
light-hole bands are degenerate at the zone center and the
other two degenerate bands (split-off hole bands) are
separated at k =0 by the spin-orbit interaction. In
thermal equilibrium the occupied hole states are in heavy-
and light-hole bands only.

Thc absorption of hght 111 thc 10-pm region by p-type
germanium at room temperature is dominated by inter-
valence-band transitions between the heavy- and light-hole
bands. ' * Since both energy and wave vector are con-
served in the excitation process, only holes in a narrow re-
gion of k space can directly participate in the optical ab-
sorption. At low-light intensities, the relaxation mecha-
nislns maintain the hole distribution near equilibrium.
However, as the intensity of the CO&-laser light becomes
sufficiently large, scattering can no longer maintain the
distribution at the equilibrium value, and the occupation
probabilities for resonant hole states decrease in the
hcavy-hole band and incr'ease in the light-hole band. Since
the absorption is governed by the population difference of
these resonant states, this redistribution leads to a reduced
absorption coefficient. Thus in order to calculate the ab-
sorption of a probe beam in the presence of a saturating
beam, one must first calculate the hole distribution in the
heavy- and light-hole bands as a function of the intensity
of the pump laser.

The calculational approach is to solve for the current
density induced by intervalence-band transitions. The
equations are constructed by use of a density-matrix for-
malism. The density matrix of the whole system is writ-
ten as the product of the density matrix describing the
electronic part of the problem and the density matrix
describing the lattice system. The lattice is considered to
be a surrounding medium and regarded as large and dissi-
patlvc. Sliicc tllc 1Rttlcc (which Rcts Rs R llcat bath) Is Ilot
significantly heated over the duration of the optical in-
teraction, thc dcnslty Inatr1x dcscr1b1ng thc latt1cc can bc
taken to be in thermal equilibrium. By tracing over the
lattice modes, the time evolution of the density matrix
describing the electronic part of the problem is used to
construct cquat1ons foI' thc CUI'Icnt dcns1ty. Thc current
density owing to the intervalence-band transitions is found
to be determined by
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d
, J(k)+

dt
——J(k)+Q2(k) J(k)=Nk —, , g [fp(k) —fp(k)]&Q(k)A (Pb, p,t, +P,bpp ) .

k) dt Apl c b~p

Here, k is the hole wave vector, ii (1) refers to the heavy-

(light-) hole band, A'Q(k) is the energy difference between

states of the wave vector k in the heavy- and light-hole
bands, f;(k} is the one-hole occupation probability for a
state vrith wave vector k in band i, A is the vector poten-
tial describing the electromagnetic field, Pb, (k) is the
GlomcntuID matrix element bet%'ccn states with wave vec-

tor k in bands b and c (which is summed over the
twofold-degenerate states in each band), and J(k) is the

part of the current density J which includes the contribu-
tion from states with wave vector k [g J(k}=J].
Tz( k) is giveil by

%'e consider the case in which the medium is subjected
to two electromagnetic waves (pump and probe beams).
The high-intensity pump beam is described by a plane
wave with polarization q+, frequency m+, and propaga-
tion constant K+. The low-intensity probe beam is
described by a plane wave with polarization f, frequen-
cy m, and propagatio~ constant K . The vector poten-
tial of the electromagnetic field is then given by

+

A(r t)= f+(e + + +c c )
2

i(e t —K ~ r)+ f (e +cc).
2

2 = g(R, +R - -,),
T (k) Il~ k~8 k /~ k~c~ k

2 e, k'

where R - -, is the rate at which a hole in band
g, k —+b, k'

with wave vector k is scattered into a state with wave ve
tor k ' in band b. One should note that at low intensi

fk(k) —fp( k ) has cubic symmetry so that the current den-

sity J (after having summed on k) is parallel to A. How-
ever, at high pump intensities fk ( k ) —fp ( k ) no longer has
cubic symmetry, and J(k) [as calculated from Eq. (1)] is
not necessarily parallel to A.

Rate equations for the distribution of hole states are
also constructed using the density-matrix formalism. The
equations of motion for the distribution functions (for
nondegenerate hole densities) are given by'

fk(k)=fp"(k)+fk"(k)+fp"'(k)+ ' ' '

fp(k)=fp '(k)+fp "(k)+fp '(k)+

J(k)= J ' '(k)+ J "'(k)+ J "P(k)+ ". (5c)

The zero-order terms designate the occupation probabili-
ties and current density for the medium subject to the sa-
turating beam and no probe laser. The first-order terms
represent the modification due to the presence of the
probe beam (to first order in the probe-field strength).
The h1gher-order terms are defined In an analogous way.
For small probe-field strengths, the expansion can be trun-
cated at first order in the calculation of the probe absorp-
tion coefficient. In order to use a perturbation expansion
in the probe-field strength, one requires that the probe in-
tensity be much smaller than the saturation intensity of
the material (-4 MW/cm in p-type Ge at room tempera-
ture).

By substituting the expanded forms of Eqs. 5(a)—5(c)
into the governing equations for the current density given
by Eq. (1) and for the hole-occupation probabilities given
by Eqs. (3a) and (3b), fp',

' and fp' ' are found to be in-
dependent of time and space, and fk "(k ), fp

"(k ),
J ' '( k ), and J "'(k ) are found to oscillate as

dfk(k) —J(k).A
2', cA'Q( k )

—g [R„-„„,fp, (k) R-, „„f,(—k')7
e, k'

dfp(k)
dt

1 —J(k) A
2%(,cfiQ(k)

c, k'

Using Eq. (4), we wish to solve Eqs. (3a) and (3b) for
(2

fk(k) and fp(k) as a function of the light intensity of the
two beams.

In the typical pump-and-probe experiment (A+ p~A ),
one can write the hole distributions in the heavy- and
light-hole bands and the current density as a perturbation
expansion in the probe-field magnitude. We define

fp, (k)=Fk"'(k)exp'[(co+ —co )t —(K+ —K—)'rl+c c

fp' (k)=Fp'"(k)expi[(co+ —co )t —(K+ —K ).r]+c.c. ,

J ' '(k) =R' '(k)expi[ro+t —K+.r]+c.c. ,

(6a)

(6b)
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J "'(k)=(R"'(k)expfi[(2'+ co—)r (—2K+ —K ) F]j+c.c.)+(I '"(k)expIi[~ & —K 'FJI+c.c.) . (6d)

In the above equations, we have dropped terms in the hole-occupation probabilities which oscillate at frequency 2ai.
These high-frequency oscillations are highly damped by the scattering terms.

The first-order terms in fh(k) and fi(k ) describe a pulsation in the population of free holes due to a forcing oscilla-
tion at the beat frequency 5 (b,=co+ —ro ). This population pulsation is due to a nonlinear coupling of the free-hole dis-
tribution to the two laser beams with frequencies co+ and co . This interaction is described by the [d J(k }/dt].A terms
of Eqs. (3a) and (3b), in which J ( k ) is driven at one of the frequencies and the component of A is oscillating at the other
frequency. The first term in Eq. (6d) arises from the first-order oscillating {frequency 5}contribution to the population
difference fh(k) —fi(k) mixing with the pump component of A (oscillating at ~+) in Eq. (1). The second term in Eq.
(6d) arises from both the zeroth-order steady-state contribution to the population difference (fj, fg) m—ixing with the
probe contribution of A (i.e., the hole-burning contribution) and from the first-order oscillating contribution to fq f~-
mixing with the pump contribution of A in Eq. (1).

The solution to the zeroth-order equations (i.e., for A =0) has previously been investigated by the authors. ' The re-
sults of Ref. 13 are briefly summarized since they will be used later in calculating the probe absorption coefficient.
R' '(k) in the current-density expression [Eq. (6c)] is given by

2

R"'(k)=- ' ", [f„"'(k)—I,"'(k)] —,
' g ~+ ~ (P„P„+P„P„) (7)

~iii c Q(k) co++—i/T2 i el,
col

(0) -+ g) -+ fIt( k ) I (ik)+ Tg( k) F(k ) T(( k )G{k )fa"{k }—f~"'{k) =
1+P(k)[Tp, (k)+ Ti(k)]

In Eq. (8), f, (k) is the equilibrium value of the distribution for a state with wave vector k in band c, and the following
auxiliary functions are introduced to simplify the expressions for f» ( k ) and fi '( k ):

1

h, k~0, k'
h c, k'

F(k)= g & -„, „„[f,' (k') —f,'(k')],
c, k'

G(k)= g R, [f,'"{k,') f,'(k')],
c, k'

(9d)

I/[m5T2(k)]

whele I+ ls tile intensity of the pump laser.
By using Maxwell's equations and Eq. (7), an expression can be written (see Appendix A) for the absorb tion coefficient

of the pump beam. By solving for the difference in the occupation probabilities for states in the resonant region using
E'q' (g}t one can calculate the absorption coefflcleilt of the p'ump as a function of the pump jntensjty The
presented in Refs 13 and 21 and are found to be in good agreement with the experimental measurements of Refs 2 6' "'"d'"". '"p""""' « '"e first-«de«es»ts for f~(k}—fi(k} and J "'(k). Substi«ting the expansion de
fined by Eq. {5)into Eq (1), and equating terills to first oldel' in tile probe-fjeld strength one fjnds
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J "'(k)+
dt2

—J "'(k)+Q (k) J '"(k)
T,(k) «

2

c&l

[f„' '(k) —f,' '(k)]AQ(k)[ri Pb, (k)P,&(k)+ ii .P,&(k)Pb, (k)] (e + c.c. )
2

+ [fp,"(k)—ft'"(k)]AQ(k)[f+ Pbt(k)P, b(k)+ f+.P,g(k)Pb, (k)]

i(co+t —K+- r )
X (e + + +c.c.

2
(10)

—1

2' cA'Q dt
J (k) ri (e + c.c. )
~

(p~
~ — l(co t —K r)

2

r

~+ i(a) t —K ~ r )+ —J "'(k) g (e + + +c.c. )
dr +2

for the first-order correction to the current density due to the presence of the probe. Substitution of the expansion into
Eq. (3) yields the following expressions for fh "(k) and f& "(k):

df'"(k)
dt

—g [R„„„,ft', '(k) —R „, „-f,"'(k ')]
c, k'

(1 la)

dt
1

2NI, cAQ

t'(m t Kr )——J' '(k) ri (e +cc )

(I) ~ ~ ~+ i(t0 t K ~ r)—+ —J' '(k) ri (e + + +cc )
dr +2

—g [R, „„,fI')(k) —R -, -f,'"(k')] .
c, k'

(1 lb)

Using Eq. (6) in Eqs. (10) and (11), one can write expressions for FI,"(k)—F)' '(k), R'"(k), and I "'(k) by equating
terms which oscillate with the same spatial and temporal dependence. After equating coefficients one finds

F)')"(k)—F) "(k)=
—i/T2(k)

g [(Ps, f+)(P f ri )+c.c.]
I g+ b&»

+ col

l(k) 2 g I n+ Pb I'
bah,
col

[fl'"(k) —fi"'(k)]
[Q(k) —co ]+[i/T2(k)] ~+

(12)

—iA
r

1 /(77flT2 ) trN)te (p) (p) ~ I+8
[fh (k) fl (k)l

(Q —(o ) +(1/T2) m c l(k)

(Q —to ) —(i/T, )

Q —(2'+ —CO )+(l /T2)

Rnd

g [(Pb, ri+)(P~ 'ti )+. c.c].
.

, bah,

X —, g v1+ (Pbt. Ptb+c. c. )
bah, 2 g Iri+'Pt I'
col bah,

col

(13)
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I (')(k)= 1/(MTi ) n Nh e
~p) (p)

2

[fh (k) —ft (k)]
(Q —co )+(1/T2) m c

&& [1+iT2(Q —co )] —,
' g ii (Pb, P,b+c.c. )

bah,
c&l

I+8
rt+ (P'b P&b+c.c. )

l(k) bah,
c&l

g [(Pb v7+.)(P& rl )+c c ]. .
bah,
cE1

2 2 lf+ Pb. I'
bah,
cEl

(14)

In the equations above, the auxiliary functions l(k) and 8(k) are introduced to simplify the expressions. The functions
are defined by

and

l(k)=
i6 c&Emco+'

2~e' 2 If+ Pb, I' T2(Th+Tt)
bah,
col

(15a)

where

[1/T2+i (Q co )]— 1 1

1/Ti i (Q co —) I—/T2+i (Q co+—)

2/(k)+
i(k) T2 1/T2 t(Q co—) —1/T2+i(Q 2co+—+co )

(15b)

Th(k)+Tt(k)

1 1+
1/Th +i (co+ —co ) I /Tt i (co+ —co )—

(15c)

and Th(k) and Tt(k) are defined by Eqs. (9a) and (9b). In deriving these results, we have included the term
-,R, f, (k ', t) in Eq. (3a) and the corresponding term in Eq. (3b) only to zeroth order (thus it does not enterc, k' c, k' h, k

into the equation for the higher-order results). These terms correspond to scattering of holes from states primarily out-
side the resonant region into states in the resonant region. The population of the states outside the resonant region is not
significantly affected by the presence of the probe beam. We have also assumed that the frequencies co+, co, and Q are
nearly eqUal.

Using the expressions for the first-order correction to the current density and the wave equation, one finds how the
electromagnetic wave propagation is influenced by J "'. The details of this analysis are contained in Appendix A. To
first order in the probe-field strength, the propagation of the pump beam is not influenced by the probe beam. (The first
contribution to a modification of the pump beam is second order in the probe field. ) This result is immediately obvious
from the form of J "' in Eq. (6d), because it does not contain a term which oscillates as co+t —K+ r. The propagation
of the probe beam is influenced by the term I "' in J '". In Eq. (14) for I "'(k), the first term in the large square
brackets describes the usual absorption of the probe beam as modified by the saturating beam through the intensity
dependence of the distribution functions fh '( k ) —ft' '( k ). The second term in large square brackets of Eq. (14) (i.e., the
term proportional to I+) describes the coherent coupling between the pump and probe beams. The R'" term in J "'
leads to the generation of a third optical beam which oscillates at (2co+ —co )t —(2K+ —K ) r. This beam can reach
intensities comparable to that of the probe beam if phase matching conditions are satisfied.

In Appendix A we find that the absorption coefficient of the probe beam is given by

8m. 1m[I '"(k) ri ]a (co,I+ ) =—
cK

k

which can be rewritten as

(16a)
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2

&-(~- I+)= 2 2 g lf -Pbe(k)
l [fh (k) fl (k)]

CN ~k bCh,
c&l

1/[mfiT2( k )]
[Q(k) —co ] +[1/T2(k)]

I[il+ Pb, (k)][/ Pb, (k)]+c.c. I
bah,
colI+

I(k) 4 g ~
ri+ Pb, (k)

~ g ~
ri Pb, (k)

~

'2

(16b)

bah,
col

bch,
c&l

The unity term in the brackets of Eq. (16b) gives the usual
contribution to the probe absorption coefficient modified
by the hole-burning effect of the pump beam (i.e., the dis-

tribution functions fh '(k) f~' '(k—) are modified by the
pump beam). The second term in the brackets, which is
proportional to I+, describes the effect of the coherent
coupling of the pump and probe beams on the probe ab-
sorption coefficient. It comes about because of the oscilla-
tions in the difference in occupation probabilities for
states in the resonant region of the heavy- and light-hole
bands, which is described by fh"(k) fi "(k).—For beat
frequencies b. (equal to co+ —co ) much less than 1/Th(k)
and I/T&(k), the contribution due to the coherent cou-
pling of the two beams can be comparable to the contribu-
tion from the hole-burning term. As the beat frequency is
increased so that 5 is comparable to the scattering rates,
the contribution from the coherent coupling term de-
creases and this contribution becomes vanishingly small
for 5 significantly greater than the scattering rates. It is
interesting to notice that the coherent coupling term does
not vanish for orthogonally polarized pump and probe
beams (although it is significantly less for the orthogonal-
ly polarized case than for the parallel polarized case).

In Appendix A, the term R'" in the current-density ex-
pression is shown to lead to the generation of a third
optical beam which oscillates as (2'+ —co )t
—(2K+ —K ).r. The intensity of this generated beam

will be very weak unless K+ and K are nearly parallel
(i.e., the pump and probe beams are nearly unidirectional).
If K+ and K are nearly parallel, a rough estimate of the
intensity of the generated beam (given in Appendix A)
shows that it can reach approximately a factor of g times
the intensity of the incident probe beam where

[(R"'iI )/A

+ (1—cos8)
2&C

(17)

Here the bar over the current-density components indi-

cates a sum on k [i.e., R' '= g-R' '(k), etc.], i1 is a
k

unit vector in the direction of R'", and 8 is the angle (as-

I

sumed small) between K+ and K . This expression can
be used to estimate the maximum intensity of the generat-
ed beam as a function of co+ —e, the pump-beam inten-
sity, and the angle 0.

The inclusion of higher-order terms in the probe-field
strength leads to a modification of the pump beam and to
the generation of additional side bands at plus or minus
integral multiples of the beat frequency b, from the pump
frequency. A short discussion of these higher-order terms
is included in Appendix B.

III. RESULTS AND DISCUSSION

In this section we present results for the first-order
correction to the population difference for states near the
resonant region, the effect of relative pump-and-probe po-
larizations on the nonlinear coupling of the two beams,
the effect of the nonlinear coupling on the probe absorp-
tion, and the probe absorption as a function of the detun-
ing of the pump and probe beams. At the end of this sec-
tion, a discussion is presented on the strength of the new
wave generated with frequency 2'+ —co as a function of
the probe frequency and pump intensity. In order to cal-
culate the quantities of interest, one must first calculate

fh (k), fi (k), and R' (k) in the case with only the
pump beam present. The calculational approach proceeds
as discussed in Ref. 13. The one-hole energies and
momentum matrix elements appearing in the equations
are determined by second-order degenerate k-p perturba-
tion theory. The cyclotron resonance parameters of Ref.
23 are used in calculating the valence-band structure and
momentum matrix elements. The hole-phonon scattering
is the dominant relaxation mechanism at room tempera-
ture for hole concentrations less than about 3 ~ 10' cm
The hole-phonon scattering rates are calculated on the
basis of the deformable potential model as discussed in
Refs. 24 and 25. For more heavily doped samples, the
hole-hole and hole-ionized impurity are included follow-
ing Ref. 26. By using the calculated scattering rates, the
scattering times Tq(k), Th(k), and T&(k) are computed
from Eqs. (2), (9a), and (9b). Having calculated the hole
energies, momentum matrix elements, scattering times,
and occupation probabilities as a function of wave vector
k, one can perform the numerical integration over k space
to determine the probe absorption coefficient in the pres-
ence of the high-intensity pump laser.
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Only hole-phonon scattering is included in recast of the
calculated results presented in this section. For hole den-
sities in which hole-hole and hole-ionized impurity
scattering becomes important (Ns &3&(10' cm ), the
calculated results depend on the particular choice of hole
concentration. Rather than specifying the hole concentra-
tion in each figure, we present results in the low-density
limit. The transmission experiments of Ref. 11 which
measure a (co,I+ ) were performed on moderately
doped samples where one should also include hole-hole
and hole-impurity scattering. The values of a (co,I+),
which RI'c compared with experiment ln this scctlon alc
calculated at the particular value of the hole concentration
corresponding to the samples used in the experiment.

Both the coherent interaction between pump and probe
beams and the generated wave at 2'+ —m result from
the first-order correction to the population difference

(fI,"(k ) —f1'"(k ), which oscillates as (co+ n1 )1—
—(K+—K ) r ). The magnitude of this population
difference is calculated from Eq. (12). In Fig. 1, we plot

as a function of AQ(k) for k in the [111]direction for two
puIDp lntcnsltlcs. 80th pump RIKl probe beams RIc taken
to have photon energies of 117 meV (e.g., A, =10.6 Ium)
and to be polarized in the [001] direction. For zero beat
frequency (b, =-co+ —co =0), Q is purely real. For k in
the [111]direction, values of l(k) in Eq. (12) are in the
range of 5.0—6.5 MIV/cm over the region in k space
shown in Fig. 1. From Fig. 1, we see that the magnitude

of tllc populat1on plllsatlorl 111clcascs w1'tll lncrcastng 1n-

tensity. In addition, the magnitude of Fl', '(k) —Fl' '(k) at
zero beat frequency is a maximum for states nearly
resonant [i.e., photon energy =fiQ(k)] and decreases for
states which are farther away from the resonant region.
For zero beat frequency, the values of Q as a function of
II1'Q(k) have approximately a I.orentzian line shape for
states near the resonant region.

For nonzero beat frequency, the structure of
F1',"(k)—Fl"'(k) vs A'Q(k) becomes more complicated,
Rnd thc imaginary pRft becomes nonzcIo. In Flg. 2, thc
real and imaginary parts Q are shown for a pump beam at
10.6 pm with an intensity of 10 MW/cm . The results are
for a beat frequency b, = —6.07 g 10' sec ', which corre-
sponds to a probe photon energy of 121 meV. Both the
pump and probe beams are polarized in the [001) direc-
tion. The solid curve shows the real part of Q, and the
dashed curve shows the imaginary part. As the pump and
probe beams are detuned, the real part of Q has two peaks
located at fiQ(k)=fico+ and 1}1Q(k)=fico . For this value
of 6, the imaginary part has a peak located between fico+
and fico and has approximately a Lorentzian linc shape
over the range of A'Q(k) shown in Fig. 2. For larger de-
tuning of the pump and probe beams, the iinaginary part
also develops two distinct peaks as a function of A'Q(k).
The effect of increasing the detuning of the beams is to
decrease the magnitude of the maximum value of
EII"(k)—FI' '(k) and to shift the positions at which the
peaks occur.

The relative polarization of the pump and probe beams
are important in determining the strength of the coherent
interaction between the beams. From Eq. (16) we see that
the relative polarization dependence is described by

I I

o 5 —& IN [«~3 DIRECTION
I+= 10 MW/|:m 2

I I

a =-6.07'x10&~ sec 1—

O, R —k IN [11I]DIRECTION
0.4—

0.3—
Q(k)

RIB Q--- Irn Q

/

I
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I
I
I
I
I \

0.2
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105 109

I I I

113 117 121
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FIG. 1. Calculated values for Reg( k ) as a function of A'0( k )

for k in the [111]direction. Both the pump and probe beams

are taken to have a wavelength of 10.6 pm, and both beams are
po1arized in the [001]direction. The dashed curve is for a pump
intensity of 5 M%'/cm, and the solid curve is for a pump inten-

sity of 10 M%/cm2.

FIG. 2. Calculated values for the real and imaginary parts of
Q as a function of II10(k) for k in the [111] direction. The
pump beam is taken to have a photon energy of 117 meV, and
the probe beam is taken to have a photon energy of 121 meV
(i.e., 6= —6.07& 10' sec '). Both beams are taken to be polar-
ized in the [001] direction. The dashed (solid) curve shows the
real (imaginary) part of Q for a pump intensity of 10 MW/cm .
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Values for =(ai+,ai, I+ ) are shown in Fig. 3 for
fico+ ——%co =117 meV as a function of the relative angle
of polarization between the pump and probe beams. In
the calculation r)+ is fixed to be in the [001] direction and

is rotated in the x-z plane for angles of rotation from
0—90' (i.e., f is rotated about the y axis from the [001]
direction to the [100] direction). The solid line in Fig. 3 is
for a pump intensity of 1 MW/cm, and the dashed line is
for a pump intensity of 20 MW/cm . The difference be-
tween the two curves is contained in the angular popula-

tion effects of f» '(k) —fg '(k). We note that the non-
linear coupling is at a maximum value when the pump
and probe beams are polarized in the same direction, and
that the coupling decreases monotoni. cally as the angle be-
tween the polarization directions is increased. The cou-
pling does not vanish even in the case of orthogonal polar-
izations, although it is decreased by about a factor of 5.
This suggests that for a transmission measurement in
which one attempts to use a probe beam to investigate the
modification of the carrier distribution in the vicinity of a
saturable resonant transition, one should use a probe po-
larization which is orthogonal to the polarization of the
saturable beam, thereby minimizing the nonlinear cou-
pling of the two beams.

For parallel pump and probe polarizations, the correc-
tion to the hole-burning model for a (ro,I+) is con-

tained in the factor 1 I+/I{k)ReB(k) —in Eq. (16). This

factor depends on the wave vector k due to the anisotropy
in the valence-band structure. In Fig. 4, the calculated

values of 1 I+ /1( k )Re8( k ) a—re shown as a function of
iriQ(k) for k in the [111]direction. The top figure is for
zero detuning of the two beams (fm+ —fuo =117meV)—
a«par»lel po»~zations (a+lie II [001]) The so»d
curve is for a pump intensity of 1 MW/cm, and the
dashed curve is for a pump intensity of 10 MW/cm . For
6=0, all values of 1 I+ /l(k)ReB(k) are less tha—n unity

for states nearly resonant with the pump and probe beams,
thus the nonlinear couphng of the beams leads to a de-
crease in the probe absorption coefficient. The contribu-
tion of the nonlinear coupling from states in k space is
largest for states near resonance and becomes small for

1.Q

2.'

LL. Q.6

t4

~ Qg

0

I I I

2Q 4Q 6Q
ANGULAR SEPARATIQN (deg)

FIG. 3. Calculated values for the polarization function = as a
function of the angular separation between the polarizations of
the pump and probe beams. Both beams are taken to have a
wavelength of 10.6 pm. Here, q+ is taken to be fixed in the
[001] direction, and g rotated in the x-z plane from 0' to 90'.
The solid curve is for a pump intensity of 1 M%'/cm, and the
dashed curve is for a pump intensity of 20 M%'/cm2.
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greater than about fuu, 1 I—+/l(k)ReB(k) is less than

unity. For a state with 1 I+—/l(k)ReB(k) greater than
unity, the probe absorption associated with that state in

the integration over k space is increased as compared with
the hole-burning results alone, and for a state with
1 I+—/l(k)ReB(k) less than one, the probe absorption
associated with that state is decreased as compared with
the hole-burning results alone. Thus for b, = —6.07&& 10'
sec ' the net effect of the nonlinear coupling of the two
beams on a (co,I+ ) is small due to the cancellation in
the integration over k space in Eq. (16).

By numerically integrating Eq. (16), we calculate the
line shape for the absorption coefficient of the probe beam
in the presence of a saturating pump laser. We consider
the case in which the pump laser is at a fixed wavelength
and the probe can be tuned in wavelength in the vicinity
of the resonant region of the pump. The probe absorption
coefficient is calculated for a pump laser at 10.6 JMm (since
experimental information" exists for this case) and nor-
malized to its value without the presence of the pump
laser.

The experiments of Ref. 11 were done at room tempera-
ture with a pump laser at A, =10.6 pm and a sample with
a hole concentration of 7. 1)&10' cm . The polarization
directions were parallel for the pump and probe waves.
The pump and probe beams propagated in approximately
opposite directions. The intensity of the pump beam was
not determined due to a calibration problem. (See the note
added in proof of Ref. 11.) Even if the pump intensity
were accurately known, comparison of the absolute mag-
nitude of the reduction in probe absorption by the pump
beam is complicated by geometrical effects (radial beam
shapes, pump attenuation, extent of beam overlap, etc.).
For these reasons, we fix a pump intensity to give the re-
ported magnitude of the absorption reduction at b, =0 and
compare the line shape with the measured results. The
calculated results for a (co,I+)/a(co ) are shown by
the solid curves in Fig. 5 for pump intensities of 0.39 and
1.8 MW/cm . Also shown by the dashed curves are the
calculated results in which only the hole-burning effect is
included [i.e., replace ReB with zero in Eq. (16)] for pump
intensities of 0.39 and 1.8 MW/cm . Having fit the mag-
nitude of the calculated absorption reduction to the mag-
nitude of the measured absorption reduction at 5=0, we
see that the composite line shape of the probe absorption
as a function of the detuning of the pump and probe
beams is in good agreement with the measured results.
Comparing the complete calculation with the calculation
including only the hole-burning effect, we see that the
coherent coupling between the pump and probe signifi-
cantly modifies the probe absorption line shape. Com-
pared with the hole-burning-only result, the probe absorp-
tion is significantly reduced at small detuning and is
slightly increased at large detuning.

When the pump and probe beams are nearly unidirec-
tional (i.e., K+ and K nearly parallel), a new wave is
generated at 2'+ —co by the current-density component
R(1). The maximum intensity reached by this generated
wave was estimated as a fraction g of the incident intensi-
ty of the probe beam, where g is given by Eq. (17). Values
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FIG. 4. Calculated values for 1 —I+/l{k)ReB(k) as a func-

tion of fiQ(k) for k in the [111]direction. The polarizations of
the pump and probe beams are taken to be in the [001]direction.
In the top figure, the pump and probe beams are taken to have a
photon energy of 117 meV. In the bottom figure, the pump
beam is taken to have a photon energy of 117 meV {i.e.,
A, +

——10.6 pm) and the probe beam is taken to have a photon en-

ergy of 121 meV (i.e., 6= —6.07&&10'2 sec '). In each figure,
the solid (dashed) curve is for a pump intensity of 1 MW/cmi
(10 M%'/cm ).

states with 1riQ( k) out of the resonant region.
The effect of detuning the pump and probe beams on

the calculated values of 1 I+ /1( k )ReB( k—) is shown by
the bottom illustration in Fig. 4. Here, values of
1 I+ /1( k )ReB( k ) are—shown for fico+ ——117 meV,
fico = 121 meV (or 5= —6.07)& 10' sec '), f+ ~ ~

~
~[001], and k in the [111]direction. The solid curve

is for a pump intensity of 1 MW/cm, and the dashed
curve is for a pump intensity of 10 MW/cm . From Fig.
4(a), we see that for small detuning (5 «1/T2), the fac-
tor 1 I+ /1( k )ReB(k ) —is less than unity for all values of
iriQ(k), and the probe absorption coefficient is reduced as
compared to the absorption with only hole-burning ef-
fects. As the detuning is increased, the factor
1 I+/l(k)ReB(k) in—creases and exceeds unity for some
values of iriQ( k ) as shown in Fig. 4(b). For
5= —6.07)&10' sec ', we find that for states with
iiiQ(k) less than about duo, the value of 1 I+/I(k)—
ReB( k ) is greater than one, and for states with A'Q(k )
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FIG. 5. Values for the absorption coefficient of the pI'obe
beam (normalized to thc probe absorption cocfflcicnt fol SIDall

pump intensities) as a function of the probe photon energy for a
pump photon energy of 117 meV (i.e., A, + ——10.6 p,rn). The po-
larization of each beam is taken to be in the [001]direction. The
top (bottom) solid curve shows the normahzed probe absorption
coefficient as calculated from Eq. (16b) for a pump intensity of
0.39 M%'/cIIl (1.8 M%/cm ). The top (bottom) dashed curve
shows thc norIIlalizcd probe absorption cocff1cicnt %'here only
the incoherent hole-burning contribution is included [i.e., Re(8}
is replaced with zero in Eq. (16b)] for a pump intensity of 0.39
MW/crn (1,9 M%'/cm2). The experiIncntal data of Ref. 11 are
shown for comparison by thc solid points in thc figuI'c.

of g are plotted in Fig. 6 as a function of probe frequency
for both z)+ and i), in the [001] direction, 8=0, and

fm+ ——117 meV. The solid line is for a pump intensity of
1 MW/cm (i.e., I+ somewhat less than I,) and the
dashed line is for a pump intensity of 10 MW/cm (i.e.,
I+ somewhat greater than I,). We find that g increases
Hlonotonically with increasing I+ and is stroIlgly dcpcI1-
dent on the pump intensity (note the scale change in the
figure). We also see that g is peaked at co+ ——co, and that
the curve is more sharply peaked at low pump powers
than at high powers. For I+ greater than I, and fico

within a few millielectron volts of firg)+, the intensity of
the generated beam can become comparable to that of the
probe l3caGl.

%c have presented. a theory describing the interaction
of a high-intensity CO2 pump laser with a low-intensity
probe laser which is tuned in the vicinity of the pump fre-
quency I p-type Gc. Thc IIlaln lntcx'actlo11 bet%veen thc
optical beams and the p-type Ge results from inter-
valence-band transitions between the heavy- and light-hole
baocls. Thc pUHlp beam tends to satUratc those transitions

~~ 0.12
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115 1'17 119 121
EXERGV GF PROBE BEAM (meVj

Alt ~
G.

12$ 125

FIG. 6. Approximate values foI' the intensity of the generated
wave at frequency 2~+ —cu, normalized to the intensity of the
probe beam, as a function of the photon energy of the probe.
The pump beam is taken to be unidirectional with the probe and
having a photon energy of 117 meV. The polarization of both
the pump and pmbe beams are taken to be in the [001] direction.
The solid (dashed) line shows values for g (=Io/Ip„t„} for a
pump intensity of 1 MW/cmi (10 MW/cml}. Values for g at
I+ ——1 M%/c1Tl arc sho%'n to thc right in the figurc, and thc
values at I+ ——10 M%/cm~ are shown to the left.

in resonance with it, that is the difference in distribution

functions fi, '(k) —f~ '(k) is reduced from the equilibri-

um value for states with wave vector k near resonance.
Because of the nonlinear interaction between the pump
and probe beams, a component in the population differ-
ence f~"(k ) f~ "(k ), wh—ich oscillates at (co+ —co )t
—(K+ —K ) r, is generated. This oscillating component
can be viewed as a spatial and temporal grating which
mixes the pump and probe beams. The pump and probe
bcaHls indUcc three components in thc cUrrcnt density by
the intervalence-band transitions: R ' which oscillates at

+1—K+ r, I (1} which oscillatM at m 1 Kr, and—
R"' which oscillates at (2co+ —co )t —(2K+ —K ).r.
The current-density component R' ' leads to absorption of
the pump beam and is independent of the probe. The
current-density component I leads to absorption of the
probe beam. It is influenced by the pump beam in two
ways: Absorption of the probe is reduced by the pump sa-

tlll'atloil of the poplllatloll dlfferellce [fiI (k) fi (k)] 111—
the resonant region (hole-burning effect), and there exists
an oscillating component of the population difference,
which leads to an energy transfer between the two beams.
This coupling of the beams reduces the probe absorption
when the pump and probe frequencies are close and in-
crcascs slightly thc probe absorption when there is a larger
difference between the frequencies of the two beams. The
current-density component R leads to the generation of
a tlllld optical beam at (2co+ —co )r —(2K+ —K ) r.
For conditions in which K+ and. K are nearly parallel,
the pump intensity is greater than I„and the pump and
probe frequencies are nearly equal, the intensity of this
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generated wave can become comparable to that of the
probe beam. We have presented detailed calculations for
the oscillating population component [f)',"(k)—fi "(k)],
the current-density components, the absorption of the
probe beam as a function of probe frequency, and the in-
tensity of the generated beam as a function of probe fre-
quency. We have compared our calculated results for the
probe absorption line shape with the measured results of
Ref. 1I and found good agreement.
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APPENDIX A: EFFECT OF THE INDUCED
CURRENT DENSITY ON THE OPTICAI.

BEAM PROPAGATION

In this appendix we discuss the effect of the induced
current density, calculated to first order in the probe-field
strength, on the propagation of the optical beams. The
propagation of the optical beams is described by the wave
equation

BA 4m-
c dt

where J 1s the 1nduced current dens1ty ow1ng to lntel-
valence-band transitions. To first order in the probe-field

strength, J Is g1ven by

J = (R( ) o'"e'+"+"+c.c. )

~ (1) i[(2a)+ —m )t —(2 K + —K )- r ]+(R e + + +c.c. )

(A2)

where R(0)= g „R(0)(k), R")=g „R("(k), and

I "'(k). Here, R' '(k) is given by Eq. (7),

R'"(k) by Eq. (13), and I "'(k) by Eq. (14). From the

form of J, it is clear that A will take the form

g(m+( E+z+)—(z )

2
'g+ e +C.c.

r(~ z xz )-
(e +c c)

G(z) i[(2~+ m)z )z K. ——2 —
~
z}+

2
'ge + +c.c. , A3

whcrc z+ is lii tllc dii ection K+ and z is in the direction of
2K+ —K . We assume that the amplitude functions

2+ (z+ ), etc., are slowly varying so that we need keep only
their first (and not second) spatial derivatives. By substi-
tuting Eqs. (A2) and (A3) into the wave equation, equat-
ing coefficients of terms with the same temporal depen-
dence and taking the dot product with the polarization
vectors, one obta1ns the equations

aw, 8~- ~o). -A+(I(. +) +2iK~ R
8z+

6)+A+ =
2

(A4a)

(E ) +2il(: — ro A
()A

z — c

8'7T ( (1)

4~1m(1"'q )

cK
(A5b)

Equation (16) for the probe absorption coefficient follows

from Eq. (A5b).
We next consider the wave at frequency 2~+ —co

which is generated by the current-density term R~') and
described by the field amplitude G(z). We first notice
that in the derivation of the current-density expression
this wave was not considered. (Notice, for example, there
is no term in the current density that describes absorption
of this wave. } For a self-consistent description of this
wave, it is necessary to rederive a current-density expres-
sion allowing for the presence of this generated wave in
addition to the pump and probe waves. Such a procedure
is quite tractable within our basic approach. Here, howev-
er, we will use the previous expressions for the current
density (correct for small G) to determine conditions
under which this wave can be generated and to approxi-
mately estimate the intensities it can reach.

Equation (A4c), which describes the generation of this
wave at 2&a+ —co, can be written as

G
f
2K+ —K

)
+2i /2K+ —K

az

)zG= R").&, (A4c)
C C

[Note: In general, the current-density components (e.g.,
) are not, necessarily parallel to tllc cori'cspoiidiilg po-

larization vector (i.e., ri ). This implies that the polariza-
tion vectors are functions of position as the beam pro-
pagates through the medium. One could describe tliis ef-
fect by ailowjng the polarization to rotate and dotting the
wave equation with a unit vector orthogonal to the polari-
zation vector. ] From the real and imaginary parts of Eq.
(A4a), one finds

~
K+

~

from which one obtains the ab-
sorption coefficient of the pump beam a+. ' From the
real and imaginary parts of Eq. (A4b), one finds

Re(1"'~ )
)(E

f

2= co (A5a)
c
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aG(z) —pG(z) =y(z),
Bz

(c/c )(2a)+ —co )I—
i 2K+ —K

2i [2K+—K

g~
y(z) =

2i
] 2K+ —K

{A6b)

dence of R'"(z) as externally fixed (i.e., the position
dependence of the pump and probe intensities are speci-
fied). For a self-consistent description, the intensities of
thC PI'ObC RIld gCIlC18tCd bCamS %'OUld haVC tO bC CR1CU18t-

ed simultaneously if the conditions were such that
~

G(z)
~

becomes comparable to
~

A (z)'
~

.
As a boundary condlt1on, wc sct G(0) =0 {l.c.„ thc plallc

z=0 is the Ge surface on which the pump and probe
lasers are incident). The solution of Eq. (A6a) is then

G(zt ee' f=e e y(z *)dz' (A7)

Here g is in the direction of R'". R'"(z) is a function of
z through the z dependence of the pump and probe intensi-
ties. (Actually, there is also a small z dependence of p be-

cause of the intensity dependences of K+ and K
This should be included for precise calculation, but for
our purpose here, we neglect it.) We also take the z depen-

~E+
~

z= a)++5+, (A8)

where 5 is given by Eq. (A5a) and 5+ is found in the
same way from Eq. (A4a). Taking 5+ to be small quanti-
ties and co+—ro =co and expanding p to first order in
small quantities, one finds

2ve
g~ Re(R"'q+) 4~ Re(l"'-q )

p=i (2—cos8) — (2 cos8 —1)+
go) A+ & ey) 5 —4 cos8

(A9)

where 8 is the angle between K+ and K . By comparing Eqs. (A9) and (A7), it is clear that unless cos8=1, p will be of
the order of 1/A, and the integral will oscillate rapidly. Thus we only consider this case and write

g~ «(R"'~+) 4~ Rcd'"~ ) 2~
p i — + co(1 —cos8) (A10)

Qcij A + c'co C

where (V ceo)/c is assumed to be much larger than the first two terms in the brackets.
In order to evaluate the integral in Eq. (A7), we must know the position dependence of y(z). This could be determined

precisely by integrating Eq. (A5c) and the corresponding equation for I+ (z). Here, however, we simply note that y(z) is
proportional to I+(z) and 2 (z), and we use the simple approximate form

y(z)=y(0)c +

and take a+ and a as position independent. (Since cos8=1, we have z+-z =z.) With these approximations, Eq.
(A7) is integrated and the results squared to give the following expression for the intensity of the generated beam:

(R"'q/W )

2(R"'q, )

A+
(1—cos8)6N

2&C

where IG is the intensity of the gen. erated wave at 2m+ —co and I (0) is the incident intensity of the probe beam. Be-
cause of the various approximations which were made in its derivation, Eq. (A12) is very rough. But it does suggest that
the second squared quantity can give an approximate estimate of the intensity which the generated wave can reach.

APPENDIX 8 HIGHER-QRDER TERMS IN THE PERTURBATION SERIES

ln this appclldlx wc dellvc higher-order equatlolls in the perturbation by the probe-field strength. ln general, the 11th

order (n ) 1) equation for the current density owing to the intervalence-band transitions is given by
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d2
J '"'(k)+

dt2
—J '"'(k)+Q (k) J '"'(k)

T,(k) dt

2

[f»" (k) fi'—" (k)]fiQ(k)[f P».,(k)P,»(k)+ r) P,»(k)P», (k)] (e +c.c. )
Am c b~p

C C — C C

cEl

+ [f»"'(k)—fI"'(k)]fiQ(k)[f+ P&(k)P,»(k)+ ri+ P,»(k)P», (k)] (e + + +c c .).

where J '"'(k), f»"'(k), and ft'"'(k) are defined by Eq. (5). In a similar way, we write general expressions to calculate
f»"'(k) and ft'"'(k) as follows:

df»"'(k )

dt 2N» cA'Q( k )

d ~(~ i) ~ ~ — i(a) t —K .r)—J " (k) .rt (e +cc)
dt 2

i(co t —K r )—J '"'(k) .rt (e + + +cc)
dt +2

and

—g [R,f»"'(k) R, „—„f,'"'(k ')]
c, k'

(B2)

df '"'(k )

dt 2N»cfiQ(k)

d ~(~ i) ~ ~ ~ — i(co t —K r)—J" (k) .g (e +cc)
dt 2

—g [R -„„,ft'"'(k) R„, -„f,'—"'(k')] .
c, k'

(83)

For low-intensity probe beams (I ((I,), the perturbation series can be truncated at first order in the probe-field
strength. The first-order expressions for J '"(k) and F» "(k)—Ft'"(k) are explicitly written earlier in the manuscript.
The second-order results can be written using Eqs. (Bl)—(B3). From the equations it is clear that F» '( k) —Ft' '(k) has

steady-state terms and terms which oscillate at +i [2(co+ co )t ——2(K+ —K ) r]. The second-order term in the current
density J ' '(k) has terms which oscillate at co+t K+ r and [co+—+2(co+ —co )]t—[K++2(K+—K )] r. The dc
terms in f» '( k ) and ft' '( k ), the terms in f» "(k ) —ft' "(k ) which oscillate at + [(co+ co )t (K+——K ).—r ] and the
terms in J ' '(k) which oscillate at co+t K+.r all couple in E—qs. (Bl)—(B3). The coupled equations can be solved for
the steady-state component in f» (k) —f& (k), which is second-order in the probe-field strength. We then write

(2) (2)

f» '(k)=F' '(k 0)+[F' '(k, 2b, )e + + +c.c.], (B4)

f' '(k)=F' '(k 0) [F' '(k, 26)e + + +c.c.], (B5)

and

J '2'(k)= [ J ' '(k, to+)e + + +c.c.]+[J ' '(k, co++2b, )e + + +c.c.]

(B6)
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The calculated dc values for Fl', '(k, o)—F~ '(k, o) give the
effect of the probe intensity on the state filling of the
resonant transition. This term slightly modifies the opti-
cal excitation rate between states in the resonant region of
the heavy-hole band, and thus produces a small change in
the rate of energy absorption of the pump beam. The
terms J ' '(r0++2b, ) produce new waves at the sidebands
(co++2'.). As one goes to higher orders in the probe-field

strength (n )3), new waves are generated at still higher-
order sidebands, and population of free holes in the
resonant region has terms which oscillate at higher-order
harmonics of the beat frequency. However, these higher-
order terms are much smaller than the terms which are
first order in the probe-field strength for probe intensities
I much less than the saturation intensity of the resonant
intervalence-band transition.
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