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Energy levels of Wannier excitons in GaAs-Gat „Al„As quantum-well structures
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Energy levels of Wannier excitons in a quantum-well structure consisting of a single slab of GaAs
sandwiched between two semi-infinite layers of Gal „Al„As are calculated with the use of a varia-
tional approach. Owing to lowering of symmetry along the axis of growth of this quantum-well
structure and the presence of energy-band discontinuities at the interfaces, the degeneracy of the
valence band of GaAs is removed, leading to two exciton systems, namely, the heavy-hole exciton
and the light-hole exciton. The values of the binding energies of the ground state and of a few low-

lying excited states of these two exciton systems are calculated as a function of the size of the GaAs
quantum well for several values of the heights of the potential barriers and their behavior is dis-

cussed. The results thus obtained are also compared with the available experimental data. The reli-

ability of the various approximations made in this calculation is discussed.

INTRODUCTION

The study of the behavior of %annier excitons in a
quantum-well structure consisting of a single layer of
GaAs sandwiched between two semi-infinite (generally
greater than 200 A in practice) layers of Gai „Al„As has
attracted considerable attention in recent years. ' The
conduction- and the valence-band discontinuities at the in-
terface between the two semiconductors at the I point
have been shown to be about 85% and 15%, respectively,
of the total energy-band-gap difference. ' Owing to a
reduction in symmetry along the axis of growth of this
quantum-well structure and the presence of energy-band
discontinuities, degeneracy of the valence band of GaAs is
removed, leading to the formation of two exciton systems,
namely, the heavy-hole exciton and the light-hole exciton.

In this paper we present a calculation of the energies of
the ground state and of a few low-lying excited states of
heavy- and light-hole excitons associated with the lowest
electron and hole subbands in this quantum-well structure
for finite values of the potential barrier heights. We fol-
low a variational approach and calculate the energy levels
as a function of the GaAs layer thickness for several dif-
ferent values of the potential barrier (or equivalently, for
several values of Al concentration x). In addition, we cal-
culate the energy levels for infinite potential barriers and
compare our results for the ls state with those of Bastard
et al. and for the 1s and 2s states with those of Miller
et al. Both of these groups calculate the energies of these
states for infinite potential barriers only. We find that
both the magnitude and the qualitative behavior of the en-
ergy levels calculated using finite barrier heights are quite
different from those obtained using infinite potential bar-
riers, especially for thin (L &. 100 A) wells. This is not
unusual in view of the fact that for most commonly used
values of x (x (0.4) the band discontinuities cannot be

treated as infinite. This is especially true for the valence
bands where the discontinuity, as mentioned earlier, is
only about 15% of the total band-gap difference. A brief
report of the calculation of the energies of the ground
state of the two exciton systems has already been present-
ed. In this paper we provide some additional details and
present calculations of the energies of several low-lying
excited states of heavy- and light-hole excitons. Both
even- and odd-parity states are examined as a function of
the quantum-well size for several different values of the
potential barrier heights. For the sake of completeness,
we mention briefly our results on the ground-state energies
of the two exciton systems. We also compare our results
with the available experimental data. Finally, we com-
ment on the validity of the exciton Hamiltonian used and
discuss the various approximations made in the present
calculation.

THEORY

The Hamiltonian of an exciton associated with either
the heavy-hole or the light-hole band in a GaAs slab
sandwiched between two semi-infinite layers of
Gai „Al„As grown along the (001) direction can be ex-
pressed (within the framework of an effective-mass ap-
proximation) using cylindrical coordinates as

P2p p Bp t)p p2 t)p2 2m, Bz,
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Here m, is the effective mass of the conduction electron,
eo is the static dielectric constant, m+ is the heavy- (+ )
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or light- ( —) hole mass along the z direction, and p+ is the
reduced mass corresponding to heavy- (+ ) or light- ( —)

hole bands in the plane perpendicular to the z axis. Both
)M+ and m+ can be expressed in terms of the well-known
Kohn-Luttinger" band parameters y~ and y2 as

1 1 1+ (X)+X2) (2)
P+ Ale Pl 0

1
()') +21'z»
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where mo is the free-electron mass. In these equations the
upper sign refers to the J,= + —,

'
(heavy-hole) band and the

lower sign to the J,=+—,
'

(light-hole) band. The positions
of the electron and the hole are designated by r, and r)„
respectively, and p, ((), and z are the relative electron-hole
coordinates in the cylindrical coordinate system. In our
expression for the Hamiltonian we have used the same
values for the conduction- and the valence-band mass pa-
rameters ln GRAs and Ga) ~Al~As. In Rdd1tlon, wc have
assumed the same values for the static dielectric constant
in the two semiconductors, thus neglecting the effects of
the image charges. For most practical quantum-well
structures these should be good approximations, as for the
most commonly used values of x, these physical parame-
ters are not too different in the two materials. The po-
tential wells for the conduction electron V,~(z, ) and for
the holes V), (z), ) are assumed to be squre wells of width
I.,

0, iz, i
&L. /2

V-'"'= V, ~. ~)L/2

The parameter k, is determined for the energy of the first
electron subband, and 8, and Ir, are obtained from k, by
requiring continuity of f, and its first derivative at the in-
terface. The hole wave function fq is obtained in a simi-
lar fashion. The validity of the interface connection rules
for these effective-mass wave functions for GaAs-
Ga) „Al„As heterojunctions is discussed briefly later in
this paper.

The function g( p, z, ())) of Eq. (6) is assumed to depend
only on the relative electron-hole coordinates. %'e have
chosen the following form for g( p, z, P), depending on the
projection of the angular momentum along the z axis
(quantum number m):

g( p, z,P) =p) 'e' ~ g aJg~( p, z), (8)

where the basis functions g; are taken to be

(p z) e
—a(p +s )2 g2 1f2

( )
2 ~( p2+g2)1/2

( ) P( p2+g2)1/2

The quantities (z and P are nonlinear variational parame-
ters which are adjusted to minimize the energy. The coef-
ficients aj are determined in the usual way by solving the
matrix eigenvalue equation

malized) ground-state solutions for the finite square-well
potentials. For example, for the electron, '

r

cos(k,z, ), i z, i &L /2

0, ized, i
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Vh,
i zI, i

)L/2 . (4b)
The Hamiltonian and overlap matrices are formed using
the complete basis described above,

Here we have chosen, without any loss of generality, the
origin of the coordinate system to be the center of the
GaAs well. The values of the potential-well heights V,
and V), are determined from the Al concentration in
Ga) „Al„As, using the following recently proposed ex-
pression for the total energy-band-gap discontinuity:

AEg ——1.155x +O.37x

in Units of clcctloI1 volts. The values of V~ and V~ RI'c as-
sumed to be about 85% and 15% of KEs, respectively.
Fairly accurate values of the Kohn-Luttinger parameters

y& and yz foI' GRAS have recently been determined Using
magnetoabsorption data.

An exact solution of the Schrodinger equation corre-
sponding to the exciton Hamiltonian [Eq. (1)] is clearly
not possible. We shall therefore follow a variational ap-
proach and use the following from of the trial wave func-
tion:

P=f.(z. )f~(z) )g(p»0)
The functions f,(z, ) and fI, (z), ) are taken to be (unnor-

f (z, )f~(z) &pl
), Og~

For m =0 (ls- and 2s-like states) we use all three g func-
tions of Eqs. (9a)—(9c); for m =+1 (2@+-like states) only
the first two gj functions are used. Note that the ls and
2$ energies arc determined simultaneously~ so that thc tnal
wave functions are orthogonal to each other.

The variational binding energies of the ls, 2s, and 2@+
exciton states are obtained by subtracting from the lowest
electron and hole subband energies (E, and E),) the eigen-
values of Eq. (10). These subband energies are determined

Ilumcrically solviIlg thc trRIlsccIldcIltal equations fo1
the finite square wells, '

1/2 ' 1/2
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ENERGY LEVELS OF %'ANNIER EXCITONS IN GRAS-Ga~ Al As. . .

This procixlure yields values which are lower bounds for
the true binding energies.

We have calculated the values of the binding energies of
the ls, 2s, and 2@+ states of the heavy-hole exciton and
the light-hole exciton as a function of L for values of Al
concentration x=0.15 and 0.30. In order to compare our
results with those of Miller et al. and Bastard et al. we
have also calculated the binding energies of these levels as
a function L for an infinite potential well. The values of
the various physical parameters pertaining to GRAS, used
1n ouI' calcu1atlons Rrc m~, =0.067mo, Eo= 12.5~ 71=7.36»
and yq ——2.57. The values of the heavy-hole mass (m+}
and of the light-hole mass {m ) obtained using these
values of yi and y2 are 0.45mo and 0.08mo, respectively.
The reduced mass in the x-y plane for the heavy-hole
(J,=+—', ) exciton is 0.04mo and for the light-hole
(J', =+—,') exciton, the reduced mass is 0.051mo. The re-

duced mass associated vvith J,=+—', band is smaller than
that assoclatcd &1th Jg =+T. Th1s ls duc to t1lc anlsotro-

pic nature of the kinetic energy expressions in the diago-
nal terms of the Kohn-Luttinger Hamiltonian for an exci-
ton.

In Fig. 1 we display the variation of binding energy of
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PIG. 2. Variation of the binding energy of the 2@+ state,
E~~, of a heavy-hole exciton (solid lines) and a light-hole exci-
ton (dashed 11ncs) Rs R funct1on of the GRAs quantum-%'cll 81zc
(L) for Al concentrations x=0.15 and 0.30, and for an infinite
potential mell.
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FIG. 1. Variation of the binding energy of the ground state,
El„of a heavy-hole exciton (solid lines) and a light-hole exciton
(dashed 11ncs) RS R funct1on of thc GRAs quantUID-%'cll s1zc (L)
for Al concentrations x=0.15 and 0.3, and for an infinite poten-
tial well.

the ground state of a heavy-hole excitoil E„(h) (solid
lines) and a light-hole exciton Ei,(l) {dashed lines) as a
function of L for three different values of potential barrier
heights. The variation of the binding energy of the 2@+
state of the heavy-hole exciton E2~ (h) (solid lines) and of
the light-hole exciton E2~ (I) (dashed lines) are displayed
in Fig. 2. In Fig. 3 we show the variation of the binding
energy of the 2s state of the heavy-hole exciton E2,(h)
(solid line) and of the light-hole exciton E2,(l) (dashed
lines). There are several interesting features to be noted in
these plots. In Fig. 1, for instance, we find that for a
given value of x, the value of Ei,(h) increases as L is re-
duced until it reaches a maximum, and then decreases
quite rapidly. The value of L at which Ei,(h) reaches a
maximum 1s smRI1cr foI IRI'gcr x. Esscnt1ally thc same
behavior is exhibited by Ei,(l). The binding energies of
the excited states 2@+ and 2s as a function of L have the
same type of behavior. The reason for this is quite simple.
As L is reduced, the exciton wave function is compressed
1Q thc quantum %'cll, 1cading to 1ncrcascd blnd1ng. How-
ever, beyond a certain value of L the spread of the exciton
wave function into the surrounding Gai „Al„As layers
becomes more important. This makes the binding energy
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FIG. 3. Variation of the binding energy of the 2s state, E2„
of a heavy-hole exciton (solid lines) and of a light-hole exciton
(dashed lines) as a function of the GaAs quantum-well size (L)
for Al concentrations x=0.15 and 0.30, and for an infinite po-
tential well.
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approach the Gai „Al„As value for infinite thickness in
the case of that exciton system as I. is reduced further. It
should be pointed out that in our model there are two
types of excitons in bulk Gai „Al„As associated with two
different valence bands, whereas in reality there is only
one exciton system associated with the fourfold-
degenerate valence band. We should note that for a given
value of x, the maximum in the binding energy of the ls,
2s, and 2P+ states of a heavy-hole exciton is reached at
about the same value of L. The same is true for those
states associated with the light-hole exciton, although the
value of L at maximum binding energy is larger. This is
due to the fact that the probability of finding an exciton
outside the well, P, defined as

P=l —f f,f i1(
~

pdpdz, de, , (13)

is the same for all the internal states of a given exciton
system. Here we have put the integral of ~f~ over all
space equal to 1. This probability, however, is larger for a
light-hole exciton, which accounts for the larger value of
I. at which the maximum is reached. In Fig. 4 we plot the
variation of P(h) (heavy-hole) and P(1) (light-hole) exciton
as a function of L for x =0.15 and 0.30. As expected, for
a given value of x and L, , P(l) is larger than P(h). In ad-
dition, for those values of x, which are commonly used in

FIG. 4. Probability I' of finding the heavy-hole exciton (solid
lines) and the light-hole exciton (dashed lines) outside the GaAs
layer as a function of the quantum-well size (L) for Al concen-
trations x =0.15 and 0.30.

quantum-well structures, P(h) and P(l) are negligible for
L ~ 100 4 . We also find, that for a given value of x and
I. the binding energy of the 2@+ state is somewhat larger
than that of the 2s state. These states, for each exciton
system, however, again become degenerate in the two-
dimensional limit (V, and Vj, ~oo and L=O) and in the
bulk Gai „Al„As limit (V, and Vi, finite and L=0). Our
results for Ei, and E2, for infinite potential barriers are
very close to those of Miller et al. and are also very simi-
lar to those of Bastard et al. (these authors calculate only
E» using an exciton Hamiltonian with isotropic masses).

It should be pointed out that for a given value of x,
Ei,(l) is larger than Ei,(h) for L greater than a certain
critical value I.„at which they become equal. For values
below L„Ei,(l) is smaller than E„(h). The value of L„
of course, depends on the magnitude of x; the larger the
magnitude of x, the smaller the value of L, . For x=0.3,
for instance, L, =50 A. The reason for this behavior is
fairly easy to understand. The value of Ei,(l) is greater
than the value of Ei,(h) for large L Both of these .values
increase as L is reduced. The value of Ei,(I) increases less
rapidly than the value of Ei,(h) as proportionally more of
the light-hole —exciton wave function tends to spill over
into the surrounding Ga& „Al As layers, thus reducing
the increase in Ei,(l). For a certain value of L, which de-
pends on x, the two values become equal and then Ei,(l)
becomes smaller as I. is reduced further. This is in con-
trast to the behavior of Ei,(h) and Ei,(l) for infinite po-
tential barriers where E„(t) is always larger than Ei,(h).
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Binding energies of 2s and 2@+ levels do not show this
behavior. The light-hole —exciton binding energies of
these two levels are always larger than those of the heavy-
hole exciton for values of x and L studied in this work. It
may be that the effect occurs at values of L & 25 A .

Vr'e shall now compare our results with the existing ex-
perimental data. The first determination of the binding
energy of the ground state of a heavy-hole exciton in these
quantum-well structures was made by Dingle. ' His ab-
sorption measurements for x =0.2 suggest a value of about
9 meV for quantum-well size L= 100 A. We find that our
calculated value of EI,(h), for x=0.2 and L=100 A is
quite close to the experimental value. Vojak et al. stud-
ied the photoluminescence spectra of these quantum-well
systems (x=0.3) grown by metal-organic chemical vapor
deposition (MOCVD) and proposed values of 13 and 20
meV for EI,(l) and E»(h), respectively, for L=120 A.
According to these authors, the binding energy of the
ground state of the heavy-hole exciton is larger than that
of the light-hole exciton, a result contrary to the findings
of Miller et al. and ourselves. These values are, however,
approximately 4 times the bulk values of EI,(l) and EI,(h)
(two-dimensional limit) obtained by assuming isotropic
masses for the light hole and the heavy hole of 0.080mo
and 0.45mo, respectively. Recently Miller et a/. have
carried out a systematic detailed study of the excitation
spectra of the photoluminescence for both single and mul-
tiple quantum wells with 42 &L & 145 A for x=0.37 at 6
K. They have been able to determine, for the first time,
the differences in energy between the ground state and the
first excited state (2s) of heavy-hole and light-hole exci-
tons in these quantum-well structures. The transition as-
sociated with the ground state (ls) of the exciton is fairly
sharp, whereas the transition associated with the 2s state
cannot bc I'csolvcd froIQ thc continuum. Miller 8t QI. as-
sume that the apparent continuum edge corI'esponds to the
2s state of the exciton. The differences in energy between
the 1s and 2s state b, &2 that we calculated for x=0.37 for
the heavy-hole exciton and for the light-hole exciton agree
fairly well with the measured values of Miller et al. The
experimental values, howeveI', are always somewhat larger
than the calculated values, especially for thin wells (less
than 100 4 ). Miller et al. also plot the experimental vari-
ation of E»(h) and E»(l) as a function of L. Again we
find that these values are somewhat larger than the calcu-
lated values, especially for thin wells. The largest differ-
ence between the calculated values and the experimental
values is for the thinest well used (50 A ), and that differ-
cncc 1s about 2 nlcV. Th1s 1nc1dcntly, 1S consldcf Rbly
smaller than the line widths of these transitions for this
well and therefore may not be regarded as significant.
The values of E»(h), E»(l), AI2(h), and AI2(l) calculated
using infinite barrier heights, however, agree better with
the experimental data for thin wells. This is a little
confusing since the potential barrier heights, especially for
the light hole, cannot be txeated as infinite.

We now briefly comment on several significant features
of our calculation. First we discuss the validity of the ex-
citon Hamiltonian described by Eq. (1). Owing to reduc-
tion in symmetry alorig the axis of growth and the pres-
ence of energy-band discontinuities at the interfaces, the

degeneracy of the valence band at the I point is removed.
We have assumed that this leads to the formation of two
independent exciton systems, the heavy-hole exciton and
the light-hole exciton. This is a valid assumption when
the contribution of the off-diagonal terms in the exciton
Hamiltonian as described by Kohn and I.uttinger is
small. In add1t1on, the energy separat1on between the
light-hole subband and the heavy-hole subband is required
to be much larger than the exciton binding energy in the
quantum well, This 1s clcRI"ly a good approx1matlon foI'

large values of x and small values of L. In order to deter-
mine how good this approximation is for arbitrary values
of x and L one needs to solve for the full Kohn-Luttinger
exciton Hamiltonian in a quantum-well situation. This
obviously is not an easy task.

The exciton Hamiltonian is derived with the use of the
effective-mass approximation. For small values of L (less
than 100 A ) and large values of the potential barrier, the
energies of the first subbands of electrons and holes (espe-
cially the light hole) can be quite significant. This re-
quires including the contributions due to nonparabolicity
of the energy bands, especially of the conduction band and
the light-hole band. The larger the energy of the first sub-
band, the n1ore important this contribution becomes.
Also, as discussed earlier, for small values of L (less than
50 A ) and for small values of x, a considerable part of the
exciton wave function is located in the surrounding
GR& Al„As layers, thus necessitating an appropriate use
of the physical parameters pertaining to Ga~ „Al„As. In
our calculations, we have used the same values of m„eo,
yl, and y2 for both semiconductors. This is expected to
be a good approximation for most practical quantum-well
structures. For the range of values of x (less than or equal
to 0.4) the values of these physical parameters are not very
different in these two semiconductors. The use of the dif-
ferent physical parameters for Gal „Al„As will change
the values of E and the subband energies. Since the bind-
ing energies are the differences between these quantities,
they are not expected to be significantly modified.

Finally we briefly comment on the use of the standard
connection rules for the envelope functions f, and f» at
the GaAs-Ga~ „Al„As interface. Recently Ando and
Mori, "and Zhu and Kroemer, have examined this prob-
lem for the conduction-band envelope functions and have
suggested that for small values of x, the use of these con-
nection rules is justified. The situation with regard to the
valence bands is much more complicated. In the GRAS
quantum well, the heavy-hole and the light-hole bands are
assumed to have sufficient energy separation so that they
may be treated as isolated bands from the point of view of
exciton formation. In the surrounding GaI „Al„As
layers, the valence band is fourfold degenerate, and thus
there 1s only onc cxclton system ln thcsc laycls. II1 our
calculation we have used the standard connection rules for
the heavy-hole band and for the light-hole band, thus im-
plying the existence of two isolated bands in Gal Al As.
For thin wells this is clearly not a good appI'oximation.
How this affects the accuracy of our results is not clear.
Connection rules for envelope functions associated with
valence bands for the GRAS-CiaI „ALAS interface have
not yet been studied.
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CONCLUDING REMARKS

We have studied the 1s-, 2s-, and 2@+-like states of
heavy-hole and light-hole excitons in a quantum-well
structure consisting of a single slab of GaAs sandwiched
between two semi-infinite layers of Ga& Al„As. With
the use of a variational approach we have calculated the
binding energies as a function of the size of the GaAs
quantum well for several values of the heights of the po-
tential barriers. We find that for finite values of the po-

tential barriers the variation of the binding energies of ls,
2s, and 2p+ states as a function of L is essentially very
similar; namely, the values of the binding energies increase
as L is reduced until they reach their respective maximum
values and then begin to decrease. For an infinite barrier,
the binding energies increase monotonically as L is re-
duced, approaching their two-dimensional values at L=0.
We compare our results with the available experimental
data and find good agreement. Finally we have discussed
the validity of the approximations made in this calcula-
tion.
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