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Work function of small metal particles: Self-consistent spherical
jellium-background model
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Thc %'ork function of smal1 Glctal particles ls ca1CUlatcd %'ith the Usc of thc local-density approxi-
mation applied to the spherical jellium-background model. Large quantum-size effects are obtained
in strict analogy to those obtained for thin metal films. Effective potentials and self-consistent

charge densities are discussed in comparison to the semi-infinite half-space. The convergence of the
various physical properties to their value of a, semi-infinite half-space is investigated.

I. INTRODUCTION

In a fcccnt paper Maft1ns et QI. Studied thc ionization
potential (IP) and the electron affinity (EA) of small metal
particles within the local-density approximation (LDA)
app11cd to thc sphcr1cal Jelllum-backgl ound model
(SJBM). Owing to the existence of a pronounced curva-
ture at the surface of small particles a self-consistent
determination of the charge density both of the neutral
cluster and of the singly ionized one seems to be very im-
portant. For a non-self-consistent calculation, one can ob-
tain a wrong value for the Coulomb energy of the system,
which is usually thought to give an important contribu-
tion to the work function of these small metallic clusters.
Therefore, it is highly desirable to repeat the calculations
of Martins et a/. in a strictly self-consistent fashion in-
stead of using a trial potential whose parameters are deter-
mined variationally. '

The resulting work function consists of three different
contributions, namely the kinetic part, the exchange-
coffclat1on part, and thc clcctfostat1c part. %hcrcas thc
first two contributions approach the chemical potential of
the infinite bulk solid, the latter contribution approaches
the surface-barrier part of the work function of the infin-
ite half-space. A study of these three different parts as a
function of the size of the cluster can then reveal whether
or not the electrostatic part of the work function is the
important one in producing the size effect.

The results to be expected from the self-consistent
SJBM must, however, be considered with care. In the case
of a cluster consisting of a few numbers of atoms the
geometrical structure of the ions is an important in-
gredient for any cluster calculation which is completely
ncglcctcd 1n the SJBM. For such lo%' numbers of atoms a
realistic charge density can only be obtained by more so-
ph1st1cated models such as the self-consIstcnt-fIeld Xa
scattered wave (SCF-Xa-SW) method or some other
method. However, for a large number of atoms within
the duster these methods cannot be applied successfully
Rnd onc has to Icsoft to some IDuch s11Ilplcf model, c.g.,
the SJBM. In this case, the model should be reasonable
since a large polyhedron can always be approximated by R

sphcrc. Thc rcma1Q1ng latt1cc cffccts can bc reintroduced

by pseduopotential perturbation theory in a fashion simi-
lar to that proposed originally by Perdew et a1.6

Our main intention with the present model is its further
usc 111 tllc CRlculatloI1 of thc opt1cal properties of sn1all
metallic aggregates. In this case any Inolecular approach
is far too complicated, and therefore a model such as the
one presently under study seems to be the only tractable
microscopic approach in the case of a larger number of
particles.

Il. THEORY

The starting point of our discussion is the energy func-
tional E[p] defined by

E [pl =Ek.[p]+E-[pl+E. [pl

where E@„,E„„and E„are, respectively, the kinetic, the
exchange-correlation, and tbe electrostatic part of the total
energy of the system under consideration.

In the case of the SJBM the electrostatic part E„ is
g1vcn by

y I&-&-, [p(r) n+(r)][p(r—')—n+(r ')]

n+(r ) =no(r, )6(R r)—
the homogeneously smeared-out density of positive ions.
Here, 6(x) is the unit step function, R is the particle ra-
dius, and no(r, ) is the constant bulk density pertaining to
a metal with r, =(3/4@no)' The exc. hange-correlation
part of the total energy is usually taken into account in
LDA. Following Gunnarsson and Lundqvist, the follow-
ing interpolation form is used for the exchange-correlation
pRrt of 'tllc totR1 cIlci'gy

E„,=fdrp(r)e„, (p(r)), (4)
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e„,(p(r ) )= —0.916/r, (r ) —0.0666G
r, (r

Here, G(x) is defined by

G(x) (1+x )ln 1+——x +———
x 2 3

(6)

and r, (r)=[3/4mp(r)]'~ is the local r, value. Finally,
the kinetic part of the total energy,

Ek =/{I
I

—6Ii)=ye; —1 drp(r)V(r;p(r)), (7)

V„,(r ) =—[pe„,(p)]
dp

= —1.222/r, (r)—0.0666ln 1+- ' . (l2)
11.4

r, (r)
Equations {8)—(12) were solved for r,"=4 (the bulk value
of Na) for particle numbers up to 168. The calculations
were performed for the neutral cluster as well as for a pos-

can be obtained exactly by solving the following set of
equations self-consistently:

[—6+ V{r;p(r))jg;(r)=c;P;(r), (8)

p(')=2 IA(r) I' (9)
i=1

V(r)= VH(r;p(r))+ V„,(p(r)), (10)

V ( ) 2 Jd gP(1' ) n+(r )

itive, singly ionized one. In this fashion, the size-
dependent IP was obtained.

The experimentally confirmed lattice shrinkage' could
be incorporated in the model by changing r, to r, (R). In
addition, a shell-dependent shrinkage may be introduced
by a r-dependent r, value.

This and related problems are deferred to another paper
as is the refinement of the model by using the local-spin-
density approximation instead of the LDA. We shaH
come back to this point in the discussion of our results.

III. RESULTS AND DISCUSSIONS

One of the most important physical properties of small
metal clusters (compared to an infinite, flat surface) is the
IP and its convergence to the work function of the corre-
sponding metallic half-space. Figure 1 shows what hap-
pens. First of all, a strong oscillatory behavior is observed
which can be attributed to the spherical shell structure of
the problem.

Whenever a shell is completely filled the work function
is at a maximum, reflecting a strong exchange-
correlation-enhanced binding of the last electron filling
this shell. The convergence to the work function at
8 = ao is rather slow and the reason for this is simply the
high orbital degeneracy at larger values of the angular
quantum number 1. This effect will be weakened by going
from the LDA to the local-spin-density approximation.
In addtion, the experimentally well-documented odd-even
effect" of the IP will be reproduced after spin effects have
been included.

In sharp contrast to the strong oscillations of the total
IP the electrostatic part of it, Dip, defined as follows,

Eip —E (+ 1 ) E+e+ ~~ (+) E+ (+ 1 ) EllclltfR1(~) [Erlgutggl(~) E~eUugi(~) E+ (

—+C~S
—(~)

3S
25 2P 2D 2F

II 'F
I I» I

j'" ll I" II "I

~ ~

shows rather smooth behavior. However, the size effect of
b, ip is not as strong as would be expected on the basis of a
classical electrostatic model. Herrrnann et al. " predict
for this effect an enhancement of the work function by an
amount of e /2R, which gives a value of 0.68 eV at
R =20 a.u. Owing to the spatial distribution of the miss-

ing charge over the whole sphere, this effect is strongly re-

I

10 20
R (Q, u. )

FIG. 1. Work function of small metal particles as calculated
in the self-consistent SJBM. R is the particle radius, 8 =r,X'~
with X the number of particles. P„ is the work function of the
infinite, flat surface. P„ is the dectrostatic part of P„, some-

times called g, the electrostatic surface barrier. 1p, 1d, 2s, etc.,
are the quantum numbers of the spherical potential hole. 1p is
the lowest state with I =1, and. 2s is the second state with I =0,
etc. The results for the 1s shell are not shown. The cluster with
a completely filled 1j shell contains 168 electrons. r, =4 is the
mean bulk density of Na. Whereas the total work function
shows pronounced shell effects, the electrostatic part of it
behaves rather smoothly.
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FIG. 2. Size dependence of the mean energy per electron of a
neutral cluster in units of the magnitude of the bulk value
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For further discussion see text.
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duced, resulting in an extraelectrostatic contribution to the
ionization potential of -0.2 eV at R-20 a.u. On the
other hand, the overall convergence of hg to the electro-
static surface barrier X of a metal with r, =4 can easily be
seen.

Another physical property of interest is the mean ener-

gy per particle and its convergence to its bulk value. Fig-
ure 2 shows that shell effects of E„„/N are not as strong
as in the case of the IP. The bulk value of E«„/X is
roughly attained for X= 140.

The slow convergence of all the physical properties as

calculated in the SJBM is undoubtedly caused in part by
the very high degeneracy of the angular-moment states
(i.e., by the high symmetry of the model). However, first-
principles calculations on Ni&3 —Ni87 by Melius et aI. '

show a similar trend. In this case the IP of a Ni43 cluster
is 5.1 eV (compared to 5.2 eV of the work function of the
infinite half-space). But the IP shows still strong oscilla-
tion upon the addition of further shells of a fcc cluster:
The IP for Ni55 (four shells) is equal to 5.52 eV, and that
for Ni79 (five shells) is 5.92 eV. An abrupt change is ob-
tained after adding the sixth shell: The IP for Nisq equals

2-

N t8
R = t0, 483

20
t a. u. )
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FIG. 3. Evolution of thc charge density Rs R function of size. Given is thc totRl g (P')/Pl0 after thc various shells have completely
been filled. For the highest particle number studied, X =198, the charge density across the surface looks very similar to that Rt
8 = 00. However, n (r) inside the cluster still looks rather different from no. For further discussion see text.
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4.86 CV. We therefore conclude that the shell structure of
the physical properties might be a real effect of small met-
al clusters whose magnitude, however, depends on the
model used.

Another interesting feature is the behavior of both the
self-consistent charge density and the self-consistent effec-
tive one-particle potential when the number of atoms
within the cluster is raised. Figure 3 shows the charge
density, the level structure, and the effective potential of
the various completely filled shells of the neutral cluster.
There are two striking features. First, the charge density
around the center of the sphere is determined by the nuln-
ber of s electrons. Owing to the boundary conditions to be
fulfilled at r =0, all the other electrons are repelled from
the center of the sphere. After a certain s shell has been
filled (is, 2s, 3s, and 4s) the charge density amund r =0
monotonically decreases due to the increasingly extended
nature of these (normalized) states. On the other hand,
the behavior of the charge density across the surface
(r =R) is nearly the same for all 8 values studied. This is
ln agreement with 8 vari Rtlonal study of thc slzc-
dependent total energy of the cluster in which an
exponential-type density was used. The decay parameter
of the charge density outside the sphere, -e ~', ap-
proaches its bulk value' (R —+ oo ) extremely slowly. More
important seems to be the charge-reorganization effect
wllcll tllc various sllclls aI'c filled. For thc uppcH11ost pal'-
ticle number studied, X =198, the outer part of the charge
density, r & 12 R.u., looks very much like the Friedel oscil-
lations observed for an infinite, flat surface (but with a
different decay parameter), whereas the interior part of
the charge density does not yet approach a constant value.
This behavior of the charge density sheds doubt on the
usefulness of some concepts concerning the calculation of
the optical properties of snlall metaHic particles, ' '
which start from the behavior at 8 = oo and take into ac-
count the curvature of the sphere merely to first order of
1/R. Both the charge density and the effective potential
seem to indicate that it is important to calculate the
dlclcctrlc susccptlb111ty of sIIlall IIlctallic particles oil tllc
basis of the level structure shown in the figure. Surpris-
ingly enough, the electrostatic part of the IP approaches
its bulk value already at %=170, whereas the charge den-
sity still looks rather different to the infinite surface
charge density. This behavior indicates some cancellation
of size effects in the difference of the two total energies
from which the electrostatic part of the IP is calculated,
namely E,+„(N —1) and E«,"'"'(N). This conclusion is
supported by comparing the charge densities of the neu-
tral cluster and of the single ionized one. This compar-
lsoll is showll IIl Flg. 4 fol' X =60. Thc mlsslng cllal'gc of
the ionized cluster acts like a rigid shift of the potential
inside the cluster: Except for a constant, the two level
schemes are nearly identical as is the overall appearance of
the two charge densities. The reason for this peculiar
behavior is simply the extended nature of the orbital of
the missing electron. Of course, the potential difference
OQfsldk thc clustcx' ls not 8 coIlstant bccausc thc potcntlal
of the singly ionized duster approaches the Coulomb po-
tential —2/r.

Similar behavior is observed for the ionization of the
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deeper lying states within the valence band. There is al-
most no additional relaxation (compared to thc uppermost
filled level), again due to the extended nature of ail the or-
bitals within the cluster. It is only in the case of a vexy
fcw number of atoms that this compllcatlon comes into
Play.

Finally, we want to coInpare our results with the work
of Martins et a/. , ' which gave impact to the present
study. Unfortunately, pI'obably the most sensitive physi-
cal property of the cluster, namely the behavior of the
charge dcnslty, was not publlshcd lrl Rcf. 1. It ls known
that the Friedel oscillations of the electronic charge across
the surface are sensitiuely dependent on the potential used

FIG. 4. Comparison of n(r) for the neutral cluster and the

singly ionized one. The missing electron causes, inside the clus-

ter, a nearly rigid potential shift. Therefore, the two level struc-

tures are ver/ similar.
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in calculating them. A comparison of the self-consistently
calculated charge density with the variationally deter-
mined one would, therefore, most clearly reveal the impor-
tance of a self-consistent model. Owing to the lack of in-
formation about this point we are forced to compare the
two models by looking at an integral property, e.g., the IP,
which is invariably less sensitive to the Inodel used to cal-
culate it. Upon comparing Fig. 1 of Ref. 1 with Fig. 1 of
the presen. t paper we see immediately that both quantita-
tive and qualitative differences in the size dependence of
the IP exist. For instance, the IP within the 2p shell is
strongly size dependent in a non-self-consistent model,
whereas the IP as calculated in a strictly self-consistent
fashion stays nearly constant within that shell. The same
applies to the 2d shell. The difference would likely be
even stronger in the response properties of the metal parti-
cle, and such a calculation is presently underway.

IV. CONCLUSION

The SJBM has been investigated with respect to the
convergence of the various physical properties to their
respective values at an infinite, flat surface. Owing to the
high symmetry of the potential, quantum-size effects still
exist at a rather large particle number (or radius). Howev-
er, the electrostatic part of the work function approaches
its limiting value in a rather smooth fashion.

Charge densities and self-consistent potentials for parti-
cle numbers as large as 170 still deviate from their values
across an infinite, flat surface. This behavior, which has
already been revealed by a variational calculation, orig-
inates from the way in which the levels of a spherical po-

tential are filled. The reintroduction of the lattice struc-
ture via pseudopotentials will result in a splitting of the
spherical shells. However, a large correction to the simple
spherical picture is not to be expected in the case of a high
lattice symmetry [for instance Na&3 with fcc structure (Na
and Na»)].

This conjecture has already been stated by Geguzin, '

who compared the results of a non-self-consistent jellium
calculation with those following from a SCF-Xa-S%' cal-
culation. The inclusion of the spin effects by the local-
spin-density approximation (at least for a very few num-
ber of particles), however, seems to be more important.

The strong deviation of the charge density across the
surface from its behavior at R ~ ee is strongly corroborat-
ed by the experimental results concerning the size effects
in the behavior of the dipolar collective surface plasmon
of small metal particles. ' In this case, the real part of the
frequency already starts to deviate from its classical value
to&/v 3 at a particle radius of about 50 A (in the case of
Ag embedded in an argon matrix).

Finally, we want to stress that the model is not intended
to compete with any type of molecular-structure calcula-
tions. The resu1ts presented above are merely a first step
of a OFT-LDA —based solution of the optical-response
problem of small metal particles (where DFT denotes
density-functional theory).
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