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A configuration-space pseudopotential, which is closely related to that used by Aldrich and Pines
to describe the effective interaction between background particles in *He and “He, is constructed and
used to calculate the roton-roton scattering amplitude. From that amplitude we obtain a theory that
is completely congruent with the roton-liquid theory of Bedell, Pines, and Fomin. We calculate
two-roton bound states, roton-liquid parameters, and roton lifetimes, as well as information about
the hybridization of the two-roton bound state with excitations of higher and lower energy. Excel-
lent agreement between theory and experiment is obtained for the /=2 bound state at zero pair
momentum, the roton lifetime, the roton contribution to the normal-fluid viscosity and the normal-
fluid density, and the temperature variation of the roton energy. The effective roton-roton coupling
parameters at large pair momentum are found to be an order of magnitude larger than those for
small or vanishing pair momentum. At SVP we find that a substantial number of two-roton bound
states of varying symmetry exist for pair momentum up to ~3 A —!: at standard pressure, however
the roton-roton interaction for momenta ~1 A ~! is found to become repulsive, so that both the
1=2 bound state at zero pair momentum and bound states at intermediate momenta are predicted to
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disappear under pressure.

I. INTRODUCTION

Since Landau! proposed the phonon-roton spectrum to
explain the thermodynamical properties of superfluid ‘He,
great effort has been made to provide a microscopic
derivation of that spectrum. After the pioneering work of
Feynman and Cohen®? the proposed excitation spectrum
was verified by neutron scattering measurements.*°
More precise neutron scattering experiments revealed
many new details (see Fig. 1), such as

(i) the existence of a second branch of the excitation
spectrum, located at higher energies than the phonon-
roton branch, and

(ii) saturation of the spectrum for large momenta at
about 2A, where A is the roton energy.

For wave vectors less than approximately 2 10\", the
lower branch may be thought of as corresponding to the
excitation of a single quasiparticle from the condensate,
while the upper branch corresponds to exciting two or
more quasiparticles from the condensate.*~® The satura-
tion of the lower branch at momenta ~3 A~! was ex-
plained by Pitaevskii’ as resulting from roton-roton
scattering.

Following the discovery by Greytak and Yan® in a Ra-
man scattering experiment of structure in the vicinity of
2A, Ruvalds and Zawadowski,’ and independently Iwamo-
to,'” suggested that the roton-roton interaction was attrac-
tive and that this attraction would lead to a two-roton res-
onance or bound state, which could explain the Raman
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FIG. 1. Schematic depiction of the observed excitation spec-
trum of superfluid “He. The spectrum suggested by Landau is
shown by the dotted line. The hybridization between the two-
roton branch with approximate energy 2A and Landau’s spec-
trum results in two branches. The lower branch starts at
E(K =0)=0 and is shown by the solid line. At larger momenta
the solid line merges into the shadowed area characteristic of the
roton pairs. The upper multiparticle branch has the two-roton
nature at smaller momenta, but around the hybridization point
changes its character in such a way that its mean energy ap-
proaches the free particle energy g%/2m with a breadth which is
a considerable fraction of its mean energy. The shadowed re-
gion represents the range in energy of the multiparticle branch.
The position of the center weights of the shadowed areas are in-
dicated by points. The energy is shown on temperature scale.
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scattering experiments of Greytak and his collabora-
tors,>!! as well as making a significant contribution to the
two excitation branches observed in neutron scattering ex-
periments.”!%12 They further argued that hybridization of
the two-roton resonant or bound states at momenta
~2.5 A~! with excitations that lie at higher and lower
energies plays a significant role in determining the results
of the neutron scattering experiments.

Our principal aim in this paper is to develop a theory
which is capable of describing these and other major
consequences of roton-roton interaction. These include
the following:

(1) The existence and binding energy of two-roton
bound states as a function of roton pair momentum.

(2) The temperature dependence of the roton energy
and lifetime, which Mezei,!> using spin-echo neutron
scattering techniques, has determined to a high degree of
accuracy and which are determined by roton-roton in-
teractions at T'> 1.0 K.

(3) The temperature dependence of the normal fluid
density p,, at T> 1.4 K.

(4) Transport coefficients of “He in the temperature re-
gion (T > 1.4 K) in which roton interactions play a dom-
inant role.

(5) The phenomenological parameters of the roton-
liquid theory developed by Bedell, Pines, and Fomin!* as a
Bose-liquid analog of Landau’s theory of Fermi liquids.

(6) Neutron scattering experiments at momenta
greater than approximately 2.5 A~

There is some redundancy in this list, in that for
1.4<T<1.8 K, the viscosity and thermal conductivity
are determined by the roton lifetime and energy, while the
temperature dependence of the roton energy and the nor-
mal density are determined by the two lowest-order
phenomenological parameters of roton-liquid theory.

Our basic approach is to describe roton-roton interac-
tion by a pseudopotential that is closely related to that in-
troduced by Aldrich and Pines'>!¢ in their polarization-
potential approach to the calculation of the phonon-
maxon-roton branch of *He and the density- and spin-
fluctuation excitation spectra of He.!S~!® Aldrich and
Pines have shown that the density-fluctuation excitations
in *He and “He have a common origin in the force on a
given quasiparticle arising from the average self-consistent
fields of the other particles, and that this restoring force
can be calculated from a configuration-space pseudopo-
tential that has the following properties:

(i) It is repulsive for r <r,, attractive beyond.

(ii) The attractive part of the interaction is identical to
that for bare *He atoms.

(iii) The repulsive part is a soft-core interaction, whose
strength at the origin, @, can be determined from the
known spatial average of the pseudopotential.

We argue that since rotons are essentially excited *He
quasiparticles, their interaction should be describable by a
similar kind of pseudopotential.

Our pseudopotential thus has only two adjustable pa-
rameters; these are chosen to obtain a fit to the experimen-
tally determined binding energy in the / =2 channel of ro-
ton pairs of net momentum zero, and the / =0 interaction
parameter of roton-liquid theory. Both the pseudopoten-
tial and the resulting scattering amplitude are found to
possess a great deal of structure, a requirement which had
been anticipated in the pioneering calculations of Fomin
and Tiittd.'> We use our two-roton scattering amplitude
to calculate the aforementioned consequences of roton-
roton interaction, with results which are in excellent
agreement with experiment.

The paper is organized as follows: In Sec. II we give a
brief review of theoretical and experimental work on two-
roton states; because no recent review article on these
states is available, we consider in some detail the interplay
between bound states and the scattering amplitude, as well
as between Raman scattering and neutron scattering ex-
periments. Section III and the Appendix are devoted to
the formal machinary required to calculate, via the
scattering amplitude, the physical consequences of a given
roton-roton pseudopotential. In Sec. IV we discuss the ex-
tent to which parameters that fix the roton-roton pseudo-
potential may vary, and we give the “best-fit” values for
that interaction at saturated vapor pressure (SVP). In Sec.
V we use the pseudopotential to calculate the two-roton
bound-state energies as a function of pair momentum for
various angular momentum channels, the roton-liquid pa-
rameters, and the roton lifetime; we also give our results
for the way in which the pseudopotential and properties of
the two-roton states vary with pressure. In Sec. VI the
role of the two-roton spectrum in the neutron scattering is
discussed briefly, and in Sec. VII we give our concluding
remarks. The Appendix is devoted to the computational
details related to the vertex functions.

II. SURVEY OF EXPERIMENTS AND THEORIES
CONCERNING TWO-ROTON STATES

The importance of the roton-roton scattering was first
pointed out by Landau and Khalatnikov!® who showed
that it provides an explanation of the temperature-
independent part of the viscosity of liquid *He observed
above ~ 1.4 K. Here the dominant thermal excitations are
the rotons; since their lifetime 7 is determined by roton-
roton scattering, it is inversely proportional to the density
of thermal rotons. Hence the roton contribution to the
viscosity, which involves the product of that density and
T, is independent of the temperature. Landau and Khalat-
nikov used the Born approximation to predict the strength
of the roton-roton scattering from the experimental value
of the viscosity.

Ten years later, Pitaevskii’ showed that roton-roton
scattering could explain the saturation of the lower branch
of the excitation spectrum at large momenta, which had
been established by neutron scattering experiments.*> He
further showed that if the roton-roton coupling were
repulsive, there would be an end point of the spectrum at
some critical value of the momentum and at energy 2A.

The first direct measurement on the two-roton spec-
trum was performed by Greytak and Yan,® who used Ra-
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man scattering to study the excitation spectrum of “He.!
Under these circumstances the total momentum K of the
excited roton pair is almost zero. The shape of the ob-
served spectrum shows a strong deviation from the spec-
trum of two noninteracting rotons. Ruvalds and
Zawadowski’ and, independently, Iwamoto'® suggested
that the anomalous line shape is due to an attractive
roton-roton interaction, which leads to the formation of a
bound or resonant state with an energy just below the
threshold of the two-roton continuum. Subsequently the
resolution of the Raman scattering measurements was
substantially improved,!! while neutron scattering experi-
ments made possible a more accurate determination of the
roton energy A(T).?° These experiments provide defini-
tive evidence that the roton-roton interaction is attractive
for small total momentum, and a two-roton resonance is
formed below the two-roton energy.®

On the basis of the dipole character of the light scatter-
ing mechanism suggested by Stephens,?! one can easily
show that the roton pairs that are created must have angu-
lar momentum / =2. These pairs are not stable because (i)
single rotons possess a lifetime which is strongly tempera-
ture dependent and (ii) a roton pair may directly decay
into a phonon pair with the same energy, leading to a life-
time which is almost independent of the temperature.??
At higher temperatures, the first mechanism is the dom-
inant one; therefore, Raman scattering data combined
with a theoretical expression for the line shape provides an
accurate determination of the single-roton lifetime. The
experimental results thereby obtained are in excellent
agreement with the neutron scattering data of Mezei.!?
The comparison breaks down at lower temperatures as the
second mechanism becomes dominant. From his experl-
mental data, Mezei'3 obtained the followmg expression for
the temperature dependence of the inverse lifetime and of

the roton energy at SVP:

1 A
(D) =47V'T exp |- (2.1
A(T)—A(0)= —19V'T exp ——‘—‘% , (2.2)

where all the quantities are given in units of K and at
SVP.

What do these experiments tell us about the roton-roton
interaction? First, as noted above light scattering provides
information about the interaction in the limit of very
small roton pair momenta K ~0 and in the / =2 channel.
On the other hand, the roton lifetime is mostly influenced
by pairs of momentum K ~1.5p,.% Yau and Stephens?
pointed out that a local (structureless) roton-roton interac-
tlon leads to a single-roton decay rate which is only about
+ of that observed. Similar conclusions have been drawn
for the decay rate of the roton pairs which form the two-
roton resonance.”? [In this case, the rotons are not on en-
ergy shell, so that the imaginary self-energy Im>(w), with
off-energy-shell values of w, plays a role.] This failure to
explain experiment indicates that the strength of roton-
roton scattering estimated by Landau and Khalatnikov!®
is too strong for the Born approximation to be applicable.
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FIG. 2. Dependence of roton lifetime 7(T') and the tempera-
ture shift of the roton energy A(T)—A(0) are shown as func-
tions of the attractive roton-roton coupling strength g, <O.
Both quantities are normalized by the temperature-dependent
factor V'T exp[—A(T)/T], which is proportional to the
thermal density of rotons. The dotted lines indicate the results
of Born approximation (BA) and Hartree-Fock approximation
(HF), respectively. The normalized inverse lifetime T~!(T)
saturates at large coupling as pointed out by Yau and Stephens
(Ref. 22). The energy shift measured is negative; thus only with
|g4| <1.5X107% erg cm® is one able to get the correct sign of
the energy shift. Considering both quantities, the maximum
available values are —i— of the experimental ones [see Egs. (2.1)
and (2.2)]. Thus several scattering channels are required to
describe the experimental values. If a channel contributes to
both quantities in an essential way, then the coupling strength
must be in the shadowed areas. (Note that the coupling I, used
in the paper is I',, =2g4.) The curves have been calculated by
Tiitto (Ref. 24).

A similar situation arises with the temperature-dependent
shift of the roton energy A(T),?*?% which, like the roton
lifetime, depends upon the roton-roton scattering ampli-
tude. When one goes beyond the Born approximation to
calculate this scattering amplitude, and then attempts to
fit the roton lifetime and energy shift, one finds that no
matter what coupling strength one assumes for a contact
(Iocal) interaction, one cannot obtain a fit to experiment.?*
This situation is illustrated in Fig. 2 which we take from
the work of Tiittd.?* The lessons of Fig. 2 are thus two-
fold:

(1) It is not sufficient to use the Born approximation to
calculate the roton-roton scattering amplitude.

(2) In calculations of the scattering amplitude that go
beyond the Born approximation, it is essential to work
with a nonlocal roton-roton interaction.

We further note that the roton energy shift is negative, as
is required by experiment, only in a narrow range of cou-
pling strength.
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These considerations led Fomin and Pitaevskii?®?’ to

examine the conditions imposed by experiment on the
structure of the roton-roton interaction. The symmetry of
a roton pair depends upon the pair momentum K. At
K=0 there is an exact rotational invariance in momen-
tum space. At finite K, the only exact symmetry is rota-
tion about the axis of K. Therefore for K =0, the total
angular momentum / is a good quantum number; it must
be even because of Bose statistics. At small pair momen-
tum, K <<p,, the rotational invariance is weakly broken;
thus the (2/ 41)-fold degeneracy is split, and the states
can be characterized by the azimuthal quantum numbers
m =0, m=+*1, m=1%2,..., m==Il, where the relevant
axis is parallel to K. For large pair momenta (K >po), a
different symmetry emerges. Consider a roton pair with
momenta on or near the roton sphere .of radius p, as
shown in Fig. 3. In roton-roton scattering, this pair
(B1,P2), whose momenta are inclined at some angle 0, is
scattered to another pair (B3, P4) state; as long as the latter
pair are also on or near the roton sphere, the angle be-
tween P; and P, is approximately also given by 6. In ad-
dition to the angle 6, each pair may be characterized by an
azimuthal angle ¢, the angle between the projection on the
plane perpendicular to K, momentum of one of the ro-
tons, and some axis in that plane (see Fig. 3). The symme-
try of the wave function with respect to its dependence on
¢ can be characterized by an azimuthal quantum number
m again. The Bose character of rotons is reflected in the
dependence on ¢ in the wave function, if one assumes that
the dependence of the pair wave function on the absolute
value of the single-roton momentum p; is smooth and
that it does not have a zero near the roton sphere. For the
roton pairs which are of physical mterest m takes only
even values, as first shown by Fomin.?® The scattering can
then be described in terms of the scattering angle ¢ be-
tween the two planes determined by the momenta of the
roton pairs before and after the scattering, respectively
(see Fig. 4). In the crossover region between small K and

FIG. 3. Momenta P; and P, of a roton pair with total
momentum K are shown. The momenta P, and P, are near the
roton sphere. The possible positions of the momenta are indicat-
ed by the dotted circle. The angle between the momenta is
denoted by 6. The wave function of the pair with total momen-
tum K depends on the angle ¢ and the absolute values of mo-
menta P, and P,.

FIG. 4. Momentum space description of the scattering of a
roton pair (P;,P,) into another pair (P3,Ps). The total pair
momentum K is conserved. The angle ¢ between the planes
formed by the momenta before and after the scattering is shown.

K ~py, the roton-pair wave functions possess no addition-
al symmetry; the description of roton-roton scattering is
rather complex, and one finds both odd and even values of
m appearing.

Following Pitaevskii and Fomin,?’ the possible momen-
tum dependence of bound states is illustrated in Fig. 5,
where at small momenta two bound states are depicted
with [ =2,4 with splitting according to m; furthermore, at
large momenta there is not more than one bound state for
each even m. Finally, the intermediate region is extrapo-
lated. It is important to point out, however, that bound
states with the same m cannot intersect; thus for a given
m only the lowest lying bound state at K ~0 can continue
to the larger momentum region. The different scattering

SIS
two -roton continuum

FIG. 5. Schematic depiction of the momentum dependence of
the different two-roton bound-state energies, following Pi-
taevskii and Fomin (Ref. 27). At momentum K =0 the bound
states are characterized by the total angular momentum (/ even).
At finite momentum K the degeneracy is split. In the large
momentum region the bound state is labeled by a single azimu-
thal quantum number (m even). The dispersion curves with dif-
ferent |m | are indicated by different lines given in the figure.
The dispersion of the bound states with m odd starts at K =0
and at larger momenta those quickly merge into the two-roton
continuum. The curves shown are schematic; the angular mo-
menta ] =2,4 are chosen as an example. It is important, howev-
er, to note that the dispersion curves with the same symmetry
cannot cross.
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channels characterized by m =0, +2, +4... contribute in-
dependently®*26 to the lifetime and temperature-dependent
energy shift of the rotons. Considering the shadow region
in Fig. 2, the conclusion can be drawn that at least seven
channels are required to explain the experimental data
given by Egs. (2.1) and (2.2). Thus the coupling strengths
must be in the narrow shadowed interval shown in Fig. 2

if only seven channels contribute. )
Additional information about the roton-roton interac-

tion comes from neutron scattering experiments.”® Neu-
tron scattering is the only experimental technique which
provides direct information about roton pairs of compara-
tively large net momentum, K. Since only s-wave scatter-
ing of neutrons by the nuclei of the *He atoms plays a sig-
nificant role, that information is restricted to the m =0
channel of the roton-roton interaction. (Put another way,
the excited roton pairs must be structureless in momen-
tum space for rotations about their net momentum K.)
As Tiitto and Zawadowski®® have emphasized, where hy-
bridization of this two-roton state (with either the single-
particle states which lie below it or the multiparticle states
which lie above it) plays an important role, the effective
roton-roton coupling constant in the m =0 channel can be
significantly modified. As we discuss in further detail in
Sec. VI, evidence that this is the correct physical picture
comes from the fit to the neutron scattering data carried
out by Smith et al.?®

These results impose a number of constraints on the
form of the roton-roton interaction. Previous theoretical
attempts to obtain this interaction have tended to focus on
comparatively isolated aspects of the consequences of the
interaction (e.g., the /=0, /=2 bound pair states at
K =0,°734 or the m =0 states for large pair momen-
tum3*3%); to our knowledge there has been no prior at-
tempt to pursue all the relevant consequences of the in-
teraction, including of course, the existence of bound
states at K =0 with quantum numbers />4, and the
momentum dependence of the m =0 component of the in-
teraction. For example, because the / =2 bound state at
K =0 corresponds to an effective coupling that is weaker
by almost an order of magnitude than those of higher an-
gular momentum, theories that focus on deriving this en-
ergy from an effective weak attractive interaction, such as
the phonon-induced interaction between rotons,>>3¢ even
though apparently successful, have obviously neglected
the much larger attractive terms that are responsible for
binding in />4 states and for the observed lifetime and
temperature-dependent energy of the rotons. (Thus we
shall see in Sec. IV that this phonon-induced interaction is
almost an order of magnitude smaller than the direct in-
teraction we introduce there.)

Attempts have also been made to derive the effective
roton-roton interaction from an equivalent weak coupling
theory, in which the bare vertices are expressed in terms
of the observed static structure factors, along the lines of
the calculations of the excitation spectrum by Feenberg,
Sunakawa, and their collaborators.’”%® It has, however,
proven difficult to get the resultant couplings to have the
correct amplitudes and signs, as is evident from the results
obtained from the most successful effort of this kind, that
by Carballo and Ruvalds,>® who took the effective interac-
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tion to be a combination of a hard core and an attractive
square well. A quite different approach has been taken by
Roberts and Donnelly,*® who adopt as a starting point a
semiclassical treatment of roton interaction as that be-
tween classical point dipoles. While their numerical re-
sults are not far from experiment for some of the parame-
ters they calculate, it appears difficult to connect their
work with prior theoretical work, in which the starting
point is a quantum treatment in terms of roton-roton
scattering amplitudes.

In what follows, then, we shall attempt to be guided in
our choice of a pseudopotential by both the need for con-
siderable structure in the interaction and by the impor-
tance of being able to fit, at one and the same time, bound
state and those aspects of the roton-roton interaction that
are sensitive to interactions in higher momentum chan-

nels.

III. SCATTERING AMPLITUDES,
BOUND STATES, AND THE SELF-ENERGY
FOR INTERACTING ROTONS

To establish the connection between our roton pseudo-
potential and experiment, we must study the roton-roton
scattering amplitude and self-energy. Here we will be con-
cerned with the contributions of the rotons to the trans-
port, thermodynamics, etc., properties of superfluid “He.
The scattering states and bound states will involve ener-
gies that are much less than the roton energy A and quasi-
particle momenta that are close to the roton momentum
po- The interaction between quasiparticles can then be
viewed as scattering on a sphere of radius p,, the roton

sphere (see Figs. 3 and 4).

A. Bethe-Salpeter equation for the roton-roton
scattering and the binding energies

In Fig. 6 we show the diagrammatic representation of
the scattering amplitude; the scattering geometry is de-
picted in Fig. 4. As shown, e.g., by Fomin,2® the Bethe-
Salpeter equation for the symmetrized scattering ampli-
tude I‘(l—f,l?’,lz,E) in the neighborhood of the roton

minimum is given by

FIG. 6. Generalized two-roton—two-roton vertex I'. K is the
total momentum of the roton pairs and K (K") is the relative
momentum of the incoming (outgoing) rotons.
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3 "o o5 —
4K ERKmE)
(2m)

r(k,k;K,E)=T(K,k ;K )++

with K=7(B1—P2), K'=7(B3—PB4), where K=F1+5>
=P3+P4 The energy 62 is the experimental single-
particle spectrum which is glven by the Landau spectrum
near p, €p =A¢+(P—Po)*/2u, where p is the roton
mass. The energy dependence of the irreducible sym-
metrized interaction I'( E,E’;I_{) has been ignored in Eq.
(3.1) since, if it exists at all, it will correspond to varia-
tions on an energy scale that is much larger than E —2A.
All momenta B;, i =1—4, are assumed to lie on the roton
sphere; hence the integral in Eq. (3.1) must be cut off.
The choice for the cutoff momentum will be discussed
later on.

1. Roton pair states with K=0

To study the two-roton bound states at zero total
momentum we expand the interactions in a Legendre
series in the scattering angle 04+, which is the angle be-
tween momenta k and k' (or p; and p;). With all of the
momenta on_the roton sphere, both I'(k,k ’;K=0) and
r'(k,k;K=0, E) will depend only on the angle 0;; thus

F(k,k;K=0)= 3 (2 +1DP(cosb), (3.2a)
I(even)
[(k,k;K=0, E)= 3 (21 +1)[[(E)P/(cosb) -
I(even)
(3.2b)

Here we note that since rotons are bosons the interactions
must be symmetric under exchange; thus only even partial
waves will be present in Egs. (3.2a) and (3.2b). If we now
substitute Egs. (3.2a) and (3.2b) into Eq. (3.1) and carry
out the angular integrations we find

k £, 1

————3——.— (3.3)
E —2€;»+1id

TE)=F+ 3 [dk" 2= Ty(E),

where, after making the approximation k "*dk” ~p3dk",
we can ignore the need for a cutoff in momentum space,
because any dependence of I'; on the cutoff will be weak.

For a bound state to exist, ['; must be attractive. When
]

1

0
E—€r—€ o -
€ 6[K—k|

b (3.1

T

this happens the second term in Eq. (3.3) becomes much
larger than the first; we can therefore drop the first term,
and determine the binding energy €,=2A —E for the Ith
channel from

i d’;z 1 (3.4)
© 2 €+ (k" —Bo)/u
The result is
o | 1po ’
0 0 =
€= 4 o (3.5)

These results agree with the prev1ous calculations (see Ref.
12, where the notation T '=2g} is implied). Bound states
of two rotons with relative angular momentum / =2 have
been observed by Greytak and Yan.?

2. Roton-pair states with K0

Let us turn to the Bethe-Salpeter equation (3.1) in the
case of K5£0. The solutions we obtain will be used to cal-
culate the self-energy and the bound states with K=40.

For finite total momentum K we can obtain a solution
for Eq. (3.1) by expanding the vertex in a Fourier series in
¢. (See Fig. 4 for definition of ¢.) With all momenta on
the roton sphere, Eq. (3.1) reduces to a set of uncoupled
integral equations for each m channel, where m is the pro-
jection of the angular momentum K. Expanding the in-
teractions on the roton sphere (p; =p, for i =1—4) in the
azimuthal channels m we have

S T.(K)e™?

m(even)

~ —

L(k,k5K)= (3.6a)

and

-

M(kk5KE)= 3 T,(KEe™. (3.6b)

m(even)
For finite K we make a change of variables in Eq. (3.1),
setting | " | =|K—k"|. By integrating over ¢ we find
an integral equation for each azimuthal channel,

Po+P k" Po+ 1
K,E = - kll IIL .
T, (K,E)=T,(K)+ 2K f d . fpo_p dp I, (K) {E—-egu—egﬁ—iﬁ r'n(K.E), (3.7)
I
where K = | K | and p. is a momentum cutoff. The ener-  (3.7) is then
d inator in Eq. (3.7) is gi b
gy denominator in Eq. (3.7) is given by (K, E =280+
E—€—epn=E—x2—p?,
2 2
where £=FE —2Ag, x2=(K"—Po)*/2u, and y>=(B" =fm(K)/ [1+ HKPo £, (K)n 2x; ” ’ (3.8)
—Po)/2u. 4rK §

To look for the possible bound states, with binding en-
ergy, €,(K), we can drop the imaginary part of the
denominator (since E —ej» ——ep +<0). The solution of Eq.

which, for the case of negative T, (K), yields a binding en-
ergy
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, 1-1
KUpo = _
€m(K)=2x2exp | — 1K [T (K", 3.9
where we have taken into account that

x? =pc /21 >>€,(K). This result likewise agrees with the
Erevxous calculations (see Ref. 12 and the note that

T,,=2g).

B. The roton self-energy

To determine A(T') and 7(7T') we must calculate the ro-
ton self-energy 2(p,w). The real part of the self-energy
evaluated at |P|=po and e=A will determine A(T).
From the imaginary part we obtain 7(7'), which also
determines the roton contribution to the transport proper-
ties of superfluid “He. Expressions for the roton self-
energy have been derived by a number of au-
thors,'>1424=26 who find that it can be expanded in the
number of rotons, where to first order in the number of

rotons we have

2(p,0)= ——1’——(2 € (3,8 ;E =o+e )nlgy), (3.10
where
1

n(ep)=———eep/kBT~1
is the roton distribution function. The diagrammatic
structure of Eq. (3.10) is shown in Fig. 7.

The scattermg amplitude in Eq. (3.10) is the limit of
F(k K’ KE) in Eq. (3.1) with = pl—p3—p4—p2—0
Here, for convenience, we have introduced the variables
B=P1=P; and B'=P,=P4 with K=F+P, so that the
scattering angle ¢=0; thus I(B,BE)= 3, n
[see Eq. (3.6b)].

We now consider the choice of a cutoff and the energy
dependence of T',,(K,E). An energy cutoff x2=p 2/2u is
introduced in order to separate the integral into terms that
are near py and far from p,. A natural choice for this
cutoff is to use the point at which the true quasiparticle
spectrum deviates from the Landau spectrum

=A+(p— 5’0)2/2,11 Experimentally this occurs at an
energy which is approximately half-way between the roton
momentum p, and the maxon momentum p;~1.1 AL

FIG. 7. Diagrammatic structure of the roton self-energy.
The circle with the line through it is the irreducible roton-roton
interaction.
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This was the value used by Zawadowski et al.'? in their
study of bound states at finite K. The corresponding
momentum cutoff is p./py=~0.19 at all pressures. This
choice is consistent with experiment, since Dietrich
et al.®® find that at all pressures the Landau spectrum
fits the experimental spectrum in the range
[ (P—Po)/po| <0.17 to within 10% at the end points.
The corresponding energy cutoff is approximately given
by xf:A—AI at all pressures, where A; is the maxon en-
ergy.

In order to calculate Z(p,w) given by Eq. (3.10), we
must solve the Bethe-Salpeter equation (3.7) for £>0. It

is straightforward to integrate Eq. (3.7) to obtain®!>2

I, (K)

T, (K,E=2A+£)= -

c

§

ups

47K L (K)

14+ im+1n

(3.11)

where x2=p2/2u >>& has been used. It should be noted
that the solutions given by Eq. (3.11) are valid only for not
very small K (K >>0.1p,).> However, the important re-
gion of K values is +po <K <2po,2>?* thus we can use
Eq. (3.11) for all X. _

We further note that in general T',,_o(K) must be
corrected to take into account effects associated with hy-
bridization.?>?* Such corrections will be discussed in Sec.
VI in the context of neutron scattering. Since these
corrections exist only in the channel m =0, these will not
affect our calculations for A(7) and 7(T) in an essential
way.

The expression (3.10) for the self-energy can be further
simplified if we make Fomin’s approximation of replacing
the energy variable E by w +kgT. To justify this approxi-
mation, we note that in the integration over p’ in Eq.
(3.10) the important region is (B—Po)?/2u~ksT. Fo-
min,?® in his calculation of the transport properties of su-
perfluid “He, showed that the approx1mat10n introduces
errors of the order ukzT /p§~1% in the viscosity coeffi-
cient. In order to make the calculations still simpler a
fixed typical value will be used for the temperature T in
Eq. (3.10), such that throughout the temperature range

-T,(T )<< T, where T',(T) is the roton halfwidth, and
Ay—A(T) << T, where Ag=A(T =0). These conditions
are consistent with the expansion to first order in the
number of rotons used in Eq. (3.10). We choose this tem-
perature as T'~1.4 K and thus set £=1.4 K in our calcu-
lations for all pressures and all temperatures. The tem-
perature dependence of A(T') or I',(T') will then come en-
tirely from the number of rotons N,(T).

C. Temperature dependence of A

The energy €, is defined as the pole of the single-
particle Green’s function,

ReG‘l(p,ep )=¢, —[eg +ReZ(p,¢,)]=0.

In terms of the moments Fm(K,E), the temperature
dependence of the roton energy A takes a very simple

(3.12)
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form. For A(T) we evaluate Eq. (3.12) at | P | =po; we
find

2 T

where
P2
NAT)= [ dp'E— —ney)
i : A(T)
=2 | £ (1+aV,uT)%\/T exp{——(———

(3.14)

where the constant &=0.525 A takes into account the cu-
bic corrections to the roton dispersion curve [see Eq. (20)
in Ref. 14]. The parameter f| is just the / =0 moment of
the roton interaction f P introduced by Bedell, Pines,
and Fomin."* The expression for f, in terms of T, will
be given at the end of this section.

D. Roton lifetime

The imaginary part of I, (K,E) determines the roton
lifetime, where

1
) —ImZ(po, €, +id)
1
N[ &S mr, K E+is),
! 2 m(even)

(3.15)
where x =(B-P')/ps. This can be connected with
Fomin’s?® calculatlon of the viscosity by first noting that

ImT,, (K, E +i8)= — -“—‘”3 IT,.(K,E)|?,
and
ax—KdK |
Po
so that
1 KPo
———=—-N,(T 3.16
27(T) 4 N (3.16)
Here i is the scattering rate defined by
0-2f s ),
which enters into the viscosity 7,2
2
LN R (3.17)
15 2
with Ai=1.

E. Connection with roton-liquid theory

The roton-liquid theory proposed by Bedell, Pines, and
Fomin'* is based on the idea that thermodynamics of ro-
tons can be expressed by the roton number and by the re-

normalized vertex functions T',, taken at some charac-
teristic energy value. We have seen in our calculation of
the self-energy given by Eq. (3.10) that in taking the self-
energy at fixed energy w=A the energy dependence of the
vertex function T',, can be ignored, provided one chooses
the correct characteristic energy to evaluate I',,. The
choice of the characteristic energy in principle depends on
the temperature, but in the temperature range
1.0<T < 1.8 K this dependence is sufficiently weak that
one can take an average value T'=1.4 K. This approxi-
mation is the basic ingredient of the roton-liquid theory,
which then shows a strong resemblance to Landau’s
Fermi-liquid theory.

For completeness we give the expressions which relate
the roton-liquid parameters of Bedell, Pines, and Fomin'*
to the renormalized scattering amplitudes I',, that we
have obtained from the Bethe-Salpeter equation.

The roton-liquid vertex f_. —., and the diagonal value of
the vertex I' are related through

[+ —.=Rel'(B,B;E =2A+T),

- (3.18)
PP

where T is taken to be T=1.4 K [the vertex ['(B,Pp ';E) is
introduced in Eq. (3.10)]. Because all rotons are assumed
to lie on the roton sphere, f 35 may be expanded in

Legendre polynomials as

F,z ;f,P,(x) ’ (3.19)
where f; are the roton-liquid coefficients and
x=(B-B")/pé (|B|=|B'| =po). Using Eq. (3.6b) for
I, in Eq. (3.18) and combining the inverse of Eq. (3.19)
with Eq. (3.18), one gets

fi= 2’“[ dx'P(x') 3 Rel,(K,E),

m(even)

(3.20)
where K2=2p3(1+x").

IV. ROTON-ROTON PSEUDOPOTENTIAL

According to Aldrich and Pines,® a roton is an excited
quasiparticle of momentum ~p,, effective mass
~2.1M (M is the mass of a bare “He atom) moving in an
attractive self-consistent field (~—2 K) produced by the
other quasiparticles in the liquid. It seems natural there-
fore to attempt a configuration-space description of roton
interaction, f(r), which is similar to the configuration-
space interaction devised by Aldrich and Pines'® for the
effective interaction between an excited “He atom and one
in the ground state, viz., a long-range interaction that is
identical to that between bare *He atoms, which becomes
repulsive at some radius 7.; as with the ground-state parti-
cles, we expect the short-range correlations brought about
by the strong short-range repulsive part of the bare in-
teraction will change the latter from its almost hard-core
behavior to a soft-core repulsion, such that the overall po-
tential possesses a well-defined Fourier transform. To the
extent that the transition from attraction to repulsion
occurs over a distance small compared to 7., and the exact
form of the repulsion is of little importance, this potential
f(r) may be characterized by two parameters: 7, and a, the



110

strength of the repulsive interaction at the origin.

A second contribution to the roton-roton pseudopoten-
tial comes from the coupling of rotons to the “He back-
ground particles, a process analogous to the phonon-
induced interaction between electrons in a metal or that
between °He atoms in a dilute *He-*He mixture. If we
write the basic “He-roton interaction as

+
2 4P 4495 @D
where P3 is a *He density fluctuation excitation, and the
operators a—, and a % +9 act to destroy a roton of momen-
tum P, create one of P+ q, then to the extent that we con-
fine our attention to low-frequency processes on or near
the energy shell, the resulting induced interaction between
rotons (depicted in Fig. 8) will take the form
Vinal@ =3 |u, | *X(q,0), 4.2)
q
where X(g,0) is the static wave-vector-dependent suscepti-
bility of “He. We use deformation-potential theory to ob-
tain the long-wavelength form of u,,

lim u,( )—a—A~——A—
q—0 q 7= aN‘— N
ms? A
SR A 4.3
N o 4.3)

on making use of the appropriate experimental value,
dA/dp~—A/N.® Since lim,_oX(q,0)=—N/ms? we
find

ms®| A

2
‘}1_13) Vind(q)z——N— (*—T } . 4.4)

ms

At SVP, NV, 4(0)~—2.7 K; it is still smaller
(~—0.82 K) at melting pressure. As we shall see below,
these values are to be compared with the long-wavelength
result for the direct interaction between rotons, which is

N [d*rf(n=Nfo~—25K

at all pressures. We therefore do not attempt to
parametrize explicitly the phonon-roton induced interac-
tion, (4.2), but instead iake the view that in parametrizing
the direct interaction, f(7), we can include to sufficient ac-
curacy any effects of the induced interaction.

93

93

FIG. 8. Diagrammatic representation of that part of the
roton-roton interaction, g4, which is mediated by a single excita-
tion. g3 indicates the interaction in which the roton emits or ab-
sorbs another excitation.
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Given a model pseudopotential with Fourier transform
4.5)

fo= fd3rf(r)ei3'? ,
we can calculate the irreducible symmetrized vertex,
I'(P1,P2; B3, P4)s defined through Eq. (3.1). Since rotons
are bosons the irreducible interaction must be symmetric
under exchange of the incoming or outgoing particles.
Thus

f(ﬁl,ﬁ2;§3,§4)=ﬂ +fy s

where =P, —P3 and §'=P,—Ps.

In calculating f(7) and f, we have used for the long-
range part of f(r) (r>r.) a simple analytic potential
which has been constructed to fit the potential of Aziz
et al.*! shown in Fig. 9 within 3% accuracy

12
ro }

6
’
—a, [—0’ , r>3.4

(4.6)

6
ro

r

, r<3.4

(r in units of A) where, ro=2.646 A, a,=42.98 K, and
a,=33.4309 K. This was chosen for its simplicity and
ease in obtaining a Fourier transform. (For our calcula-
tions a more accurate potential is not needed.) For the
repulsive part of the potential we use the same form of the
potential as that adopted by Aldrich and Pines'® for *He
and “He,

8

r
— y, r<r, .

f(r)=a[1——

[

At P =0.0 the parameters a and r, of the pseudopoten-

-10.0

-12.0

FIG. 9. Helium potential used in the calculation. The poten-
tial used was a fit to the Aziz potential (Ref. 41), values for the
Aziz potential are shown as open circles. The fit is within a few
percent for r > 2.8 A.
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tial 7(r) are chosen so as to yield the following.

(i) The experimentally determined binding energy** of
the I =2 bound state for K =0, €;,_,=0.27+0.04 K.

(i) The roton-liquid parameter f, determined by
Bedell, Pines, and Fomin'* from fits to both specific heat
measurements and neutron scattering experiments on the
roton energy, Nfo=—9.7 K.

In the course of choosing the best values of 7, and a, we
found that binding in the / =2 channel occurs for only a
limited range of r,,

3.1<r,<3.6

(in units of ;&), no matter what the choice of a. Within
this range of a given value of r,, one can find a value of a
which yields the / =2 bound state. However, the require-
ment that one also obtain f, in agreement with experi-
ment uniquely determines both r, and a. Our best fit to
fo was obtained with r,=3.3 A and a=148 K. If, in-
stead, one takes 7,=3.4 A and a=1.48 K, one finds a fit
to the / =2 bound state, but Nf is some 10% larger, be-
ing —10.7 K. The potential f(r) and its Fourier
transform fq are shown in Figs. 10 and 11, respectively.

In the *He and “He systems it can be argued that the ex-
act shape of the core used in Ref. 18 is not important
since the momenta studied, up to 2 A1 , do not signifi-

(r)
P=25.0 bars 50|
40
30
20

-10.0

T

-12.0

FIG. 10. Roton pseudopotential f(r) for two pressures
p=0.0 and p =25.0 bars. The qualitative feature of decreasing
core radius and increasing core height with increasing pressure
is similar to that found in the *He system. V(r) is the potential
shown in Fig. 9. The inset is given to compare the roton-roton
potential at p =0.0 bar with the polarization potential (*He) pro-
posed by Aldrich and Pines (Ref. 16) for the phonon-maxon-
roton spectrum of “He.

10.0f - P=25.0 bars
ad
P e \\\
\
15 320 @/,
— \
< §
(g
Z -10.0
-20.0
-30.01-
FIG. 11. Fourier transform of the roton pseudopotential for

two pressures p =0.0 and p =25.0 bars. The g =0 value of the
potentials multiplied by the density, Nfo, is the same for all
pressures above 5 bars, i.e., Nfo=—28.0K.

cantly probe the structure of the core. In the present
problem_ however, we are interested in momenta up to
2po~4 A~!. These momenta certainly begin to probe the
structure of f(r) at short distances. However, the contri-
bution to the core to the Fourier transform f(g) is much
smaller than that of the region outside the core. For
P~0.0 the core region at | q| =0 is 12% of the tail re-
gion and is negligible for | q | ~0.5p,. At melting pres-
sures it is about 30% when =0 and becomes markedly
smaller for |q|~0.5p,. It is plausible then to assume
that only the qualitative feature of a soft-core potential is
necessary and that the detailed structure of the potential
for r < r, is not significant.

V. BOUND STATES AND
TRANSPORT PROPERTIES

Given f(r) and its Fourier transform fq, it is straight-
forward to use the expressions given in the Appendix to
calculate the moments of the irreducible interaction T,
scattering amplitude I', bound-state energies for various /
channels, roton-liquid parameters, and the roton lifetime
(or what is equivalent, the viscosity). Our principal results
are given in four tables and in different figures; we com-
ment on these briefly.

In Table I we present our results for the pseudopotential
parameter and bound-state energies at K =0. Inspectlon
of Eq. (3.5) shows that for a channel in which F'=2g is
negatlve, the b1nd1ng energy depends on only the parame-
ters g (given in Table II), which characterize the expan-
sion of the pseudopotential in spherical harmonics (A6).
The pseudopotential was chosen so as to yield the experi-
mental bound state in the / =2 channel. Maximum bind-
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TABLE L. Pseudopotential parameters and bound-state energies in different angular momentum channels at various pressures.

Bound-state energy for K =0 (K)

Pressure Core height Core oradius Nfo
(bars) (K) (A) (K) 1=2 =4 1=6 1=8
0.0 1.48 3.307 —25.0 0.27 0.65 1.46 0.21
Experimental
0.27£0.04
5.0 3.82 3.12 —27.5 No bound 1.86 1.80 0.24
state
15.0 5.66 3.06 —28.0 No bound 1.97 1.89 0.28
state
25.0 6.30 3.06 —28.0 No bound 1.58 1.80 0.31
state

ing is achieved in the / =6 channel because it is this spher-
ical harmonic which is most out of phase with fq, in such
a way as to minimize the contribution made by the repul-
sive part of f, (in momentum space) and to take max-
imum advantage of the attractive portion of this pseudo-
potential, as shown in Fig. 12. There is no binding in the
l——O channel because the moment of fq that contributes
to gJ is positive. That there must exist substantial binding
in partial waves higher than />4 was known already
from the work of Fomin,?® Pitaevskii,?’ and Tiittd and
Zawadowski?’; we see that our pseudopotential has this
desired property. Our results are consistent with the
kinematic sum rule, (A9), which relates the spatlal average
of the roton pseudopotential to a sum over gi. We find
that partial waves higher than / =2 contribute a substan-
tial fraction (~97%) of this sum rule (which has contri-
butions from both even and odd spherical harmonics).
Given the quantities g}, it is straightforward to calcu-
late the azimuthal moments of the pseudopotential,
HK)=T,(K)/2, from Eq. (Al1). A given moment
2" (K) contains contribution from both even and odd g;’s.
We list in Table II moments up to m =8. We call the at-
tention of the reader to the very considerable amount of
pair momentum structure present in each m channel, as
displayed in Figs. 13(a)—(13d) for moments up to m =6.
The structure again reflects the structure present in our
pseudopotential. The major contributions to the viscosity
(or what is equivalent, the roton lifetime) come from the
various m channels for py <K <2p,. B2 Tt is mterestmg
to compare our calculated Values of gh with Tiittd’s esti-
mates of the channels and coupling required to obtain

agreement with experiment; the latter are displayed as the
shadowed region of Fig. 2. The m =0 channel is of par-
ticular importance because it determines the upper branch
in neutron scattering experiments. We discuss it below;
here we note only that in the immediate vicinity of
K =2po, g9 changes by an order of magnitude, since ac-
cording to Egs. (A9) and (A12a) g3(2po)=1o
~—28X10"® ergem™3,  while  g3(1.95p,)=—2.0
X 1073 ergem®. This rapid variation may be traced to
the way in which the various P;(cos8;;) contribute to g3 in
the vicinity of 2p,. It comes about, in part, because we
have put all rotons on the roton sphere; if this restriction
is abandoned, we expect this structure to be smoothed out.
We note as well that our values for g4 are almost an or-
der of magnitude smaller than those of g4 (K), including
T(K =0). Thus the coupling measured in the light
scattering experiments is almost an order of magnitude
smaller than that which plays a significant role in deter-
mining the roton energy shift and lifetime. The quantity
g4 (K =0) corresponds to an average of the roton pseudo-
potential in the equatorial region of the roton sphere (see
Fig. 3), while the quantity g contains contributions from
this pseudopotential which cover the entire roton sphere;
the latter is therefore smaller than the former, because the
“roton-sphere” contributions are, on average, both repul-
sive and attractive, and a considerable amount of cancella-
tion takes place. For low pair momenta (K <<pg), the
latter average furnishes a more reliable estimate of the
coupling strengths, because in practice rotons occupy a re-
gion Apy~0.2p, around the roton sphere, and conse-
quently the equatorial average does not provide an accu-

TABLE II. Calculated roton-roton coupling parameters at zero pressure. Results are presented both
for different angular momenta at K =0, and for different azimuthal quantum numbers K540.

gh g7 (K =0.0) g7 (K =0.5po) g™(K =1.5p,)
m or [ (10~ ergem?) (10738 ergem?) (1073 ergem™3) (10~ ergem—?
0 + 0.077 —0.75 —0.68 —1.34
2 —0.106 —0.94 —0.89 —1.26
4 —0.165 —0.99 —1.08 —1.31
6 —0.247 —0.96 —0.93 —0.37
8 —0.094 —0.40 —0.36 —0.04
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FIG. 12. Coupling constant g calculated as an integral over
the product of the potential and a weight function [see Eq.
(A3)]. In channel / the weight function with a suitable normali-
zation is
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Po

The functions w; for / =0,2,4,6 are shown in order to compare
with the Fourier transform of the pseudopotential flg. It can
be clearly seen that the state / =6 has the largest binding energy,
since wy is out of phase with Nf(q) and, therefore, g4=° is the
most attractive coupling.

rate sampling of the momenta of importance in determin-
ing the roton-roton scattering amplitude.
We are thus led to the following picture:

(i) For large K, po <K <2p,, for example, the g7’ pro-
vide an accurate estimate of the coupling strengths and
can be used for calculating the roton-roton scattering am-
plitude and the existence of bound states.

(ii) At K =0, it is the quantities gi that must be used to
calculate scattering amplitudes and bound states.

(iii) As K increases from O to less than approximately
Do one crosses over from the gi’s to the g4”s; in the
small-K limit it likely suffices to use the most attractive
gi to estimate coupling strengths and calculate bound
states, but in the crossover region detailed calculations
must be carried out to determine the behavior of the
bound states.

We use this picture to calculate the bound-state energies as
a function of K. In Fig. 14 we show for K =0 the
bound-state energies for various [/ channels calculated
from Eq. (3.5) and, for py <K <2p,, the bound-state ener-
gies for various m channels calculated from Eq. (3.9).
Note that if one used the latter expression to calculate
binding at K =0, one would obtain ¢, (K =0)
=—2x2~—10 K for all states, independent of coupling
strength, a quite unphysical result. We note in Fig. 14
that the various calculated bound-state energies begin to
become unphysical for K ~p,/2; all of the various m
channel energies have begun their precipitous descent to
the limiting unphysical value of — 10 K.

We conclude that our results are reliable for
K>1.5A7", and, for 0.5<K <1.5 A~!, furnish a guide
to interpolation of the kind pioneered by Pitaevskii and
Fomin,?’ shown in Fig. 5. Since the lowest bound state at
K =0 occurs in the / =6 channel, the bound-state energies
of the azimuthal channels m =0,+2,+4,+6 must all ter-
minate at this energy, E,~°=1.45 K. (As Pitaevskii and
Fomin?’ have shown, levels with the same m values which
originate in different / values cannot cross.) One possible
interpolation, consistent with these guidelines, is shown in
Fig. 14. However, the possibility of local minima of the
various bound-state energies at intermediate values of K
cannot be ruled out.

Our results for the renormalized scattering amplitude,
which determines in turn the roton energy shift and life-
time as well as the normal fluid density p,, can be ex-
pressed in part through the roton-liquid parameters f;.
These are the moments of the renormalized amplitudes,
I',,(K,E), given by Eq. (3.20). The first four moments are
displayed in Table III. An approximate sum rule for the

TABLE III. Calculated roton-liquid parameters at different pressures. In the last two lines of the
table we compare our calculated values of the sum of the first four moments with the result predicted

for all / by the approximate sum rule, Eq. (A17).

Nf; (K), Nf; (K), Nf; (K), Nf; (K),
) P=0.0 bars P=5.0 bars P=15.0 bars P=25.0 bars
0 —9.78 —9.67 —9.18 —9.45
1 —0.81 —0.7 —1.05 —1.48
2 +9.5 +9.83 + 12.47 + 13.52
3 —0.93 —0.35 +2.31 +4.35
3
S Nfi —2.02 —0.89 + 4.55 + 6.94
=0
Approximate
sum rule 2.73 3.17 3.78 4.28
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FIG. 13. Roton-roton interaction g7'(K) as a function of the total momentum K for different m channels at (a) p =0.0 bars, (b)
p =35.0 bars, (c) p =15.0 bars, and (d) p =25 bars. The strength in the channel m =0 can be compared with the neutron scattering
data (see Sec. VI). The plots are not continued to the vicinity of K =2p,, because the changes are very sharp. At K =2p,, g5 ~°=fo,

which has a value fy~ —26 K and g7'(2po)=0 for m~0.

f1 is derived in the Appendix [cf. Eq. (A17)]; we see on
comparing the sum of the first four moments with T'(2p,)
that significant contributions to the approximate sum rule
must come from higher-order moments.

In Table IV we compare with experiment our calculated

values of the roton-liquid parameters, f and f;, and the
viscosity, 7. The most recent measurement of the roton
contribution to the viscosity is that of Len and Fozooni,*
who obtain good agreement with the results of previous
workers.** Our pseudopotential f(r) was chosen so as to
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FIG. 14. Two-roton binding energy as a function of the total
momentum in different m channels. The plotted values for
K>1.5A ~! are calculated from Eq. (3.9) with the cutoff de-
fined in the text x>=A,;—A. The splitting at small K is calcu-
lated using the formula of Pitaevskii and Fomin (Ref. 27), which
contains a single parameter, the roton mass u. In the
intermediate-momentum region (shadowed area) no analytic ex-
pression is available; therefore the curves of small and large K
are connected with smooth lines.

obtain good agreement with f, which in turn determines
the shift with temperature of the roton energy. On the
other hand, f and 7 are “derived” quantities. The agree-
ment between theory and experiment for f, which mea-
sures “roton-liquid” corrections to the normal fluid densi-
ty, and with the viscosity is seen to be quite good.

In Figs. 15(a) and 15(b) we present our results for the
roton energy and lifetime as a function of temperature.
The solid lines represent our theoretical calculations,
which use the roton number given by Eq. (3.14), our
adopted values of f, and our calculated value of the con-
tribution made by our scattering amplitude to I',. Analyt-
ic expressions for these quantities are

Ag— A(T)=24.72(14-0.0603T ' /2)T1/2e —AT/T | (5.1)

%=41.6(1+0.O6O3T1/2)T‘/2e —A/T (5.2)
The good agreement with experiment for the roton energy
is to be expected, since we have chosen our pseudopoten-
tial in such a way as to mimic the value of f, used to
determine this shift. On the other hand, like the viscosity,
the agreement between theory and experiment for the ro-
ton lifetime below 1.4 K and above 1.8 K is a clear mea-

sure of the success of the present theory. (Between 1.4
and 1.8 K, the viscosity is independent of temperature, so
that by calculating the viscosity accurately in this tem-
perature regime, we are guaranteed success in our calcula-
tion of the roton lifetime.*°)

We turn now to the results of our calculations at finite
pressures. Because light scattering experiments to deter-
mine the / =2 bound-state energy (if any) have not been
carried out, we cannot use the / =2 bound-state energy as
an input to our choice of pseudopotential. We therefore
choose our pseudopotential parameters in such a way as to
obtain agreement between our theoretical calculations and
the experimental values of the viscosity and f, as a func-
tion of pressure.

We permit both the range 7, and the core height to
vary; we expect that as the pressure increases, the distance
at which the roton pseudopotential becomes repulsive will
likewise decrease, because the underlying quasiparticles
have a larger effective mass and hence less zero-point en-
ergy. Moreover, we expect the core height a to increase as
the radius 7, decreases, because the rotons must then sam-
ple more of the underlying short-range repulsion between
“He atoms. Our calculated pseudopotential at 25 atm is
shown in Fig. 10, while the core height and radius we
adopt at four different pressures, and the K =0 bound-
state energies are given in Table 1.

Our results for g} as a function of density are given in
Fig. 16. We predict that no / =2 bound state exists at
pressures greater than approximately 5 bars, while the
1=4, ] =6, and ! =8 bound states persist up to 25 bars.
The ! =4 state possesses marginally greater binding than
the /=6 pair state at 15 atm. We expect the K depen-
dence of these bound-state energies to be qualitatively
similar to that depicted in Fig. 16.

In Figs. 17(a) and 17(b) the calculated temperature
dependence of the roton energy and of roton lifetime is
presented for p=24.26 bars. The experimental points of
Dietrich et al.*° are above the calculated curves. By using
roton liquid theory, Bedell, Pines, and Fomin'* derived a
stability condition for the normal fluid density, which
provides the inequality

A(T)>A—T, (5.3)

where Ay=A(T =0). The upper limit for A(T) is
represented by dashed lines in Figs. 15(a) and 17(a). The
results of Dietrich et al.*° at high temperatures may be

seen to violate this stability condition both for p =0 and
for p =24.26 bars; further determination of A in this diffi-

TABLE IV. Comparison of calculated and measured roton-liquid parameters and viscosity at different pressures.

Pressure Nfo (K) Nf,/3 (K) Viscosity (u poise)
(bars) Theory Experiment Theory Experiment Theory Experiment
0.0 —9.78 —-9.7 —0.27 —0.4 12.7 12.5+0.4
5.0 —9.67 —9.7 —0.23 —0.33 14.3 13.810.4
15.0 —9.18 -9.0 —0.35 —0.33 17.1 16.5+0.4
25.0 —9.45 —9.5 —0.49 —0.8 19.1 18.7+0.4
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FIG. 15. Calculated roton parameters as a function of tem-
perature at SVP p =0.0 bars. (a) The calculated roton energy
shift Ag—A(T'), where A(T =0)=A,. The experimental points
are taken from Refs. 13, 40, 45, and 46, respectively. The dotted
line represents the stability condition derived by Bedell, Pines,
and Fomin (Ref. 14), above which the roton liquid is unstable.
(b) Calculated roton halfwidth. The experimental points are tak-
en from Refs. 13, 8, 40, 45, and 46, respectively.

-0.6
FIG. 16. Couplings g/ as a function of the density for dif-
ferent 1.

cult (because of the large roton line width) temperature re-
gime would seem highly desirable.

VI. ROLE OF TWO-ROTON STATES
IN NEUTRON SCATTERING

As we have remarked earlier, neutron scattering experi-
ments provide a measure, through the dynamic factor, of
the strength of the m =0 component of the interaction of
a pair of rotons of momentum K. To the extent that the
two-roton contribution can be regarded as distinct in ener-
gy from the other parts of the multiparticle branch, or
from the single-particle branch, it may be written
schematically in the form’®

F(K,w)

, 6.1
1—g$(K,0)F (K,0) €D

SYK,0)«<Im

where F(K,w) describes the propagation of two nonin-
teracting rotons, and giff(K ,) includes not only the direct
roton-roton coupling we have considered in the preceding
section, but an indirect term associated with the coupling
of two-roton states to other components of the density-
fluctuation excitation spectrum. These latter, hybridiza-
tion, terms take the form, in second-order perturbation
theory,2?°

2
_ % (6.2)
2A—E(K)
where g; is the strength of the vertex which couples the
two-roton states to other excitations of momentum K.
The physical processes responsible for this indirect in-
teraction are illustrated in Fig. 18. For low pair momenta,
the excitations that couple most significantly to the two

gr4K)~
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FIG. 17. Calculated roton parameters as a function of tem-
perature at pressure p =24.26 bars. The plots are similar to Fig.
15. The experimental points are taken from Ref. 40.

roton state are the phonons of energy much less than 2A;
for large pair momenta (K >3p,/2) the continuation of
single-particle (phonon-maxon-roton) branch of the spec-
trum has negligible weight,”?” and it is the multiparticle
excitations of energy Ek substantially higher than 2A,
which couple most significantly to the two-roton state.

The latter have an average energy close to K2/2M, and a

Tgggs(K)- ; >_i_<
93 93

FIG. 18. Diagrammatic representation of the roton-roton
coupling in the azimuthal channel m =0. The first term is the
direct coupling between rotons and the second one is the cou-
pling induced by an intermediate excitation of momentum K.
The two-roton single-excitation coupling is labeled by g;. It may
be noted that the phonon-mediated coupling shown in Fig. 8 is
incorporated in the direct coupling g;.

very short lifetime against decay into yet more multiparti-
cle excitations.
Thus we write

g4 (K)=g7 =°(K)+g§*(K) ,

where g7 =°(K) is the m =0 component of our previously
calculated direct interaction between rotons. We note that
the g3(g), depicted in Fig. 14 as the vertex for the scatter-
ing of a roton from state P, to Po+ g, accompanied by
absorption of an excitation of momentum ¢ is identlcal to
g3 considered above; however, the interaction gifd(K) is
not the phonon-induced interaction considered at the
outset of Sec. IV (see F1g 8) and which has already been
incorporated into g5 =°(K); in the present “indirect” in
teraction, the intermediate states contain only a single ex-
citation of momentum K, energy Eg, while in the former,
intermediate states contain three excitations. We further
note that the additional coupling described by Eq. (6.2) is
present only in the m =0 channel; consequently, our cal-
culations of transport properties and energy shift would
require only slight modification, since these latter proper-
ties depend on a large number of m channels, many of
which, in fact, turn out to be large compared to the m =0
component.

As is evident from the above discussion, the sign of

2 (K) depends on whether the excitations Ex of impor-
tance possess an energy that is greater or less than 2A.
We consider the two possibilities separately, and further
confine our remarks to these momenta which have been
studied in some detail experimentally.

(6.3)

A. 2.7<K<3.3 A"

Here, as we have remarked, E(K)>>2A, so that
gid 0. As Tiittd and ‘Zawadowskizg have emphasized,
one cannot determine g and g7=°(K) separately from
neutron scattermg, however, from a f1t to experiment
based on (6.1), it is possible to deduce g4 . Then, to the
extent one has an independent knowledge of g7 =°(K), one
can infer giM, and hence g3 from experiment. We give in
Table V values of g5 (K) that we have calculated from the
fit made by Smith et al.?® to their experlmental results.
[Smith et al. d1d not in fact, fit g4 f(K) directly, but list
values of g3, g7 ~°(K), and Ex which fit their data, from
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TABLE V. Coupling constants as a function of pair momentum and pressure. g is obtained from
neutron scattering experiments of Smith et al. (Ref. 28) [we have used the results given in A. J. Smith,
Ph.D. thesis, University of Edlnburgh, 1977 (unpublished)], as described in the text. g7 is taken from

ind m
84

Fig. 13; the difference g4 _g

=% may originate in coupling induced by hybridization.

Pair momenta

Pressure Couplings (A Y
(bars) (10738 ergcm—37) 2.7 2.9 3.1 3.3
1 g5 —1.85 —1.75 —1.5 —1.75
1 gr=° —1.05 —1.4 —1.5 —1.56
1 gind —0.80 —0.35 0 —0.19
15 g —1.15 —1.3 —0.86
15 gr=0 —0.70 —.90 ~1.05
15 glnd —0.45 —0.40 +0.19
24.2 g —1.8 —1.15 —1.16 —1.39
24.2 gr=° —0.4 —0.7 —0.90 —0.90
24.2 glnd —1.4 —0.45 —0.26 —0.49
Error bars >0.4 indicated in Ref. 28 >0.6 >0.7 >0.7

which values we computed g(K) usmg Eq. (6.3).] We
also list in Table V our values of g7 =°(K) calculated us-
ing our pseudopotential, and the value of g which we
are able thereby to infer from Eq. (6.3).

We note that the values we obtain for gi™ in this way
are negative (except for K =3.1 A-1at 15 atm) as is re-
quired since Eg >2A throughout this regime. Thus
within the rather substantial uncertainties in the coupling
strengths glven in Ref. 28 (Ag~+0.4), our calculated
values of g7 =°(K) are consistent with the results of the
neutron scattering experiments. We further remark that
the deduced decrease of gmd (found at all pressures) with
increasing pair momentum is likewise in accord with our
theoretlcal expectations; as K increases from 2.7 to 3.3

! the mean multlpalr energy (with which we may ex-
pect Ex to scale) increases by a factor of 2; thus if
Ex~4A at K=27 A=! and ~8A at K~3.3 A=), one
would have a change in g§*(K) of the correct order of
magnitude.

B. K=0.3 A~!

Woods et al.*’ have measured the neutron spectrum at
K=0.3 A~! with great accuracy; they find it exhibits two
well-separated peaks corresponding to the single-excitation
spectrum at energy 5 K and the two-roton resonance at
~2A. The spectrum has been fitted by Ruvalds and
Zawadowski,*® using the formalism of Ruvalds et al.®!?
From their results we extract a value of
8err==0.06+0.03 X 10™%® ergcm?, a result which is an
order of magnitude smaller than the effective couplings
found at the larger momenta considered above. We fur-
ther note that in this momentum region, 2A — Eg > 0, and
hence 2 must be positive; hence the direct interaction,
g7 =%K) must be negative, and |g7=°| > | gex |-

Our theoretical calculations (see Fig. 13) do not, howev-
er, provide a reliable guide to the magnitude of g%’ =0(K)
fo K=0.3 A~!. The reason is that discussed in the

preceding section, namely, that for small momenta one
wishes to average the pseudopotential over the equatorial
region rather than the entire roton sphere; our theoretical
calculations of g7 =%(K) at finite K, however, involve the
latter averaging process and hence likely yield a consider-
able overestimate of g7’ =". We anticipate that more accu-
rate calculations will yield results for both g7 =° and gM
thh are an order of magnitude smaller than their higher

K counterparts, ie., results Wthh typically are ~10~3°
erg cm? rather than 1038 erg cm®. In other words, we an-
ticipate that these quantities will be of the same order of
magnitude as our calculated values of g;. We also note
that according to Fig. 14, for small values of K, several
different bound states, each characterized by the same az-
imuthal quantum m, are to be expected. The conse-
quences of this degeneracy for a neutron scattering experi-
ment remain to be explored.

In conclusion we note that our calculations predict a
two-roton m =0 bound state (arising solely as a conse-
quence of the direct mteractton) for the pair momentum
region 1.5<K <3 Al ; as of this writing it has not
proved pos51ble to separate such a state from the broad
multiparticle continuum. Indeed, for K <2.7 A—1
although experimental measurements exist,*”* no theoret-
ical fit to the data which takes into account both the two-
roton component of the multiparticle branch of the excita-
tion spectrum and the single-excitation branch has been
carried qut, apart from the fit made by Smith ef al. for
K=1.1 A~ at pressures of 19 and 25 atm.2® We further
call the attention of the reader (and the experimental com-
munity) to the prediction of our theory that, in contrast to
our SVP results, at 25 atm the direct coupling, g7 ~°(K) is
positive for 1 <K<23 A‘j, so that no two-roton bound
states are to be expected The above-mentioned fits at
K=1.1 A~! in Ref. 28 for pressures of 19 and 25 atm
yield a repulsive coupling g7 =°~1.6X107* ergem?,
which is larger than the value calculated by us. A more
careful analysis of the data is required to draw a final con-
clusion, concerning the size of g7' ~
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VII. DISCUSSION AND CONCLUSIONS

The pseudopotential we have proposed for the roton-
roton interaction is a combination of a realistic He-He in-
teraction at large distances and a short-range repulsive
part. As a consequence it exhibits a relatively sharp at-
tractive peak at a distance just beyond the onset, at 7., of
the repulsive part (see Fig. 10). It therefore resembles the
phenomenological potential of Carballo and Ruvalds,®
which was made up of two square wells, one repulsive,
another attractive. They correctly realized that the attrac-
tive part must be comparatively long range in configura-
tion space. The difference between their choice and ours
comes primarily from the fact that our attractive poten-
tial, although long range, varies rapidly with increasing r
for r > r., and hence exhibits sufficient structure to yield a
considerable number of bound states with different sym-
metry.

Let us summarize briefly the main results of our calcu-
lations based on this pseudopotential:

(i) A substantial number of bound two-roton states
of varying symmetry are found to exist for pair momenta
upto K ~3 A~ L

(ii) The observed / =2 bound state at K =0 is correctly
reproduced.

(iii) The effective roton coupling parameters at large
momenta (K ~p,) are an order of magnitude larger than
those for K <<p,.

(iv) The calculated roton lifetime, roton contribution to
the viscosity, and the temperature variation of the roton
energy are in good agreement with experiment.

(v) The calculated roton-liquid parameters agree with
those deduced from experiment by Bedell, Pines, and Fo-
min. !4

(vi) By combining our theoretical results for the roton
scattering amplitude at K > p, with the coupling parame-
ters deduced from neutron scattering experiments, we ob-
tain results for the phonon-mediated roton-roton interac-
tion (in the m =0 state) that are consistent with previous
estimates based on mode-mode coupling theories.

Further experimental work which would test specific
predictions of our theory include the following:

(i) A Raman scattering search for the predicted disap-
pearance of the /=2, K =0 bound pair state at higher
pressure (cf. Fig. 16).

(ii) More accurate higher pressure neutron scattering
measurements of the energy and lifetime of rotons at tem-
peratures greater than approximately 1.8 K, in order to
resolve the present discrepancy between existing experi-
ments and the limits on A(7) placed by stability condition
of roton-liquid theory'* on the one hand, and roton-
lifetime measurements on the other.

(iii) Careful neutron scattering measurements of the
upper multiparticle branch of the spectrum for momenta
~Po/2 to confirm our prediction that at pressures greater
than approximately 15 bars the roton-roton coupling in
this region will become repulsive. We note that the exist-
ing available data of Graf et al.*® have not yet been
analyzed from this point of view in sufficient detail to

provide a definitive answer to this question.

Moreover, more detailed neutron scattering experiments
on the lifetime and shift with energy of the phonon-
maxon-roton branch for momenta in the region
Po/3 <4 <po, to study the interaction of these excitations
with rotons, would provide insight into the extent to
which our pseudopotential theory of interacting rotons
can usefully be generalized to describe the interaction of
phonons and maxons with rotons.

In the course of choosing our pseudopotential, and the
calculations made with it, we have made certain approxi-
mations, the validity of which deserves further study:

(i) The repulsive part of our pseudopotential has been
assumed to be independent of the pair momentum, K.
Since it reflects a short-range scattering amplitude there is
no a priori reason why this approximation, which led to a
substantial reduction in the number of phenomenological
parameters we need to introduce, is so successful.

(i) We have ignored, or incorporated into our pseudo-
potential, via the short-range screening of the bare interac-
tion, the interactions that are mediated by the exchange of
other excitations. While we have been able to justify this
approximation for small momentum transfers, the extent
to which it is appropriate for large momentum transfers is
less clear. The development of a better theory of hybridi-
zation, which should make possible a reliable estimate of
the “three-excitation” vertex g3, will be helpful in this
connection.

(iii) In the density approach of Bogoliubov and Zu-
barev>>* vertex corrections occur which modify the
roton-roton interaction by a factor which also depends
only on the momentum transfer. Our attitude toward
these corrections is that to the extent they play a role in
our approach, they have likewise been incorporated in the
short-range repulsive part of our pseudopotential.

(iv) We have used a momentum cutoff to restrict our
treatment to excitations of momenta sufficiently near p,
that their dispersion can be described by a sum of qua-
dratic and cubic terms.

(v) In order to simplify the treatment of the Bethe-
Salpeter equation for finite pair momentum K, such infor-
mation about the two-roton scattering amplitude along the
ring region shown in Figs. 3 and 4 was incorporated in the
irreducible interaction I'. Thus I" was assumed to depend
only on the angle ¢ also shown in Fig. 4. We have seen
that this approximation is Jot appropriate for the momen-
tum region 0.5<K < 1.5 A. Fortunately, this region car-
ries a relatively small weight in our calculation of roton
transport properties.

Future theoretical work which leads to a better solution
of the Bethe-Salpeter equation for the two-roton scattering
amplitude for pairs in the intermediate-momentum region
(0.3<K <1.5 A ~) would be highly desirable. It would
also seem useful to develop a better theory of hybridiza-
tion of the two-roton bound or resonant states with excita-
tion of both lower and higher energy. We have begun
such calculations using the polarization potential theory
of Aldrich and Pines,'® in which mode-mode coupling ef-
fects may be explicitly calculated, given a physical model
for the coupled modes. Our goal is to calculate the
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dynamic form factor measured in neutron scattering in-
stead of the single-particle Green’s function studied by
Ruvalds et al.>'? Previous studies of the density-density
correlation function!®>! have not placed sufficient em-
phasis on roton-roton interactions to make possible a de-
tailed comparison of theory and experiment for momen-
tum regions in which its consequences are significant.

Finally we believe it will be fruitful to study maxon-
maxon and maxon-roton interactions using the approach
developed in this paper, by describing these interactions
with a configuration-space pseudopotential of the same
general character (but with a somewhat altered range and
strength of the repulsive part) as that introduced here for
roton-roton interactions and to extend our present ap-
proach to describe as well the interaction between phonons
(i.e.,, excitations with momenta less than approximately
0.9 A~!) and thermally excited rotons. Work is underway
along these lines as well.
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APPENDIX

We here show how the unrenormalized symmetrized
vertex I(P;P2;P3P4), which describes the roton-roton
scattering, can be expressed in terms of various moments
of the roton-roton pseudopotential f(r). In addition we
derive an approximate sum rule for the roton-liquid pa-

rameters f.
It is convenient to introduce relative momenta

k=+(P1—P») and E'—--;—(”ﬁg—‘p’,‘); the momentum
transfers in the interaction mediated by pseudopotentials
are then

G=k-k’
and

q'=k+k’,
while Eq. (4.6) takes the form

T(B1, B2 B3 B =T(K,K 5K)
(A1)
If we further restrict ourselves to the case of physical in-
terest in which all four excitations are close to the roton

sphere, i.e., | B;| =po, for all four roton momenta, then
I'(P1, P2 B3, Pa) depends only on the angles 6,3 and 6, be-

29

tween (P;,p3) and (P,,Ps), respectively, or what is
equivalent, on the angles 8 and ¢ shown in Fig. 4. We

thus have

Lk, k ;K )=I'(6,9)
=3 (21 + 1)gh[P/(cosBy3) + P (cosbrs)] ,
!
(A2)
where
1 p! ryg

gi:ff_ld cos6 Py(cosb)f, (A3)
and

qzzzpé(l-—cos(?w)
and (A4)

q'?=2p3(1—cosby,) .

The relationship between the variables 8,3 and 6,4, 6 and
¢ is given by

c0s0;3=3(14cosd)+ 5-(1—cosb)coss , (A5a)

c0s6y4=3(1+cosf) — +(1—cosB)cos¢ , (A5b)
or what is equivalent,

cos@y3=(K /2py)*+[1—(K /2py)*]cosé , (A50)

cos0,=(K /2po)* —[1—(K /2po)*]cosd , (A5d)
since the square of roton pair momentum,

K?=|B1+P2|?=2p3(1+cosf). Under exchange ¢—¢
+ 7 and cosB3«>cosb4, Eq. (A2) is even.

The quantities gf«, depend only on angular averages of
the pseudopotential, which describe roton-roton interac-
tion and provide the basic input into expressions for the
roton-roton scattering amplitude and the physical quanti-
ties which depend upon it. We can rewrite our expression

(A3) as
(A6)

2p0 - 2
gi=7 [ daaf,P, 1—2—‘;7],
0

in which form one sees that the / dependence of gfL arises
from different weightings of the pseudopotential f, in ¢
space via the geometric factor gP;(1—g%/2p?). (See Fig.
12 for the g dependence of these weight factors.)

As discussed in Sec. II, light scattering experiments
provide information on the K =0 limit of the irreducible
vertex, Eq. (A2). In this limit, one sees from Fig. 4 or Eq.
(A5c) that 6;3—¢. Hence on comparing the K =0 limit
of Eq. (A2) with our earlier result, Eq. (3.2a), we obtain

[,=2g} (forevenl). (A7)

In other words, in this limit the moments gi are
equivalent to the moments of the previously defined ir-
reducible roton vertex, and thus determine the binding en-
ergy € of the two-roton bound state given in Eq. (3.5).

We can likewise obtain a simple expression for the spa-
tial average of the roton pseudopotential f;, by taking the
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inverse of Eq. (A3),

fo=3 (21 +1)g}Pi(cosby;) , (A8)
1

and passing to the ¢ =0 limit. Since in this limit 6,3=0,
Eq. (A8) then reduces to

fo=S I +1)g} . (A9)
1

For finite K we expand T in the azimuthal angle [com-
pare Eq. (3.6a)],

LK¢)= 3 Tn(Ke™.

m(even)

(A10)

If we compare the inverse of this equation with Eq. (A2),
we obtain (for even m),

~ 27
Tw(K)= 321+ 1)} [ %ccs(mcﬁ)
1
X [P(cosB3)+Pi(cosis)]

27
=22(2]+1)gf,f0 %écos(qu)P,(coan). (A1)
1

In the limit |K|—2po, which may be seen from Eq.
(AS5c) to correspond to cosf;;=1, we find

To(2p0)=23 (21 +1)g}; (Al2a)
!

and

T,,(2p)=0 for m=0 . (A12b)

For arbitrary values of K, the moment T,,(K) will have
contributions from all of the moments g} with />m. In
general we shall see that for smaller values of m there will
be more structure in I, (K). [See Figs. 13(a) and 13(b).]

Finally we derive a sum rule for the parameters intro-
duced by Bedell, Pines, and Fomin!* in their roton-liquid
theory. From the expansion of the renormalized vertex
function ' given by Eq. (3.6b) we find for the vertex
I'(3,p ';E) in Eq. (3.10)

Re[(P,pE=2A+T)= 3 Re[l,(K,E=2A+T)]

m (even)

=3P | 2L (A13)
1 DPo

q#,},

where Eqgs. (3.18) and (3.19) have been also taken into ac-
count. On the other hand, in the case of 6=0, p=p’,
K =2p,, the scattering amplitude is independent of ¢;
thus in expansion (3.6b) only the m =0 component is dif-
ferent from zero, and Eq. (A 13) takes the simple form

2 fi=Relo(K =2py, E=2A+T) . (A14)
]
On making use of Eq. (3.11), we obtain
Relo(K =2pg,E =2A+T)
8 xc2
——7Y0(2po) | 1+1In | — |70(2po)
~-HP0 ., (Al5)
2
TYH2p0)+ |1+1In T 7o(2p0)
where
HDo < HPo ~
=— =— Al6
Yo(2po) Y. Lo(2po) 4 fo (A16)

and T=1.4 K as discussed in Sec. IIIL.
If now we combine Eqgs. (A14) and (A15), we obtain the

sum rule

2
c

87 X l
HPo
2

N 75 '(2po) +1n

£

2 Nfi= 5
1 2x,

17,2
+ £

76 '(2po)+1n

] £=14K
(A17)

It should be emphasized that Eq. (3.11) is not exact for
K =2p,, because in deriving it the expression /.Lop(z) /47K
has been used for the two-roton density of states. As
becomes larger than 2A the correct density of state devi-
ates from this result (see case C in the Appendix of
Zawadowski et al.’) Consequently our result (A17) is
slightly modified at K =2p,, and the exact sum rule given
by Eq. (A14) is only approximated by (A17). To the ex-
tent that (A17) is valid, we find in Sec. V that the roton-
liquid parameters do not obey the sum rule (see Table III)
because the convergence of ¥, Nf; is very slow.
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Permanent address: Central Research Institute for Physics,

P.O. Box 49, H-1525 Budapest, Hungary.
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