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T. M. Hsu* and G. L. Dunifer
Department of Physics and Astronomy, Wayne State University, Detroit, Michigan 48202

(Received 25 October 1982)

Thin plates of high-purity, single-crystal copper have been investigated with the mi-

crowave transmission technique at 79 GHz with the utilization of a magnetic field perpen-
dicular to the sample surfaces and parallel to the (100), (110), and (111) crystal axes.
The observed Gantmakher-Kaner oscillations are compared with a theoretical model first

proposed by Phillips, Baraff, and Schmidt to explain their data in copper at 35 GHz for a
(100) orientation. With the aid of their model we find two classes of signals: (a) those aris-

ing from a sharp cutoff of the topological effectiveness, and (b) those due to an extremal

helical trajectory. The generally excellent agreement between observation and the predic-
tions of the model for all three crystal orientations confirms the physical significance of the
model, although it is lacking a rigorous mathematical derivation.

I. INTRODUCTION

While making a detailed study of the conduction-
electron-spin resonance in single-crystal copper at
millimeter-wave frequencies, ' we have had the op-
portunity of simultaneously monitoring the
Gantmakher-Kaner oscillations (GKO) in our sam-
ples. These oscillatory signals result from the
transmission of microwaves through thin plates of
pure metal under the conditions of low temperature
and a magnetic field applied normal to the surface
of the sample. They are due to the orbital motion of
the conduction electrons in the applied field and are
observed when the plate thickness is less than or
comparable to the electronic mean free path. This
paper reports our observations in copper at a fre-
quency of 79 GHz for the magnetic field aligned
with the three principal axes: (100), (110), and
(111). Earlier reports on copper include the low-
frequency (f (30 MHz) results of Perrin et al. and
the 35-GHz measurements of Phillips, Baraff, and
Schmidt (PBS), the latter being confined to the
(100) orientation of the field.

An exact solution for the transmission of the elec-
tromagnetic fields through a metal plate under
anomalous-skin-effect conditions in the presence of
a magnetic field is exceedingly difficult in general.
It would have to be a self-consistent calculation that
properly accounted for electron spin, the scattering
of the electrons at both surfaces of the specimen,
and the presence of many-body effects. Rather than
attempt such a calculation, we have chosen instead
to compare our data with the rather simple model
proposed by PBS, which worked surprisingly well in
explaining many features of their observations for a
(100) orientation. As we shall show the model is

helpful in interpreting GKO signals detected for the
other two crystalline orientations as well.

II. THEORETICAL MODEL

In the model the plate is divided into two
regions —a very thin one at one surface (comparable
to the microwave skin depth) where the incident
electromagnetic fields drive the conduction electrons
and establish a current flow, and a second one (com-
parable to the electron mean free path and compris-
ing the remainder of the sample) in which the orbit-
ing electrons drift without further interaction with
the microwave fields. Under the action of the nor-
mal magnetic field H, an electron traces out a heli-
cal trajectory across the sample, spiraling at the cy-
clotron frequency

(2.1)

2~ (co+co~ )

UH

(2.2)

where u is the pitch of the helix and vH is the aver-
age drift velocity of an electron along the field. The
(+) sign refers to the two possible senses of polari-
zation, with the ( —) corresponding to the situation
in which the driving field rotates in the same sense
that the electrons revolve about the field lines. The

where m* is the effective mass of the electron.
Those electrons on a thin slice of the Fermi surface,
cut noiirial to the field H, will give rise to a helical
distribution of current crossing the sample. For a
circularly polarized driving field of frequency co the
helical current distribution has an associated wave
vector given by

821 1983 The American Physical Society



T. M. HSU AND G. I.. DUNIFER

phase of the transmitted microwave field (with
respect to the driving field) carried by the electrons
across the sample is given by

PL, =0.+
(CO+M~ )L

(2.3)

where I. is the plate thickness and P, is an addition-
al phase shift introduced within the skin depths at
the two surfaces (where the current is established
and where it reradiates power into space at the op-

posite side).
The total transmitted field is given by summing

over all slices making up the Feiiiii surface whose
electrons have sufficient mean free path to reach the
second surface. In general, the transmitted fields

tend to cancel due to variation of their phases. In
certain circumstances, however, the cancellation be-

comes incomplete giving rise to finite CxKO signals

which can be detected. By measuring the phase of
the transmitted signal as a function of inagnetic
field, it becomes possible to obtain information
about that part of the Fermi surface contributing to
the signal.

In order to quantify the ideas in this model, PBS
made the following five assumptions.

(i) The transmitted microwave field is proportion-
al to the electrical current flow at the emergent face
of the metal plate.

(ii) The current throughout the sample is related
to the electric field via a nonlocal magnetoconduc-
tivity tensor in the usual way.

(iii) The electric field has appreciable amplitude
only within the anomalous skin depth, which can be
approximated by a 5 function.

(iv) The electrical conductivity tensor can be com-
puted as though the metal plate were infinitely
thick, ignoring the scattering of the electrons from
its two surfaces.

(v) Any dependence on the frequency or magnetic
field of the amplitude and phase of the driving fields
within the anomalous skin depth is sufficiently weak
that it can be ignored.

Assumptions (iv) and (v) are most open to criti-
cism, although (v) may not be too bad as long as one
is not near any resonant conditions for the effective
electrons providing the screening within the skin
depth. The ability of the theory to match experi-
mental observations will be a direct indication of the
overall validity of the assumptions involved.

As a direct consequence of these five assumptions
PBS obtain the following expression [Eq. (2.5) in
their paper ] for the transmitted field:

(2.4a)

T p(kH, n ) =irim*(kH )v„(kH )v~(kH )*/vH(kH )

(2.4b)

q„(kH ) = [co+nro, (kH )+i /r]/vH(kH ) . (2.4c)

The dc magnetic field H is chosen to lie along the z
axis, and the polarization a of the transmitted field
can be along either the x or y axes. E~ is the ampli-
tude of the driving field at the sample's surface, and
kH is that component of the electron's wave vector
along the magnetic field direction. m*(kH ), co, (kH ),
vH(kH), and v„(kH), are, respectively, the effective
mass, the cyclotron frequency, the average velocity
along the magnetic field, and the Fourier coeffi-
cients of the transverse velocity components for
those electrons whose orbit in k space lies in the kH
plane. r is a phenomenological electron scattering
time assumed to be the same for all electrons on the
Fermi surface.

Equation (2.4) expresses the transmitted field in
much the same form as implied earlier, namely, as a

I

sum ov«various orbits (each at a fixed kH ) which
electrons trace out in k space. The field contributed
by each orbit has its own spatial helix characterized
by the q value given m Eq. (2.4c). The quantity T &
is a measure of how effectively the electrons at slice
kH on the Fermi suri'ace extract energy from the
driving fields and deliver it to the opposite side of
the sample. PBS have labeled this parameter the
"topological effectiveness, " since it depends crucial
ly on the topology of the Fermi surface and the de-
tailed nature of the electron orbits for a given ap-
plied field H A new feature which appears in Eq
(2 4) is the sum over n which allows electrons on a
g'ven kH»ice «s«up q values associated wjth
higher harmonics of the cyclotron frequency. This
results from the possibility of having noncircular or-
blts 111 momentum space For a general Fermi
fa«, as the electron traces out its orbit within a
gi"en p»ne perpendicular to the applied field, its
motion can be represented as a Fourier series con-
sisting of the superposition of a number of circular
orbits of various sizes occurring at the fundamental
cyclotron frequency and integer multiples thereof.
It is these higher-frequency circular components
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n =me+1, (2.5)

where a is any integer or zero and the + or —sign
is taken according to the sense of circular polariza-
tion that is present in the driving fields.

Equation (2.4) predicts three conditions under
which GKO signals can arise due to incomplete can-
cellation of fields from the various helices. The first
condition is the GKO arising from electrons at a
limiting point on the Fermi surface. This produces a
weak GKO which has not been seen in copper, but
which is routinely seen in the alkali metals with
their spherical Fermi surfaces.

A second possibility arises from a class of orbitals
having an extremal helical trajectory (EHT). This
occurs if, as kit is swept through its allowed range
in Eq. (2.4a), the phases of the various helices pass
through an extremum. In the neighborhood of such
a kH (which we shall call k„) many helices will all
contribute together in phase producing a nonzero
transmitted field. The condition for this to occur is

that are able to set up their own spatial helices of
current distribution, which are responsible for the
n & 1 possibilities in Eq. (2.4c). The required values
of n needed to represent a given orbit depend upon
the rotational symmetry of that orbit. In general for
m-fold rotational symmetry, the selection rule ' is

extremal at k„. This is the same condition obtained
at low frequencies ' when co &&ro, . Expanding
q„(kH) about k„we have

q„(kH ) =q„(k„)+—,q "(k„)(kH—k„) . (2.10)

Substituting this into Eq. (2.4) one obtains

T p(k„,n)EtJe
p „[q"(k„)L]'~

(2.11)

Equation (2.11) shows that the periodicity of the
EHT type of GKO signal is due to that particular
orbit having the extremal helical trajectory.

As first pointed out by PBS, a third condition
which can produce a GKO signal is the sharp cutoff
of the topological effectiveness (CTE), i.e., a rapid kH
dependence of the quantity T p(kH, n). Under these
conditions a GKO arises whose wave vector is due
to that slice of the Fermi surface occurring just pri-
or to the cutoff of T ~. Figure 1 illustrates
straight-line approximations for two types of topo-
logical effectivenesses encountered for copper. In
Fig. 1(a) T p experiences a sharp cutoff between a
and b; while in Fig. 1(b) sharp cutoffs occur between

Re[q„(k~)L ]=
co+neo, (kH )

UH(kH )

(2.6)

With the use of the relationship that

2am (kH)UH(kH)=Pi
BkH

(2.7)

where A (kH ) is the cross-sectional area of the Fermi
surface slice at kit, Eq. (2.6) can be written as

d BA 2~HUH dm

dkH BkH fi(co+ nro, ) dkH
(2.8)

This is a complicated equation, depending on both
the geometry of the Fermi surface and the magnetic
field strength, from which it is difficult in general to
find k„. On the other hand, if the effective mass is
reasonably constant in this vicinity of kH (as occurs
in the analysis of some of our data), then the preced-
ing equation simplifies to

d BA

dkH BkH
(2.9)

a b c d

H

This relationship depends only on the geometry of
the Fermi surface and says that the rate of change
of the Fermi-surface cross-sectional area with kH is

FICx. 1. Straight-line approximations of the topological
effectiveness to the types found in copper: (a) that ap-
propriate for the (100) and (111) orientations, and (h)
that appropriate for the (110) orientation.



824 T. M. HSU AND G. L. DUNIFER 28

a and b and again between c and d. For the first
type of topological effectiveness, one can expand
q„(kH ) to first order about kH =b:

q„(kH ) =q„(b) + (kH b)—q'(b) .

Substituting this into Eq. (2.4) one obtains

(2.12)

(2.13)

This type of GKO is thus characterized by the topo-
logical effectiveness and phase of those electrons lo-
cated at the slice of maximum effectiveness. In the
same manner, one can show that for the second type
of topological effectiveness, Eq. (2.4) becomes

iq„(b)L iq„(c)L
T)e Tpe

+q'(b)L q'(c)L
(2.14)

ci) +n co~ ( kH ) + l /'r

factored out in front of the derivative. This leads to
a resonant increase in the amplitude of the transmis-
sion signal whenever

a), (kH) = to/n . — (2.15)

PBS have called this cyclotron phase resonance
(CPR) as it is due to a large group of electrons hav-
ing a range of uH all arriving at the emergent face of
the sample in phase with each other when the
pitches of their helical current distributions tend to
infinity. The observation of CPR immediately al-
lows the deterinination of the effective mass of those
electrons responsible for the GKQ signal. In general
only those values of n determined by the rotational
symmetry of the electrons' orbits [Eq. (2.5)] give rise
to resonances in Eq. (2.15). CPR in the limiting-
point GKO of sodium and potassium metal has been
studied extensively, ' and gives rise to effective
masses in close agreement with those measured by
Azbel-Kaner cyclotron resonance and the de
Haas —van Alphen effect. ' Because of the spheri-
cal Fermi surfaces of these two metals, only the
n =1 CPR has been reported.

In this situation one expects a superposition of two
oscillatory signals with different periods and ampli-
tudes.

For each of the three types of GKO mentioned,
an interesting phenomenon is predicted by Eq. (2.4)
under the circumstance that the effective mass is
reasonably constant,

dm*(kH )/dkH =0,
in the vicinity of the orbit responsible for the GKQ
signal. For this situation, the quantities q' and q"
appearing in the denominators of Eqs. (2.11), (2.13),
or (2.14) can have the term

All the GKO signals discussed so far are of the
form

E =C(k„,H)e

where

co+ neo, (k„,H)
q(k„,H)L =

uH(k„)

(2.16a)

(2.16b)

If the orbit contributing to this signal (defined by
k„) is constant, then the phase in Eq. (2.16) will be a
linear function of the magnetic field. This produces
a sinusoidally varying signal as the magnetic field is
swept, with the spacing between oscillations [given
by Eq. (2.16b)] being

27TCbH = m*uH
neI.

(2.17a)

Of

ca a~
neL BkH

(2.17b)

making use of Eq. (2.7). AH is constant as long as

k„ is fixed. This will always be true for the CTE-
type GKO but only true for the EHT type when
dm*/dkH =0 in the vicinity of k„.

III. EXPERIMENTAL TECHNIQUE

The samples consisted of thin plates of high-
purity (99.9999%), single-crystal copper oriented
with the principle axes (100), (110), and (111)
perpendicular to the sample plane. The samples
were oriented to within 0.5' of the desired orienta-
tion using Laue back-reflection techniques. Most of
the specimens were cut from single-crystal rods
grown in the laboratory of S. Schultz, although a
few were obtained from material purchased from
Atomergic Chemical Co. Resistivity ratios
(R $9O Q /Rg p K ) of the bulk starting material were
typically 5000 to 8000. Slices one millimeter in
thickness were first cut from the ingots using either
a spark cutter or low-speed diamond saw, and the
damaged layers at both surfaces were removed by
chemical polishing to a final thickness of 0.002 to
0.040 cm. To maximize the resistivity ratio of the
samples, they were oxygen annealed" for 2—10 h at
900'C in air at a pressure of 2X 10 Torr.

The GKQ were observed using the microwave
transmission technique, in which the copper sample
makes up a common wall between two microwave
cavities tuned to the same resonant frequency. In-
cident microwaves (up to 100 mW in power) are
directed into one cavity where the rf electric fields
couple to the conduction electrons of the sample.
The other cavity on the opposite side of the sample
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acts as a receiving antenna collecting any microwave
power radiated from the emergent face of the sam-
ple. The transmission spectrometer, which is
described in more detail elsewhere, ' ' operates at
79 GHz and incorporates a liquid-helium-cooled
hot-electron InSb bolometer operating in a mixing
mode as its microwave detector, giving an overall
sensitivity of 10 ' W in a one-hertz bandwidth. In
order to avoid accidental leakage between the two
cavities, indium gaskets were used to seal the sample
to the cavities. A dc magnetic field (0—60 kG) is
generated by a superconducting solenoid and applied
normal to the surface of the sample. Although the
temperature of the sample can be varied between 1.3
and 50 K, the results reported here were all taken at
4.2 K, below which the electrical conductivity of
copper does not increase significantly.

Both rectangular cavities have identical dimen-
sions and are resonant in the TEipi mode. Conse-
quently, the GKO signals are driven by linearly po-
larized electric fields at the incident surface of the
sample and are detected at the emergent face by a
receiving cavity responding only to a linear polariza-
tion (same as that of the transmitting cavity).
Furthermore, because the microwave detector is act-
ing as a mixer, using a large reference signal derived
from the same source as the driving fields, the final
signal is only that component of the transmitted
field which is in phase with the reference. Equation
(2.16) thus leads to a signal of the form

S— g C+ cso[(co+ cno& ) /UH +pz +pp]

low fields, and for higher fields becomes that ap-
propriate for circularly polarized transmission. We
observe the same effect not only for the ( 100)
orientation but for the (110) and (111) orienta-
tions as well. For circularly polarized transmission
Eq. (3.1) becomes

S~i~~ C i cos
(cp —co, )L

+P i+Pp . (33)

This is the polarization which produces CPR and
the one we observe experimentally. As the magnetic
field is swept, this GKO signal is characterized by a
phase which depends linearly on Pp, but whose am-
plitude is independent of Pp. The appearance of cir-
cularly polarized GKO at higher magnetic fields is
not predicted by the model of PBS, and its origin is
not known. It may not depend entirely on the aniso-
tropy of the Fermi surface since similar behavior
occurs to a certain extent in the GKO signals of
sodium and potassium at 79 GHz. '

IV. RESULTS

For each crystal orientation we will give first the
theoretical predictions of the model and then follow
with the experimental data. In some cases the data
are quite complicated, often displaying more than
one type of oscillation at the same time. In general
we have only considered those GKQ signals in
which the periodicity is well defined and constant
over a number of cycles (extending at least 5—10 kG
in the magnetic field).

(3.1)

(bi+4-i)
colin —C i cos + +Pp COS

UH 2

toe

(3.2)

As the magnetic field is swept, this GKQ signal is
characterized by having an amplitude which is an
oscillatory function of Pp, but whose phase is in-
dependent of pp. As first reported by PBS for a
(100) orientation, this type of signal is only seen at

where P„ is a magnetic-field-independent phase shift
introduced at the two surfaces of the sample and Pp
is the phase difference between the driving fields
and the microwave reference (adjustable by means of
a variable phase shifter in the reference arm of the
spectrometer). rp, and uH are those appropriate for
the dominating slice of the Fermi surface.

For the fundamental GKO only n =+1 terms are
present. For hnearly polarized transmission the
n =+1 and —1 components must be present with
equal amplitudes giving

A. ( 100) orientation

For this orientation the (100) crystal axis is nor-
mal to the plane of the specimen and parallel to the
applied field H. The necks on the Fermi surface ex-
tending along the (111)directions give rise to elec-
tron orbits for this geometry which have fourfold
rotational symmetry.

I. Theoretical predictions

Figure 2 presents a graph of the orbital parame-
ters needed for the interpretation of the experimen-
tal data. Plotted are m*(kH), uH(kH), and T p(kH)
vs kH/kFE, where kFE is the free-electron wave vec-
tor calculated from the density of the conduction
electrons. These graphs are produced using the
same methods as PBS (Ref. 4) and utilizing Halse's
model of the Fermi surface of copper' to obtain
FeriiIj wave vectors and velocities. m* and uH a«
obtained by integrating the equations of motion
around an orbit. (BA /Bk~ )E is obtained both
directly from the Fermi-surface data and also from
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to contribute to any GKO signals observed in thick
samples. The topological effectiveness for these
electrons reaches a peak at k

&
——0.80kFE and shows

a sharp cutoff below this value. Consequently, one
would predict a CTE-type GKO due to this orbit,
with oscillations having a period related to
(BA/t)k ) given by Eq. (2.17b). (BA/t)k ) is
equal to 8.6 A ' at k& (see arrow in figure). Be-
cause m (kH ) is varying quite rapidly in this region,
a CPR for this particular signal is not predicted.
According to Eq. (2.13) the amplitude of the oscilla-
tions is proportional to To!q'L. Making use of the
fact that uH is approximately constant in the vicini-
ty of k „the predicted amplitude becomes

8
(c}

m*(k
&
)uH(k & )To dm*

co, (k i )L kH
(4.2)

I
oc(

0.5 1.0

which is inversely proportional to the magnetic field
and provides an identifying feature for this type of
GKO. Because (BA/BkH)E has no extremum for
the polar electrons, it is unlikely that they will pro-
duce an EHT variety of GKO.

On the other hand, (BA/BkH )~ does pass through
an extremum for the belly orbits at k2 ——0.39kFE.
Furthermore, because m*(kH) is nearly constant in
this region, we expect an EHT-type GKO due to the
extremal orbit at k2 [Eq. (2.9)] and an associated
CPR for

n =1,3,5,7, . . .
FIG. 2. Fermi-surface parameters for the (100}orien-

tation of copper: (a) the effective mass, (h) the average
velocity along the field, (c) the parameter dA/dkH

~
z,

and (d) the topological effectiveness (shown for polar elec-
trons only). Arrows at k~ indicate an orbit leading to a
CTE oscillation.

the graphs for m* and uH making use of Eq. (2.7).
This allows a partial check of the computer calcula-
tions. Plotted in Fig. 2(d) is

[as predicted from Eq. (2.5) and the fourfold rota-
tional symmetry of the orbits]. The period of this
oscillation is again determined by (BA /BkH )E,
which from Fig. 2 is 2.2 A ' at k2. This second
class of GKO should appear in thinner samples for
which electrons on the belly orbits can traverse the
specimen prior to scattering. From Eq. (2.11) the
amplitude of the expected signal is proportional to
(q"L) '~ . Assuming the effective mass to be con-
stant at k2, we also have duH/dk~ ——0 at this point
giving

1 ~ 1Txx+I Txy = T& (4.1)
T

(q "L )
' =UH(k2) [6)+nM, (k, )+ t /7]L-

which is the appropriate topological effectiveness
for circularly polarized transmission. Orbits which
lie in the range

UH
X

dkH
(4.3)

0.5 & kH /k FE & 0.8

encounter the necks and are continuous only in the
extended zone scheme. Orbits with kH/kFF &0.8
will be referred to as polar orbits, and those wtth
kH /kFE & 0.5 will be referred to as belly orbits.

From the figure it is clear that electrons on polar
orbits have the longest mean free paths directed
across the specimen, and, therefore, are most likely

The real part of Eq. (4.3) gives rise to a series of
symmetric peaks occurring at cu, = —co/n, which
are the CPR signals predicted.

2. Experimental observations

Figure 3 shows the transmission signal for a
specimen 9.5&&10 cm in thickness and having the
rather low resistance ratio of 1200. The spectrum is
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FIG. 3. Transmitted signal as a function of the dc magnetic field for a (100) sample. Sample thickness is 0.0095 cm,
and the resistance ratio is 1200.

dominated by an oscillatory signal having a constant
period of about 6 kG which decreases in amplitude
with increasing magnetic field. "Fine-structure" os-
cillations occur at magnetic fields near 12 and 35
kG. The conduction-electron-spin resonance
(CESR) signal is seen in the vicinity of 27.5 kG.
The dominant oscillation is identified as the CTE-
type GKO due to the orbit at k, in Fig. 2. Putting
the measured spacing between oscillations in Eq.
(2.17b), one calculates (BA/Bk~)E ——8.76 A ' at k&

in close agreement with the prediction of the model.
Figure 4 shows that the amplitude of the oscillation
is nearly inversely proportional to the magnetic field
strength as predicted by Eq. (4.2). The "fine-
structure" oscillations are identified as CPR (n =1
and 3) of the EHT-type GKO due to the orbit at k2
in Fig. 2. They are sufficiently weak that no at-
tempt was made to do a precise analysis on them for
this sample.

Figure 5 shows the transmission signal for a
thinner sample,

3.8&& 10 cm,
with approximately the same resistance ratio. CPR
signals now dominate the spectrum with the CTE
oscillations providing a weaker and more slowly
varying background. This is as expected. Once the
belly electrons are able to traverse the sample
without scattering, their stronger coupling to the
driving fields (greater topological effectiveness)
combined with the CPR enhancement causes them
to dominate the GKO spectrum. CPR signals in the

figure are observed for n =1, 3, and 5 reflecting the
fourfold rotational symmetry of the orbits.
Misalignments of only 2' are sufficient to destroy
this symmetry and produce additional CPR at the
even harmonics of the fundamental. Taking the res-
onance condition as being satisfied at maximum
transmission, the effective mass ratio is calculated
from Eq. (2.15) as m*/mo ——1.35, very close to that
observed in Fig. 2 at k2.

Shown in Fig. 6 are data from a thicker sample,

1.70)& 10 crn,

I I ! I

o. i O.Z

/H {kG}

FICx. 4. Amplitude of the GKO signal in Fig. 3 as a
function of 1/M.
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O

K

tal resonance itself. A possible explanation is that in
the vicinity of the fundamental CPR, the effective
electrons within the anomalous skin depth are
resonant themselves and are able to more efficiently
screen out the rf driving fields from the sample.

The data reported so far are generally in good
agreement with earlier experimental results. Table I
gives a numerical comparison of our results with the
predictions of the model and the data of PBS and
Perrin et al.

I I

20 25
H {kG)

FIG. 5. Transmitted signal for a (100) sample of
thickness 0.0038 cm and resistivity ratio 1000.

B. ( 110) orientation

In this geometry the (110) crystal axis is normal
to the sample plane and the electron orbits have
two-fold rotational symmetry.

with a resistance ratio of 4200. This resistance ratio
is sufficiently high that even the belly electrons can
traverse the sample without scattering. Both the
CTE and the EHT variety of oscillation are clearly
seen superimposed on each other in the figure. It
should be noted that the CPR signals do not have
line shapes symmetric about their centers as predict-
ed by Eq. (4.3), but rather fall to zero considerably
more rapidly on the high-field side than on the low-
field side of each peak. This may be due to the rath-
er large fraction of Fermi-surface area having a
mass of m*=1.35mo [Fig. 2(a)], and the necessity
of doing a more careful integration over kH in ob-
taining that equation. In fact, such an attempt by
PBS to do a more detailed integration does indeed
produce signals having a more extensive low-field
tail (see Fig. 14 in Ref. 4). Another interesting
feature in the data not easily explained by the model
is the fact that in general the amplitude of the har-
monics of CPR is larger than that of the fundamen-

1. Theoretical predictions

Figure 7 shows a plot for this new orientation of
the same orbital parameters m*, UH, (BA/BkH)E,
and T& as a function of kH/kpp. In this case, elec-
trons on equatorial and polar orbits pass over the
necks and only those which lie in the range

0.2 (kH/kpp (0.8

avoid them. As can be seen from the figure, m*, UH,
and (BA /BkH )~ do not vary all that much over this
range of kH, and as a consequence different types of
GKO signals may be hard to separate and distin-
guish from each other. In particular, varying the
sample thickness is not likely to be as useful as it
was for (100) specimens.

The topological effectiveness does not have any
sharp peaks as previously. However, the dashed
straight-line approximation is of the type we con-
sidered earlier in Fig. 1(b), and from which we ex-

TABLE I. Numerical data for (100) orientation.

1 BA
(A ')

n akH E

Type of signal Model This work PBS'
Perrin
et al.b

I

1

40 CTE, n =1
EHT, n =1
EHT, n =3
EHT, n =5

8.60
2.20
0.73
0.44

8.76+0. 10'
2.08+0.06
0.77+0.04
0.47+0 03

8.60
2.10 2.3

0.76

TRANSM l T TED
S I GNAL

(I oo&

I I L
5 IO H(ke) 20

FIG. 6. Transmitted signal for a (100) sample of
thickness 0.0170 cm and resistivity ratio 4200.

m*/mo (CPR) 1.37 1.35+0.01' 1.34+0.01

'Reference 4.
"Reference 3.
'One sample.
Average of four samples.

'Average of seven samples.
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1.6

E
t.p-

E

tion due to an electron orbit in this vicinity and
perhaps also a weak and broad CPR. The value of
(BA/BkH )E at k3 is 3.7 A '. If we approximate m"
and UH as being constant at k3, then an equation
similar to Eq. (4.3) describes the line shape predicted
for the CPR. Twofold rotational symmetry of the
orbits again leads to values of n =1, 3, 5, 7, . . . in
that equation.

p4
O—0.2PZ

2. Experimental observations

Figure 8 displays the transmitted signal at higher
magnetic fields (25—45 kG) in a sample

2. 10& 10 cm

0.4 0,8

FIG. 7. Fermi-surface parameters for the (110) orien-
tation of copper. Arrows at k& and k2 indicate orbits
leading to CTE oscillations.

pect [Eq. (2.14)] a superposition of two oscillatory
GKO's of the CTE type one due to the electron or-
bit at k~ ——0.21kFE and the other due to the orbit at
kz ——0.74kFE (see figure). From the figure we find
that

(r)A/Bk~)E =5.0 A

at k
~

and 4.4 A ' at kz. Thus the periods of the
two oscillations should differ by about 12%, with
that coming from the orbit at k~ being the lower-
frequency oscillation [Eq. (2.17b)]. As m*(kH) is
changing reasonably fast with kH at both k~ and kz,
CPR is not predicted for either of these GKO's.
Since vH is reasonably constant at k ~, we can repeat
our arguments used for the (100) direction and
predict that the amplitude of the lower-frequency
CTE oscillation will vary approximately as 1/H [see
Eq. (4.2)]. Because neither the effective mass nor UH

is constant at kz, no simple approximation for the
line shape can be made in this case.

A shallow minimum in (BA/Bk~)E appears at
k3 —0.55kFE. Although the effective mass is not
constant here, it is changing slowly with kH, and
consequently one would expect an EHT-type oscilla-

TRANSM)TTED

lX'

lX

C3

l

30 35 40

FIG. 8. Transmitted signal at higher magnetic fields
for a (110) sample of thickness 0.0210 cm and resistivity
ratio 2500.

in thickness and having a resistance ratio of 2500.
Figure 9 is a continuation of the data from the same
sample at lower fields (8—25 kG). This particular
thickness is the largest we have studied for this
orientation. As indicated by the dashed lines, the
data in Fig. 8 consists of two types of signals —an
oscillation of decreasing amplitude but constant
period extending the full range of the field sweep,
superimposed on which is a resonance-type signal
which reaches maximum amplitude near 35 kG.
The period of the oscillations within the resonance
signal is about 15% less than that of the other sig-
nal. From these two periods we calculate
(BA /BkH )~ ——3.64 A ' and 4.26 A

In Fig. 9 the 4.26 A oscillation is still seen on
the high-field side of the trace. However, for fields
less than 20 kG, another oscillation of still larger
period appears, from which (BA/BkH)z is calculat-
ed to be 4.94 A '. This last signal, whose ampli-
tude increases with lower fields, is complicated by
the appearance of an additional "fine structure"
which becomes quite strong below 12 kG.

These three main oscillations can be identified as
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1 dm' 1 dva

I dkH UH dkH
(4.6)

lo ?0

FIG. 9. Transmitted signal at lower magnetic fields for
the sample of Fig. 8.

Putting this result into Eq. (4.5) we see that this
1

CTE signal will be largest when co, /co= —,, thus ex-

plaining its strongest appearance at fields higher
than that of the other CTE oscillation but less than
that of the CPR of the EHT signal.

As one goes to thinner samples, these three main
oscillations can still be seen for a while, although the
lowest-field signal becomes obscured by very strong
fine structure. In the thinnest sample (2&10 cm)
only the fundamental CPR near 35 kG can be iden-
tified. Table II summarizes the data for this partic-
ular geometry.

the GKG signals expected from electron orbits at
ki, k2, and k3 in Fig. 7. The lowest-field signal is
the CTE variety of oscillation due to the orbit at k, .
As predicted, its amplitude falls off approximately
as 1/H due to the constant value of UH at ki. This
explains its dominance at low field. The other CTE
oscillation arising from electrons at k2 is that which
extends over the full 20-kG field sweep of Fig. 8.
The resonant peak near 35 kG is identified as the
fundamental (n = —1) CPR of the EHT signal
originating from electrons at k3. The center of this
peak gives an effective mass of m'=1. 23mo, very
close to the predicted value of 1.22mo [Fig. 7(a)].
The spacing of the oscillations within this peak is
also in close agreement to that predicted by the
model. The fine-structure oscillations below 12 kG
appear to be the n =3 and n =5 harmonics of the
CPR, but they are not easily identified in some sam-
ples because of the complicated interference of sig-
nals taking place in this region.

The location in the magnetic field of the oscilla-
tions due to the orbit at k2 can be explained by the
PBS model. According to Eq. (2.14) the amplitude
of this CTE signal is proportional to (q'I. )

evaluated at k2. For the fundamental oscillation
(n = —1) we have

1 dm* 1»H+
pz* dkH UH dkH

C. ( 111) orientation

In this geometry the (111) crystal axis is normal
to the sample plane and the electron orbits have
threefold rotational symmetry.

Theoretica/ predictions

TABLE II. Numerical data for (110) orientation.
T

1 BA
(A i)

n 9k~
L

Model This work Perrin et al. 'Type of signal

Figure 10 shows the same orbital parameters as
given previously for the other crystallographic
orientations. For this situation, electrons whose or-
bits lie in the range

0.2 & kH/kFF (0.55

encounter three necks with each orbit around the
Fermi surface. The topological effectiveness in-
creases gradually as one progresses from polar orbits
towards the equator, but shows a sharp cutoff as the
necks are approached. This is again similar to the
situation considered in Fig. 1(a). The maximum in
the topological effectiveness just prior to the cut-

(1+i /co~) dUH

UH dkH

This gives a maximum amplitude when

(4.4)

CTE at ki, n =1
CTE at k2, n=—1

EHT, n =1
EHT, n =3
EHT, n =5

5.00
4.40
3.70
1.23
0.74

5.00+0. 10
4.26+0.08'
3 64+0 06
1.43+0.02'
0.80+0.01'

3.70

0.735

toe ( 1/UH ) ( diTH /dkH )

( I/m*)(dm*/dkH )+(1/UH )(dUH/dkH )

(4.5)

From the computer plots of Fig. 7 we find that

m*/mo (CPR) 1.22 1.23+0.01b

'Reference 3.
"Average of four samples.
'Average of three samples.
Average of two samples.
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&I I t& —1 dUH
g

UH dkH

l.o-

l
X co+ —+neo, 1+

d m*

dkH

1 dvH

UH dk~2

(4.8)

{c)

This gives rise to a resonance behavior in the ampli-
tude, but one which occurs at lower magnetic fields
than that given by the usual condition in Eq. (2.15).
Such shifts should not be important for the (100)
and (110) orientations where dm /dkH is changing
very slowly at the dominant orbits.

Another EHT-type signal can appear in the vicin-
ity of k2 ——0.74kFE where

I ~ a l a ~ 1 a

kH kFE
lo

FIG. 10. Fermi-surface parameters for the ( 111)
orientation of copper. Arrows at k& indicate an orbit
leading to a CTE oscillation.

(BA/t)k ) =7.9 A

However, since m* is not constant here and the
topological effectiveness is smaller, we expect a con-
siderably weaker oscillation from this orbit. From
the threefold rotational symmetry of the orbits, Eq.
(2.5) predicts harmonics of the various GKO signals
given by n =1,2, 4, 5, 7, . . . .

According to the low-frequency measurements of
Perrin et al. , two other EHT signals can also be ob-
tained from the belly-orbit region. However, in this
vicinity UH and (BA/BkH)E are small and m is not
constant. Thus we would only expect these oscilla-
tions to show up as a weak "fine structure" in the
thinnest samples.

dm* dUH

dkH dkH

we obtain

(4.7)

off occurs at k~ ——0.57 kF& and the corresponding
value of (BA/dkH)E is 6.3 A '. From the figure we
also see a minimum in the quantity (BA /BkH )E very
close to this same region. Consequently, at k~ two
mechanisms are operating (CTE and EHT), which
should produce an exceptionally strong GKO. The
effective mass at k

~ is such that its slope
(dm'/dkH ) is changing very rapidly with kH, which
can lead to a shift in field at which the maximum
signal occurs. Because our equation for the CTE
variety of GKO [Eq. (2.13)] breaks down when

d/dkH(dA /dkH )E 0,
we recover Eq. (2.11) for EHT oscillations as the ap-
propriate one to describe this situation. The ampli-
tude of the signal is thus proportional to (q "L )
Making use of the fact that at k

&

2. Experimental obserUa6ons

In Fig. 11 transmission data is shown for a thick
sample (3.70X10 cm) having a resistance ratio of
6500. Very strong oscillations are observed for mag-
netic fields larger than 36 kG. The constant spacing
between the peaks gives

(aA/ak ) =6.3 A-',
making this signal obviously the one predicted from
electron orbits near k& in Fig. 10. It should be noted
that these oscillations have a maximum value
around 38 kG and not the 44 kG that one might
predict from the effective mass ratio of 1.55 in this
vicimty of k&. This is in agreement with Eq. (4.8)
which predicts the signal maximum to be displaced
to lower fields because of the rapid change of
dm*/dkH at k~. The second maximum at 47 kG,
which disappears in thinner samples, does not corre-
spond to m*=1.55mo and may represent a beating
taking place between two or more of the predicted
GKO signals. It is of interest to note that this sig-
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Type of signal

CTE, n =1
CTE, n =4
EHT, n =1
EHT, n =2
EHT, n =4

Model

6.30
1.58
7.90
3.95
1.98

1 BA

n BkH

This work

6.28+0.07"
1.52+0.04'

4.03+0.04

aPerrin et a.

7.6

1.8
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V)I—

CL
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CQ
CC

LEJ

Q

TRANSMI T TED

cal trajectory. Harmonics of the fundamental oscil-
lations are explained in terms of noncircular orbits
having various degrees of rotational symmetry. The
model accounts for cyclotron phase resonance in
terms of certain regions of the Fermi surface where
the effective mass is reasonably constant. One
feature which the model cannot explain is the pro-
duction of circularly polarized signals at higher
magnetic fields while the driving fields themselves
are linearly polarized.

I I I I I

0 5 IO I5 25

H(k6)

FIG. 13. Transmitted signal for a (100) sample of
thickness 0.0095 cm and resistivity ratio 1200.

20

the observed signals and to predict, at least qualita-
tively, the signal amplitude as a function of magnet-
ic field. In copper we find two classes of signals: (a)
those arising from a sharp cutoff of the topological
effectiveness, and (b) those due to an extremal heli-
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