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The problem of determining the static or dynamic elastic displacement field in a semi-
infinite medium bounded by a rough, planar, stress-free surface is a random problem due to
the stochastic nature of the surface-profile function. What is usually solved for in such
problems is the displacement field in the medium averaged over the ensemble of realizations
of the surface roughness. With the aid of Green’s theorem we have replaced the true boun-
dary conditions on the displacement field at the actual surface of the medium by effective
boundary conditions satisfied by the average displacement field at the nominal, flat surface.
The average field can then be obtained by solving an effective (nonstochastic) problem that
is formally similar to the flat-surface problem. We apply this method to obtain the attenua-
tion length and frequency shift of a Rayleigh wave due to surface roughness on an isotropic
medium. The results are found to be in agreement with those of a calculation based on the

boundary-matching method (Rayleigh’s method).

I. INTRODUCTION

The study of dynamic and static properties of a
semi-infinite elastic medium bounded by a rough,
stress-free planar surface is made difficult by the
necessity of satisfying the stress-free boundary con-
ditions point by point along an irregular surface. It
is attractive, therefore, to explore the possibility of
replacing the original boundary conditions on the
rough surface by modified, effective boundary con-
ditions on the planar surface that is the nominal sur-
face of the solid. In this paper we show how this
can be done if it is not the actual displacement field
in the solid that is being sought, but rather the dis-
placement field averaged over the ensemble of reali-
zations of the surface roughness. The limitation of
the treatment to the mean displacement field in a
solid is not overly restrictive. It suffices for the
determination of the dispersion relation for Rayleigh
waves propagating along a rough surface, and for
obtaining the specular component of an elastic wave
scattered from a rough surface, for example. There
are other applications to which the results obtained
in this paper can be put, e.g., the determination of
the static and dynamic Green’s tensors for an elastic
half-space bounded by a rough surface.

Effective boundary conditions have been used in
the study of other problems associated with rough
surfaces. The derivation by Bass! of the boundary
conditions for the averaged electromagnetic field at
a statistically rough surface is an example of prior
work of this type.

Although the derivation of the effective boundary
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conditions for the averaged displacement field will
be presented here in complete generality, we will
quickly specialize the results obtained to the case of
isotropic elastic media, for which quite explicit re-
sults can be obtained.

The outline of this paper is as follows. In Sec. II
we consider an arbitrary semi-infinite elastic medi-
um bounded by a rough surface. The actual vector-
displacement field satisfies the stress-free boundary
conditions at every point on the rough surface. Be-
cause of the presence of roughness, the actual dis-
placement field is a random field. We decompose it
into two components: its average component men-
tioned above and its fluctuating component. With
the assumption that the roughness is sufficiently
small so that a perturbation theory is adequate, we
are able to transform the original stress-free boun-
dary conditions at the actual surface into new boun-
dary conditions for the average component of the
displacement field at the nominal flat surface. In
physical terms, the new boundary conditions for the
average field can be considered as defining an effec-
tive, fictitious stress field that, applied at the nomi-
nal flat surface, will give the same average results as
the original boundary conditions.

In Sec. III we specialize the effective boundary
conditions to the case of an isotropic elastic medi-
um. The algebra involved in so doing is rather
lengthy, but the final result can be given in a rather
concise form.

We emphasize that, having obtained our effective
boundary conditions, we have in effect taken into
account the irregular nature of the surface (and the
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random nature of the problem) once and for all. For
example, with our effective boundary conditions we
can obtain the average Green’s functions for a
semi-infinite elastic medium bounded by a rough
surface by a procedure that is formally identical to
that developed by Maradudin and Mills? for the
evaluation of the Green’s functions appropriate to
the case of a flat surface. That is, both sets of
Green’s functions obey the same differential equa-
tion and satisfy boundary conditions at the surface
x3=0. In the flat-surface case those boundary con-
ditions are the stress-free boundary conditions. In
the rough surface case they are the effective boun-
dary conditions we obtain in this paper. We note
that the aforementioned average Green’s functions
are a basic ingredient for the study of a number of
problems of physical significance, such as the Bril-
louin scattering of light from a rough surface.

That application of our theory has been relegated
to a future publication. In Sec. IV we outline a
simpler illustration of our theory by obtaining the
dispersion relation wg(q)|) of a Rayleigh wave prop-
agating along a rough surface. (Here g| is a wave
vector parallel to the nominal surface.) We obtain
an expression for the perturbation due to the rough-
ness on the dispersion relation that applies when the
surface is flat. That perturbation has both a real
and an imaginary part. The real part measures the
shift in the frequency away from the flat-surface re-
sult. The imaginary part measures the inverse at-
tenuation length of the Rayleigh wave.

This paper is concluded with four Appendixes. In
particular, in Appendix A we obtain one of the cen-
tral results of our formalism, namely an expression
for the fluctuating component of the elastic dis-
placement at an arbitrary point inside the medium
in terms of the values of the average displacement
field at the surface x;=0.

II. FORMULATION OF THE PROBLEM

We consider a general elastic medium that occu-
pies the region x3>{(X|), where {(X||) is the
surface-roughness profile function (see Fig. 1). It is
a random function of the two-dimensional position
vector X||=Xx;+X,x,, where X; and X, are two
mutually perpendicular unit vectors in the plane
X3= 0.

The medium is characterized by the general,
linear stress-strain relation

Top(X | @)= zcamv%u,ﬁ]w) . @.1)
JTRY Xy

Here u,(X | ») is the frequency Fourier transform of
the elastic displacement field, T,g(X | @) is the stress
tensor of the elastic medium, and c,g,, is the

X3

/‘
nomﬁql \,/

surface

FIG. 1. A randomly rough surface profile.

fourth-rank elastic modulus tensor, which is as-
sumed to be independent of position right up to the
(rough) surface. Unless otherwise indicated, in this
paper Greek indices denote Cartesian components
X1,X3,x3 (or 1,2,3).

The equation of motion for u, (X | @) is given by

S Ly(X|wu,X|o)=0, (2.2)
17

where the differential operator L, (X | ) is defined
by

Lo, (X |0)=w? +—1~2c 8 va—z , (23)
o *p Y Y 3x gox,,

p being the mass density of the medium. Equation
(2.2) applies at every point inside the medium. It is
supplemented by the stress-free boundary conditions
at the actual, rough, surface:
2 Taﬁ(i 1 w)r’t\ﬁ =0 N (24)
B

X3=§(Y“)

where 7, the unit vector normal to the surface at
each point, has components proportional to the vec-
tor

X)) OER
[— 6y g(x”),l (2.5)

axl ’ a)C2

We now make the assumption that the roughness
is “small,” in the sense that it is possible to expand
all the dynamical variables in a Taylor series as fol-
lows (X =X+ X3x3):

— — — a —
F(X)|x3=__§(—;‘>”)=F(X“;O)-f-g(XH) ggF(X) o
=
oz |2 Fm
2 [l axg x3=0
+ 0, (2.6)

and obtain meaningful results by keeping only terms
of up to O(£?). Thus we substitute (2.5) into Eq.
(2.4) and expand the stress tensor according to Eq.
(2.6). In this way we obtain the result that
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In Eq. (2.7) and in the rest of this paper, the Greek
index & denotes the coordinates x; and x, only.
This convention exploits the fact that x; and x,
enter all the equations in an equivalent way.

Now, as mentioned in the Introduction, because
of the random nature of the surface-profile function,
the quantity of interest is not the displacement
u, (X | w) itself but its average (u,(X|w)) over the
ensemble of realizations of the surface roughness. It
is then useful to introduce the operator P (in this
context called the “smoothing operator”) such that

Pu,(X|o)=(u,(X|w)), (2.8)
together with the operator Q such that
P+Q=1. (2.9)
With these definitions we obtain the useful identity
u,=(P+Qu (2.10a)
={(u,)+Qu, . (2.10b)

Thus Qu, describes the random fluctuation of u
about (u #) We also note that an expansion of u
of the form u, =uo+u;§{+ - -+ in Eq. (2.10b) indi-
cates that the vector Qu,(X;w) is of O(g). This

"

= 2 2 caS;wP

x3=0 w,v 8

- 2 ca3;w

2 ca3/,w

(u#(x | )

In Eq. (2.14) we have kept all terms through O (8?).

At this point it is instructive to note that, in the
case of a medium bounded by a perfectly flat sur-
face, the boundary condition for u,(X|w) is [see
Egs. (2.1), (2.4), and (2.5)] as follows:

2 Cayy |7
e asuv a

=0. (2.15)

Thus Eq. (2.14) implies that if we want to work with

2
—axv +§(7§’H)—“"“‘—xv

X)) 3

XH)

=0. (2.7)

x3=0

u,(X | o)

conclusion will be used below repeatedly. We next
note the following results:

PL(X)))=0, (2.11)

PE(X =8, (2.12)
A i

Pgs'g()(“):() (2.13a)
I

PE(X )5, —6(X)=0.. (2.13b)

Equation (2.11) states that it is possible to define a
flat, nominal surface (in fact, we measure the coor-
dinate x3 from that surface). In Eq. (2.12) we have
introduced the root-mean-square departure of the
surface from flatness 8, which is one of the two
parameters that characterizes the ensemble of rough
profiles. (The other, the transverse correlation
length a, is introduced explicitly in Ref. 3.) Finally,
Eqgs. (2.13) show that the limit involved in differen-
tiating § can be interchanged with the averaging
operator P, i.e., that averaging commutes with dif-
ferentiation.

We now act on Eq. (2.7) from the left with the
operator P. Utilizing the identity (2.10b) and Egs.
(2.11)—(2.13) leads us to the result that

Qu,(X|w)

axv x3=0

82
dx30x,,

Qu,(X|w)

x3=0

——{u,(X|0)

. (2.14)
ox 8 x3=0 1

the average of the elastic displacement field ab ini-
tio, the stress-free boundary condition (2.15) that ap-
plies in the absence of roughness is effectively re-
placed by Eq. (2.14), whose right-hand side may be
interpreted as defining an effective (fictitious) stress
that is applied at the average, nominal surface.

Now, Eq. (2.14) is not the result we are seeking,
since in the first two terms of the right-hand side
there enters the fluctuating component of the dis-
placement vector Qu,. We thus need to relate Qu,
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and {u,). Since Qu, enters Eq. (2.14) multiplied
by &(X))) (or its derivatives), we need to obtain such
a relation to O (&) only (this simplifies the problem
considerably).

We proceed to establish a boundary condition for
Qu, by acting on Eq. (2.7) from the left with the
operator Q. Recalling Eqgs. (2.10)—(2.13) and the
comment following Eq. (2.10), we are led to the re-
sult [valid to O (&)] that

> Cazuy Qu,(X|w)
n

X3=

9
dx,,

, (2.16)

x3=0

Ba;w

—(u,(X|w))

KN
a

Z

Qu, (X |o)=— 3 [ d%|Du(%%|,0|w)
P apy

Bap(X') ax’

where
- -, 0
Ba;w(x)= ‘caS,uvg(XH) x4
S can | 22-E(% ) (2.17)
< Caduv | Bxs Il

We next notice that the vector Qu, satisfies the
same differential equation as u, itself, namely Eq.
(2.2). A generalization of Green’s theorem for the
differential operator L,,, expressing Qu, in terms
of its boundary value [that is, according to Eq.
(2.16), in terms of {u, )] suggests itself. This ques-
tion is addressed in Appendix A, where we obtain
the result [see Eq. (A13)] that

, (2.18)

14

where the integral runs over the plane x3=0. The “flat-surface” Green’s functions D, (X;X’ | ®) (Ref. 2) are

defined by Eqgs. (A6) and (A7).

Substituting Eqgs. (2.18) into Eq. (2.14) leads us to the desired effective boundary conditions for the average

displacement field (A=1,2,3):

d - 5?
20)»3/11/ 3 <u,u(xlw)> _*72013;“'
H”,v v sV

x3=0

L S ean [ dPx)) |5

p uy 8
a,By

where

d a d
aﬁy(xH»x )—-—Ca337,a W(|X”—X”I —“’—+2 asﬂy————a 3

W( I XII_’XIII

2) (= . d
Fapy(X)iX) = —caspy 3 ~

and

( = .= — —! d d
Fa:fg)y(X”,X ):——Ca3ﬂyW( ' X|1— X ' )_——axg + %c“w"—axg

83
Taxvﬁl,,(x |w))

d
+2 aaBYa al

x3=0

D,uo(%;%1,0 | @)

X3=
Fegg (X5 = (upg lw)>]
Y x3=0
82
3 3axv (X x”,OIw) .
x |F3,(% H,x’wg@,—(uﬁ(xwm)) o (2.19)
xy x3 =0
2
W Z =% 1), (2.20)
=X
2
W% %), 2.21)
W(x—%]). (2.22)
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Here we have introduced the correlation function
(EEPEE)Y =W (| X —%(]), (2.23)

chosen such that W(0)=1. [This ensures that Eq.
(2.23) is consistent with Eq. (2.12).]

We note that Eq. (2.23) embodies all the informa-
tion we need about the statistical properties of the
rough surface [in addition to the existence of a flat
nominal surface; see Eq. (2.11)]. Equation (2.23)
states that the surface-roughness profile is a station-
ary stochastic process. We remark that the sta-
tionarity assumption (the assumption that the corre-
lation function W depends on the vector difference
between the points X|; and X|| and not on their
separate locations on the surface) has the conse-
quence that infinitesimal translational invariance is
restored to the problem for quantities that are aver-
ages over an ensemble of rough surfaces. This fact
will be exploited in Sec. III when we obtain (for the
case of an isotropic medium) effective boundary
conditions for the Fourier transform of the displace-
ment field.*

As indicated in the comment following Eq. (2.15),
the right-hand side of the effective boundary condi-
tions given by Eq. (2.19) can be thought of as defin-
ing fictitious stresses that, applied at the flat nomi-
nal surface, will give the correct average results. We
emphasize that although those effective stresses
have rather complicated definitions, Eq. (2.19) offers
the following advantageous approach to the solution
of problems involving rough surfaces. This is that
with the procedure leading to Eq. (2.19) we have ef]

82 ’ d -, !
7 chl,wfdzxu av—D,m(x;x”,Olw)
s Vs
;B,r

1

Il

x3=0
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fectively taken into account the irregular nature of
the boundary surface once and for all. Having ob-
tained Eq. (2.19), the calculation of average displace-
ments, Green’s functions, etc., can be formally car-
ried out as if the surface were flat (and the problem
nonrandom). We illustrate the use of our effective
boundary conditions in Sec. IV.

III. ISOTROPIC MEDIUM

A. Effective boundary conditions
in configuration space

The effective boundary conditions (2.19) apply for
an arbitrary elastic medium. It is of interest to
analyze them in detail for special cases. Thus in this
section we consider the case of an isotropic medium.
(The medium is isotropic from the point of view of
its bulk elastic properties.) Such a medium is a par-
ticular case of a medium with cubic symmetry for
which® ¢, =c; —2c44, With ¢y =pc12 and c44=pc,2,
where ¢; and ¢, are, respectively, the speeds of longi-
tudinal and transverse elastic waves in the bulk. Al-
ternatively, for an isotropic medium we have that
the elastic modulus tensor c,g,, is given by the
equation

Capuv =P[ ( Clz - 2Ct2 )SaBS,u.v
+ ctz( 8a,uaﬁv + SGVBB[_L )] .

We shall illustrate the algebra involved in going
from Eq. (2.19) to Eq. (3.24) by considering one typ-
ical term of Eq. (2.19) in detail, namely,

(3.1

— - a -
(X”;X )‘éx—,<u3(x |w)>

aBy (3.2)

1% xa =0

We note that in the case of an isotropic medium, the Green’s functions D,,, (XX’ | @) that enter Eq. (3.2) have

been calculated by Maradudin and Mills.?
transforms of these Green’s functions.)

(These authors actually calculated the appropriate Fourier

We begin by carrying out the sums over 3 and 7 in Eq. (3.2). Now

ZF(IQY(X’“;Y')—Q,—(uB(Y’lco»
By axy
—_—%’ [C113ya_j;au~;?+clzﬁyg%g—cl3ﬁrgz 82’3 a;:f:>
o |t et 2 |13y ) [ S P Dy

We now make the following definitions:

(3.3)
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oW (r)) oW (r) 2
(X)X =cf——! L (T (3.4)
dx7 Ox} dx; 9dx, ax;
oW (r) oW (ry)
(XX =(cf—2c}) —— CHIPE LA LA 3.5)
x| Oxh d0x; dx)
oW (r) o 92
G(X X = (e} =2 ———— — W)= (3.6)
1322l ! ! ox) Ox; ! I Ox50x
where we have set r|| = | X|| — i’i' | . Substituting these definitions into Eq. (3.3) we have the result that
S | FB R 2 (up® (@) | =p=— 3 (8 (XT Ny (X | )], (3.7)
e B dx, om0 | dxy S ter B Ry x5 =0

where we have generalized the result by letting a take on the values 1, 2, and 3. The elements of the 3 X3 dif-
ferential operator @, (X|;X’) for @=2,3 are defined by the equations

oW (ry) oW (ry)
51\21(7(];2"):0,2—,”*1,+(c12—2c,2)——,—uﬁ—a,- , (3.8)
dx] 0Ox, dx; Ox)
oW (ry) oW (ry) 2
NG TS QT R LN P Lo A L B T 3P (3.9)
8x1 8x1 8x2 8x2 8x3
AW (ry)) 2
6\23(7(’||;i’)=(c,2——2c,2)~—,|*i~~a—,—C,ZW(rH)—,84, , (3.10)
axz 8x3 ax38x2
oW (ry)) 2
ﬁ3l(i’||;§’)=c,2-————,||——-—a~,~—(c12—2c,2)W(r||) ? — 3.11)
x| Ox} dx30x]
oW (ry)) 2
anﬁu;i'):cf———,”—-a—,—(c,z_zc,z)W(rH) ,a —~, (3.12)
axz 8x3 ax3ax2
AW (ry) AW (r|)) 2
NG T e R L DS oL H /P s (3.13)
axl ax1 8x2 axz BX3
Making the additional definition that
B X @)=L S criny |22 Doa(%;%1,0| @) (3.14)
la\ X||3X|| | @ Hav | 55 PEARSRIIE ’ .
p m,v v X3=
and utilizing the result given by Eq. (3.7) in Eq. (3.2) we have
’ — —! a A — —> -
I=82PBE dex”b(I}g)(xH;xHIa))al—[aﬂy(x”;x Huy(X )]y - (3.15)
7

Note that the original expression (3.2) consists of a sum over five indices, whereas the result (3.15) consists of a
sum over two indices only.

Proceeding in a similar fashion, we can generalize Eq. (3.15) as follows. For A=1,2,3 and §=1,2 we have
that

82 ’ ( a — !
= ECksuvfdlel I‘é——D#a(X;XH,Olw) aBy
P v Xy ,

u,
a,By

F& (R %) =2 (up(R' | @)
0 d

Xy x3=0

X3=
' - = a A - .= -
:szfd2xnﬁzyb%(x”;x[||w)a[aﬁy(x”;x )u, (X |co)>]x:3=0, (3.16)

and, for A=1,2,3
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Fapy(RpX 5 Cup@ ) |
14 X3 =

92 )
Ecxs,wfdx” . Do (%;X,0 | @)
a’a‘bv’y

X3—

- 2pfd2xi,zb‘f,;(i”;'i},|w)[a,,y(i’,,;"i')<u.,(i"jw)>]x3=0. (3.17)
By

Here we have made the definitions [cf. Eq. (3.14)]:

- = 1 a .y
b%(xn;xulw):;ECMpv ax, = Dua(X%,0 | ) (3.18)
and Y }
' 1 32 ,
(R R - —=——D,(%;%,0 3.19
Aa(xH:xll | @) p %CLB;W 3x,9x, ;uz(x X | @) . ( )

Explicit expressions for the matrices b(;ﬂ)(i'”;i’il | ), with B=1,2,3, are obtained by combining the definitions
(3.18) and (3.19) with Eq. (3.1) and the results of Ref. 2 for the flat-surface Green’s functions. For brevity
those expressions (or their Fourier transforms to be defined below) are not given in this paper. They are, how-
ever, implicit in the results for a related matrix that actually enters our final result, given by Eq. (3.35) [the ma-
trix c, g, defined by Eq. (3.36)].

Consider now the boundary condition that results from Eq. (2.19) for A=1. With the results (3.16) and
(3.17) at hand, we easily obtain the result that

2| o o d -
pc; N (ul(xlw))+~——ax1 (u3(X | ®)) rimo

82
- —pc t

3 N a3
( ) —_— X
3 g<u, X|w >+ax§ax1 (u3(X|w)) im0

+6 pﬁzsfd x“b(a)(x”,x“ Ia) —“—a [aBY(xH’ )(u,,(i”|a)))]x3 -0
ig

—52,)’32 [ aip 3% | @@y (XX )Ny (X 0D, Ly, (320)
y
where we recall that the index § assumes only the values 1 and 2. The boundary conditions for A=2,3 can

be written down without difficulty. It is, however, useful to glve the boundary condition more concisely, viz.,
in vector form, by introducing the 3 X 3 differential operator f;z(X) according to

fu(x)——c, f,z (X)=0, f13(x)—-c, 8 s (3.21)
8 ox;
P (0)=0, Fr(X)=c?=2, Fr(X)=cp=2- (3.22)
21 — VY, 22 —C ax3 ’ 23 — ax2 ’ .
A - 2 a 2 a ~ — 2 a
f31(X)=(CI 2Ct) f32(X)——-(CI 2C; )_‘_‘, f33(X)=C1_— . (323)
ax2 8x3

We are thus led to the following effective boundary conditions that the average displacement field must
satisfy on the flat nominal surface bounding an isotropic elastic medium (A= 1,2,3):

S Fas®)up(R |0 leymo=— 2= 3 |Fap(R)-S5 (uplX @)
B B dX3

x3=0

3
+8 3 [ d’x bl Xu’xulm**[aﬁy X)Xy (X [0 ], o
Bv.8

_822 [ @2 (pBE R | 0@ X)X ) up(X [@)) ], o - (3.24)
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The left-hand side of Eq. (3.24) equals p~'T3(X | @) evaluated at x3 =0, which vanishes in the case of a truly
flat surface by virtue of the stress-free boundary conditions. The effects of surface roughness on the boundary
conditions for the average field are given by the right-hand side of Eq. (3.24). We note that whereas the first
term on the right-hand side of Eq. (3.24) is independent of the correlation function W (| X — xH | ), this func-
tion enters the remaining two terms in Eq. (3.24) via the operators dg,(X),X’), defined by Egs. (3.4)—(3.6) and
(3.8)—(3.13). In order to obtain more explicit expressions for the effective stresses given by the right-hand side
of Eq. (3.24) we must make use of an important physical feature of the problem, namely that of translational
invariance in the plane of the surface.

B. Effective boundary conditions for the Fourier transform {u ,( ffnw | x3))
of the average displacement field

The averaging procedure implied by the operator P (Pu = (u )) restores translational invariance in the plane
of the flat, nominal surface. This suggests the convenience of transforming Egs. (3.24) into boundary condi-
tions for the Fourier coefficients (u4(q | x3)), defined by the relation

d2 ia. X
R0 = [ DIy G 510 529

where q)| is a two-dimensional wave vector in the plane of the surface.
We note that the “flat-surface” Green’s functions D,,(X;X’ | ) possess the property that

D

(—»_—»,

(XX |w)=DW(i’”—i’],;x3x’3 |ow) . (3.26a)

Thus they can be Fourier transformed as follows:
Iy S K=
(277')2

We now outline the steps needed to Fourier transform Eq. (3.24) by considering one typical term entering
that equation, namely,

D, (%X |o)= [ DK@ | x3x3) . (3.26b)

x“|a))—82fd2x||b“ x”,x|||a) —Q‘—[GH(X“, <u1(X |w))] (3.27)
Accordmg to the definition given by Eqgs. (3.14) and (3.26b), we can define the Fourier transform b {}( | | @)
of b'} (x”,xH | @) via a relation of the form of Eq. (3.26b). Thus, making use of Egs. (3.4) and (3.25) and intro-
ducing the Fourier transform g (Q||) of the correlation function W (| X||— x” | ), we are led to the result that
d? <
J(Ynlw):ﬁzf (2q)Il o'l x“J(?i”|co) , (3.28a)

where we have called
J({q) | ®) —lf )Zg(lq” K DbV (K) | @) gy —k a0 (G k) | x5 u (e [ x50 ], _,,  (3.28b)
with

AN — > ’ d2
an(q sk | x5)=ci(g, —k1)g, +c(q—ky)g, —c} 5
dX3

(3.29)

Note that the fact that we were able to cast our result for J (X)) | @) in the form (3.28a) is, in effect, the state-
ment that averaging over the roughness restores translational invariance in the plane of the nominal surface.
Equation (3.28a) ensures that the final result can be given as a boundary condition for the Fourier coefficients
(ua(fina) |x3)). [We stress that the same property would not hold for the Fourier coefficients of the displace-
ment field u,(qo | x3) itself.]

The preceding argument can be easily generalized to obtain the results that
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8 3 [ dxipiB(x%) | o) __—[“ﬁ*r XX uy (X [0)) ], o

B.v.5
d q” —
—k
f (2m)? i

X {i(gs—ks)b (K| | @)dp/(G ;K | X)) uy(G o | x4 D11 2o (3.30a)

and

522 f dzx“b(fg)(_i“,i’h [a))[(?,gy(?(’”;i")(uy(i" !Ct))>]xl3 =0

By
=8 [ 4 “‘ll"nzf

(2m)?

o )2 g (1 )= K b3} | @)@ (k) | %3)uy (G [ x5 ] ) -

(3.30b)

For convenience in the presentation, the definitions of the remaining elements of the 3 <3 differential operator
a,u,(q)); k” | x3) [whose 11 element was given in Eq. (3.29)] are given in Appendix C.

We now turn to the left-hand side of the boundary conditions (3.24). Recalling Eq. (3.25), it is easy to show
that

Z[fhﬁ Wug(X |0) s, 0= [ (dquiz 'q”.?”%[fxﬁ(a||;x3)<ua(ﬁ||w|x3))]x3=o» (3.31)
where

fAn(HH;xa):cfi, Fr(@x3)=0, fi3(qxs)=igc/, (3.32)

le(’q||;x3)=0, fzz(6||;x3)=63711—3, fzs(a||§x3)=iCI2cr2: (3.33)

Fa@pxs)=ig(cf —2¢]), Fo(Gpx;)=igy(c}—2cP), fss(?l'u;xs):szdi : (3.34)

Finally, we note that the first term on the right-hand side of Eq. (3.24) is obtained immediately from Eq.
(3.31).

Substituting Eqs. (3.30) and (3.31) in Eq. (3.24) we can equate the coefficients of (217')—2exp(i31'||-i’”) in the
integrands on both sides of the equation [see comment below Eq. (3.29)]. We thus obtain the following boun-
dary conditions for the Fourier coefficients (u,(q)e |x3))

S [Fasl@pxs)(ug(d)o | x3)) 15, =0
B

8 > d? N
2_72 fw(qus)?(u,g(q”w | x3))
3

x3=0
+522 [ 2 )28( |G =K Deag(@ sk | @)ldg (@Gpsk |x3)Cuy (G |50, o » (3.35)
|
where we have defined the tensor ¢;z(q); k“ |w) ac- For convenience in the presentation we give the
cording to explicit _ expressions for the elements of

cm(qn,k” |@) in Appendix C. It is of interest to
- note that for a given wave vector k” the elements of
+ 3 i(gs—ks)b &%(k, @) . (3.36) this tensor [and thus the contributions to the “effec-

5 tive stresses” given by the integral in Eq. (3.35)]

cas(d)K) | @)= —bSB(K ||| @)
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have a pole at the frequency @=crk)| of a Raylelgh
wave propagating on a flat, stress-free surface.’
(Here cg is the speed of such a wave.)

In conclusion, Eq. (3.35) gives, for A=1,2,3, the
effective boundary conditions for the Fourier coeffi-
cients of the average displacement field
(uq(q@|x3)) at the surface x3=0 in the case of
an isotropic medium. As indicated at the end of
Sec. II, the convenience of these boundary condi-
tions stems from the fact that they provide a pro-
cedure for calculating the quantities of physical in-
terest (viz., averages over an ensemble of realizations
of the surface-roughness profile) that is formally
identical to what one does in the case of a flat sur-
face. We outline a simple example of the use of the
boundary conditions given by Egs. (3.35) in the next
section.

IV. EXAMPLE: RAYLEIGH SURFACE
WAYVES

Equation (3.35) gives, for A=1,2,3, the boundary
conditions that must be satisfied by the Fourier
transform of the average displacement field,
(uq(q)@|x3)), present in an isotropic medium
bounded by a planar, rough surface. In this section
we apply Eq. (3.35) to the particular case of the free
oscillations of such a medium. In particular, we
outline the derivation of a result giving the frequen-
cy shift and the attenuation length of a Rayleigh
surface wave brought about by the presence of sur-
face roughness, a problem of both theoretical and
experimental interest.’

In the present case of an isotropic medium, the
differential operator L, (X |w), given by Eq. (2.3),
adopts the simpler form

82
Ox,0xg
4.1)

Lou(X | @) =(0?+¢/V?)8q,+(cf —c])

The equation of motion for the -coefficients
(ug(qw|x3)) can be obtained by Fourier
transforming Egs. (2.2) and (4.1), with the result
that

ZLau(fl’”wlxﬁ(u#(a“w[x3)>=0, (4.2)
u

where the elements of the differential operator
Lo, (4@ | x3) are given by

d
Ly(Go | x3)=0"—(c/q] +c/q3)+c/——
dX3

»

5 (4.3)
= —(¢j —Cz2)41‘I2

=Ly (qo|x;3), (4.4)

le(ﬁnwlxs)

d
13(Q||w |x3)—t(c1 —C )ql dx
X3
=L31(?1’”w]x3) ’ (4.5)
- 2 2 d?
Ly(q o | x3)=0*—(c/qi+ciq3)+ci—— ,
dx3
(4.6)
— . d
L23(q||co|x3)=t(61 —C; )q2d
X3
=L32(?1’”w{x3) 5 (4.7)
=3 2 2 2 2
Ly(qo | x3)=0"—c/qjj+c¢/— . (4.8)
dX3

Equation (4.2) is solved without difficulty. The
solution that vanishes as x;— oo is given by’

<u1(a”w;x3>>_;1—1(e“""‘3<A1>+e"‘"‘3<Az>>
I
_ 32 ey 4.9)
g
(uz(a’”m|x3)>=;]—2(e_a’x3<Al)+e_a‘x3(A2))
I
+—qie“"*"3<A3> , (4.10)
9y
<u3(?i||w|x3)>=i3’—e‘“”‘3<A,>
g
+iﬂ|~e_a‘x3(A2) , 4.11)
Ay

where a;(q|| | @) and a,(q|| | ®) are defined by Eqgs.
(C25) and (C26). The coefficients 4,(q|w), or
rather their averages (4,(q)|®)), are to be deter-
mined by applying the effectlve boundary conditions
given by Eq. (3.35).

Our program 1is then to substitute Egs.
(4.9)—(4.11) in Eq. (3.35) and, making use of the re-
sults given in Appendix C, obtain the eigenvalue
equation that the coefficients (4,(q);)) must satis-
fy [Eq. (4.12)]. The amount of algebra needed to
implement this program is extremely lengthy (al-
though straightforward) and here we will bypass it
entirely. The final result agrees with Eq. (2.50) of
Ref. 3. It has the following form:

E[Maﬁ g +.@aﬁ(ﬁ’”w)](Aﬂ(fi||w))=0 )

(4.12)

where the matrices M (q”co) and Z ,g(qw) are
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defined by Egs. (2.18) and (2.40) of Ref. 3. It seems
worth pointing out that we consider this agreement
with the results of Ref. 3 as significant, in view of
the algebraic intricacy of either method, and in view
of the fact (explained in Appendix B of Ref. 3) that
an earlier method? gave different (erroneous) results.

Let us comment briefly on Eq. (4.12). The matrix

Zap(q)) is of O(8%. Thus in the case of a flat
surface the solublllty condition for Eq. (4.12) is sim-
ply det[M (q||a))| =0, whose solution gives the
dispersion relation wo(q|)=crq) of a Rayleigh
wave propagating on a flat surface. [The speed cg
of the Rayleigh wave is defined by Eq. (2.4) of Ref.
3] In the case of a randomly rough surface
the ~solution to the equatlon det[M(O)(q”a))
+ P q|j@)]=0 can be written in the form

wr(q)))=wolq))+Awlq)), (4.13)

which defines the perturbation Aw(g|) of the Ray-
leigh wave dispersion relation due to t Le roughness.
In Ref. 3 we present a detailed analysis of Aw(q))
in the case that the correlation function
w(| x”—i’l (| ) is assumed to be a Gaussian. From
the real part of Aw(q|) we obtain the shift in the
frequency of a Raylelgh wave due to the presence of
roughness and from its imaginary part we obtain the
lifetime of such a wave (or its inverse attenuation
length). In this regard we note that the surface
roughness opens up three channels for the decay of a
given Rayleigh wave, namely the channels provided
by the transverse and longitudinal bulk modes and
by other Rayleigh waves. In Ref. 3 we study the

contributions from all three channels to both the
real and imaginary parts of Aw(q))).

In conclusion, we have given a simple illustration
of the method developed in Secs. II and III for the
study of dynamical properties of a semi-infinite elas-
tic medium bounded by a rough, planar surface. In
the present example we have applied the boundary
conditions given by Eq. (3.35) to the solution of the
equation of motion for the average displacement
field given by Egs. (4.9)—(4.11). We stress that what
we have done in this section is completely analogous
to what one does to obtain the dispersion relation
@o(g||)=crq) in the case of a flat surface. The con-
ceptual simplicity afforded by our method is ap-
parent.

As mentioned in the Introduction, our method
can be applied to more general problems dealing
with the interaction of a rough surface with various
external probes. The key role in such problems is
played by the Green’s functions for the semi-infinite
medium bounded by a rough surface. The average
of these Green’s functions over an ensemble of
rough surfaces can be calculated rather directly by
using our effective boundary conditions. Finally we
note that, as indicated above, the results obtained in
this section exactly agree with those obtained® using
Rayleigh’s method.®
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APPENDIX A: GREEN’S THEOREM FOR THE OPERATOR L g

In this appendix we obtain a formal result for the vector Qu,(

X | ), the fluctuating component of the total

displacement field u, (X | ). Consider two fields U,(X | @) and V(X | w). We proceed to evaluate the integral
=3 de X[Ug(X | @)L gy (X | @)V, (X |@0) = V(X | 0)L gy (X |0)U,(X |0)], (A1)
ap
where
L., (X |w)=0% +l2c _& (A2)
a *p e abuv dxgdx,,

is the differential operator that governs the dynamical behavior of an elastic medium [see Eq. (2.2)]. The
volume of integration, V, will be specified below. Substituting Eq. (A2) into Eq. (A1) and using the divergence

(Gauss) theorem leads us to the result that

1 3 3

I= asn v | Ug—V,—V, U
a,B,u, g "pCatn [ *ox, * *ox, *
1 d d a 9
_— d3xc, v U V,— u,|, A3
panl“v f X Capp [a X g "‘axv ® ax,g aaxv #} (43

where S is the surface that encloses the volume ¥, and # is its normal unit vector (directed outwards). Making
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use of the symmetry relation

Cafuv="CpuvaB > (A4)
it is easy to show that the second line in Eq. (A3) vanishes. Thus we obtain the result that

1=7 3 {F dS fgcapuy |ValX %[ 0)~VolX | @)50-Up(X @) | . (A3)

P a B R ax,
We define a Green’s-function tensor D,,(X;X’ | @) such that

D Loy (X | @)Dy (XX | 0) =84, 8(X — X' (A6)

I
(where we assume x3,x 3 > 0) together with the boundary conditions

zccﬂyv a Duy(i;i,lw) =O . (A7)

v axv x3=0

Equations (A6) and (A7) define the “flat-surface” Green’s functions calculated by Maradudin and Mills.? We
next define the quantity I, by

=73 de3x[Qua(i’ | @)L gy (X | @)D (X;X" | @) — Dy (X5X" | @)L g (X | @)Qup (X | )] (A8)
y”
where the volume ¥V is the whole upper half-space x; >0. Now, the vector QU,(X | w) satisfies the same
(homogeneous) equation as u,(X | ), namely Eq. (2.2). Thus from Egs. (A6) and (A8) we have that
I,=Qu, X' |w). (A9)

We now make use of the result (AS5), with the replacements U—Qu, V—D. We further assume that
uy(X|®)—0 as x3— 0. Noting that the unit vector normal to the surface x;=0 is #=(0,0,— 1), we obtain
the result that

JZ o)==+ D con [ d%)|0u(E | 0) =D, (XiF' | @)
P a,u,v a v x3=0
1 2 4» %l
+ = 3 Camur [ @2 Doy (%;X |w)~—Qu X|w) (A10)
a,un,v x3=0

Furthermore, because of the stress-free boundary condition (A7) we imposed on the Green’s function D,,, the
first term in Eq. (A10) vanishes. This is very convenient, since utilizing the boundary condition (2.16) in the
second term gives then a result for the vector Qu, in terms of (derivatives of) the average field (u p(X0))
alone, namely,

=1 2 J d%)| |Doy(%;%" | @)B oy (X 3, CnX @) (A11)

P apy

Qu, (X’

x3=0

We note that this result shows explicitly [see Eq. (2.17)] that the vector Qu, is of O({) [as suggested below
Eq. (2.10)]. We emphasize that Eq. (A10) holds for any Green’s-function tensor satisfying Eq. (A6), e.g., the
much simpler infinite medium Green’s functions, for which, obviously, there is no analog for the boundary
conditions (A7). The reason we chose the semi-infinite medium Green’s functions, with the stress-free boun-
dary conditions (A7), is that our choice provides us with an expression for Qu solely in terms of (u) [Eq.

(A11)].
Finally, we make use of the reciprocity relation
D, (XX |@)=D,,(X;X |®) (A12)

(see Appendix B), and rewrite Eq. (A11) in a form more convenient for Sec. II, namely,

Qu (X |0)=~ 3 [d’% D,mm';z'|w)Ba,,,(x*')5§—,-<uﬁ(i'|w>> . (A13)
X

a,B,y ¥ x3 =0
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APPENDIX B: PROOF OF EQ. (A12)

In this appendix we prove the reciprocity relation
D, ,(X;X' |0)=D,,(X";X | 0) (B1)

for the “flat-surface” Green’s functions D,,(X;X’|®). These Green’s functions satisfy the differential equa-
tion given by Egs. (A6) and (A2) with the stress-free boundary conditions given by Eq. (A7).

22"

We introduce the functions J,,(X’;X" | @) by the equation

Jp=3 de3x[Dav(i’;i’” | @)L g (% | @)D (%3’ | @) =D (XX’ | @)L gy (X | @)D (K3 X7 | @)] (B2)
ap
where the operator L, (X | ) is given by Eq. (A2). Substituting Eq. (A2) in Eq. (B2) we have that
J _1 S Capus f d3x | Do, (%;X"| co)——-az D, (X;X' | @) —Dg, (X;X' | co)—--———a2 D, (X;X"|w) | .
" p a,Bu,d “ v axﬂaxs s 4 aXﬁaJCS ¥

(B3)

The procedure that leads us from Eq. (B3) to Eq. (B4) below is as follows. We integrate Eq. (B3) by parts
once. We use the symmetry relation (A4) for the elastic moduli tensor cgg,, plus appropriate changes of dum-
my variables and obtain the result that the “volume” terms we have after the integration by parts cancel each
other. Finally, using the divergence (Gauss) theorem in the “surface” terms we obtain the result that

Tn=2 3 copus §F dS g | Do F3%" | 0) 22Dy (%53’ | @) — Dy (%X
P a,Bus S

’ ’

d o
axg Dk |w)ax8Dm,(x,x |w)|. (B4)

We can obtain an alternative result for J,,(X’;X"” | @) in the following way. Multiplying Eq. (A6) from the
left by D,,(X;X" | ) and summing over a we have that

S Do(Z5%" | 0L (X | 0)D (%5 % | 0) =D (X5 | 0)8(X — ') . (BS)
a,u

In a similar way we can obtain the result that
> Do) (%X | @)L g (X | @)D, (X;X" | @) =D, (XX’ | 0)8(X —X") . (B6)
op
We next subtract Eq. (B6) from Eq. (B5) and integrate over X (X € V). With the requirement that both X’
and X" lie within ¥V, we have that
Jn=D,(X';X"|0)—D, (X";X" | ©) . (B7)
We consider now the case that the volume ¥V of integration is the upper half-space x; >0. In this case the

unit vector 7 is given by #=(0,0,—1). From Egs. (B4) and (B7) it then follows that

Do (X;X" | @) 3, Cazus ——a—-Dw("i;i" |w)

‘ 1
D —n;ﬁu —D _’”;_" = — 2
r(X5X" | 0)—D,(X";X' | @) P %fdxll Ox s

un,8 x3=0
1 ) o 3 1 e
+—2fd X)) |Pay(X;X" | @) D casus = Dpn(X;X" | @) (B8)
P a 8 9xp x3=0

At this point we make use of the assumption that the Green’s functions D,,,(X;X’ | w) satisfy the stress-free
boundary conditions given by Eq. (A7). Thus both lines on the right-hand side of Eq. (B8) vanish, which
proves Eq. (B1).

APPENDIX C: THE MATRICES4(q ;K| x3) and (G ;K| | @)

In this appendix we give the explicit expressions for the elements of the matrices 6,,,3(6”;?” |x3) and
cqp(q;k| | @). The former is defined implicitly by Egs. (3.30) [its 11 element was given in Eq. (3.29)]. The
latter is defined by Eq. (3.36). We have
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2

’

A = T , d
an(qk) | x3)=cl(q1—ki)q1+c/(gs—k3)gs —c/—
dX3

612(6|I;E|| |x3 )=(6‘12“20z2)(¢11—k1 )‘12+Ct2(‘12—-k2)111 >

A\ nd bud ’ . d
@A)k | x3)=(=D[(cf —2¢/)g,—k ) +eiq - ,
de,
En(qK) | x3)=cXq1 —k1)gy +(c}—2c))g, — kg,
d2
dx4?

b

G 4Ky | x5)=cXgy —ki)g, +ci(g—ky)gs —cf

GGk | x5) =(=D[(c} —2e) g — k) +clq]——
[ 51 dx’

- .1 ’ : d
@)k | x5)=(=Dle (g —k)+(cf =2 g1 ],
d.X3

an(q);k |||x3)—- —lef(gy—ky)+(cf —2¢])q,] e
3

d2
dxy?

a33(q||,k|||x3 “Cr(41—k )41+C:(Q2‘“k )‘12*01

Note that the elements of @,5(q q”, | | x3) are differential operators in x 3.

28

(C1)

(C2)
(C3)

(C4)

(C5)

(C6)

(C7

(C8)

(C9)

The algebra involved in obtalmng the elements of c,g( q”,k” | @) is very lengthy. [We must first obtain the
elements of the matrices b aﬁ for A=1,2,3, and that requires a subtle discussion of the boundary conditions
satisfied by the Green’s functions D, (XX’ | @) when the arguments x},x; are set equal to zero ih that order;

see Appendix D.] We have

c”(”cI”;E”Iw):m kzel_}_a)_j%%%i(f_tlulz
etk | @)= W — k.0, + wz%
c13(dsK) | @) =gy l_zc_tz %
en(dypK) | )= m —k292+m_2']§£%
(@K | @) m kﬁﬁ%%
e (d) k) | @)=igs 1_2—0; XB((?H%)
C31(fi||a | | @) =igy +ik, w22 %

cx(T)k) |w)="‘12+"k2£:,722\€1i_|],<|||)7>

cxn(d)k) 1“’)=*%% '

Here we have introduced the following definitions:

o]
gl

AZ];
AZ]’

(C10)

(C11)

(C12)

(C13)

(C14)

(C15)

(C16)

(C17)

(C18)
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2

3(k||»w)—2k||—*--—Zaz(kn)az(kn) (C19)
Cl)2 2
Alk o) =4kfia; (k) a, (k) — |2kfi—=5 | (C20)
G
2
0,(d k|| | @)=k, (G- |])+k1(q||><k”)3—k2 2 (C21)
t
T I . w?
6,(q;; k)| |a))=k1(q||'k||)—k2(q||><k||)3——k1—CT ; (C22)
t
2 0)2
- e — g t
A k) | @) =2k (@) k) +2q1k]) |1-2—5 | —ki— (C23)
1 t
- 1 - 1 2 ctz a)z
Ak | @) =2k (q k) + 292k | 1-275 | —ka 5 . (C24)
1 t

We have also defined the wave vectors a;(k||;0) and a,(k ;@) [for brevity denoted in the above equations as
a;(k| ) and a,(k)), respectively] according to (—0 + ):

(+in? |
ap k)= |k -2 | (C25)
Cit
and where we take the branch of the square root such that
Rea;,>0. (C26)

The physical meaning of the definitions given by Egs. (C25) and (C26) is made clear with the aid of the re-
sults given in Egs. (4.9)—(4.11) for the solution to the equation of motlon for the average displacement field (in
the absence of external sources). For k|| >w/c;, we have that a;, .! gives the inverse decay length (into the
medium) of a displacement field that is confmed to the surface region. For k) <w/cy,, 27| aj; '| gives the
wavelength (perpendicular to the nominal surface) for outgoing bulk waves.

It is of interest to note that, for a given wave vector k|, the function A(k| | @) [defined by Eq. (C20)] van-
ishes at the frequency w=cgk)| of a Rayleigh wave propagating on a flat, stress-free surface.’ (Here cg is the
speed of such a wave.) Note that this zero of A(k), | @) gives rise to a pole in the coefficients ¢, g( qH,k“ | @)

APPENDIX D: A NOTE ON THE BOUNDARY
CONDITIONS FOR THE FLAT-SURFACE GREEN’S FUNCTIONS

The “flat-surface” Green’s functions D,,(X;X’ | @) introduced in Sec. II and Appendix A satisfy the stress-
free boundary conditions given by Eq. (A7), namely,

’

=0. ' (D1)

x3=0

a
c — D, 5(X;X' | @)
Ev aluv axv ubB |

In the case of an isotropic medium, it is convenient to consider the boundary conditions for the Fourier
transforms D, ( k”co | x3x3) defined by Eq. (3.26a). Substituting Eq. (3.1) in Eq. (D1) and carrying out the
sums_over u and v we readily obtain, for a=1,2,3, respectively, the following boundary conditions for

,",(k”a) |X3X3 )

dd DIB kI[CL)IX3X3)+lk D3B k”(J)|X3X3 =O, (D2)
X x3=0

d DZﬁ k||w|X3X3)+lk2D3ﬁ k”w|x3x3 =0 , (D3)
dx; x3=0

and
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ik (CI —20, )Dlg(k”a) | x3x3) +lk2(C1 —201 )Dzﬁ(kuw | x3x3 )+C1

We note that the stress-free boundary conditions
given by Egs. (D2)—(D4) apply whenever the source
point xj lies inside the medium (xj >0). However,
in the effective boundary conditions given by Eq.
(3.35) we need the boundary values of the Green’s
functions D, (k@ |x3x3) and their derivatives
when the source point x3=0. We note that this fact
is to be traced back to Eq. (2.18), in which the fluc-
tuating component of the displacement field is given
in terms of the values of the average displacement
field at the surface x;=0. When the source point
x3 lies on the surface x3=0, we must investigate
whether Eqs. (D2)—(D4) still apply. (We remark
that the present discussion is relevant to obtaining
the results given in Appendix C.)

The problem just posed can be conveniently ad-
dressed to by using the results of Appendix A of the
paper by Maradudin and Mills.? These authors ob-

d D3ﬂ k“co |X3.X3) =0. (D4)
dx x;=0

T
D,,(kjo |x3x}) by the equation

>

uv<kuw|xsxs)—2[5‘l 1 Juadap(k|j@ | X3x3)
XSﬁv(k”) , (DS)

where the matrix S( EH) is given by

ki Ky O
S(K)=2— |~k k1 0 |. (D6)
"o ok

Note that the matrix S(k |) rotates the coordinate
axes about the X; direction in such a L way that the X
axis is aligned with the wave vector k”

From Egs. (A33) of Ref. 2 we can obtain the fol-

tained explicit results for the ‘“rotated” lowing results for the nonzero components of
Green’s functions d,,(k|j@|x3x3) related to duy(kj@|x3x%) evaluated at x5 =0:
1
1 a; 2 —apxj 2 a)2 —a,Xx;
= —2k 2kj—— , D7
dyi(kjjo|x30) 2 Ak @) G + 1 : e (D7)
dy3k)w | x30)= iRy B PYE R e B 2mae” (D8)
1337 3 2 A(k” |w) Il sz 1% ’
do ke | %30)= — ——e (DY)
C Oy
ds (ko | x30)= ik —2aqia,e” 4 okt @ | e (D10)
31lky 3 o Ak | ) 1% 1 e )
1 o 2 w? —a;x; 2 —ax;
dy(k O)=———"| |2kij—— —2k ! , (D11)
33 ||a)|x3 Ctz Alk), @) I c,2 ]e e

where a;(k|| |w), a,(k|| |w) (denoted above simply as a;,a,), and A(k|| |w) are defined by Egs. (C25) and
(C20), respectively.

Substituting the results given by Eqs. (D7)—(D11) in Eq. (D5) and then setting x; =0 gives us the values of

uv(kll“’ | x30) at x3=0. Similarly, differentiating Egs. (D5) and (D7)—(D11) we obtain the values of the
derivatives of D,,,( k“a) | x30) with respect to x; evaluated at x3=0. For brevity, the results thus obtained are
not given here (they are implicit in the results given in Appendix C). It is, however, instructive to consider ex-
plicitly the validity of Egs. (D2)—(D4) for x3=0. Making use of the relevant results among those obtained in
the manner just indicated we can show that for x 3 =0 the boundary conditions given by Eqgs. (D2)—(D4) are re-
placed, respectively, by the following equations:

LDW(EH(»|x30)+ik1D3g(E”w|x3O) ‘—““17851 ’ (D12)
dX3 x3=0 C
4 Dok | 300+ ik, DKo [ 300 | =185, (D13)
dX3 x3=0 C
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and

ikl(CIZ—ZCIZ)Dlﬂ( l?mo l X30)+ik2(C12—20t2)D23( E“w | X30)+C12%D3ﬁ( E“(D IX30)
3

—8g.  (D14)

X3=

We emphasize that in the above discussion the limits x3 —0, x;—0 were taken in that order. In fact, the
“non-stress-free boundary conditions” given by Egs. (D12)—(D14) originate from the fact that the limits
x3—0, x3—0 do not commute for certain of the functions d,, (k@ | x3x3) and/or their derivatives.
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