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The binding energy of the first impurity level in the Gal „Al As-GaAS-Gal yAl„As superlattice
is investigated by considering a variational problem in a finite quantum well with a hydrogenic im-
purity potential. For the case of the finite well, we first deal with the dependency of the binding en-

ergy on the impurity position and on the barrier heights of the quantum well. Each barrier height is
independently changed in the present study. It is pointed out that the binding energy is underes-
timated when one employs an infinite barrier height to represent the quantum well. The electron
distribution in the superlattice depending on various impurity positions is also discussed.

I. INTRODUCTION

Recently much attention has been paid to the tailored
constitution of thin layers of semiconductors or the super-
lattices first proposed by Esaki and Tsu. ' In this sub-
stance, the bottom of the conduction band and the top of
the valence band vary periodically in an oscillatory
manner along a specific spatial direction, that is, perpen-
dicular to each thin layer of the semiconductor. This is
called the superlattice direction. The peculiar electronic
structure manifested by the superlattices not only offers
many interesting usages in the field of electronic devices,
but accelerates the progress of scientific understanding.

From a theoretical point of view, Bastard first treated
the hydrogenic impurity states in the quantum well
representing the GaAs-Ga& „Al As superlattice. In his
approach, however, the barrier height of the quantum well
has been assumed to be infinite, that is, the tunneling ef-
fect across the interface of the layers has been completely
neglected.

Mailhiot et al. and Greene and Bajaj have indepen-
dently studied the energy levels of the hydrogenic impuri-
ty states in the GaAs-Ga& Al As superlattice system
with a finite barrier height. Both of these calculations,
however, have excluded the case of the impurity location
outside the GaAs layer, that is, the case of the modulation
doping, which is the most important way of doping in or-
der to achieve a high electron mobility parallel to a super-
lattice layer.

Hence, in this paper, we mainly study the dependence
of the hydrogenic impurity state on the impurity site be-
ing outside the GaAs layer with respect to the binding en-
ergy and the density distribution of the injected electron
into the GaAs layer. Moreover, we also investigate the ef-
fect of the different barrier height structure in the super-

lattice on these properties. Although this effect has never
been discussed, it is expected to present crucial informa-
tion on the preparation of practical devices based on the
superlattice from an applicational point of view.

We should like to consider a superlattice system consist-
ing of the Ga~ Al As-GaAs-Gal ~AI~As structure as
shown in the upper section of Fig. 1. In the present model
the components (variables) x and y representing the con-
tent of Al can be varied independently, and the width of
the GaAs layer is designated by I.. The model potential in
the lower section of Fig. 1 is employed to describe the
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FIG. 1. Schematic representation of the model potential of
the Ga I & Alz As GRAs O'a I y Aly As superlattice.
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quantum-well structure manifested by this superlattice. A
hydrogenic impurity providing an electron that behaves as
a carrier in the quantum well (region II) is located at an
arbitrary point on the z axis in the present model. This
feasibility is crucial to assess the case of the modulation
doping, that is, when the impurity is buried in the region I
or III. This case has been excluded in earlier studies. '

Representing the site of the impurity by z;, the Hamil-
tonian is written as follows in the framework of the
effective-mass approximation: '

K~(z +L /2)
Na ' e ' A(p, z,z;;A, ), z & L—/2

%(r)= Nk2 'sin(k2z+e)A(p, z,z;;A), L/—2&z &L/2
/2 Ic3(z —L /2 )

Nb—'~ e ' A(p, z,z;;A, ), z &L/2

where % is the normalization factor and

where

, b, + V(z)—
2m 2

( )2]1/2
II I ———[2m*(A Eo)]'—

k =—(2m*E )'~

(6a)

(6b)

r

A =Ill a/2m*, z & L/2—
V(z)= 0, L/2&—z &L/2

B =A2b/2m~, z &L/2 .
(2)

k2Le= +sin —'
2

A'k2

(2m*A )'~

~3=—[2m*(8 —Eo ) ] ' (6c)

In Eq. (1) m* is the effective mass of the carrier, e is the
dielectric constant of the material of interest, and p
[ =(x +y )' ] is the distance in the layer plane measured
from the impurity site. Strictly speaking, the values of
m' and e vary across the boundary between the two ma-
terials. However, since the carrier is to be confined in the
CxaAs layer (to a large extent due to the considerable bar-
rier heights), it seems to be a good approximation to use
the values of m and e in GaAs in all regions of the super-
lattice. The relationship between A and x (8 and y) is
employed after Ref. 2. We assume, somewhat arbitrarily,
that this holds up to x=0.6. It is in the present study that
the effect of the different barrier heights is first con-
sidered. Thus the following expressions are employed
throughout this study:

m* =0.067m0,

—sin
2

A'k2

(2m'B)' (6d)

A(p, z, z;;A, )=exp[ —[p +(z —z;) ]' /A, J . (6e)

It is easily understood that this trial function consists of
the eigenfunction of the Hamiltonian (1) without the im-
purity potential and the hydrogenic Is function containing
the variational parameter A, . So this trial function is ex-
pected to sufficiently reflect the actual impurity state in
the Ga& ~ Al~ As-GaAs-Ga& ~Al„As superlattice.

We next calculate the expectation value of the Hamil-
tonian H, that is,

e(L z;,k) = J +"H% d V .

Under given values of L and z;, we decide the variation-
al parameter k numerically so as to minimize the eigenen-

e= 12.0@0, (3b)
t

0.318

3 =1.06x, (3c)

B =1.06y, (3d)

E(L,z;, A, ) =Eo e(L,z;, A, ) . — (4)

It is easy to solve E0 by using the conventional quantum-
mechanical technique. The eigenvalue e(L,z;, A, ) at the
ground state is estimated in a variational manner.

As a tractable trial function to the ground-state eigen-
function of M in Eq. (1), we construct the following:

where m0 and e0 are the values of the mass of a free elec-
tron and the dielectric constant in the vacuum, respective-
ly.

The binding energy E(L,z;, A. ) felt by an electron inject-
ed from the impurity is defined by the difference of the
eigenenergy Eo of the Hamiltonian in Eq. (1) without the
third term in the right-hand side and that of (1), e(L,z;, A, );
that is,
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FIG. 2. Schematic representation of the structure of the

quantum well with various well heights (in eV) for Table I.
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TABLE I. Reduced binding energy in the different well structure with various impurity locations (see Fig. 2).

Impurity

location Reduced impurity binding energy (eV)

—z; (A)
ap

Type 2 Type 3 Type 4

0.0
23.7

47.4

71.1
94.8

284.3

1

4
I
2

3
4

2.06( 81.6)
1.79(89.2)

1.28(116.8)

0.962( 150.0)

0.782( 177.3 )

0.342( 334.0)

2.08(81.0)
1.84(87.6)

1.31(114.8)

0.980( 148.0)

0.793( 176.4)
0.344(333.0)

2.08(81.0)
1.75(90.8)

1.23(121.4)

0.936( 154.0)

0.766( 181.5 )

0.340(336.5)

2.11(80.2)
1.80( 89.0)

1.26( 119.4)

0.952(152.5)

0.776(179.9)
0.342(335.0)

po (The eigenenergy

without the impurity) 0.03765 0.04029 0.04029 0.04324

ergy e. In the present model it is convenient to define the
reduced binding energy E (L,z;,A, )/Ro, where R D is the ef-
fective binding energy of the bulk GaAs, given by

4m e

2e fi

For the same reason, we have similarly scaled the im-
purity site as z;/ao where ao is the effective Bohr radius
of the bulk GaAs, given by

eA2

ao ——
m*e

The values of Ro and ao are calculated to be 6.33)& 10
eV and 94.8 A, respectively, for GaAs. The value of ao is
employed for that of L for the sake of convenience, in or-
der to make a comparison with the previous study, with
the neglect of the tunneling effect of the electron into the

regions I and III. Another reason for this choice is that
the actual superlattices are made to have such a value of
L„ that is, about 100 A. '

For the barrier heights of the well (A and 8), the four
kinds of the combinations of the values 0.318 and 0.636
eV were chosen, ' that is, the components x, y of the con-
tent of Al in regions I and III were chosen as the com-
binations of 0.3 and 0.6 [see Eqs. (3c) and (3d)]. In order
that the barriers might be efficient for the conduction
electron in region II, the value of the wall height should
be more than about 300 meV, which is generally greater
than the kinetic energy of the conduction electron.

III. RESULTS AND DISCUSSION

The results in the four kinds of different well structure
illustrated in Fig. 2 are listed in Table I with respect to the
reduced binding energy with each impurity location. The
variational parameters A, ;„ that make the binding energy
minimum are also shown in parentheses in each column.

A. Binding energy and electron density (x =y=0.3)

+ o

N

UJ

0
0 300

—zj (A)

FIG. 3. Dependency of the binding energy on the impurity
position: (a) in the case of a finite barrier well (A =B=0.318
eV, that is, x =y=0.3), and (b) in the case of an infinite barrier
well (Ref. 2). There is an interface between regions I and II at
—z =L/2 (L =ao =94.8 A).

First, let us discuss the results obtained in the case of
the finite barrier height in comparison with that in the in-
finite barrier height previously presented. In Fig. 3, for
instance, the case of A =B=0.318 eV (x =y=0.3) is plot-
ted with that of 2 =B= oo. It is clearly seen that the ear-
lier work, which neglects the tunneling effect across
the interface between regions II (

i
z;

i
&L/2) and I

(z; & L/2), has underestim—ated the binding energy by
the impurity located in the region I. Hence it is obvious
that one ought to take the tunneling effect into considera-
tion in order to discuss the binding energy of an injected
electron from the impurity outside the quantum well in
the superlattice.

On the contrary, the present values of the reduced bind-
ing energy considerably decrease in most locations of the
impurity inside region II. In the case of the infinite bar-
rier height of the Ga~ Al As layer, an electron, once
provided by the hydrogenic impurity, becomes confined in
the region II much more often than in the present case.
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FIG. 4. Electron density distribution with the impurity locat-
ed at ! z;! =0.0 A in the superlattice well. (a) The contour map
including the z axis (see the coordinate system in Fig. 1). The
+ indicates the site of the impurity and the vertical broken

lines designate the interfaces between the regions I and II. (b)
The longitudinal cross section of the contour map; (a), in regard
to the y-z plane (throughout Figs. 4—9). In (a) the density values
of the sixteen contours from the outside are 1.0X 10
1.0X 10, 1.0X 10, 2.0X 10, 3.0X 10, 4.0X 10
5.0X 10, 6.0X 10, 7.0X 10, 8.0X 10, 9.0X 10
1 0X 10 y 1 1 X 10 y 1 2X 10 y 1 3 X 10 7 1 4X 10 y in or-
der.

This is the reason why the present finite model gives a
considerable decrease in the binding energy when the im-
purity locates in region II, although this tendency becomes
vague as the impurity approaches the interface between
the regions II and I.

In Figs. 4(a)—9(a), we show the contour maps of the
electron densities in the superlattice depending on various
impurity locations. We set the well barrier heights A,B
again to be 0.318 eV. The broken lines indicate the inter-
face between the Ga~ „Al„As layer (region I or III) and
the GaAs layer (region II), the + indicating the site of
the impurity. The site of the impurity was varied along

FIG. 5. Impurity located at ! z;! =L/4 (i.e., 23.7 A) in the
superlattice well. In (a) the density values of the twelve contours
from the outside are 1.0X 10 ', 1.0X 10, 1.0X 10
2.0X 10, 3.0X 10, 4.0X 10, 5.0X 10, 6.0X 10
7.0X10, 8.0X10,9.0X10, 1.0X10, in order.

the z axis from its origin to the minus direction. In the
present calculation the x-z plane is taken to be the projec-
tion plane (see Fig. 1).

On the other hand, Figs. 4(b)—9(b) directly show the
shapes of the same electron densities in order to em-
phasize the difference of the density of each case. These
are equal to the longitudinal cross sections of the upper
maps [Figs. 4(a)—9(a)] in regard to the y-z plane.

Figure 4 shows the case with the impurity located at
z; =0.0 A, the center of the well (i.e., in the GaAs layer).
In Fig. 4(a), there are sixteen contours, and the most out-
side one (namely, the lowest) corresponds to 1.0X10
(e/A throughout this paper), as in the following figures.
It is seen that the impurity located at the center of the
well naturally attracts the electron.

In Fig. 5, the impurity is located at the
! z;! =L/4 (i.e.,

23.7 A), that is, still inside the well. The most-inside con-
tour in Fig. 5(a) shows the density of 1.0X 10 . One can



7072 TANAKA, NAGAOKA, AND YAMABE 28

l00 l00

X 0

-)00 ~

-100

t.52-

l~—'l .l 4-

~ w

Vl

OJn
c 0.76-0L.
CJ

LLI

0-33-

f

I j
j

/ /

I
I

I 'I

'
I

!

!

!

I

!

!

!

!

I

I

I

I

I

I

/

/
/

i'
/

i
/

/

/

/

0
Z

(a)

0
Z

(b)

l

I

I

I

I

50 l00

X 0

I

-]00
-loo

1.52-

I~
l .14-

Vl
C
@
U
c 076-0
CP

UJ

0 33-

-l00

!

!

!

!

!

!

!

!

1

-50

I

t

l

0
Z

(~)

0

(b)

lQO

l00

0

FIG. 6. Impurity located at ! z;! =L/2 (i.e., 47.4 A) in the
superlattice well. In (a) the density values of the six contours
from the outside are 1.0& 10 ', 1.0&(10, 1.0)& 10
2.0 & 10, 3.0& 10,4.0)& 10, in order.

FIG. 7. Impurity
superlattice well. In
from the outside
2.0&& 10, in order.

located at ! z;! =3L/4 (i.e., 71.1 A) in the
(a) the density values of the four contours
are 1.0& 10 ', 1.0)& 10, 1.0)& 10

see that the slight eccentricity of the impurity location in-
duces a considerable reduction of the density peak, and
the impurity seems to drag the density inAuentially. But
the left wall of the well compresses the electron density, so
the contours are dense between the left wall and the im-
purity. Accordingly, the density distribution in this situa-
tion expresses very well the effect resulting from the
cooperation of the attractive Coulomb center and the well
structure in the superlattice.

Next, Fig. 6 shows the electron density with the impuri-
ty located at ! z;! =L/& (i.e., 47.4 A), namely just on the
interface. In Fig. 6(a), there are six contours and the most
inside one shows the density of 4.0X10 . Compared
with Fig. 4, it is seen that the effect of the well structure
is rather dominant than the attraction of the impurity ex-
isting on the interface. That is to say, the shape in Fig.
6(b) is much smoother than the Figs. 4 and 5, and the
electron is fairly well distributed over the wider area.
However, it is also noticed that the electron density is

mainly spread over along x and y directions throughout
the GaAs layer sandwiched between two Ga& Al„As
layers. It is as far as this location that the impurity at-
traction of the density acts effectively. This will be clari-
fied from the following figures describing the cases of the
impurity locations out of the well.

Figure 7 sketches the electron density with the impurity
located at the !z;!=3L/4 (i.e., 71.7 A). In Fig. 7(a)
the most-inside contour corresponds to 2.0X10, and
one can see the electron spreads wider than Figs. 4—6.

There only exist three contours in Fig. 8(a), in which
the impurities located at the !z;!=L (i.e., 94.8 A), and
the most-inside contour shows 1.0&10, being —,', as
large as Fig. 4(a). It is seen that the impurity attraction is
fairly weak.

In Fig. 9 the impurity is far from the well, that is, lo-
cated at the point of ! z;! =3L (i.e., 284.3 A). (Hence the
+ mark indicating the impurity site is out of the draw-

ing. ) The electron density is distributed very widely along



28

100 !

INDING ENERGY OF THE IMPURITY LEVEL IN ~ ~ ~ 7073

X 0- ~

-lOO
-100

/

t
I

I

I

!
I

!

I

0

(+)

lQQ

&00

-100
-100

!
I

I

I

!
I

I

I

I

I

I

I

0
z

(a)

l

I

I

I

I

I

I

I

I

I

I

I

I

I

I

100

l. 52-

CD'o—1.14-

e~
Vl
C

~ 0.76-0

0.33-

-100 -50 0
Z

(b}

50 100

F«. 8. Im purity located at!z;!=I. (ie 948 +)
0

fr
perlattice well. In (a), the density values of th h
rom the outside are 1.0X 10 ' 1.0X 10 1.

o e t ree contours
.0X 10, in order.

!

!

!

!

!

!

!

!

!

!

!

!

—.L----———
-50 0

Z
(b)

l.52-

CDl~

~ ~
Vl
C

~ 0.76-0L.

LU

0.33-

-100 50 100

FIG. 9. Im u
'
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superlattice well. In (a) the densit 1 fensi y va ues of the two contours
rom the outside are 1.0X 10 ' 1.0X 10 , in order.

the GaAGaAs layer, and the contours in Fi . 9( )in ig. a are almost
p a e o each other along the interfa b t h

a s ayer and the Gai „Al„As layers. The peak in Fig.
9(b) is,~ as large as that in Fig. 4(b).

B. Binding energy for other combinations of x andxan y

Next let u, et us examine the results for other three different
well barrier heights in Table I. Prior to th d'11 . 'or o e iscussion, we

g o mention the physical meaning of o
e er m q. (5). This parameter is introduced as

the denominator of the exponent of th0 e second exponential
erm e). Since the numerator is equal to the distanc

m e oulornb center, we could interpret
t e optimal variational parameter A, as th
the extent of

ml e meaSure Of
ent of the electron density distribution. Thi

pretation is ve si
u ion. is inter-

mental trea
ry similar to that case in the m t f d

eatment of the hydrogen atom wh' h h
mos un a-

spherical s rnmp yrnmetry, where the correspondent becomes ex-
actly the Bohr radius. Accordin 1 thg y, e variational pa-

rameter A, has the dimension of th 1 h. Ae engt . s a matter of
course, due to the anisotropy of the model su erl
with an im urit A,

o e mo e superlattice
p

'

y, ;„oes not simply correspond to the
effective Bohr radius in the superlattice. However

er, e m;„ is qualitatively a good criterion of
the extent of the electron density distribution.

The result in the case of the impurity located at the
center in the well in Table I shows that the value of the re-
duced binding energy is purely affected by each well struc-
ture, namely, in cooperation with the left and the right

hei ht o
walls of the well interdependentl . Th ' h'y. us, in t is case, the

eig t o the barrier of the well definitely decides the
binding energy.

Qn the other hand, the cases of &0o z; are not so simple
ws e sc ematic draw-as mentioned above. Figure 10 shows the s h

ing o t e binding energy. The circles indicate the cross-
ing points of the binding energy. It is intere t t

e our kinds of the binding energy change their or-
ders one after another accordin to th
concerned.

g o e impurity locations
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IV. CONCLUDING REMARKS

N

UJ

FIG. 10. Schematic feature of the binding energy with dif-
ferent barrier types (see Table I). Circles emphasize the crossing
points of the binding energy.

In the cases that the impurity is located outside the
well, which we are now most interested in, the well struc-
ture of type 3 (see Table I) is the most effective for the
modulation doping. For example, in the case of the

~
z;

~

=94.8 A, the reduced binding energy is less than 1.0,
the value in the bulk G-aAs layer. The increasing tendency
of the value of the optimal variational parameter 1, ;„ is
due to the extent of the electron distribution along the
GaAs layer and then the electron injected into the region
II shows the nature of the quasi-two-dimensional electron
gas.

We have studied the binding energy of the first impuri-
ty level in a finite barrier height well, which is supposed to
represent the realistic Ga& „Al„As-GaAs-Ga& y Aly As
superlattice. It was made clear that in the case of the
modulation doping the values of the binding energy are
fairly larger than those previously obtained with the use of
an infinite-well model. There still remains, however, a
considerable relief from the Coulomb attraction of the im-
purity center, located out of the well because of the super-
lattice structure, in comparison with the bulk GaAs layer,
which explains well the appearance of the conduction car-
riers with a higher mobility in actual superlattice.

We have also studied the effect resulting from the an-
isotropy of the superlattice itself upon the electron distri-
bution. Although it seems that a slight difference between
two well barrier heights does not cause much change in re-
gard to the binding energy, some results about the relation
between the impurity location and the heights of the two
barriers existing in the interfaces were obtained. It can be
suggested that these results would propose a kind of guide
to prepare devices using superlattices.
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