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Temperature dependence of the vibrational modes of molybdenum
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Inelastic neutron scattering techniques have been used to study the temperature dependence of the
phonon dispersion curves of bcc Mo. We find that, with increasing temperature, the largest relative
decrease in phonon frequencies (-12%) occurs for the L[g'g] branch in the vicinity of g= 3 . The

phonon frequencies in the vicinity of the H point in the Brillouin zone, on the other hand, increase
slightly with increasing temperature. As a result, at high temperatures, the anomalous drop in the
phonon frequencies at H decreases in magnitude and the L[gg] branch develops a dip at g= 3 . The

experimental results also indicate that the phonon anomaly in the vicinity of point N is less pro-
nounced at high temperatures. For the purpose of comparison with the experimental results, we
have performed first-principle "frozen-phonon" calculations for the longitudinal-phonon frequencies
of Mo at the ( 3 3 3 ) and H points of the Brillouin zone. The results show that thermal expansion

and anharmonicity can account for the temperature dependence of the ( 3 3 3 ) longitudinal-phonon

frequency. For the H phonon, on the other hand, the thermal expansion and anharmonicity terms
cannot account for the observed frequency shift and we suggest that the contributions arising from
the electron-phonon renormalization and the thermal disorder of the lattice must be included.

I. INTRODUCTION

The transition metals molybdenum, tungsten, and
chromium are all body-centered-cubic (bcc) with one atom
per primitive cell, and they possess similar electronic
properties. As a result, the dispersion curves of these met-
als' are quite similar and exhibit anomalies near the
symmetry points N and H, which have been associated
with the nesting properties of the Fermi suface. The most
outstanding feature' of the dispersion curves of these
metals is, however, the absence of any appreciable dip in
the phonon frequencies of the L[gg] branch for propaga-
tion vectors in the vicinity of q = —,[111].

For a monatomic bcc structure one would have expect-
ed, independently of any particular model, a relative de-
crease of the phonon frequencies of the L[gg] branch in
the vicinity of q = —,[111],since for this vibrational mode
the nearest-neighbor distance between atoms along the
[111]direction remains unchanged, and therefore, the cor-
responding restoring force vanishes. It has been shown
that this effect is characteristic of the dispersion curves of
the purely ionic bcc lattice, and it has been observed in
the measured dispersion curves of a large number of
monatomic bcc metals. It is, therefore, natural to assume
that the dip in the phonon frequencies of the L[gg]
branch at q = —', [111]is a geometrical property of the bcc
lattice, an assumption supported by recent theoretical con-
siderations. In view of the above discussion, it is tempt-
ing to assume that the absence of this effect in Mo, Cr,
and W is due to some special aspect of the electronic
structure of these metals. To investigate this point and to
assess the detailed temperature dependence of the
anomalies at points N and H, we performed a systematic
study of the dispersion curves of Mo as a function of tem-
perature. In this paper we present the experimental data
and the results of first-principles "frozen-phonon" calcu-

lations which were used in the interpretation of the experi-
mental results.

II. EXPERIMENTAL DETAILS
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FIG. 1. Some typical neutron groups.

The measurements were performed on a large single
crystal (-5 cm ) of molybdenum grown at the Materials
Preparation Center of the Ames Laboratory. The frequen-
cies of the vibrational modes, with wave vectors along the
[00$], [g'0], and [gg] symmetry directions, were mea-
sured at 295 and 1203 K. The frequencies of a selected
number of phonons were also measured at 10.5 K. The
high-temperature measurements were performed in a vac-
uum neutron-diffraction furnace, and the low-temperature
measurements in a standard closed-cycle He refrigerator.

The measurements were performed on a triple-axis spec-
trometer at the Oak Ridge Research Reactor (ORR) of the
Oak Ridge National Laboratory. All data were collected
using the constant Q (where Q is the neutron scattering
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TABLE I. Measured phonon frequencies (THz) at 295, 1203, and 10.5 K, of bcc Mo.

0.15
0.40
0.50
0.60
0.70
0.75
0.80
0.85
0.90
0.95
0.98
1.00

0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50

295 K

1.53+0.02
3.96+0.02
4.61+0.02
5.19+0.05

5.77+0.04
5.93+0.05
6.09+0.08
5.91+0.08
5.61+0.07.
5.59+0.06
5.53+0.05

1.69+0.05
2.47+0.03

3.98+0.02

5.07+0.02

v+Av
1203 K

T[00/]
1.48 +0.02
3.83+0.02
4.49+0.03
5.10+0.03
5.54+0.04
5.67+0.06
5.72+0.06
5.73+0.08
5.76+0.08
5.74+0.06
5.74+0.05
5.73+0.06

1.54+0.02
2.25 +0.03
2.96+0.03
3.57+0.02
4.11+0.03
4.57+0.03
4.93+0.05
5.17+0.05
5.31+0.07

10.S K

1.60+0.03
4.08+0.02

5.93+0.06
5.58+0.06

5.51+0.05

0.20
0.40
0.60
0.80
0.85
0.90
0.95
0.98
1.00

0.10
0.20
0.30
0.325
0.35
0.375
0.40
0.425
0.45
0.475
0.50

295 K

4.13+0.06
6.73+0.05
7.70+0.06
7.18+0.08
6.87+0.10
6.30+0.11
5.66+0.15
5.59+0.08
5.53+0.05

1.42+0.03
2.84+0.04
4.12+0.02
4.35+0.02
4.60+0.02
4.72+0.03
4.85+0.03
4.77+0.04
4.74+0.03
4.58+0.06
4.59+0.05

v+ hv
1203 K

L[00/]
3.82+0.05
6.37+0.05
7.13+0.06
6.72+0.08
6.61+0.08
6.23 +0.10
5.93+0.10
5.85 +0.06
5.73+0.06

1.36+0.03
2.74+0.03
3.94+0.02

4.38+0.03

4.64+0.04

4.64+0.04

4.60+0.07

10.5 K

4.13+0.06
6.93+0.06

7.29+0.08
7.00+0.08
6.55+0.10

5.51 +0.05

1.46+0.02
2.90+0.02

4.86+0.05

4.75+0.06

4.59+0.07

0.10
0.20
0.30
0.40
0.50

0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
0.95
0.98

2.94+0.05
5.20+0.03
6.75 +0.03
7.67+0.08
8.24+0.07

3.89+0.04
5.36+0.03
6.19+0.04
6.46+0.06
6.79+0.06
7.02+0.06
6.82+0.04
6.10~0.04
5.68+0.05
5.55+0.08

2.80+0.04
5.02+0.03
6.46+0.04
7.29+0.05
7.61+0.10

~[84]
3.51+0.03
4.90+0.02
5.72+0.05
6.12*0.05
6.48 +0.08
6.68+0.06
6.48+0.05
5.95+0.08
5.78+0.OS

5.76+0.05

2.87+0.04
5.22 k 0.04

8.35+0.07

4.00+0.03

7.20+0.10

0.10
0.20
0.30
0.40
0.50
0.55
0.60
0.67
0.70
0.75
0.80
0.85
0.90
0.93
0.96
0.98
0.99
1.00

3.45 +0.06
5.81+0.07
6.65+0.08
7.10+0.07
6.46+0.06
6.28 +0.05
6.24+0.06
6.14+0.05
6.16+0.06
6.23 +0.05
6.10+0.05
6.18+0.05
6.24+0.08
6.30+0.04
6.10+0.05
5.73+0.04
5.55 +0.04
5.53+0.05

3.30+0.06
5.59+0.05
6.43 +0.08
6.72+0.07
6.12+0.05
5.81+0.05
5.65 +0.06
5.49 +0.05
5.45 +0.05
5.51 +0.06
5.59+0.06
5.72+0.06
5.93+0.06
6.01+0.05
5.87+0.05
5.73+0.05
5.68 +0.05
5.73+0.06

5.78+0.08

6.31+0.04

5.72+0.05
5.55 +0.05
5.51+0.05

vector) mode of operation and a fixed scattered neutron
energy of 3.6 THz. Pyrolitic graphite, reflecting from the
(002) planes, was used as both monochromator and
analyzer, and a pyrolitic graphite filter was placed in the
scattered beam to attenuate higher-order contaminations.
The collimation of the neutron beam before and after the
sample was 40 min of arc. The neutron groups at various
temperatures were all obtained under identical experimen-
tal configurations.

The phonon frequencies were obtained by determining
the centroids of the measured neutron groups. Some typi-
cal neutron groups are shown in Fig. 1. The frequencies

of a large number of vibrational modes were determined
by measurements around equivalent reciprocal-lattice
points; in all cases the frequencies were found to agree to
within experimental precision and their average was
adopted. Particular care was taken to avoid systematic er-
rors in assessing the frequency shifts as a function of tem-
perature. The room-temperature data were first obtained
with the crystal mounted in the diffraction furnace, next
the high-temperature data were taken under identical ex-
perimental configurations, and then the furnace was
turned off and a large number of phonon frequencies were
checked after the crystal was cooled to room temperature.
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A similar procedure was followed for the low-temperature
measurements, which were performed with the crystal
mounted in a standard refrigerator.

III. EXPERIMENTAL RESULTS
AND DISCUSSION

The measured phonon frequencies are listed in Table I.
The room-temperature and 1203-K dispersion curves are
compared in Fig. 2, and the main results are illustrated in
Fig. 3. The room-temperature data are in excellent agree-
ment with the results obtained by Woods and Chen, and
by Powell et al. in their detailed studies of the room-
temperature dispersion curves of molybdenum. To within
the resolution of the present measurements, we did not ob-
serve any appreciable broadening of the measured neutron
groups with increasing temperature (see Fig. 1). Also, our
results for the temperature dependence of the L[00$]
branch are consistent with the measurements at 88 K ob-
tained for this branch by Buyers, Powell, and Woods. '
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FIG. 3. Measured phonon frequencies at 295 and 1203 K for
the L[ggg'] and T,fgg0] branches of bcc Mo. For clarity, the
10.5 K data were omitted (see Table I).
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FIG. 2. Comparison of the room-temperature and 1203-K
dispersion curves of bce Mo.

It can be seen (Table I and Figs. 2 and 3) that all pho-
non frequencies, except in the vicinity of the symmetry
points H and X, decrease with increasing temperature and
that the largest relative decrease (-12%) occurs for the
L[gg'] branch in the vicinity of q = —,[111].The phonon
frequencies near the point H, on the other hand, increase
slightly with increasing temperature (Table I and Figs. 2
and 3). As a result, at high temperatures the anomalous
drop in the phonon frequencies at point H decreases in
magnitude and the L[gg] branch develops a dip in the vi-
cinity of q= —,[111]. Thus with increasing temperature,
the shape of the L[gg] branch of Mo approaches that of
a typical monatomic bcc metal. The effect of changes in
temperature on the phonon frequencies of the T2[g'0]
branch are not as dramatic as for the L[gg] branch. The
experimental results, however, do indicate (Fig. 3) that the
anomalous features of this branch are also less pronounced
at high temperatures.

Theoretical studies of the temperature dependence of
the phonon frequencies of transition metals and com-
pounds have trailed experiment, except for a few
phenomenological studies of soft-mode behavior in com-
pounds. This is true for the whole field of transition-
metal lattice dynamics where until recently the difficulty
of accurately treating the electron-phonon interaction in
these metals prevented a close comparison between theory
and experiment, and led to the use of elaborate schemes
for fitting the experimental data with a large number of
physically questionable parameters. A significant theoret-
ical step was made a few years ago by Varma and Weber
who used a tight-binding method for evaluating the
electron-phonon matrix elements and calculated the pho-
non dispersion curves for Nb, Mo, and Nb-Mo alloys. "
They were successful in demonstrating that the sharp pho-
non anomalies found in many transition metals are related
to the electronic structure near the Fermi surface. AI-
though Varma and Weber applied their method to
molybdenum, their results are not so useful for the present
study since their method employs a few adjustable param-
eters to model short-range interactions and is restricted to
harmonic forces. Rather than extend the Varma and
Weber techniques to third-order terms, a newly developed
frozen-phonon method was used which allows the accu-
rate calculation of phonon frequencies entirely from first
principles, and can provide information about anharmonic
effects. ' ' For computational reasons, the frozen-phonon
method can only be efficiently employed for a restricted
number of wave vectors, and in this study the calculations
are limited to the most interesting phonons at
q=( 3 3 3 ) and the H point.

In first-principles frozen-phonon calculations, the lat-
tice is subjected to a static distortion corresponding to a
particular phonon mode, and the total energy of the crys-
tal as a function of displacement is obtained from self-
consistent band-structure calculations. The phonon fre-
quency is then determined from the curvature of the cal-
culated energy-displacement curve. An account of these
calculations has been given elsewhere, ' and further details
will be published in a future paper. ' In the following, we
present a summary of the most pertinent results. The cal-
culated values for the frequencies of the (—,, —,, —,

'
) and FI

points at 0 K, are 6.0 and 5.1 THz, respectively, in fair
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agreement with the low-temperature measurements
(6.31+0.04 and 5.54+0.06 THz, respectively). The calcu-
lations show that the drop in frequency at H is due to the
large band splitting at the Fermi level occurring for dis-
placements corresponding to this phonon, a conclusion
which is in agreement with calculations by Varma and
Weber. ' The absence of a dip in frequency at ( 3 3 3 ) of
the L[gg] branch, on the other hand, cannot be associat-
ed with features of the bands at the Fermi level. To assess
the origin of this effect, the contributions of the different
electronic states to the interatomic forces have been deter-
mined by use of the Hellman-Feynman theorem. It is
found that the increase in frequency above the value ex-
pected for a typical monatomic bcc metal is due to bond-
bending forces arising from the directional bonding
developed within the d bands. The ( —,', —, , —, ) longitudinal
phonon is unique in that the interatomic distances along
the [111]direction are preserved as the lattice is distorted.
Thus the atomic displacements for this mode can be
viewed as a shearing motion between chains of atoms
along the [111]direction. In most monoatomic bcc metals
(unlike Mo), a dip in frequency at (—', , —', , —', ) occurs for the
longitudinal branch. Since the dominant intrachain re-
storing forces go to zero at ( 3 3 3 ) this indicates that
the bond-bending forces are weak. At high temperatures
in Mo, a dip begins to appear also, and it suggests that the
directional d bonding is reduced by the increased thermal

disorder�.

To study the origin of the temperature dependence of
the phonon frequencies, the effect of the thermal expan-
sion of the lattice as well as the anharmonic contribution
arising from the nonparabolic shape of the calculated po-
tential wells were considered. The effect of the thermal
expansion of the lattice can be obtained accurately, since it
involves the difference of two values calculated in an iden-
tical manner. We evaluated the energy-displacement po-
tential wells for the expanded lattice at 1000 K and found
that, as a result of the thermal expansion, the frequency of
the ( —', , —', , —', ) longitudinal phonon is decreased, at 1000 K,
by 0.11+0.02 THz. To estimate the effect of anharmoni-
city the calculated energy-displacement curve was treated
as an atomic potential well, and the change in interlevel
spacing when the energy per atom is increased by kT was
calculated. This procedure, although not rigorously
correct, can be shown to provide a reasonable approxima-
tion to the results of self-consistent phonon theories' if
the anharmonic forces are weak and of short range. For

the ( —,', 3 3 ) longitudinal phonon, this leads to a decrease
in frequency of approximately 0.4 THz at 1000 K. Thus
for this phonon, the estimated net decrease in frequency is
0.5 THz at 1000 K. In view of the uncertainties involved
in the evaluation of the anharmonic contribution, this re-
sult is in fair agreement with the experiment
{-0.82+0.07 THz at 1200 K).

It is much more difficult to estimate the temperature
dependence of the frequency of the H-point phonon. As
mentioned earlier, the dip in the phonon dispersion curves
at this point is due to the splitting of the bands about the
Fermi level. There are, therefore, two additional effects
which become important. The thermal disorder causes a
smearing of the energy bands and reduces the effectiveness
of the nesting features of the bands in producing the Kohn
anomaly —thus contributing to a rise in the phonon fre-
quency with increasing temperature. ' A second effect,
which is present because of the involvement of electronic
states close to the Fermi energy, is the decrease with in-
creasing temperature of the electron-phonon renormaliza-
tion of electronic states. ' This effect by itself would
cause a decrease of the phonon frequency. Thus the tem-
perature dependence of the H-point phonon is determined
by the delicate balance among lattice expansion, thermal
disorder, anharmonic effects, and the decrease of the
electron-phonon renormalization. Following a similar
procedure to that used for the ( —,', —,', —, ) mode, we estimat-
ed the effect of lattice expansion (a decrease of 0.27+0.03
THz) and that of anharmonicity (an increase of -0.7
THz). Experimentally, the H-point frequency shows little
temperature dependence from 10.5 K to room temperature
and increases by approximately 0.2 THz when the tem-
perature is increased to 1200 K. The experimentally mea-
sured frequency shift at H is of the same order of magni-
tude as the theoretical estimate. However, no definitive
conclusion can be drawn regarding the agreement at the
point H between theory and experiment, since at present
there is no reliable procedure to treat the effects of
thermal disorder.
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