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Quenched r0 phase in a Ti-V alloy
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A study has been made of the co phase in a quenched Ti—23 at. % V alloy at room temperature
using single-crystal x-ray-diffraction techniques. The co phase appears as coherent particles with an
average volume of -2SOO unit cells. An observed slow time dependence of the diffraction patterns
shows that the ~-phase transformation continues to progress at room temperature until finally, 16
months after the quench, the alloy has almost completely transformed. The various co-phase peaks
display significant differences in width, and so both peak widths and peak intensities are used as
data to be matched by structural models. The five acceptable models found have three common
characteristics: (1) The co-phase displacements are position dependent, not uniform, varying steeply
from a large value at the particle center to zero at the boundary; (2) the displaced atoms have very
anisotropic, anharmonic "temperature factors"; and (3) the particle is shaped as a thick, rectangular
platelet, with its plane parallel to I112I and its long dimension along [111],supporting a Hatt-
Roberts model of the transformation. We suggest that position-dependent displacement distribu-
tions and anisotropic, anharmonic temperature factors should be a characteristic of all quenched,
imperfect ~ phases.

I. INTRODUCTION

The athermal ~ phase is a metastable phase found in al-
loys of Zr or Ti with various group-VB and -VIB elements
on quenching from the high-temperature P- (bcc-) phase
solid-solution region. ' The basic structural studies were
made by Silcock and co-workers ' and Bagariatskii and
co-workers. ' The crystallography has been summarized
by Keating and I.aPlaca. The transformation from P to
ro phase involves ordered displacements along a [111]
direction that shift two adjacent (111) planes of atoms to-
wards one another, while the third (111)plane in the nor-
mal P-phase stacking sequence stays fixed. In a "perfect"
co phase, atomic displacements of +aV3/12 (-0.5 A)
bring the two planes completely together into a single cen-
tral plane, giving the hexagonal A182 structure, but in real
quenched alloys this structure is thought to be reached
only in alloys of low solute content, with alloys of higher
content showing progressively smaller average displace-
ments and only trigonal symmetry. " The size of a
quenched co-phase particle also decreases with increasing
solute content, causing much weaker and more diffuse dif-
fraction patterns. "

Recent neutron studies' ' of Zr-Nb ~-phase-forming
alloys have found the short-wavelength phonon groups to
be poorly defined, indicating strong anharmonicity, and
have shown the existence of strong, quasistatic m-phase-
like short-range structural fluctuations at high tempera-
tures well into the P-phase solid-solution field. Other
studies" ' have suggested that the metastable ~-phase
particles at and below room temperature in these alloys
are actually dynamic co-phase-like structural fluctuations
whose size and time dependence vary strongly with com-
position, ranging from quite large and long-lived co-phase
regions at low solute content to small regions with a wide
spectrum of characteristic times at high solute content,
and with a statistically constant volume fraction of ~-

phase-like regions at any one temperature that changes re-
versibly with temperature.

Information on the structure of quenched, imperfect co

phases is sparse and of uncertain value. Analyses of dif-
fracted intensities, sometimes from as few as two reflec-
tions, generally have been based on a simple uniform
structure factor model, regardless of particle size, with
more complex models used in only two instances, ' ' and
every study seems to have assumed a common isotropic,
harmonic temperature factor for all atoms.

The principal objective of the present x-ray study is to
obtain a detailed description of the structure of a
quenched, imperfect co phase in a Ti-V alloy. Ti and V
atoms have almost equal x-ray scattering factors, and so
the ~-phase scattering is due almost completely to the
atomic displacements, with only weak extraneous scatter-
ing from possible atomic ordering. The x-ray measure-
ments are all made at room temperature, so a separation
of the scattering into static versus dynamic or elastic
versus inelastic components is not possible.

The recent electron diffraction study of quenched Ti-V
alloys by McCabe and Sass' shows the general variation
of co-phase scattering as a function of composition' —at
13 at. % V there are sharp crystalline peaks; for 15, 19,
and 25 at. % V the peaks broaden, weaken, and shift
parallel to [111],but remain reasonably crystalline in ap-
pearance, and there is increasing diffuse scattering; and
for compositions &35 at. % V the scattering peaks are
weaker, broader, and more diffuse, not really crystalline in
appearance, and with still greater [111]shifts. Other x-ray
and electron studies of quenched Ti-V alloys give a some-
what different result, reporting that a 19 at. % V alloy ei-
ther shows no co phase ' ' or is nearly the upper limit for
m-phase formation. In further contrast, other electron-
diffraction studies ' on a 19 at. %%uo Vallo yrepor t th eoc-
currence of an apparently reversible cu-phase transforma-
tion on cooling through an omega start" temperature of
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approximately —20'C. Such conflicting results may re-
sult from differences in the samples (quench rates, 02 con-
tent, composition errors) and in the experimental pro-
cedures and resolution, plus the subjectivity of particle-
nonparticle pattern interpretations.

II. EXPERIMENTAL DETAILS

A Ti-V alloy single crystal, approximately 11)&13&&2
mm, was provided by S. L. Sass of Cornell University.
The crystal had been annealed 5 h at 1000'C ( —350'C up
into the /3-phase region) in a vacuum of 8&&10 Torr,
quenched into diffusion pump oil at room temperature,
and given a light chemical etch. Subsequent analysis of
a part of the crystal gave the composition as 22.6+1.0
at. % V, with an 02 content of 160 wt. ppm, and with oth-
er impurities (W, Fe, etc. ) totaling -0.01 at. %. X-ray
fluorescence tests over the crystal face indicated that com-
position variations were limited to +1% of the average
composition.

The primary beam was Cubo. radiation from a Picker
constant potential x-ray generator operated at 30 kV and
16 mA, monochromated by diffraction from a 0.009-in. -
thick LiF crystal that had been plastically bent against a
toroidal form and mounted on an open-backed holder,
with the beam focused to a small rectangular cross section
at the diffractometer axis (90% of beam power within a
0.019 in. width and a 0.058 in. height). The primary beam
horizontal divergence was 0.68' full width at half max-
imum (FWHM), the receiver slit width was 1.05', and the
combined slit —primary-beam vertical divergence was 1.32
FWHM, which corresponds to linear traces of the diffrac-
tion vector in reciprocal space of 0.0249, 0.0384, and
0.0485, respectively (in units of ao '). The measured beam
polarization ratio was 0.707 (+1%). The scattering radia-
tion was detected with a NaI(T1) scintillation detector and
a single-channel pulse-height analyzer. A 0.003 in. Al foil
before the receiver slit strongly attenuated the Ti and V
fluorescence, reducing the average background to & 2
counts/sec. The half-wavelength radiation passed by the
monochromator and detector-analyzer was 1:45000 com-
pared to the Cuba radiation, as seen from its very weak
low-angle lI-phase reflections, which would give negligible
effects at the u-phase peaks; and no higher-order contam-
ination could be detected. The Picker x-ray generator was
advertised as ultrastable, with a kV stability of 0.1% and a
mA stability of 0.02%. To check for long-term beam
changes due to possible tube and/or monochromator ag-
ing, measurements of the (222) reflection were repeated at
various times, but it was found (see Sec. III) that changes
were occurring in the alloy itself throughout the 15
months of measurements at room temperature, and no ac-
curate long-term beam stability check was achieved.

The alloy crystal was attached with beeswax to a holder
on a G.E. quarter-circle goniometer mounted on a Picker
diffractometer, and was oriented so the [111] direction
was parallel to the P axis. The crystal face was found to
be at an angle of 1.9' to the (111)plane, causing miscut ab-
sorption effects that generally were eliminated by
averaging intensities using the threefold symmetry of the
[111]axis. The four diffractometer axes were driven by
Slo-Syn stepping motors controlled by a Digital Equip-
ment Corp. PDP-8 computer. The computer unit also in-

eluded a completely interfaced 12-bit binary scalar for
counting the x rays, an internal clock, various pulses, re-
lays, and voltages to control devices, and an input register
for external contact closure and voltage level signals. This
computer unit, with associated subroutine packages, al-
lowed complete automation of a variety of lengthy diffrac-
tion experiments, including preliminary angle calculations,
antibacklash angle setting, and intensity measurement and
minor data processing, with output on an ASR-33 tele-
type. All measurements were made at room temperature
in air, with the air scattering held to & 1 count/sec except
at low angles by auxiliary slits along both primary and
scattered beam paths.

III. EXPERIMENTAL OBSERVATIONS

A. General

X-ray scattered intensities were measured at rectangular
grids of points in the bcc (110) plane through every P- and
co-phase reciprocal-lattice point (RLP) within the accessi-
ble region, 20& jk61'. The results are shown in Fig. 1,
where we plot contours of constant intensity for the raw
experimental data, uncorrected even for background. The
background is =2 counts/sec except at the lowest angles;
the successive dotted contours show intensities of 5, 10,
15, and 20 counts/sec; the solid contour marks one-half
the intensity of the peak above background; and the ad-
joining number gives the peak intensity in counts/sec.
The P-phase RLP's are indicated by dots.

To help understand Fig. 1, we sketch in Fig. 2 the su-
perposed arrays of P- and co-phase RLP's found in this
(110) plane. The co phase can form with its c axis paral-
lel to any one of the four {111j directions in the parent P
phase, these usually being referred to as the four co vari-
ants, but only two of these variants (co,:c

~
~[111], and

con. c
~ ~
[111])have RLP's in this plane not coincident with

P-phase RLP's. The co~ RLP's, indexed here as (h 0 l), fall
in layer lines (constant l) perpendicular to [111],and the
glott RLP's, indexed as (Ok l), fall in layer lines perpendicu-
lar to [111]. All four co-phase variants have RLP's coin-
cident with the P-phase RLP's. There can be appreciable
intensity differences between the various co-phase reflec-
tions, depending on the atomic displacements.

The scattering distribution from our Ti-V co phase plot-
ted in Fig. 1 is seen to be primarily small particlelike rath-
er than diffuse in character, in that the intensity is concen-
trated mainly in broadened peaks around the RLP's of the
two co-phase variants, with FWHM's approximately twice
the FWHM of the P-phase reflections, and there is only
weak diffuse scattering joining some adjacent ~-phase
peaks. The overa11 appearance of the broadened peaks
yields a first crude description of an average co-phase par-
ticle in the alloy as being rodlike, with its long axis paral-
lel to c and a length-to-diameter ratio of -2, and the
peak sharpness indicates a particle length of more than 20
unit cells. Despite this rather large particle size, the
marked inequality of the peak intensities of the 1=3 sym-
metric pairs [e.g. , (10 3) and (10 3)] shows that the aver-
age atomic displacements are significantly smaller than
those for a "perfect" hexagonal co phase. The peaks show
other features, not easily visible in the figure, that should
be noted: (1) There are significant differences between
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FIG. 1. Contour map of measured x-ray intensities in the bcc (110) plane, uncorrected even for background. The background is
=2 counts/sec; the successive dotted contours represent 5, 10, 15, and 20 counts/sec; the solid contour marks one-half the intensity of
a peak above background; and the adjacent number gives the peak intensity in counts/sec. The dots at integral coordinate values
mark the bcc reciprocal-lattice points.
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FIG. 2. Sketch locating and identifying various P- and co-

phase reciprocal-lattice points in the bcc (110) plane. The
(Ok 0) co-phase reflections, with k&3n, are generally expected to
have negligible intensities.

the FWHM in the a*
(~ ~[112j) direction (henceforth,

FWHM, ) for some of the co-phase peaks that cannot be
attributed to instrumental resolution effects [e.g., the
(10 3) is 22%%uo larger than the (10.3)]; and (2) the diffuse
peaks are displaced slightly from their calculated RLP po-
sitions, with the displacement generally directed along c
away from the nearest f3-phase RLP, and with a few re-
flections also showing a * displacement components.

The diffuse bridges connecting adjacent peaks show in-
teresting differences in shape and intensity. The two
bridges in Fig. 1, joining (00.2) to (02 1) and (10 3) to
(03 2), both show an anomalous width near the center,
with maximum intensities above background on the bisect-
ing line, h3 ——1, of 6 and 4 counts/sec, respectively, and
measurements in a vertical plane containing this line
through the (00 2)-(02 1) bridge show the intensities de-
crease with increasing height above the (110) plane, giving
the bridge a tapered rod cross section. Conversely, there is
no evidence of any such bridge, to within 0.5 counts/sec
above background, between the adjacent, reasonably in-
tense (30 2) and (04 1) peaks. The bridge between the
(10 1) and (00.1) peaks, both of the same co-phase variant,
has a different shape, as is shown in Fig. 3. The constant
intensity contours here suggest a repulsion between the
scattering from the two peaks. This figure also shows the
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B. Time dependence

{OO'I)

FIG. 3. Contour map at a finer scale of the measured, un-

corrected intensity distribution in a section of the bcc (110)
plane containing the (00.1) and (10 1) co-phase peaks. The suc-

cessive solid contours represent 1.9, 2.0, 2.2, 2.4, 2.7, , 3,3.0 3.3
and 3.6 counts/sec; the dotted contours are as in Fig. 1. The in-

tensity at the bridge saddle point is 3.8 counts/sec. The very

weak peak near the (02.0) RLP has an intensity of 2.3
counts/sec.

presence of a very weak peak (-0.3 counts/sec above
background) displaced somewhat in the [112] direction
from the (02 0) RLP, plus a possible weaker, second peak
superposed on the ridge from the (00.1) on the opposite
side of the (02 0) RLP. Similar very weak, unequal split
peaks are also seen around the (04.0) RLP. The (Ok-0) re-
flections, with k&3n, are forbidden ~-phase reflections,
whose intensity is generally expected to be zero for any
magnitude of m-phase displacement.

Our primary finding of broadened, crystalline co-phase
peaks suggesting small rodlike particles, with intensity
differences demonstrating trigonal symmetry, seems in

13general agreement with the results of McCabe and Sass,
and disagrees with the other studies reporting no ~ phase
at this composition. The diffuse bridges are some-
what similar to the bridges seen in McCabe's patterns,
where multiple scattering effects would obscure intensity
and shape differences. However, McCabe observed co-

phase peak displacements parallel to c, directed away
from the nearest f3-phase RLP, that were approximately
ten times greater for this composition than those observed
here. McCabe also concluded that no real (Ok.O) reflec-
tions were present, and she reported the existence of [111)

planes of diffuse intensity that are not observed in our
measurements.

Finally, one should note the difference in shape of the
scattering contours around the various P-phase RLP's, as,
for example, the (222) and (220). All four co variants have
RLP's coincident with each )33-phase RLP, and the differ-
ences in contour shapes are thought to reflect differences
in the relative intensity of the corresponding reflections
for the different variants. No such differences have been
observed in previous contour maps of quenched co-phase
alloys. "'

The measurements plotted in Fig. 1 were taken mainly
during a three-meek period beginning six weeks after the
sample anneal and quench. Two months later repeats of
some of the measurements showed discrepancies exceeding
the estimated errors. Further repeats of various measure-
ments during the ensuing twelve months established the
following trends.

(a) The peak intensities of the co-phase reflections gen-

erally increased with time after the quench. Figure 4(a)
shows the observed variation of the (00 2) peak intensity.
Most of the other peaks behaved similarly, but the weak
(10.2) and (20.2) peaks appeared constant to within +3%%uo.

The few data on ~-phase peak F%'HM, both in the c *

and a * directions, indicated these remained constant
within +2'Fo.

(b) The intensities of the diffuse bridges between co-

phase reflections decreased with time. This is illustrated
in Fig. 4(b), where we plot the variation of the maximum
intensity above background on the bisecting line through
the (00.2)-(02. 1) bridge.

(c) Double integrals of the P-phase reflection intensities,
E= f f {I—8)dQdO, taken with the normal diffrac-
tometer slits, varied from a monotonic, 14% decrease for
the (400) to an initial 4% increase (17 weeks) followed by
a slow 1% decline for the (110). The data for the (222) are
shown in Fig. 4(c).

(d) The bcc lattice parameter ao determined from a
cos L9 extrapolation of the centers of gravity of the (400),

550

500

(a)

(c)

(cj )

20 40
T I ME {weeks)

FIG. 4. Observed time dependence of various quantites: (a)

the peak intensity of the (00 2) reflection, in counts/sec; (b) the
maximum intensity above background along the line, h3 ——1,
through the (00 2)-(02 1) bridge, in counts/sec; (c) an integral of
the intensity in the (222) reflection, in 10 counts; and (d) the bcc

0

lattice parameter, in A units.
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(321), and (222) reflections, decreased almost linearly with
time, as is shown in Fig. 4(d).

The co-phase transformation in this alloy clearly has
continued to develop to a significant extent while at room
temperature, a feature that has not been reported in any
other co-phase transformation study. The exponential
slowing of the growth of the ~-phase peak intensities, with
a time constant of -20 weeks, suggests that the co phase is
close to metastable equilibrium by the end of our measure-
ments.

C. Intensities and FWHM of co peaks

The intensities of the m peaks were measured at five
times after the initial general contour mapping, as shown
in Fig. 4(a). The final measurements, made 16 months
after the quench, consisted of a short scan along the
c * direction through the peak maximum plus background
measurements on each side, all repeated with P increment-
ed in steps of 120' to use the threefold symmetry of the
[111]axis, together with a pair of complete peak profiles
by scans through the peak parallel to c * and to a*, for
each of the 16 co peaks in the accessible region of the (110)
plane. Individual values of the maximum intensity I for
an cu-phase peak were obtained from each of its threefold
related short scans and its two profiles by fitting parabolas
to those intensities &0.93I . The set of I values for the
threefold related scans for the eight stronger peaks were
used to evaluate the parameters defining the sample sur-
face miscut. Then, for each peak, an average of the I,

I

values from the profile scans, corrected for surface miscut,
was combined with an average of the I values from the
threefold related scans, which is independent of miscut, to
yield the average observed intensity for that peak. The
standard deviation associated with that intensity was tak-
en to be the count statistics error of a single measurement,
a balance of the error reduction obtained by averaging and
the actual larger-than-expected scatter shown in the mis-
cut absorption analysis. The background correction to the
peak profiles generally was obtained by linear interpola-
tion, but for the weaker peaks adjacent to diffuse bridges a
more curved background trace was interpolated to match
smoothly with the bridge. The uncertainty in this back-
ground interpolation proved large for the very weak (04.2)
peak, so this peak was dropped from further considera-
tion.

The average observed intensity and peak profiles for the
remaining 15 co-phase peaks were corrected for atomic
scattering factors, polarization factors, and instrumental
broadening. The broadening correction was derived from
the formulation of Walker and Chipman, neglecting
wavelength spread and assuming that the true intensity
distribution around the RLP, ~, could be written as

J(r+ v) =Jo(r)C(v, )A (U, ),
where v, and v, are the components of v parallel and per-
pendicular, respectively, to c *, and C(0)=2 (0)=1. The
scattered power measured at ~+ d, expressed in the same
units as Jo( ~), can then be obtained as

&(r+ d) =Jo(~) I f If~(p~ )f~(pz)f3(p3)C(d, +p, )& (d +p )dp&dp2dp3,

where p; =(ao/A, )o;, a dimensionless variable involving
the divergence angle, a;; and f&, f2, and f3 are measured
distribution functions characterizing the primary beam
horizontal divergence, the receiver slit width, and the
combined vertical divergence, respectively, each normal-
ized so that J f;(p;)dp;=1. Then, after adjusting as-
sumed functions C(x) and 3 (y) until the calculated
FWHM, (the FWHM in the c * direction) and FWHM,
for a given ~ matched the observed FWHM values for
that peak, the multiplicative instrumental broadening
correction to the peak intensity is given by

and the corrected FWHM, and FWHM, are just the
FWHM of the functions C(x) and 3 (y), respectively. The
observed intensities are in arbitrary units, so only the rela-
tive values of R (w) for the different reflections are signifi-
cant. For our calculations the unbroadened functions
C(x) and 3 (y) for a peak were assumed to be given by its
observed peak profiles in the c * and a directions,
respectively, each with its step size scaled down by an ad-
justable parameter. This correction for the different peaks
gave a reduction in FWHM, ranging from 11% to 34%, a
reduction in FWHM, ranging from 5% to 18%, and a
normalized peak intensity multiplier varying from 1.083
to 0.855. An alternate calculation assumed C(x) and 3 (y)
to be Gaussian to obtain an estimate of the uncertainty in

I

the correction due to the choice of unbroadened shape,
and two other calculations estimated the uncertainties due
to errors in the observed FWHM and to errors in the mea-
sured, larger vertical divergence distribution function.

The final corrected data for these 15 co-phase peaks are
shown in Table I. The peaks are grouped in "families"
[e.g. , the (00 2), (30.2), and (03.2)], whose members all
have the same geometrical structure factor in the absence
of temperature factors. The peak intensities, in arbitrary
units, range through 2 orders of magnitude. The estimat-
ed standard deviation for a peak intensity, obtained by
combining the errors due to count statistics, the uncertain-
ty in the beam polarization ratio, and the various uncer-
tainties in the broadening correction, varies from 1.4% for
the strong (00 2) to 4.1% for the weak (20 2). The
FWHM, are essentially the same for most peaks, with
only the (10-3) family showing different, larger values, but
the FWHM, values, while reasonably consistent within a
family, show an appreciable spread among the different
families. To estimate the precision of these FWHM, we
treat the scatter of values within a family as statistical
fluctuations and average the values of o so obtained from
each of the 3 three-member families. That estimate for
the standard deviation of a single FWHM, is
0.0010

~

c" ~, and the estimated standard deviation of a
single FWHM, is 0.0027

~

a* ~, both approximately 3%%uo

errors. An average of the FWHM for the strong (00-2)
family gives FWHM, =0.0338+0.0006 (units of

~

c* ~)



28 QUENCHED co PHASE IN A Ti-V ALLOY 679

Intensity F%'HM, F%HM,

TABLE I. Final co-phase peak intensity and F%'HM data. Intensities are in arbitrary units;
FWHM, and FWHM, in units of

~
c *

~

and a ~, respectively.

NF%'HM, NF%'HM,

(00 2)
(30 2)
(03 2)

3.3739+0.0475
2.5261+0.0373
2.4343+0.0360

0.0342
0.0323
0.0350

0,0861
0.0888
0.0891

1.000 1.000

(10 1)
(02 1)
(04 1)

1.0536+0.0237
1.0032+0.0234
0.7593+0.0178

0.0342
0.0351
0.0332

0.0975
0.0936
0.0942

1.011+0.025 1.081+0.027

(10.3)
(20 3)

2.7490+0.0418
2.4814+0.0386

0.0338
0.0335

0.0846
0.0828

0.994+0.027 0.951+0.028

(00 1)
(03 1)
(03 1)

(10.3)
(20 3)

0.2667+0.0064
0.1772+0.0046
0.1696+0.0045

0.1987+0.0052
0.1944+0.0051

0.0338
0.0330
0.0338

0.0371
0.0362

0.0990
0.1047
0.1065

0.1101
0.1119

0.991+0.024

1.083+0.028

1.175+0.028

1.262+ 0.032

(10 2)
(20-2)

1.215+0.0310.0406+0.0014 0.0338 0.1074
0.0295 +0.0012 0.0348 0.1065

IOO 2): FWHM, =0.0338+0.0006 FWHM, =0.0880+0.0016

and FWHM, =0.0880+0.0016 (units of
~

a *
~

). To
display better the differences between the FWHM of the
various families, we calculate the ratio of the average
FWHM; for each family to the average FWHM; for the
(00 2) family; these "normalized" full width at half max-
imurn (NFWHM) values are given in Table I under the
heading, NFWHM;, together with their estimated stand-
ard deviations derived from the single observation errors
given above. Values of these ratios obtained from the
three alternate unbroadening calculations mentioned ear-
lier all are quite close to the values tabulated here, with
the largest total spread among the four values for any ra-
tio being only 1.2 times its tabulated standard deviation,
which supports the reliability of these standard deviations,
all less than 3 Jo. The NFWHM data confirm that only
the (10 3) family may have significantly different broaden-
ing along the c * direction, and they demonstrate clearly
the differences in broadening in the a * direction shown by
several of the families.

These are the data that are used for most of the follow-
ing analysis of the structure of the co phase in this alloy.
The less precise measurements at earlier times are used
only to examine its variation with time. Peak intensities
are used here instead of the more usual integrated intensi-
ties, because the observed variations in peak breadth inter-
fere with a straightforward interpretation of integrated in-
tensities, as discussed in an earlier note.

but the displacement magnitudes are much smaller-
McCabe found displacements of + 0.018 c * for the (00 1)

and —0.037c * for the (00.2) at this composition. The
(00-2) displacement here, —0.003c *, corresponds to a
scattering angle shift, 526I= —0. 11', for comparison, the
displacement of the nearby (112) peak due to the misalign-
ment effects is 620=+0.03. The precision of these
c * displacements is not high, but their small size and al-
ternating sign pattern seem clearly established. Five of
these peaks also show a ' displacements greater than
0.002

~

a*
~

that are considered significant; three of these
are directed towards adjacent strong bridges, and two are
directed away from the adjacent "missing" (30 2)-(04 1)
bridge. Similarly directed a * displacements were noted in
the data of Moss et al. '

by Kuan and Sass. '

Measurements of the scattering near the (02.0) and
(04 0) "forbidden reflection" RLP's, repeated for several
sample orientations chosen to avoid multiple scattering ef-
fects, gave contour plots (e.g., Fig. 3) that show similar
general features: Superposed on a varying background
from nearby co-phase peaks and bridges is a weak, ill-

defined peak displaced from the (Ok 0) RLP in the + a 2

direction and a possible second, weaker peak displaced to-
wards —a 2. The peak intensity for the stronger member,

TABLE II. Final co-phase peak displacements.

Displacernent components
D. Other data

The displacernents of some of the m-phase peaks in this
final set of measurements are given in Table II. The peak
positions have been defined by the midpoints at I =0.9I,;
the slight profile asymmetries would yield somewhat
larger values ((30go greater) if measured from the mid-
points at I =0.5I . The c * displacements are all directed
away from the nearest bcc RLP, just as McCabe observed,

(10 3)
( 10-2)
(00-2)
(20.2)
(00.1)
(10.1)

(03 1)
(03.1)

—0.002c*
+ 0.004c
—0.003c*
+ 0.006c
+ 0.004c
—0.002c*
+ 0.004c*
—0.004c

—0.004a 1

+O.005a 1

—0.015a
&

—0.013a 2

—0.008a &
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that displaced towards +a z, is -0.3 counts/sec above
background for both the (02.0) and (04 0), which, convert-
ed to the intensity units of Table I, corresponds to values
of 0.0014 and 0.0034, respectively. The weaker member,
more visible for the (04 0), shows an intensity -30% of
the stronger one.

After the final m-phase peak measurements were com-
pleted, integrated intensities of the sets of P-phase reflec-
tions in the accessible region [(110) through (400)] were
measured using two sizes of large receiver slits and both 0
and 0:20 scans. The combined results, corrected for atom-
ic scattering factor and Lorentz polarization terms, show a
large apparent attenuation [E(400)=0.18E(110)] and
departures from a smooth curve plot, similar to the Zr-Nb
observations of Keating and LaPlaca.

IV. ANALYSIS

A. General

An estimate of the dimensions of the average m-phase
particle can be obtained from the average FWHM, and
FWHM, of the (00 2) family using the Keating-LaPlaca
cylindrical particle formulas. One finds a length of

(73 &) and a diameter of -»I a
I

(46 A)
which gives a particle cross section of -91 unit cells.

It is generally accepted that athermal ~-phase particles
remain coherent with their surroundings up to large parti-
cle sizes, based on electron microscope observations of del-
ta fringes, strain field contrast, and an absence of misfit
dislocations. ' We suggest that the coherency of the co-

phase particles in our alloy is confirmed by the shape of
the scattering contours around the P-phase RLP's. There
is strong interference in the scattering from coherent co-

phase variants in a region very near a P-phase RLP, but
the anisotropy of the constant intensity contours for each
variant should cause the intervariant interference to de-
crease rapidly enough with increasing distance that the
outer scattering contour around a Il-phase RLP represents
approximately a superposition of intensities from the four
co-phase variants, regardless of coherence. Now the co-

phase structure factor I" is the same for both coherent and
incoherent particles at isolated co-phase RLP's, but there
can be large differences between coherent and incoherent

F's (and thus intensities) for co-phase RLP's coincident
with P-phase RLP's. For example, at the (222) the coin-
cident coI RLP is the (00 3), while the coincident RLP for
each of the other three variants is the (04 1); and for a
range of parameter values appropriate to our alloy, for a
coherent particle the (00.3) intensity is more than 10 times
greater than the (04 1), while for an incoherent particle the
(04-1) is almost 10 times greater than the (00 3). The
observed contour (see Fig. 1) around the (222) is very simi-
lar to contours around isolated co& RLP's, e.g. , the (10 3),
indicating that the co~ peak [the (00 3)] is dominant here,
confirming the co-phase particle coherence. Similar coI
dominance for coherent particles is also predicted and seen
for the contour around the (112), while at other P-phase
RLP's within our range no single variant dominates and
the observed contours show the superposition of several
peaks. Our interpretation of these contours around P-
phase RLP's as small particle scattering is supported by a
comparison of calculated and estimated intensities relative
to adjacent co~ peaks. Boric's recent calculation ' for a
complex, coherent model also supports our analysis, in
that his calculated interference effects do not appear to af-
fect significantly the outer contours around the (112) or
(222) RLP's. Such contour shapes have not been noted
previously, "' perhaps because of poorer instrumental
resolution.

B. Structure factor models

Our primary objective is to obtain a description of the
structure of the co phase in this alloy from our measured
peak intensity and FWHM data. We try first the usual
structure factor approach, in which the co-phase particle is
assumed to be formed of identical average unit cells, each
having an 3 site at (0,0,0), unshifted by the transforma-
tion, and sites 8 and 8' at ( 3 3 3 + 6 6) and

( —,', —, , —,
' ——,

' 5), respectively, where 5, the parameter speci-
fying the co-phase displacement, can vary between 0 (un-
transformed bcc) and 1 (the final, perfect A18q structure).
Then, assuming a random atomic distribution and letting
T„represent the temperature factor (including both static
and dynamic terms) for atoms on site n, the coherent
structure factor for this average unit cell can be written as

3

(Flf)= g (T„e "—Toe ")
n=1

(Tg+Tg )cos[ 3 ~[h &

—hz+h3( 1 —5)]I —2T~cos[ ,
'

m(h, —hz+5—,)]im(h l +h~+/g3 )=e X '

i ( TB T8 ' )»n [ —,
' ~[h

~
—h z +h 3 ( 1 —5 ) ] ]

+(T~ —To)[1+e ' ' ' 2cos[ —,
' ~(h, hz+h3)] I, —

where f is the average atomic scattering factor, r „ locates the untransformed site n, To is the average temperature factor
for sites outside the m-phase particle, and h~, hq, and h3 are the hexagonal reciprocal space variables whose integral
values are the ~-phase RLP Miller indices. The last term, with coefficient (Tz —To), is zero at each ~-phase RLP not
coincident with a P-phase RLP, and we assume it can be neglected within the small region around a RLP containing the
observed co-phase peak. The coherent structure factor for these noncoincident ~-phase peaks then can be written

~

F/f
~
=(Ts+ Tz )cos[ —,m[h ~ hz+h3(1 —5)] I

—2T—icos[ —,
'

vr(h
& hz+h3)]—

i (T~ —Ts )sin[ ——,
'

m[h) —hz+h3(1 —5)] I . (2)
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Following Boric we write the temperature factor for atoms on site s as

T, =exp( ——,'((Ku)), )[I i ,—'((—Ku)'),+]
—M=e *( 1 iD—+ . . )

Let the instantaneous displacement of an atom from its equilibrium position be written as

(3)

u =x a
& +y a 2 +z c .

The 3m symmetry of the B and B' sites reduces their quadratic terms to

Mz ™z2m (—x )z(h & +h ~h2+h 2)+2m(z ).eh 3

=8~ ( h f +h, h 2 +h', ) +2B-h 3

where, for isotropy, B =B
The 3m symmetry of the 3 sites leads to exactl y the same reduction,

M~ ——A~(h I +h(h2 +h2)+2A~h3

(4)

where the parameters 3;; are directly analogous to the parameters B;; of Eq. (4). Simi larly, the 3m symmetry of the 8
and B' sites reduces their third-order terms to the following:

4 3

Dg —— Ds —[(x——' )p ( h ) + —,
'

h )hp ——,
'

h
~
h 2

—h 2 ) + (x 'z )~ 3h 3 ( h, +h
~
h 2 +h 2 ) + (z ' )~ h 3 ]3

=5~(h)+ —,h)hp ——,h]h2 —h2)+ 5~3h3(h, +h, hp+h2)+A~h3 (6)

The 3m symmetry of the 3 sites causes its odd-order terms to vanish.
Then, neglecting terms of fourth or higher order, the coherent structure factor for none oi nci dent cu -phase peaks can be

written

e cos{,' ~[h, —h2+h3( 1 —5)]}—e™cos[—,
'

m(h
&

—h2+h, )]
F/f

I
=»& '

M,Dse sin{ ,
' v—r[h

&

—h—2 +h3( 1 —8)]}
(7)

where Mz, Mz, and D~ are given by Eqs . (4), (5), and (6), respectively .
If the temperature factors for all three sites are equal, so that M„=Ms ——M, and D' =0, Eq. (7) reduces to

F/f
~

=4e sin{ —,
'

m[h
&

—h2 +h 3( 1 ——,5)]}sin( 6 vr6h 3 ) (8)

and the procedure of comparing intensities of sym metrical
pairs of reflections [e.g. , the ( 10.3 ) and ( 10.3 ) ] suggested
by several investigators ' " can properly yield a value of 5
independent of the Debye-Wal ler exponent M. However,
if Mz &Mz and/or Dz &0, that procedure is not valid,
and a solution for 5 from intensity data requires using the
general structure factor expression, Eq. (7), and solving
also for Mz, Mz, and Dz .

We have written an iterative, nonlinear least-squares-
fitting program to match the 1 5 final peak intensities P;
given in Table I to calculated quantities, Q; =k

~
F/f

~

where k is a scale factor and
~

F/f
~

is given by Eq. (7), to
obtain values for k, 5, and the harmonic and anharmonic
parameters [see Eqs. (4)—(6)] for models with various re-
strictions. In the fitting, each (P —Q); is weighted in-
versely as o.; using the estimated o.; values given in Table
I. The goodness of fit between observed and calculated in-

tensitieses

for a given model is measured by the quantity
- 2

15 (P Q)
(9)(P -Q)

I

where n is the number of variable parameters; a value of
6(p g]2 close to unity indicates that the o.; have been

correctly eval uated and that the model is reasonable. The
calculations were carried out on a Hewlett- Packard HP-
9830A table-top calculator to yield convergence through
four to five digits.

The simplest model —i sot ropic M~ ——M~, and harmonic
(D' =0)—is the one usually assumed, along with Eq. (8).
Using Eq. (8) and either the ( 10 3 )-( 10 3) or the (20.3)-
( 20.3 ) pairs of intensities, we find 5=0.80. Fitting al 1 1 5
peaks with this three-parameter model gives
5=0.847 +0.0 1 8, in fair agreement with the Eq. (8) solu-
tion. However, the fit to the set of peaks is very poor,
with 6(p )2 374.3 and with a maximum intensity
discrepancy (P —Q) =58%.

A second model —ani sot ropi c Mz ——Mz, and Dz ——0—
also gives 5=0.847 +0.0 1 8; again the fit is very poor:
b . - ..=409.0 and (P —Q)~ =52%. Another four
parameter model —isot ropic Mz, isotropic M~, and
D~ ——0—gives 5=0.770+0.027; the fit is improved, but
still quite poor: h. - ..= 152.7 and (P —Q) =42%.

The five-parameter model —isotropic Mz, anisotropi c
M~, and D& ——0—gives a dramatic improvement in fit:

,&
——12.45, and (P —Q )~ = 10%. The parameter

values and their calculated standard deviations are given
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TABLE III. Parameters for structure-factor models.

Model

A~

8

6

(P —Q)

0.0136+0.0024

0.0170+0.0021
0.0744 +0.0017

0.309+0.023
12.45

0.0152+0.0018

0.0185+0.0016
0.0824+0.0028

—0.0166+0.0058

0.351+0.016
6.98

0.0140+0.0012
0.0196+0.0015
0.0170+0.0011
0.0896+0.0026

—0.0284+0.0052

0.346+0.008
2.85

7B

0.0194+0.0013

0.0234+0.0014
0.0903+0.0025

—0.0316+0.0056
—0.0011+0.0003

0.346+0.008
2.49

as model 5 in Table III. One should note the large aniso-
tropy of Mz. The anisotropic Mz is the key factor in this
improved fit; an alternate five-parameter model-
anisotropic Mz, isotropic M~, and Dz ——0—gives
6=0.740+0.041 and a quite poor fit: A(p g] 146 3 and

(P —Q) =37%.
Although model 5 offers a major improvement over the

simpler models, its overall fit to the data and 10%%uo max-
imum discrepancy [for the strong (00 2) peak] are not
satisfactory, and the remaining harmonic model, with
both Mz and Mz anisotropic, gives no improvement, so
anharmonicity for the B and B' site atoms must be includ-
ed. For the simplest anharmonic model we add to model
5 one third-order parameter, 4, keeping 6, and 6
fixed at zero. This model gives a significantly better fit:

,2
——6.98 and (P —Q) =6% [for the (00 1)]. The

parameter values are listed as model 6 in Table III. The
large anisotropy of M~ persists, and there is a significant
negative value for 6

Two seven-parameter anharmonic models offer much
better fits. Model 7A, which is model 6 changed to allow
an amsotroptc M„, gtves 6„,,=2.8S, (P —Q),„=6%
[for the weak (20.2)], and all other (P —Q); &4%. Model
7B, which is model 6 plus another third-order parameter,

gives 5, &l,
——2.49, (P —Q) =7.5% [for the

(20.2)], and all other (P —Q); (4%. These are the first
acceptable fits to our data. The parameters for these two
models are listed in Table III. Both models show a large
anisotropy for M~ and a large negative value for 6

A number of other models were explored, but none of-
fered any real improvement over models 7A and 78.
Several observations from these trials should be noted: (1)
The other third-order parameter, A~, is an order of mag-
nitude smaller than 5 „, and not significan; the anhar-
monic term is very anisotropic, with 6 dominant. {2)
Although the third-order anharmonic term is important
here, a fourth-order term is not needed —models with the
temperature factor [Eq. (3)] extended to include the next-
higher term give fitted combined fourth-order parameters
less than or equal to one standard deviation and thus not
significant. {3) Model 7A is exceptional as the only one
among four models allowing an anisotropic Mz actually to
yield parameter values giving Mz a significant anisotropy.
(4) Ten of our co-phase peaks are from the co& variant and
five are from the m&& variant, which we have assumed to be
present in equal amounts; that assumption is verified by
models with separate scale factors for the two sets of
peaks, whose fitted values have the ratio,
kq/klan ——1.02+0.10. (5) A search for alternate solutions

[ 215]

4 j 8 = IoA]

FIG. 5. Cross section, one-cell thick, of multisite co-phase
particle model I', with an area of 96 unit cells. The c axis,
parallel to [111],is up normal to the plane. Circles and crosses
denote atoms displaced, respectively, upwards and downwards
from bcc positions by the transformation; the undisplaced
atoms, at cell corners, are not shown. Dashed lines link the
atoms in a set that have a common upwards displacement, and
these sets alternate radially with sets of atoms with a common
downwards displacement. The inset shows the relative displace-
ments cz for the nine different sets, normalized in terms of the
displacement for the innermost set of seven atoms, that were ap-
propriate for model FQB, discussed later in the text.

for model 7B arising from the nonlinearity of the fitting
process, by trying a wide range of initial parameter values
in the program, yielded four much poorer solutions, the
best of which gave b. ..=51.0 and (P —Q) =23%',
the parameters in Table III do represent the best solution
for this model.

Models 7A and 78 both give a reasonable fit to the ob-
served intensities of Table I. We now try to find a particle
size and shape which, together with the structure factors
for these models, will give calculated FWHM values to
match the observed FWHM data of Table I. The different
families of reflections show different FWHM values, par-
ticularly in the FWHM, data, and the problem is to
match the data for all six families. We shall focus pri-
marily on trying to match the NFWHM, data, which
display better the differences between families.

Programs have been written to calculate the scattering
from an isolated particle made up of a regular array of
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The structure factor model treats the co-phase displace-
ments as being uniform throughout the particle. The
average particle diameter is only —10

~
a ~, which suggests

that particle boundary effects could be significant. Thus
we have developed alternate, multisite models of an ~-
phase particle in which the displacement can vary with
position in the particle, decreasing as the boundary is
neared. We consider an isolated, coherent particle, whose
"unit cells" have an unshifted 3 site at (0,0,0) and dis-
placed sites B and B' at ( —, , —, , —, + —,5~ ) and
( 3 3 3 6 6k ), respectively, formed as before as a short
rod with possible tapered ends and with uniform, six-sided

TABLE IV. Calculated structure-factor model 7A NFWHM,
values vs particle-shape anisotropy for the different co-phase
peak families.

Anisotropy

(10.1)
(10 3)
(00-1)
(10.3)
(10 2)

1.07

0.999
1.002
1.008
1.070
1.297

2.08

0.998
1.004
1.018
1.197
1.678

2.43

0.998
1.003
1.018
1.226
1.779

uniform unit cells, using the coherent structure factor of
Eq. (7) and the parameters of models 7A or 78. The par-
ticle has the form of a short rod, 25

~

c
~

in height, with a
uniform six-sided cross section (see Fig. 5) whose dimen-
sions (particularly the serrated edge) have been altered in
different programs to give shape anisotropies (mean width
to thickness ratio) ranging from 1.07 to 2.43. It is as-
sumed that such particles occur in the crystal with equal
probability in each of the three equivalent orientations
about the [111]axis but separated by such varying steps of
a~, a2, and c as to eliminate interparticle interference, so
the total intensity is calculated as an average of the inten-
sities for each of the three orientations. Then, by calculat-
ing profiles along the a* direction through the different
co-phase peaks, we can derive the set of NFWHM, values
for each model and particle shape.

Sets of NFWHM, values have been calculated for six
different particle cross sections for both model 7A and 7B
parameters. The results for a given particle using models
7A and 78 are almost indistinguishable, with a maximum
NFWHM, difference of only 0.3%%uo. The model 7A re-
sults for three particles spanning the range of shape aniso-
tropies are given in Table IV. One notes that only the
(10 3) and (10 2) families show any appreciable shape
dependence. A comparison of these results with the ob-
served NFWHM, values in Table I shows two major
differences that persist for all shapes: the calculated
(00-1) value is much smaller than that observed; and the
calculated (10 2) is much larger than the calculated (10 3),
while the observed NFWHM, show the (10.3) to be slight-
ly the larger. Two further calculations for particles with
some tapering at the ends gave no improved agreement.
We conclude that, while it can give an acceptable fit to the
observed intensities, the structure factor model cannot
match the observed FWHM data and thus cannot offer a
valid description of the co-phase in our alloy.

C. Multisite models

central cross sections whose shape anisotropy in different
programs ranges from 1.07 to 2.43 ~ The number of distin-
guishable displacements 6; is kept to a manageable level
by specifying that a set of sites defined by location relative
to the boundaries all have equal displacements. For exam-
ple, Fig. 5 shows a one-cell-thick cross section of multisite
model F, which has an area of 96 unit cells and a shape
anisotropy of 1.95. The c axis extends up normal to the
plane. B sites, with upward displacements, are indicated
with circles, and B sites, with downward displacements,
by crosses; the undisplaced A sites, at cell corners, are not
shown. Dashed lines link the B sites in a set that have a
common displacement, and these sets alternate radially
with sets of B sites. The 192 displacive sites in this cross
section are thus divided into a central, linear set of seven
B' sites with displacement 6I, surrounded successively by
15 B sites with 62, then 18 B' sites with 63, etc. , ending
with an outer incomplete ring of 14 B sites with displace-
ment 69. In the analyses only the largest displacement, 6i,
is evaluated as an independent variable, with a set of con-
stants cz, fixing the relative sizes of the other displace-
ments, 6J =cj6&. A plot of one set of relative displace-
ments cj is shown in the inset of Fig. 5. The usual model
particle is composed of 25 such layers, capped at either
end with one layer having reduced displacements to give
crude tapering, this being called a 1-25-1 distribution.
Other distributions with more extended tapering have also
been tried.

The scattered amplitude from the multisite model parti-
cle can be written

~p
E/f= g (T„e "—T~e ") .

B,B'
(10)

We adopt Boric's temperature factor form, Eq. (3), and we
assume that we can still use 3m symmetry for B and B'
sites and 3m symmetry for A sites to reduce the harmonic
and anharmonic terms, so that Eqs. (4)—(6) still apply.
We note that the variation of 6~ in the particle suggests
that the harmonic and/or anharmonic parameters for the
B and B' sites may also vary with position through a
dependence on 6;.

We have written iterative, nonlinear least-squares-fitting
programs to match the 15 final peak intensities P; to cal-
culated intensities, Q; =k

~
E/f ~;, using Eq. (10) for mul-

tisite particles of the six different cross sections considered
earlier, using a given set of relative displacements cj and a

~p

E/f = g (T„e "—T„e ")
B,B'

~p

+(r~ —To) g e'
all

where the first term is a sum over just the B and B' sites,
with r„—r „=+—,'6„c for B sites and ——,'6„c for B'
sites, and where Tq is assumed to be independent of site.
The last term, with coefficient (Tz —To), is zero at each
g-phase RLP not coincident with a P-phase RLP, and we
assume as before that it can be neglected within the small
region around a RLP containing the co-phase peak. The
scattered amplitude for these noncoincident peaks can
then be written
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given layer distribution. The approach is the same as in
the structure factor programs, with the same weights and
goodness-of-fit measure, and the calculations are carried
out to a similar precision. The parameters evaluated are
the scale factor k, the harmonic and anharmonic parame-
ters for a given model {the maximum parameter value if
there is a dependence on 6~), and the inner, maximum dis-
placement, 6i.

We have also written programs to calculate the scatter-
ing from an isolated multisite particie of each of these six
cross sections using Eq. (10) and the various relative dis-
placements and parameters appropriate to a given model.
As before, the intensity is calculated as an average of the
intensities for the three equivalent orientations about the
[111] axis, neglecting interparticle interference. Then,
from calculated profiles along the a* and c * directions
through the co-phase peaks we derive the complete set of
FWHM values for each model.

Calculations have been made for multisite particles of
two cross sections (anisotropies of 1.09 and 1.95) and dif-
ferent sets of relative displacements ((cj ) =0.40 and 0.50)
to examine the fit to the intensities that can be obtained
for the various temperature factor models. In each case
the results are very similar to those for the structure factor
fits: No harmonic model gives a good fit; the first models
to give an acceptable fit are models 7A and 7B, which
both show an anisotropic Mz and a large negative h~;
and inclusion of fourth-order anharmonic parameters,
tested in several cases, yields combined fourth-order terms
that are not significant. Thus the remainder of the
analysis is limited to using temperature factor models 7A
and 7B.

Our objective is to find model particles that can give a
reasonable fit both to the intensities and the FWHM data.
Calculations for a variety of models, including different
cross sections, different sets of relative displacements cj,
and some differences in the dependence of the harmonic
and anharmonic parameters on 6z, show that the fit to the
intensities is insensitive to most of these factors —the
values of some parameters change somewhat, but the
overall fit stays almost the same —so the problem reduces
to finding models that can fit the FWHM data. The cal-
culated FWHM show varied responses to these factors-
for example, as the relative displacements cj are made to
decrease more steeply with increasing j, the stronger
changes in NFWHM, generally are a decrease for the
(10 2) peak and increases for the (10.3) and (00-1)
peaks —and the search for a fit to the observed data has
involved calculations for a considerable number of models.

TABLE V. Calculated FWHM and NFWHM values for
model FQB

(10 . 1)
(10 . 3)
(00 1)
(10 3)
(10 2)

(00 2): FWHM, =0.0340

NFWHM,

1.003
0.996
1.004
1.000
0.980

0" I, FWHM,

NFWHM,

1,048
0.937
1.110
1.253
1.209

=O.0907~ a' ~.

We have found five models that give approximately
equal, reasonable fits to the observed intensity and
FWHM data. The calculated FWHM data for one of
these, model FQB, are shown in Table V. The agreement
of the NFWHM, values with experiment is much irn-
proved over that for the structure factor models; in fact,
the largest discrepancy here is in the NFWHM, for the
(10 3), suggesting a need for improved tapering at the
ends. Parameters for these five models are given in Table
VI. The letters designating the model indicate the follow-
ing: I' is the cross section F (Fig. 5), with shape anisotro-

py of 1.95; 6 is the cross section G (wider and thinner
than F), with shape anisotropy of 2.43; 2 (or 8) is the tem-
perature factor model 7A (or 7B); Q shows that the anhar-
monic parameters are position dependent, with

hi =-b, [451(1—5J. )], where b, is the tabulated maximum
value; and X shows that the harmonic terms for 8 and B'
sites are position dependent, with Mi=yM~+(1 —y)M~,
where y =(cj )' and M~ and M~ are the limiting tabulat-
ed values. All models have a 1-25-1 layer distribution,
giving only slight tapering. The set of relative displace-
ments, cj, for model FQB, with (cj ) =0.39, are plotted in
the inset of Fig. 5; those for FQA and FQXB are fairly
similar, while those for FA and FB, with (ci ) =0.50, de-
crease more linearly to zero. The fit between the calculat-
ed and observed FWHM [for the (00 2)] and NFWHM
data is measured by the quantity, 4 &

———„g,. (e;/cr;),
where e; is the difference between the ith observed and
calculated value and u; is its tabulated standard deviation.
The fit of these models to the intensities, measured by

p g)2 is seen to be very similar to that achieved with

the structure factor models, confirming the insensitivity of
this fit noted earlier. The fit of these models to the
FWHM data is not as good as the intensity fit, but further
model refinement does not seem worthwhile. The parame-
ters for each model show an anisotropic Mz and a large
negative 5 . For each model the inner, maximum dis-

Model

TABLE VI. Parameters for multisite models fitting the final intensity and FWHM data.

GQXB

8
8

5i

(P —Q)

0.0140+0.0012
0.0195+0.0014
0.0171+0.0011
0.0777+0.0027

—0.0285+0.0053

0.697 +0.017
2.84

1.43

0.0193+0.0012

0.0233+0.0014
0.0795+0.0026

—0.0317+0.0056
—0.0011+0.0003

0.675 +0.015
2.49

1.68

0.0141+0.0012
0.0218+0.0018
0.0171+0.0011
0.0739+0.0028

—0.0418+0.0085

0.840 +0.044
2.80

1.69

0.0221+0.0015

0.0261 +0.0016
0.0749+0.0026

—0.0445+ 0.0081
—0.0022 +0.0005

0.799 +0.031
2.48

1 ~ 74

0.0225+0.0014

0.0272 +0.0016
0.0820+0.0026

—0.0502+0.0087
—0.0024+0.0005

0.789 +0.027
2. 35

1.91
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placement 5~ is large, approximately 75%%uo of a complete
~-phase shift, while the average displacement,
(5J ) =5~(cj ), is only approximately —, . The tabulated er-
ror in a parameter, derived in the least-squares fitting, is
meaningful only within the assumption of a particular
model and in several cases does not match the spread in
values among the different models. Two points should be
noted.

(1) The multisite models that fit the FWHM data all
have anisotropic cross sections, with shape anisotropies
& 2. For comparison, the best FWHM fit we obtained for
a particle of almost equiaxed cross section (shape anisotro-

py of 1.09) gives 6&——2.83, with calculated NFWHM,
values =10%%uo too small for both the (10 3) and (10.2)
families.

(2) The multisite models that fit the data share several
other characteristics —anisotropic Mz, large negative 6
large 6~—but they also display appreciable differences in
their relative displacements cj and in the position depen-
dence of their anharmonic (const vs Q) and harmonic
(const vs X) terms. This diversity of acceptable models
prevents any more detailed, quantitative description of the
average co-phase particle in our alloy.

D. Time dependence

Model FQB has been used to analyze the five less-
accurate sets of m-phase intensities measured at earlier
times during the 14-month period (see Fig. 4) to investi-
gate the time dependence of the various parameters. A
least-squares fit was made to each set of intensities, using
approximate errors reflecting the less accurate nature of
the data, with the relative displacements c~ being adjusted
slightly as needed to improve the fit to the time-
independent FWHM values. The fit to these earlier sets of
intensities is comparable to that obtained for the final in-
tensities, with only the earliest, least-accurate set giving a
noticeably poorer match. The results suggest that three
parameters —the scale factor k (proportional to the frac-
tion of alloy transformed), the harmonic parameter 8
and the magnitude of the anharrnonic parameter 5
increase asymptotically with time, with a total change
from initial to final values amounting to 20%%uo for k, 5.4%%uo

for B, and 22% for
~

& ~, half of this occurring in the
two months between the first and second measurements.
These total changes, in units of the average error of a pa-
rameter, amount to 2.0o. for k, 1.2o. for 8, and 0.9o. for

, so quantitative statements are not reliable. No trends
were evident for the other parameters.

E. Fraction transformed

The final set of co-phase peak intensities has been corn-
bined with the integrated intensities of the eight accessible
P-phase reflections in evaluating the fraction of the alloy
that has transformed into co phase. The treatment of the
P-phase integrated intensities follows the approach of
Keating and LaPlaca, ' but uses model FQB to describe
the average co-phase particle. The expression for the in-
tegrated intensity is cumbersome and will not be repro-
duced here; it involves all the parameters used for the co-

phase peak intensities (except the scale factor k), plus a
second scale factor, an isotropic extinction parameter, an

isotropic, harmonic P-phase site temperature factor pa-
rameter Co, and the volume fraction transformed xo. The
nonlinear least-squares-fitting program has been expanded
to match the 15 co-phase peak intensities and the eight in-
tegrated intensities, with all parameters except Co as in-
dependent variables (Co and xo are strongly correlated; a
restriction on Co allows convergence to be established).
With the restriction that the P-phase site and A site tem-
perature factors are equal (i.e., Co=A =A ), the result-
ing fit yields values for the various temperature factor pa-
rameters and the displacement 6~ that are within one
standard deviation of the values obtained fitting just the
co-phase peak data„and the fraction transformed is given
as xo ——0.89+0.14. If we assume instead that Co is some
percentage larger than A =3, the value for xo is in-
creased. If we repeat the calculation with model FB rather
than FQB for the average c~-phase particle, again assum-
ing Co ——A =A, the co-phase particle parameters again
repeat satisfactorily, and the fraction transformed is found
to be xo ——0.93+0.11. We conclude that at the time of the
final measurements the alloy has almost completely
transformed into the co phase.

F. Unresolved points

No satisfactory explanation of the cu-phase peak c *

displacements has been found. Each displacernent shifts
the co-phase peak away from the nearest P-phase RLP,
which is the result expected for a subvariant stacking se-

quence, cu&~co3~~2, as noted by Boric et al. ,
' but the

displacement magnitudes calculated from a model with
that stacking and the observed total particle length are an
order of magnitude larger than those observed. The ~-
phase peak a* displacements appear similar to (but much
smaller than) those derived by Kuan and Sass' by includ-
ing in their particle model some co-phase displacement

components perpendicular to c. We have not tried to in-
clude such components in our models.

Diffuse bridges or streaks found in other studies gen-
erally have been interpreted in terms of linear co-phase-like
particles of a small cross section, with curvature arising
from intervariant interactions ' or from a particular
model of the displacement field. The differences in
bridge shapes and intensities found here have not been
given a satisfactory interpretation. Our few attempts to
treat intervariant interactions were unsuccessful.

The very weak, "forbidden" (Ok 0) reflections show a '
displacements and possible asymmetric doubling. We can
suggest several possible origins for nonzero (Ok 0)
intensities —the difference between M~ and M~, which for
model FB seems to give (02.0) and (04 0) intensities within
a factor of 3 of those observed; ordering of the V atoms on
3 sites, which could give comparable intensities; and cu-

phase displacements 6 with components perpendicular to
c—but we can offer no detailed interpretation of the ob-
servations.

Finally, we have no satisfactory explanation of the slow
decrease of the lattice parameter ao. The 0.018% total
change in ao could be viewed as reflecting a change in the
P-phase composition corresponding to an additional
0.24% of vanadium, but since the alloy has transformed
almost completely into co phase, this interpretation does
not seem meaniggfu.
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V. DISCUSSION

The measured scattering distribution from our
quenched Ti-V alloy shows fairly sharp, crystalline m-

phase peaks characteristic of rodlike particles with an
average volume of -2500 unit cells. To study the struc-
ture of these particles, we have made accurate intensity
and halfwidth measurements for 15 of these co peaks. No
comparable set of data for an athermal ~ phase has previ-
ously been obtained. A complete set of halfwidths was
needed, because of the unexpected discovery that some of
the co-phase peaks had significantly greater widths, partic-
ularly in the a' direction. These anomalous widths com-
plement the peak intensities as a second distinctive set of
data to be matched in a structure analysis. Such extra
broadening, which is generally to be expected for small
particles and reAections with rapidly varying structure
factors, should occur for most quenched, imperfect co

phases. It has not been noted in any other study, probably
because of poorer instrumental resolution.

Two other scattering observations warrant special men-
tion: (a) the differing contour shapes around the various
P-phase RLP's, which confirm the coherence of the m-

phase particles; and (b) the slow time dependence of the
diffraction patterns, showing the co-phase transformation
continues to progress at room temperature until finally, 16
months after the quench, the alloy has almost completely
transformed. Neither of these has been seen in prior stud-
ies, presumably because of poorer resolution and short
measurement periods.

We have not been able to interpret satisfactorily a few
other features of the patterns: the small ~-phase peak
shifts, which differ from both previous peak shift observa-
tions; the diffuse bridges, in greater variety here; and the
very weak, displaced (Ok 0) peaks. We believe that these
are only peripheral features that are not important to our
general conclusions.

The analysis to obtain a structural description of the
average co-phase particle has used both the peak intensities
and the FWHM data. The analysis of the intensities
yields one primary result: The set of intensities can be fit
almost equally well by uniform structure factor models or
by multisite models of various shapes and displacement
distributions, where in all cases the temperature factor for
the atoms displaced in the transformation has a very an-
isotropic quadratic term (8 =48~~) and a large negative
third-order anharmonic term, 6 . This same result is
also obtained if we treat the cu-phase particle as incoherent
with respect to its surroundings rather than coherent, or if
we use the intensity data without the instrumental
broadening correction —the parameter values vary some-
what among these cases, but the anisotropic, anharmonic
temperature factor remains as a basic characteristic of the
displacive cu-phase atoms. The variety of well-fitting
models emphasizes a second point: One cannot evaluate
the co-phase displacements from peak intensities until a
model of the co-phase particle has been estaMished by oth-
er means.

The FWHM data allow us to restrict appreciably the
range of possible models for the average m-phase particle.
The FWHM ratios —the NFWHM data —have been
shown to be quite insensitive to details of the instrumental
broadening correction, their only significant correction,

and we find that a reasonable fit to these NFWHM data
can be achieved only for models with two characteristics:
the models are multisite, with displacements 6J varying
from a maximum at the center to zero at the boundary,
not uniform structure factor types; and the cross section of
the rodlike model is anisotropic, with a mean width (along
[011]) approximately twice the mean thickness (along
[211]).

Five models have been found that give comparable,
reasonable fits to the intensity and FWHM data. These
models all show large central displacements, and they
share the common characteristics discussed above, but
they have appreciable differences in displacement distribu-
tions and in the position dependence of harmonic and
anharmonic temperature factor terms and thus give a
range of descriptions of the average co-phase particle. The
models with Q-type anharmonic terms [EJ -5~(1—5J)]
seem more plausible, since in a uniform structure 6 is re-
quired by symmetry to vanish if 6z

——0 or 1, and the model
with X-type quadratic terms seems to offer better boun-
dary behavior, even though a (c~)'~ dependence is rather
weak, but in modeling this complex, highly transformed
alloy such selection arguments do not seem very strong.

The sizes of the different temperature factor terms for
these models are better appreciated from an example. At
the (10 3) reflection model FQB gives Mz ——0.420,
M~ = 1.374, and Ds = —1.221[451(1—51 )]. A single, iso-
tropic, harmonic temperature factor for all atoms is obvi-
ously a very poor approximation. These terms depend
strongly on the Miller index I of the peak, so the differ-
ences will be smaller for lower angle reflections. To com-
plete the example, the next term in the expansion of Tz
is the combined fourth-order term, —,', ((K u) )
——,

' ((K u) ) which at the (10 3) peak for a similar, fit-
ted FQB-type model has the value, 0.24+0.26, which can
be ignored.

The temperature factor for the shifting atoms in these
models is characterized by large values for 8 and 6
which are proportional to (z ) and (z ), respectively,
where z is the c component of the "instantaneous" dis-
placement of an atom from its average, shifted position.
The c axis is @1so the direction of the displacement 5J of
an atom during the transformation from P to co phase.
We submit that these large temperature factor parameters,
with both static and dynamic components, must result
from the nature and progress of this ~-phase transforma-
tion, and, as a corollary, that one should expect to find
similar temperature factors for any incomplete co phase.
The quantities, ((z ))'~ and —((z ))'~, derived from
these parameters for our five models all have approxi-
mately the same large average value, 0.52 (in the same
units as 5), and for each model the specific value of either
quantity at site j exceeds the corresponding value of 5& for
all but the three innermost sets of sites (i.e., for more than
75%%u~ of the shifted sites). The negative sign of 6 means
that ((z ))'~ is directed oppositely to 5, i.e., back to-
wards the former P-phase site of the atom. We find thus
that over 75% of the shifted atoms in our average mul-
tisite particle have both rms and root-mean-cubed "instan-
taneous" displacements that can return the atoms to their
original P-phase sites. We have no satisfactory interpreta-
tion of this result.
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The anisotropic cross section gives the average particle
shape as a thick rectangular platelet rather than a cylindri-
cal rod, with the plane of the platelet parallel to a I 112)
plane and its longer dimension along [111]. Its internal
multisite structure consists basically of a stack of [112}
planes of atoms, where all atoms in one plane are dis-
placed parallel to [111] by the same amount, with that
displacement varying on consecutive planes as
. . . , +5;, —5;+~, 0, . . . , plus appropriate edge connec-
tions. This particle shape and internal structure correlate
well with the [112I plane glide model of the co-phase
transformation proposed by Hatt and Roberts and do not
support the more recent [111] longitudinal phonon con-
densation model of de Fontaine.

de Fontaine et aI. sketched the idea of a multisite
model, suggesting that when the cu-phase particles are
small, the number of atoms in the strained P-co interfacial
region with less than complete m-phase displacements will
represent a significant fraction of the total number in the
particle. The multisite model is required here for a parti-
cle with a 95 unit cell cross section. The displacement in
our particle does not appear to attain the complete co-

phase shift in the center, the maximum displacement for
the different models ranging between 0.68 and 0.84. This
incomplete maximum value, and the steep decrease in dis-
placement for sites closer to the boundaries, suggest that
our particle represents a case in which the particle thick-
ness is less than twice the effective depth of a strained in-
terfacial zone. Extrapolating from this structure versus
size hypothesis, we estimate that an co-phase particle must
have dimensions several times larger than those here (i.e.,
a volume ~ 10 unit cells) before its interfacial zone forms
a negligible volume fraction of the particle and an average,
perfect co phase is achieved.

Our results have indicated that quenched, imperfect m

phases need both multisite models and anisotropic, anhar-
monic temperature factors for the shifting atoms to obtain
an adequate, average particle description. Only two previ-
ous studies' '" have used other than uniform displacement
structure factor models, and none have used anything

more than a common isotropic, harmonic temperature fac-
tor, so no previous quantitative structural results can be
accepted with any confidence.

Our analysis has been restricted to calculations for an
isolated, average co-phase particle, neglecting interference
effects. Interference from different variants should be
negligible for our individual co-phase peaks, since the
peaks are fairly sharp and have minimal overlap; and,
though this interference can be strong at P-phase RLP's
(see Borie3'), we think it should not affect the general
shape of their outer contours. Subvariant domains do not
occur here with the ordered co&~cu3~m2 stacking se-
quence found in other alloys, ' since the corresponding
peak shifts wou1d be much larger than those observed, and
we think that the several orientations and varied separa-
tions in a random subvariant distribution should average
out their interference effects on the co-phase peaks.

The objective of this study has been to obtain a first de-
tailed structural description of a quenched imperfect co

phase. The observation that co-phase peaks show signifi-
cantly different widths changed the approach from a con-
ventional structure-factor —particle-size analysis into an
investigation of particle models of various shapes and dis-
placement distributions and of temperature factors of
several forms, which led finally to several equally valid
solutions. The common features of these solutions —the
thick platelet shape, the generally steep multisite displace-
ment distribution, and the anisotropic, anharmonic tem-
perature factor for the shifting atoms —together with the
ranges of parameter values, provide the most detailed
description of this imperfect cu phase that we can offer.
We suggest that multisite displacement distributions and
anisotropic, anharmonic temperature factors must be pri-
mary characteristics of all quenched, imperfect co phases.
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