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Simple theory for the electronic and atomic structure of small clusters
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A simple theory is presented for various fundamental properties of small clusters. In particular,
we calculate the cohesion, the magic numbers, bond contraction, stability of atomic structures, and
alloy formation as a function of cluster size, and determine also the Coulomb explosion of small
multiply charged clusters.

I. INTRODUCTION

II. CALCULATION OF VARIOUS PROPERTIES
OF SMALL CLUSTERS

In the following we present a simple electronic theory
for calculating various properties as a function of cluster
size. In order to understand the atomic structure, magic
numbers, ' Coulomb explosion of electrically charged clus-
ters, catalytic activity, etc. , the binding energy of an atom
in a metallic cluster needs to be determined.

A. Cohesive energy

The binding energy E„h(i) of an atom i can be quite
generally expressed by the bulk cohesive energy E„h{bulk)
as follows:

E, h(i}=(Z;/Zb) E, h(bulk)+Eg . (2.1)

Here, Z; and Z~ are the effective atomic coordination
numbers of the atom i and a bulk atom, respectively. As
we show in the Appendix by using the moment expansion
technique for the electronic density of states, Eq. {2.1) can
be used not only for calculating cohesion due to d elec-

Recently, clusters of a few to several hundred atoms
have been studied intensively. ' ' It has been observed
that such clusters possess many interesting properties: for
example, with regard to atomic and electronic struc-
ture, " catalysis, ' ' and absorption of electromagnetic
energy. It is the main purpose of this paper to explain
some interesting properties of small clusters such as
cohesive energy, atomic bond contraction, crystal-
structure stability, alloy formation, and stability of electri-
cally charged clusters by using a simple theory. This per-
mits a transparent physical understanding of the atomic
and electronic structure as a function of cluster size and
application to various other problems concerning small
clusters. Furthermore, the simple theory presented here
can be used as a first orientation for understanding new
experimental results.

In Sec. II we outline the calculation of various proper-
ties as a function of cluster size and present results. In
Sec. III we present a discussion of our results and a sum-
mary.

(2.2)

where i sums over all cluster atoms. Similarly, the average
bond energy in a cluster with Nb bonds is given by

(Ebo.d) = 1

Nb
(2.3}

These relatively simple formulas can now be used to
study how the bond energy varies with cluster size and to
determine the magic numbers of atoms for which small
clusters are particularly stable. In our calculation, atomic
shells are numbered in the cluster according to the
minimum number of hops necessary to get from the cen-
tral atom to any atom in the considered cluster shel1. In
Fig. 1(a) we present results for (E„t,) and (Eb,„d) as a
function of cluster size for clusters with fcc structure. '

These results compare very well with the observed melting
temperature for small Au clusters of different size. '

In Fig. 1(b) we show results for the binding energy of
the most loosely bound cluster atom as a function of N.
Clearly, such clusters are particularly stable for which the
smallest E„h(i) decreases sharply upon adding another
atom. Thus one is tempted to conclude from Fig. 1(b) that
clusters with the magic numbers 13, 19, SS, etc., are par-
ticularly stable. Note, the magic numbers 13, 55, . . . for
icosahedra clusters with complete outermost atomic shells
have been explained previously by geometric arguments. '

For the incomplete outermost cluster shell we calculated

trons, but also for calculating cohesion in s-p —electron
metals. While it is known that for transition metals Z;
can be approximated by the nearest-neighbor coordination
number Z;, this will also be the case provided that for the
nth neighbor Z;"/Z =const throughout the cluster, which
is a physically reasonable assumption. Also, Eq. (2.1) can
account approximately for local charge neutrality.

Note, in Eq. (2.1) the energy Ez due to repulsive in-
teractions can be replaced by a hard-core potential and
neglected at equilibrium distances for calculating
cohesion, structural stability, etc. It is well known that
one has to consider Ez in Eq. (2.1) only for determining
deviations from the interatomic equilibrium distances, as
will be the case in Sec. II C.

The average cohesive energy in a cluster with N atoms
1s
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+X,[E, h, (fcc)—E, h b(bcc)] . (2.5)

Here, we used the fact that the dispersion X, /1V is the
same for fcc and bcc clusters as suggested by Fig. 2. The
structural transition occurs when

E„h(fcc)—E„h(bcc)=0 .
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In Eq. (2.5) the surface energies can be approximately
written as
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the smallest E„h(i) as a function of % by adding atoms al-
ways next to the atoms already present in the incomplete
shell.

B. Structural stability

Owing to the small portion of surface atoms in extreme-
ly large clusters, the surface =nergy has a negligible effect
on their crystalline atomic structure. As the cluster size
decreases the surface energy gets more and more impor-
tant and might change the atomic structure of the cluster
to one with lower surface energy. This has been observed
for Nb, Mo, %', and Ta clusters with bulk bcc structure.
Therefore, we investigate in the following the transition
from fcc structure for small clusters to bcc structure for
large clusters.

Clearly, the total cohesive energy of a cluster can be
written in terms of the average binding energy E„h b(,](i)
per atom as

0 10 20 30 40 50 60 70 80 90 100

N

FIO. l. (a) (E„„)and (Eh,„d) for fcc clusters using Eqs.
(2.2) and (2.3). (b) Smallest binding energy E„h;„for a cluster
atom as a function of the total number N of cluster atoms. Con-
struction of the clusters is described in Sec. III.

+s( cohsE, coh, b) Ecoh, b Q [(Zi/Zb) I]

As discussed in the Appendix, second-nearest-neighbor in-
teractions may be accounted for by using the effective
coordination number Z;=Z; +aZ;, where Z; and Z;
refer to nearest neighbor (NN) and next-nearest neighbor
(NNN), respectively. The parameter a is determined from
the distance dependence of the electron hopping integral.
For the case of binding due to d electrons we use the value
af„——0.08 and al, ——0.4 (see the Appendix for details).

Since the change in the cohesive energy resulting from a
transition from fcc to bcc is at least 1 order of magnitude
lower than the cohesive energy itself, we divide Eq. (2.6)
by NE„hb and obtain as a condition for the structural
transition

E, h b(bcc) Eh b(fcc—)

Ecoh, b

N N

g [(Z;/Zb)'~ —I]—g [(Z;/Zb)' —I]

fcc bcc

(2.7)

The expression on the left-hand side is a constant, which
for large clusters depends on the bulk electronic properties
of the material only. Values for this are given in Table I
for different bcc materials. The expression on the right-
hand side depends only on the cluster geometry and is
given as a universal curve in Fig. 3. Note, Eq. (2.7)

1,0-

Ecoh (+ +s )Ecoh, b ++s coh, s (2.4)
0.5-

Here, b and s refer to bulk and surface, respectively. N, is
the number of surface atoms. Surface atoms are defined
as those with a coordination number smaller than 10, in
analogy to close-packed metal surfaces.

The cohesive energy difference for a bcc and fcc cluster
is given by

0.0
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FIG. 2. Dispersion D =N, /N for fcc- and bcc-type clusters
to illustrate that N, (bcc) =X,(fcc).
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icosahedra to cuboctahedra structure, which was observed
in small Pd, Pt, and Au clusters, has already been studied
previously' and could also be determined by using Eq.
(2.7).

C. Average atomic-distance contraction
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FIG. 3. Graphical determination of structural stability in
small bcc clusters. Solid curve is the relative structure energy of
clusters which is defined by the right-hand side of Eq. (2.7). The
dashed curve is the value [E„bs(bcc) —E«b ~(fcc)]/E«b s for Cr.

presents a relatively simple expression determining the
structural stability of metallic clusters. Its validity is
essentially based on the applicability of Eq. (2.1).

As an illustration we study in Fig. 3 the structural sta-
bility of Cr clusters. The transition from close-packed to
bulk bcc structure is expected to occur for a cluster size of
about 580 atoms. Note, a similar transformation from

Recently, it has been observed that in small metallic
clusters such as Cu, Ni, and Pt the average interatomic
distance is smaller than in the corresponding bulk crys-
tals. ' One reason for this contraction is the surface pres-
sure. ' This causes the (intershell) distances in the cluster
to decrease homogeneously by less than 0.5%%uo in small
clusters of 50 atoms or somewhat larger. However, still a
larger effect is expected due to an inhomogeneous contrac-
tion mainly for the surface shells of the cluster. This con-
traction results from the unsaturated bonds of the surface
atoms, similar to planar metal surfaces. Note, this as-
sumption of a contraction mainly confined to the surface
has been found essential for the analysis of lattice vibra-
tions in small particles. '

In order to calculate the atomic-distance contraction as
a function of cluster size, we use for the cohesive energy
the expression

E„b(bulk)
E, b(i)=

(1—q/p)(zb. u
)'" g' exp[ —2q (RJ /R o —1)j

1 q
(z;)'" p

—g' exp[ —p (R /Ro —1)]J (2.8)

given in the Appendix [see Eq. (A7)j. Here, Ro and Ri are
the nearest-neighbor distances before and after relaxation,
respectively, and p and q are parameters. In this formula,
a repulsive interaction term Ez mainly due to s-electron
density compression has been included explicitly in addi-
tion to the binding term in Eq. (2.1). As discussed later,
this repulsion was not necessary to include for determin-
ing (E„b},the structure stability, etc. The equilibrium
interatomic distance is then obtained from

r)E„b(i) =0.
8 I'.

(2.9)

From Eqs. (2.8) and (2.9) the contraction may be calculat-
ed for all cluster shells. However, for simplicity the clus-
ter contraction is now approximately determined by taking

into account only the decrease in the distance between the
surface shell and the next shell. All other interatomic dis-
tances are kept at the bulk value. Then the average dis-
tance between the atomic shells is given by

(r }=n '[ntr, +(n )nr t]o,— (2.10)

where ro and r ~ are the distances between the shells in the
bulk and at the surface, respectively. n& is the number of
bonds between the surface and second shell and n is the to-
tal number of bonds.

In Fig. 4 we show results for the average bond contrac-
tion b,R =((r } ro)/ro as—a function of the total number
of cluster atoms. By comparison with experiment it
should be possible to check our essential assumption that
the cluster contraction is mainly due to the surface layers.

TABLE I. Values for the structure energy Eb, ——E„h(bcc)—E„h(fcc), the bulk cohesive energy E„h b,
and their ratio for different bcc metals. Also included is the critical cluster size X,„„atwhich the
structure transformation is expected from Eq. (2.7).

V
Cr
Nb
Mo
Ta
W

'Reference 17, Fig. 2.
Reference 18.

EEb, '
(eV)

0.286
0.381
0.286
0.381
0.286
0.381

b
Ecoh, b

(eV)

5.33
4.12
7.48
6.83
8.11
8.81

~Eb ~E Oh, b

5.37~ 10-'
9.25 ~ 10-'
3.82)& 10-'
5.58 X 10-'
3.53 g 10
4.32 X 10-'

&cnt

2950
580

8190
2630

10380
5660
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D. Segregation in alloy clusters

To learn about the important problem of alloy forma-
tion in small clusters, it is of particular interest to study
the effect of the cluster size on the segregation behavior in
alloy clusters. Note, drastic changes in the catalytic ac-
tivity for ethane hydrogenolysis have been found in CuRu

14clusters of identical composition but different size,
which have been blamed on differences in the surface
composition.

In order to calculate this surface composition, the free
energy has to be minimized. This yields

xs xb

xs

—EEikTe

where x, denotes the surface concentration of 2 in the al-
loy A„8& „and hE the heat of segregation. In general,
one expects the atoms with the lower surface energy to
segregate to the surface. For bulk alloys 3 8& „with
strong surface segregation we expect strong demixing in
the case of corresponding small clusters. Note that for
small clusters the bulk concentration xb of 2 depends ap-
preciably on x, . Then, the number NA, of 2 atoms at the
surface of an ¹ tom cluster containing totally NA
atoms is given by

+A~s A A s gEykT
( 1 )

X, —Xg, (X—X, ) —(Xg Ng,)—
Note, Eq. (2.12) can be easily extended to determine NA „
where i refers to the first, second, etc. , surface shell with
coordination number different from bulk.

In our case the heat of segregation is the difference of
surface energies for A and B atoms. For transition metals,
within the tight-binding approximation, and using Eq.
(A2), one obtains the expression '

&E= ( 8'gs /20) [ l —(Z, /Zb ) ](ng ns )—
X(10—nA —n~) . (2.13)

In this expression AC is the relative position of the d
bands of A and B, and 8' is the bandwidth in absence of
diagonal disorder (b,C=O). n~ ~~~ denotes the d-band occu-

0 200 400 600 800 1000 1200 1400 1600 1800 2000

N

FIG. 4. Average bond contraction hA in fcc clusters for dif-
ferent choice of parameters p, q (solid line). Also included are
previous results by Gordon et al. (Ref. 10) for p=15, q=5
{dashed line).

FIG. 5. Segregation behavior in small Cu~ Ni clusters.

pancy of 3 (8). In Fig. 5 we show results for the percen-
tage of Cu atoms Nc„,/Xc„effectively present at the sur-

face of clusters with different size N as a function of their
effective composition. (In this figure, it has been neglect-
ed that for small clusters x is discrete. ) In Table II we
also summarized the results for the equilibrium configura-
tion of 55-atom large CuNi clusters with different total
numbers of Cu and Ni atoms. In general, Eq. {2.13) must
be extended to include strain effects which might influ-
ence the segregation behavior in the case of large differ-
ences in the atomic volumes of the alloy constituents.

E. Coulomb explosion of electrically charged clusters

(2.14)(n)
Ecoh, s ~Ecoul

Note, we obtain from Fig. 6, using this formula,
X' ' =28 which compares very well with the experimen-

(3)tal result N,'„',=30. Furthermore, we find N,„,=130.
The ratios of the critical numbers of atoms for which

clusters explode are easily obtained as follows. For metal
clusters the Coulomb energy consists of the (screened} in-
teraction of the emitted pointlike charge with the perfectly
conducting charged spherical cluster. In the case of dou-

bly charged clusters the positive charge which is emitted
from the surface and the center of gravity of the remain-

(2)
ing cluster charge are separated by a distance 2o.r with
o. & 1. Then,

6Ec „l———
(q)- ——E, h, (N,„',} .(2j

2" c~t
(2.15a)

In the following we attempt to calculate the stability of
multiply charged small clusters. For metallic and ionic
clusters we assume that their Coulomb explosion consists
of emitting charged single atoms at the surface of the clus-
ter. Owing to the large cohesive energy this is the easiest
way to reduce the Coulomb energy. Note also that metal-
lic and ionic clusters are not easily deformable due to
directional bonding. If 5Ec'„l is the decrease in Coulomb
energy due to emitting a singly charged surface atom with
binding energy E„h, from an n-fold multiply charged
cluster, then for E„h,)6Ec,'„i the cluster will be stable
against emission of a charged atom.

In Fig. 6 results are given for the Coulomb energy
5Ec,'„l and the surface cohesive energy E„h,(N) for a
doubly and threefold charged Pb cluster as a function of
its size. The critical number of atoms N,„„atwhich an(n)

n-fold multiply charged cluster becomes stable against
emitting a positively charged atom, is calculated from
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TABLE II. Equilibrium configuration in a Cuz Ni cluster with 55 atoms for different composi-
tions.

Total composition
N —m {Cu) m {Ni)

"Surface" composition
N, —m, {Cu) m, {Ni)

"Bulk" composition
Nb —mb {Cu) mb {Ni)

0
5

10
15
20
25
30
35
40
45
50
55

55
50
45
40
35
30
25
20
15
10
5
0

0
5

10
15
20
25
30
35
40
42
42
42

42
37
32
27
22
17
12

2
0
0
0

0
0
0
0
0
0
0
0
0
3
8

13

13
13
13
13
13
13
13
13
13
10

5

0

2e 2
(3)&Ec-i=, (3) =E-h,.(&. t) (2.15b)

Here, a includes screening of the charges. Similarly, for
triply and quadruply charged clusters we obtain

dence of E„h, must be included (see Fig. 6). Taking this
into account we estimate for Pb clusters, assuming bulk
bond lengths,

and

(4) 3e 2
(4)

&Ecoui = «(4) =Ecoh, s(&cat) .
2a' r crit

(2.15c)

With the use of these expressions, the critical cluster size
ratios N,'„-'t:X,'„'t:N,' ', can be approximately determined by
neglecting the size dependence of E„h, and assuming
a =a'=a". Then,

2
(2) (2)

&Ecou& = (2.17a)

This result seems to agree with preliminary experimental
data.

In ionic clusters all charges are localized and at max-
imum distance, and no charge rearrangement is expected
upon emission of a charged ion. Using similar arguments
as in the case of metallic clusters we obtain

(2) . (3) . (4)
crit crit . crit

Finally, using r ~X', we obtain

(2) (3) (4)
+crit crit +crit (2.16)

This should provide a good estimate for not too small
clusters. However, for smaller clusters the size depen-

2e 2
(3)

COul J- (3) E oh, (+ t ) 12.17b)

(4) 38 2
(4)

&Ecoul =
~4i E«h, (N,„,) ——.

4r,„,/V 6
(2.17c)

Using for simplicity again the approximation that the
surface energy is independent of the cluster size, we obtain

(2) . (3) . (4)r crit. r crit.r crit =1:2.3:3.7 .

Thus for charged ionic clusters, one finds the estimate
2.0—

(3)
Coul

(2.18)

1.5—

I

/
/

I

1.0-t
I

0.5
(2)
CIIt

1

100

!

I

I

I

I

I

I

I

l

l

I

I

I

I

I

I

I

I

(3)N, , t

E„„,(N)

200

N

FIG. 6. Graphical determination of N,'„, and N,'„, for the
Coulomb explosion in Pb. The change in Coulomb energy 6Ec,'„i

is calculated by using Eq. {2.15) and assuming bulk bond lengths
for determining r,„., from N„;,. The surface binding energy
E, h, was obtained from Eq. {2.1).

2
(2) 2=~(rcrit ) 'V ~ (2.19a)

(3) 2
2

=
z ~(rcrit) 3' ~

+ 3rcrit
(2.19b)

Note that also in the case of ionic clusters this ratio de-
pends on the size dependence of E„h,.

In contrast to metallic and ionic clusters an electron
hole in a van der Waals cluster (such as Xe, C02, etc.)

strengthens the bonds locally. Hence the emission of sin-
gle charged atoms is improbable. The Coulomb energy
will rather transform into vibrational energy and the easily
deformable clusters are likely to undergo a symmetric rup-
ture into equal singly charged parts. Denoting the
cohesive energy per unit area by y and assuming again lo-
calized charges, we obtain from the stability criterion
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and

(&) 2
2

4r,„,/v 6(4) ~ 2~( crit ) l (2.19c)

This compares well with the experimental result 1:2:4.

III. DISCUSSION

By comparison with experiment and with previous more
elaborate calculations by Gordon et al. ' we conclude that
the atomic and electronic structure of small clusters can
be determined rather reliably using a fairly simple physical
model. As shown in the Appendix our central Eq. (2.1)
applies not only to transition metals, but approximately
also to s-p —type metals such as Pb, etc. This encourages
one to determine also magnetic and catalytic proper-
ties' ' of small clusters using a simplified physical pic-
ture.

It is likely that the binding energy of the most loosely
bound atom in a cluster determines its stability. Clearly,
if an (X+ 1)-atom cluster lowers appreciably its energy by
losing one atom, then in a cluster ensemble the population
of clusters with (X+ 1) atoms is much lower than the one
for clusters with X atoms. It follows from Fig. 1(b) that
clusters with the magic numbers %=13, 19, 55, 79, etc. ,
atoms are most stable and should be observed in experi-
ments producing clusters much more frequently than the
others. ' As physically expected, clusters with % =13, . . .
corresponding to the complete outermost shell are most
stable. Note, for clusters with an incomplete outermost
shell stability depends some~hat on the atomic arrange-
ment in the surface shell. In our calculations clusters with
an incomplete surface shell were generated by peeling off
atoms one by one from opposite sides of the cluster such
that the coordination of the most loosely bound atom is
maximum. Note, an analogous yet more detailed treat-
ment of incomplete surface-shell clusters with Lennard-
Jones-type interatomic interactions was employed previ-
ously in order to determine the equilibrium configura-
tion and the cohesive energy. However, in contrast to our
electronic calculation and also to experiment' these previ-
ous calculations yielded no magic numbers except for
%=13. We expect on general grounds that the occurrence
of magic numbers should differ for metallic- and van der
Waals —type clusters, for example. Presumably for metal-
lic clusters with relatively long-ranged interatomic interac-
tions E„h;„exhibits less pronounced jumps than might
be the case for only short-ranged quasi-nearest-neighbor
interactions in van der Waals —type clusters. Also for
larger metallic clusters we expect E, h;„ to become
smoother as a function of N.

Since the surface energy of close-packed structures such
as fcc is lower than for bcc structures, for example, we ex-
pect for bulk bcc material a transition from fce-like struc-
tures to bcc structure for increasing cluster size. Such a
transition is illustrated in Fig. 3. Note, the calculations
refer to clusters in equilibrium, which is significant since
the energy differences involved are fairly small. Previous

for doubly, triply, and quadruply charged spherical clus-
ters, respectively. Thus we obtain

(2.20)

calculations and also experiments indicate that bulk elec-
tronic structure begins to occur for clusters with N & 1000
atoms, in agreement with our result shown in Fig. 3. Qur
result agrees also with the one for the corresponding
icosahedra-cuboctahedra structural transition of clusters
obtained by a somewhat more elaborate calculation. ' The
critical cluster size X,„t (listed in Table I), at which the
structural transition occurs for the bulk bcc metals, is
determined by using numerical values of the structure en-
ergy AEI„ from Ref. 17, for which the hard-core effects
have been neglected. Note that uncertainties in AEb, and
in the distance dependence of the hopping integrals (which
determine af„and ab„) can affect the critical cluster size
Ã«, considerably. To illustrate how Ncrjl depends on q
(defined in the Appendix), we also used q= 5 to determine
X, , for Cr. Using the corresponding values of a we ob-
tain X, ,(Cr) = 130.

Furthermore, for calculating the structural stability we
have neglected entropy contributions. Thus our results ap-
ply strictly only to clusters at zero temperature. Since we
expect for the entropy S~(T/OD) and for the cluster
Debye temperature SD=kSD [k being typically 0.6—0.9
for cluster sizes 30—60 A (Ref. 26)], the entropy could
play a role in determining the structural stability, if the
change in Debye temperature for corresponding fcc and
bcc clusters is large enough.

As shown in Fig. 4 we obtain a much larger average
bond contraction than obtained assuming a uniform clus-
ter relaxation. ' This results from the fact that even for
small bond contractions the gain in relaxation energy at
the surface is compensated by the loss in cohesive energy
in the bulk of a uniformly contracted cluster, especially
for larger cluster sizes. Our results agree reasonably well
with experimental values. However, since experimental re-
sults are scarce presently, it is not possible to conclude
definitely that contraction of small clusters occurs essen-
tially at their surface as is expected for larger clusters, in
analogy to surface contraction of bulk material. From ex-
perimental results by Apai et al. it was concluded that
the bond contraction is proportional to the inverse cluster
diameter d. This follows also from our analysis yielding
that the bond contraction is proportional to the dispersion
D—:X, /X ~ d '. Note, our calculations neglect electronic
configurational changes, s+~d, which might occur at the
surface. Furthermore, one expects the cluster contraction
to vary for different metals, for example, throughout the
transition-metal series. Such a possible variation is indi-
cated in Fig. 4 where results are given for different p, q
values which might be assigned to different transition
metals, for example. In analogy to the discussion present-
ed for the electron-phonon interaction in transition met-
als one may argue that the contraction is determined by
the change in the d-electron hopping integral At, which
depends on the transition-metal valence. Further experi-
mental studies of cluster contraction are needed for con-
clusive comparison with theoretical results. In particular,
it would be interesting to study Invar alloys such as
Ni& „Fe„and the effect of cluster contraction on alloy
formation.

In calculating the cohesive energy and the structural
stability we have neglected the change in energy due to re-
laxation. However, this change in energy is typically 1%
of the cohesive energy. Also, as the difference in relaxa-
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tion energy for small fcc and bcc clusters is about 0.5% of
their cohesive energy, the influence of, relaxation can also
be neglected for the calculation of the structural stability.

Alloy formation of clusters is obviously of considerable
interest. Note, if N, and N are of the same order, then the
surface segregation controls the alloy formation. To shed
light on this problem, we studied in Fig. 5 segregation in
small clusters. Drastic demixing might occur in small al-
loy clusters since N is finite, and consequently, the concen-
tration of A changes appreciably in the center of the clus-
ter when A atoms segregate to the cluster surface. This is
illustrated in Fig. 5 and Table II. The significance of the
cluster size for segregation, especially in small alloy parti-
cles (Fig. 5), has been discussed by Helms previously.
Note in Fig. 5 that in the extreme case of infinitely large
Cu~ Ni clusters the value Nc„,l'Nc„approaches zero,
because for a given concentration it is proportional to the
fraction of surface atoms in the cluster. The decrease of
AE(N) for decreasing cluster size lowers segregation. The
cluster contraction favors demixing if the alloy atoms
differ in atomic volume. The segregation behavior of al-
loy clusters for decreasing cluster size, illustrated in Fig. 5
for the case of Cul „Ni alloys, might also explain the
self-purification effect observed recently for Li clusters
containing Na impurities. Note, segregation in small fcc
clusters changes when the structural transition to bcc
structure occurs.

The stability of electrically charged clusters is a very
important problem of relevance in different areas of phys-
ics. We have shown [see Fig. 6 and Eqs. (2.15), (2.17), and
(2.19)] that the Coulomb explosion of clusters depends
sensitively on the cohesive force and can be explained by
using a simple physical model. Our results for the critical
cluster size agree excellently with recent experimental re-
sults. Of course, the Coulomb explosion of clusters, in
particular metallic ones, should somewhat depend on the
surface structure of the cluster, as charged atoms at edges
and corners are expected to fall off more easily. Note, ap-
plying the expression for E, h „Eq. (2.1), to Pb yields very
good agreement with experiment. As expected, our cri-
terion for the Coulomb explosion, Eq. (2.14), yields results
for the stability of charged A3+ trimers which agree well
with experiment. Thus, for example, we find that Ni3 +
is stable, while Niz + is unstable. It is interesting to note
that one obtains empirically 6E&~„&——1.3E«h, ~here
5EC,'„~ denotes the bare Coulomb interaction energy be-
tween the two charges and E,",h the binding energy of a di-
m.er. On the basis of our calculation we conclude that the
factor 1.3 in the above relationship arises mainly from
neglecting the screening of the charges and the binding of
the emitted atom from its NNN in the trimer molecule.

Small clusters should exhibit interesting behavior with
regard to many other properties, e.g., metal-insulator tran-
sitions. Owing to the change in coordination number such
transitions might be observable in small Hg, Rb, and Cs
clusters as a function of cluster size in analogy to the Mott
transition in expanded Hg and to the Hubbard transition
in expanded Cs and Rb. For example, in expanded Hg va-
por this transition occurs at a density p= 8—9 g/cm, cor-
responding to an effective coordination of about 6—7.
Thus, we may estimate that this transition occurs in clus-
ters with 20&N,„,&50 atoms. This seems to be con-
firmed by recent experimental results. Also the metal-

insulator transition observed for bulk liquid Cs„Aul al-
loys might change drastically for corresponding small
clusters due to the alloy demixing discussed earlier in this
paper.

In summary, we have demonstrated that some impor-
tant properties of small (metallic) clusters can be under-
stood even quantitatively in terms of a simple physical
model, permitting easy calculations.
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In the following we derive the cohesive energy formulas
used throughout the paper. Assuming a hard-core repul-
sion, the binding energy of the atom i at equilibrium con-
figuration in a metallic cluster is approximately given by '

E„h(i}=—g J dE(E —Eo)N; (E) . (Al)
a

Here, the summation extends over all partly occupied
bands a, N; (E) is the local density of states, and Eo the
o.'-band center at site i. EF is the Fermi energy of the sys-
tem. While this linear combination of atomic orbitals
(LCAO) formula has been mainly used to describe
cohesion in d metals, the formalism also applies to s-p
metals, provided also the second- and third-nearest-
neighbor interactions are considered in calculating N,'~(E).

This formula can easily be evaluated, if a rectangular
band shape is assumed for N;(E). Then, assuming for
simplicity only one band,

8'g
E, h(i)= n;(L —n;),

2L
(A2)

where L =2(21 + 1), I =0, 1, . . . , is the maximum and n;
the effective band occupancy, and 8'; is the local band-
width.

A still more general formula can be obtained from (A1)
by using the fact that E„h{i) is proportional to a factor
changing the energy scale. Then, while all local band oc-
cupancies n; and the band shapes remain constant, each
term in the sum in (A1) is proportional to the bandwidth
O' . Depending on the band shape {rectangular or more
realistic), 8'; is proportional to the square root of the
second moment Mq; of N; {E),which is given by

M;= f dE(E E)~NP(E) . — (A3}

In the LCAO formalism one obtains '

Mp; ——g'(t j ) (A4)
J

where t,z denotes the intersite hopping integral and the
sum extends over all neighbors of i. Distinguishing the
first, second, etc., neighbors, one can write

m„=z,'(~, )'+z,'(~, )'+ . .

=(r, )'(Z, '+aZ, '+ . ), (A5)

where the quantity Z +aZ; + - . is the effective coordi-
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nation Z;. For constant interatomic distances the a band-
width 8;. , and hence each term of the sum in (A1), is pro-
portional to (Z;)', if the local electronic configuration
(total number and s-p-d distribution of the valence elec-
trons) is assumed to be the same as in the bulk and
changes in the band shape can be neglected. Then,

E„h(i)=(Z;/Zb )' E„h(bulk} . (A6)

These two conditions seem to apply especially well to
transition metals near the noble-metal end, such as Ni, Cu,
Ag, and Au. Even for dimers of such elements the
cohesive energy calculated from (A6) by using bulk data'
agrees within S%%uo with experimental results. The appli-
cability of Eq. (A6) to Pb, etc. , is well demonstrated by the

I

agreement found for the atomization energy of Pb2
(theoretical, 1.17 eV; experimental, 0.84 eV), Pb3
(theoretical, 2.47 eV; experimental, 2.32 eV), and Pb4
(theoretical, 4.04 eV; experimental, " 4.23 eV), if the bulk
cohesive energy of Pb, 2.02 eV, is used.

Often small changes in E„h due to relaxation in the in-
teratomic distances are of interest (e.g. , in order to deter-
mine the equilibrium geometry}. Then, the distance
dependence of the binding and the repulsive part of E„h
must be considered. The binding part can easily be ob-
tained along the lines presented above, by using a one-
band model. The repulsive part is given by a Born-Mayer
potential, which shows an exponential distance depen-
dence, in analogy to the hopping integrals. Then,

E„h(bulk)
Ecoh(~ }=

0/ p)(Zbulk }

[ —2&(R /Ao —[)] 1 q ~, [ p(R /Ro ——1)]
1/2

'e 'e
(Z)l/2 p J

(A7)

where Rz and Ro denote the relaxed and the bulk nearest-
neighbor distance, respectively. For the parameters p and
q the values p =9 and q =3 have been proposed for transi-
tion metals. Note, Eq. (A7) has been used previously to
calculate the relaxation at low-index single-crystal
transition-metal surfaces. With the use of q=3 for the
distance dependence of the hopping integral in (A7), one

easily obtains 0=0.08 (a=0.4) for a fcc (bcc) lattice in
(A5). It emerges from Eq. (A7) that the gain in binding

energy of an average atom upon structure relaxation (of
typically &5%) is less than 1%% of the average cohesive
energy. Hence the negligence of cluster relaxations in Eq.
(A6) has no effect on the cohesive energy.
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