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A theoretical analysis of the general excitation phenomena of half-integer 7 > 5 nhuclear spins in a strong
radio-frequency field shows that coherence between the affected spin states leads to complicated time

behavior of the total nuclear magnetization.

Very short excitation pulses lead to quantitatively useful

high-resolution NMR spectra of quadrupolar nuclei in powder samples spun at the magic angle, while selec-
tive spin-state time development during longer rf pulses permits the use of two-dimensional Fourier-
transform NMR techniques with simultaneous measurement of the isotropic chemical shifts and the corre-

sponding quadrupole interaction parameters.

Recently there has been a surge of interest in the powder

spectra of spin I=% and % nuclei, particularly those of

sodium ?*Na and aluminum ?’Al. The magic angle spinning
(MAS) technique' has proved to be quite effective in
enhancing the spectral resolution of the central (%** —%)
transition line shape, thus providing a means for measuring
the main components of the quadrupole interaction tensors
together with the isotropic screening values.>? Other rota-
tion angles, used in the variable angle sample spinning tech-
nique,* can provide single-peaked line shapes, but without
the benefit of averaging the chemical shift anisotropy and
dipole-dipole couplings, and with both the peak and the line
center of gravity shifted far from the isotropic screening
value. Many of the chemical shifts measured at present are
not the true isotropic shifts but rather represent the centers
of gravity of line shapes of uncertain origin that contain a
considerable field-dependent quadrupolar share. The line
intensities are generally in a poor correlation with the
number of quadrupolar nuclei involved. Measurements at
different magnetic field strengths would help but are im-
practical as a result of unfavorable wQ/wL ratios and severe
line broadening at lower fields.

We have found that detailed knowledge of the excitation
process of half-integer spins in a powder sample spun at the
magic angle in a constant strong magnetic field can provide
new insights into the problems of high-resolution NMR
spectroscopy of these nuclei. Time development of the spin
states under the joint influence of Zeeman and quadrupole
interactions in a strong resonant transverse radio-frequency
(rf) field provides both the excitation necessary for NMR
spectrum registration and, through a second Fourier
transform, some information about the quadrupolar interac-
tion tensor components. }

Consider a quadrupolar nucleus in a strong static magnet-
ic field B,, subjected to quadrupole interaction such that

|| >> |

and to a strong resonant transverse rf field with an ampli-
tude 2y B, s=2w,. Under the conditions of MAS-NMR and,
if needed, high power dipolar decoupling, we can ignore all
other intereactions and use only the secular part of the
quadrupole interaction Hamiltonian. The time-independent
secular part of the spin Hamiltonian during the rf pulse in
the interaction representation is formed as the average
Hamiltonian over the Larmor period in the zeroth approxi-
mation of the average Hamiltonian theory:

Ty +F = 0oL = 1) — gl 1)
where the magnitude of the quadrupolar term

_ €QV2()V2/3
YT I -

is a function of the electric-field-gradient (EFG) tensor with
the principal values pyo=+/3/2eq and p; +,= ;-eq n.
The interaction tensor components

Vo= ZD;,?,-)(w,t, arccosV1/3,0) 3, D"(lzlfm, (e, B,¥)py,
ml mll

are expressed through the Wigner rotation matrices D%

containing two sets of Eulerian angles that define the orien-
tation of B, relative to the spinner frame rotating with rate
w,/27 (Hz), at the magic angle 54°44’ to the applied static
magnetic field, and the orientation of the spinner frame
with respect to the principal axes system of the EFG tensor
in any single crystal in the powder sample. The actual
values of wg vary widely with the orientation of crystals
during sample spinning. If wy << wg, then only the central
(% — — %) transition can be excited by the rf pulse and the

corresponding Rabi frequency is (7 +-;—)wr,~.6 In the oppo-
site case w; >> wy, all spin states develop coherence, and
the total transverse magnetization oscillates at w,r during the
rf pulse (see Fig. 1). The experimentally more realistic in-
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FIG. 1. Upper figure shows 1:4 signal intensities ratio in 52.9-
MHz 22Na MAS-NMR spectrum of a 1:10 molar mixture of solid
NaCl and NaNO,. In the 2D representation (lower figure) the F)
axis shows the Fourier components of the transverse magnetization
oscillating under the influence of a strong w;/27 =55 kHz resonant
radio-frequency field. The main component of NaNO, oscillation
corresponds to a Rabi frequency of (/ +%)wrf and the spectral
features at zero oscillation frequency are artifacts caused by spec-
trometer electronics. The chemical shifts and line shapes are
displayed along the F, axis.

termediate values of wg lead to an aperiodic behavior of the
central transition transverse magnetization described by the
time development of the density matrix 5(z,) under the in-
fluence of #» during the time ¢ that the rf pulse is
switched on.

__This time development may be calculated by diagonalizing
X» and performing the corresponding orthogonal transfor-
mations on $(0) and operators of the observables. Howev-
er, as a result of possible large variations of wg relative to
w;f, such expressions lack clarity in describing the excitation
processes. In case of short excitation pulses w;tp=¢ << 1,
the most transparent analytical results follow from a re-
current expansion of the density matrix

) =101+ (11 +2 214 - + Ll , @
1! 2! nl
where [0] =5 and
n+ll= 3 ard, oL
k',r,s
= 3 Guandie =1—isbtp, [n]] (€))
k,r,s

7
k,r,s
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This expression defines the matrix of commutation rela-
tionships G used in the recurrent expansion (2). Use of the
single transition (r — s) fictitious spin operators If’~,, due
to Wokaun and Ernst,” which are defined in the basis of
eigenfunctions |j)=|I—j+1), j=1,...,2I+1 in the
following way:

(ill;slj) = %(airsjs +8i3817) ’
(l|1;3|_]> = ?'( - ﬁirajs +8155jr) »
GHPLY = 5 (8udj—81dy)

allowed to linearize #p, and led to a convenient linear ex-
pression (3) for the evaluation of next higher terms in the
recurrent expansion (2)

[n+11= X a¥ 1= 3 Guarl® . (€))
u uv

Because of the symmetry properties of the Hamiltonian
(1), only a limited number of independent linear combina-
tions I% IV of the fictitious spin operators appear in the
summations in (4). For /=3, I'=I>— [} P=13—12
I;= 1212 _+_12347 4= 1223, = Iy12 +Iy34, 16= Iy13 +1y24’ = Iy23,
I8=11, the equilibrium density matrix is represented by the

coefficients
al™>»* =0, aj =3b, al=4b, b=—w, /kT ,

and the commutation relationships are represented by the
matrix of G,,:

0 G”
Q= Q' Q »
N ——?«b
e w0 o
G=lo -3¢ -2¢6 20 |’
0 3¢ 0 0
-4 —-¢ 0 0
V3, _ 3
) -6 -y —2—¢ 2 ]
G'=1_3s 0 o o |-
0 0 -2 0
andlll=6lep.

By limiting the highest power of ¢ one can disregard most
of the G matrix elements beginning with a certain value of n
and arrive at easily summable expansion coefficients for the
operator of interest. The NMR signal generated by coher-
ence in the I = % spin central transition is proportional to

Ll

!

n=20+1 1:

where up to the third power in ¢, a] =2bd, al = —2b¢>,
al=(—=1)"*D23(n —1)bdp*y" 3 (n=5)

Summation yields the central transition NMR signal am-
plitude as a function J,(y, ¢) of the quadrupolar flip angle
¢ and a power series of the rf flip angle ¢:
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Tip(p, ) b (5L =5 (= 5113]5)

2o+ MHM_§¢3+...] ,
(5)
and, for 1=%,
Jsp(h @) e b(FIL1—3) (—+1[*3)
(36 + 12(sm¢:—-31pcosw) 9 B+ - ]
¥ 2
(6)
The fictitious spm operators 123 and 14 correspond to the
central (—'—' —-—) transitions and

3
L="3(L2+1}%) +217 forl =5 ,
L="5(L2+ %) +2V2(1P + ;%) +31* for I=3

It is immediately apparent that if the rf flip angle is small,
]

= (0) eQ/k
ol =% + oo !

can no longer be ignored. However, for most half—mteger
spins in strong magnetic fields w; = 10wg, and ﬂ’e is diag-
onal in the basis of Zeeman Hamiltonian eigenfunctions to a
precision better than that provided by the first approxima-
tion of the average Hamiltonian theory.? All the nondiago-
nal matrix elements are either zero or eQV,/iw; times
smaller than differences between the respective diagonal
elements for all possible single-crystal orientations in the
powder sample.

Sample spinning provides slow (w, << w;) parametric
modulation of the orientation-defining angles (y +w,t) in
the expression for the interaction tensor components Vo,
and the registered line shape J(w) can be derived as the
sum of line intensities corresponding to any particular range
of the #°° central transition frequencies w(a, 8), averaged
over the rotation period w,”.*? These line shapes can best
be calculated according to Haeberlen® from an integral equa-
tion where the line intensity between arbitrary frequency
limits w4, wy is equaled to the statistically expected number
of nuclei resonating between these limits, weighted by their
orientation-dependent excitation efficiency J; (s, ¢) calculat-
ed from Egs. (5) and (6). For the line intensity in arbitrary
units,

ijj(w)dw= IN)

w, <o(a,B) <wy

2m
dasinBdp j; Ji(, d)dy

®

This is true as long as the spinner frequency exceeds the
total spread of the averaged resonance frequencies w(a, 8).

If the excitation pulse is strong (w; >> w,) but short
(¢ << 1), then J;(, ¢) is independent of the orientation
angles, excitation of the central transition is uniform all
over the powder sample, and the corresponding MAS-NMR
signal is directly proportional to the number of resonating
nuclei. In the limit of short radio-frequency pulses this sig-

—VaU_L+LIYe “M4+ v, (I L+ LI)e ™ v Vplte
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¢’ << 1, then the central transition signal intensity is pro-
portional to |(—|I | — )I b¢, but independent of the mag-

nitude of wg. It can be readily proven that the formulas (5)
and (6) lead, in the case of extremely large and infinitely
small quadrupole interaction constants, to results consistent
with the transverse magnetization oscillation frequencies
1+~ )(lJrf and wyy, respectively. All intermediate oscillation
frequencxes are also possible, but higher frequencies have
very low intensities.

The central transition NMR frequency can be calculated
by forming an effective Hamiltonian

=, (0)

: 2m/w _ ~
L ST AL P 7 AW AT

47

as the average Hamiltonian over the Larmor period in the
first approximation of the average Hamiltonian theory. The
strong radio-frequency field is turned off during registration
of the free-induction decay, and the nondiagonal matrix ele-
ments caused by the full quadrupole Hamiltonian

—Zile +21mLt]

+ Vz..z]%.é

nal is exactly 471(1 +1)/3(1 +%) times weaker than that in
the otherwise identical ¢y =0 case, where all the transitions
are coherently excited and registered.

BNa MAS-NMR spectra of 1:10 molar ratio mixture of
solid polycrystalline NaCl and NaNO,, registered with a very
short (#,=2 us) strong rf excitation pulse, are shown in
Fig. 1. The *Na quadrupolar interaction is very small in
NaCl (e?qQ/h << w,), no rotation sidebands are formed,
and the line shows its true intensity and a regular inversion
behavior due to the practically uniform excitation of all
transitions. In the case of larger quadrupole interactions as
in solid NaNO, (e?¢qQ/h=1.1 MHz >> w,/27;, 5=0.1)°
part of the line intensity coming from other than the central
transitions is smeared into innumerable sidebands of very

low intensity, and the registered centerband intensity is %

times smaller than that expected from the mole ratio, but
the line shape is undistorted and readily interpretable.

Evaluation of the central transition excitation function
Ji(§, #) in case of long excitation pulses by means of a re-
current expansion becomes ir_npractical, and we performed
numerical diagonalization of #5. Differences of eigenvalues
of the diagonalized Hamiltonian introduce complicated time
dependence into the excitation function at frequencies
dependent on first-order quadrupolar shifts of all transitions
due to mixing of the original eigenfunctions by the rf pulse.
If the rf pulses are still short compared with a MAS period,
changes in orientation of the sample during the excitation
period can be neglected and the corresponding Hamiltonian
regarded as stationary.

For rf pulses up to 9-us duration, numerically calculated
changes in the line shape J(w), assuming a stationary Ham-
iltonian, agree well with the experimental spectra of the
T —-;— transition of *Mn in polycrystalline KMnO, (Fig.
2). These line shapes are related to the results of Polak,
Highe, and Vaughan,'' who studied *Na spectra of a single
crystal of sodium B-alumina, where the correlation of first-
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FIG. 2. The upper row shows results of a numerical calculation for e2gQ/h =1.6 MHz, n =0 (Ref. 10), w,/27 = 48 kHz; the lower row
displayes experimental 49.5-MHz MAS-NMR spectra of 3Mn (/ =%) in polycrystalline KMnOy. All experimental spectra were registered

on a Bruker Physik CXP-200 spectrometer at 4.7 T.

and second-order quadrupolar shifts was achieved by means
of an additional rf pulse of different frequency. This
preparatory pulse affected primarily a % - % transition, and
the effect was detected on the central transition due to a
common energy level.

Frequency components of the excitation function can be
registered by performing a second Fourier transformation
over a series of spectra registered with various spin-state
development times tp, increasing the rf pulse length by con-
stant increments. This results in representation of the spec-
tra along two frequency axes (see the lower part of Fig. 1).
In NaCl the excitation proceeds nearly exclusively at
/27 =55 kHz (F) axis) with a very small 2w,; component
due to crystal imperfections and possibly strain during sam-

ple spinning; whereas in NaNO, the excitation spectrum is
more complicated, but, due to the relatively large wg, is
concentrated on (7 +%)w,f/27r=110 kHz. This informa-

tion is quite separate from the chemical shift information
displayed along the F, axis. It is obvious that such excita-
tion pulse-length dependences, leading to a new kind of
two-dimensional (2D) Fourier-transformed high-resolution
NMR spectroscopy in solids, can be used for the evaluation
of quadrupolar interaction parameters even in cases where
only the powder pattern centers of gravity with no line
structure can be measured, thus providing a universal
means for correcting the apparent isotropic shielding values
and line intensity of quadrupolar nuclei with half-integer
spins.
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