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The results of extensive studies of magnetic properties for the spinels Cu„zn[ Cr2Se4 are sum-
marized. They concern the isotherms of static magnetization in applied induction up to 14 T, the
Neel temperature T~ (for x &0.1) and the Curie temperature Tc (for x)0.2), and the high-
temperature susceptibility, all in the full concentration range 0&x & 1. We determine first the con-
centration ratio [Cr +]:[Cr'+] from the concentration (x) dependence of the saturation magnetization
at low temperatures and show that each Cu atom introduced to the system produces on average one
Cr + ion. This means that Cu is mainly monovalent and the double exchange between Cr +-Cr +

pairs takes place. This prediction has been tested further by calculating the ground-state spin con-
figuration characterized by conical 0(x) and spiral N(x) angles, as well as the high-temperature sus-
ceptibility with both double exchange and superexchange taken into account, and by comparing
them subsequently with the experimental data. The biquadratic exchange contribution was also in-
cluded and proved to be essential in bringing to close numerical agreement the theory and the experi-
mental data. From this comparison we have determined the width of the 3d band due to Cr ions,
which is W~ ——0.63+0.05 eV, and the biquadratic exchange constant p =0.41 K. Additionally, we
have determined the partial contributions to the 3d-band width coming from the first three coordina-
tion spheres. Our analysis shows quantitatively that the double exchange depending strongly on Cu
concentration drives the transition from helimagnetism at x =0 through a conical structure to fer-
romagnetism at x )0.8.

I. INTRODUCTION

The mixed spinels Cu„Zn& „Cr2Se4 are normal spinels
with a strong preference of Cr ions to locate in the octahe-
dral (8) positions. The stoichiometric compounds
ZnCr2Se4 and CuCr2Seq are, respectively, a semiconductor
with magnetic spiral structure' (with spiral angle
@=42'+1') and a metallic ferromagnet. The Neel tem-
perature of the former is T~ ——20 K while the Curie tem-
perature of the latter is much higher and equal to
Tc ——460 K. Therefore, the synthesis of mixed spinels
Cu„Zn& „Cr2Se4 carried out before has given us an op-
portunity to study the problem how the relatively strong
ferromagnetic interactions set in as the copper concentra-
tion x increases.

Besides, there is a long-standing discussion in the litera-
ture concerning the valence states of Cu and Cr ions in
CuCr2Se4. There are two principal models: the
Cioodenough model, which assumes that those states are
Cu + and Cr +, and the Lotgering model, ' which as-

sumes that the valencies are Cu+ and Cr + mixed with
Cr'+.

The various models are schematically represented in
Fig. 1, where a scheme of electronic band structure deter-
mining the valency is given. More recent data, ' particu-
larly those concerning the direct spin polarization mea-
surements by polarized neutrons show that the Lotgering
model is closer to reality, though a small negative contri-
bution of Cu and Se to the polarization is observed.

In this paper we show that the studies of the mixed
spinels Cu„Zn~ „Cr2Se4 as a function of x provide an
unambiguous distinction between various models present-
ed in Fig. 1. In particular, it turns out that the magnetic
properties of Cu„Zn~ „Cr2Se4 can be explained con-
sistently only if we assume that the average ratio
[Cu+]:[Cr +] is about 1:1 when the data are fitted sys-
tematically in the full concentration range (cf. Fig. 4).
There are significant fluctuations around this ratio for
some samples because the compounds Cu„Zn& „Cr2Se4
for 0.1 &x & 0.9 can be obtained only by a rapid quenching
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FIG. 1. Schematic representation of the electronic structure
of Cu„Zni „Cr2Se4 spinels. In the Lotgering model (i) Cu ions
are monovalent and Cr +-Cr + configurations form a narrow
band. In the Lotgering —Van Stapele model (ii) the anion band
and 3d band overlap slightly due to Cr. In the Goodenough
model (iii) Cu ions are divalent while Cr ions fill the lowest
Mott-Hubbard subband of 3d t2g band.

netic structure to a ferromagnetic one and, at the same
time, a transition from semiconducting to highly correlat-
ed metallic phase.

The paper is organized as follows. In Sec. II we formu-
late the theoretical model which will be used in subsequent
sections to interpret the data concerning Cu„Zn& „Cr2Se4
in the full concentration range. In Sec. III we give a short
summary of the relevant experimental data and determine
the ratio of mixing, [Cr +]:[Cr +]. In Sec. IV we deter-
mine the spiral 4(x) and the conical e(x) angles as a
function of x based on the minimization procedure for the
ground-state energy. The biquadratic-exchange constant p
and two of the first three spheres of coordinations contri-
butions to the 3d-band width are obtained there from the
comparison of the theory with experiment. In Sec. V we
determine the contribution to the Curie-Weiss temperature
coming from the superexchange and the double exchange,
based on the data of high-temperature susceptibility. This
allows for a calculation of the 3d-band width. Section VI
contains a discussion and some specific questions still to
be answered.

of the freshly synthesized specimens. For this purpose
we have checked with the aid of the x-ray diffraction tech-
nique (Guinier camera and powder diffractometer) that
the compounds were single phase [cf. Okonska-Kozlowska
and Krok in Refs. 3 and 8(c)]. Additionally, we have
measured the lattice constant of all compounds studied
and showed that they obey the Vegard's law [cf. Fig. 1 in
Ref. 8(c)). Therefore, we believe that the data give a sys-
tematic trend that each Cu atom introduced to the com-
pound creates, on average, one Cr + ion out of each Cr +.
This result is in disagreement with our previous
suggestion "that chromium ions are in a 3 + state. The
previous suggestion, however, was not a unique one, since
the neutron diffraction was made on powder samples and
therefore the information one gets is averaged and corre-
sponds to the Cr +-Cr + mixture. To distinguish between
Cr + and Cr + states, one needs to make measurements
on monocrystalline samples with the use of the polarized
neutron beam, as was done for CuCr2Se4 by Yamashita
et al. , whose results are in accord with our present
analysis.

The purpose of this paper is twofold: firstly, to deter-
mine the valence of Cr ions from our studies of magnetic
properties, and secondly, to give a full quantitative ac-
count of the influence of the double exchange on a transi-
tion from helimagnetism in ZnCr2Se4 to ferromagnetism
in Cu Zn& „Cr2Se4 with x) 0.8, through a conical inter-
mediate phase for 0.05 &x (0.7. In particular, we deter-
mine the bandwidth of the 3d band due to Cr ions and the
double-exchange constants associated with them. Here we
give only those results of our extensive experimental stud-
ies of the Cu„Zn& „Cr2Se4 systems which are necessary
to determine the fundamental characteristics of these com-
pounds based on a theory presented below.

The main emphasis is placed on showing the full com-
plexity (and attainability) of analysis of magnetic systems
which exhibit both a transition from a noncollinear mag-

II. QUALITATIVE FEATURES
OF THE THEORETICAL MODEL

The mixed spinels Cu„Zn~ „Cr2Se4 offer a unique op-
portunity of studying the interrelation between the
semiconductor-to-metal and the helirnagnetism-to-
ferromagnetism transitions. The situation is complex,
however, because there exist various possibilities of inter-
pretation of the electronic structure and the corresponding
valencies of Cu and Cr cations. There are three main pos-
sibilities in explaining the properties of the systems
Cu„Zn& „Cr2Se4 based on the proposals ' ' made for
CuCr2Se4, as is shown schematically in Fig. 1. They are
the following ones:

(i) The Cu atoms introduced are monovalent. This
means that each Cu+ ion causes a change of valence
Cr + —+Cr + of one Cr + cation to attain the overall neu-
trality in the compound

Cu Zn~ Cr2 „Cr

In this case if the anion p band is full, then the interaction
between Cr + and Cr + must be ferromagnetic and grow
strongly with the concentration x as the Curie temperature
T& and the Curie-gneiss temperature ecw do. This is the
so-called Lotgering model.

(ii) Each Cu atom is monovalent but there are a number
of holes in the anion band of selenium. They introduce p-
type carriers and besides, mediate the Ruderman-Kittel-
Kasuya-Yosida (RKKY) interactions between the Cr ions.
In addition to that, a number of Cr + ions or vacancies
must also appear to fulfill the charge neutrality. This is
the so-called Lotgering and Van Stapele model.

(iii) The divalent Cu atoms and the holes coming from
the 3d (Ref. 9) configuration of Cu + are coupled anti-
parallel to the remaining Cr + ions. In addition, it intro-
duces an RKKY-type interaction between the Cr + ions
which should be ferromagnetic and give a contribution to
Tc and ecw of the order of 300 K for higher x. This is
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the so-called Goodenough model.
Our data for Cu„Zni „Cr2Se4 allow for an evaluation

of each of these proposals in the following way. Firstly,
the compounds for x & 0.2 exhibit a semiconducting
behavior even though the conductivity, which is p type,
drops 3—4 orders of magnitude. This means that the
models (ii) and (iii) cannot be entirely correct since they
would lead to a metallic behavior above a relatively low
concentration of Cu. Conversely, the conductivity intro-
duced by the holes corresponding to Cr + [model (i)] con-
figuration may appear above the percolation threshold
x,=0.15—0.2 since the lowest Mott-Hubbard subband of
the t2~ band due to Cr + ions can be quite narrow and
therefore described by the overlap of the wave functions
between the nearest neighbors. However, this concept
needs further testing through conductivity measurements
in the low-temperature regime, for which the hopping of
the Cr + holes may be predicted.

Secondly, both models (ii) and (iii) yield an indirect ex-
change between Cr" + ions via the conduction electrons.
Although the indirect exchange may not be simply a
RKKY type of interaction in the case of model (iii)—since
the holes are in 3d band —we expect that it should lead to
an oscillating behavior' of ecw vs x. Instead, a steady
growth of both Tc and ec~ is observed. The growth with
x is approximately parabolic and may be related to the
concentration dependence of the 3d t2g band energy which
is -x&(1—x4), with x4 being the atomic concentration of
Cr + ions.

Thirdly, it is observed (cf. Fig. 2) that the values Tc and
ecw are close for x &0.2. Hence the contributions to all
exchange integrals must act the same way, i.e., i~crease a
tendency towards ferromagnetism. This again cannot be
accounted for within the RKKY type of interaction.

Finally, direct support for the presence of Cr4+ ions in
CuCr2Se4 comes from the measurements of partial polari-
zations of the ions involved done with the help of the po-
larized neutron scattering technique as well as from the
observation of Cr lines with the help of NMR technique. "
However, a certain amount' of polarization coming from
Cu + (Refs. 7 and 11) and from anions is observed.

We conclude from the foregoing discussion that the
main contribution to steady growth of Tc and cow with x
cannot be attributed to the RKKY interactions. The key
suggestion of this work is as follows: the double-exchange
interaction between Cr + and Cr + is responsible for the
strong ferromagnetic interaction setting in the system with
increasing copper concentration. This suggestion has been
made before by Lotgering. However, in what follows
we build a theory which can be tested quantitatively. Ad-
ditionally, from the comparison with the experiment we
determine the microscopic parameters for those systems
such as the bandwidth of the 3d Cr band and exchange
constants of interactions between the first three coordina-
tion spheres.

The total exchange Hamiltonian can be broken down as
follows:

Hsex= —g Jt'j'"St SJ ~

l,J
l+J

(2.2)

Hbex= gptj(Si SJ)
l,J

g+J

(2.4)

which describes the biquadratic-exchange contribution,
containing both the double-exchange' and superex-
change' parts. Next,

RHg QJij S; SJ,
l,J
l+J

(2.5)

represents the residual (e.g., RKKY) type of interaction
due to a presence of holes in the 3d Cu + band and/or
holes in the anion Se p band, and caused by defects such
as vacancies or overlap of the bands. We have

H,„;,= Dg (S,')— (2.6)
l

which is the uniaxial anisotropy with easy axis ( 111) due
to the small tetragonal distortion. It will be neglected in
our analysis. Finally,

Hs-d= —~s-d QSi si (2.7)

represents the superexchange Cr" +-Se-Cr + and Cr +-
Se-Se-Cr" + interactions, ' with zaa =6, za~ ——12, and
z„=12 numbers of nearest neighbors in the first, second,
and third Cr-Cr coordination spheres. The values of the
first three integrals J

~
are taken from Ref. 8(a) as

Jaa aa =60 K Jagzaj = 175 K, and Jac ac = —60 K.
The double-exchange contribution'" is

Hd —
6 x3( 1 —x3) Q bJS;.SJ (2.3)

l,J
l+J

with x3 being the concentration of Cr + ions (normalized
in such way that x3+x4 ——1, where x4 is the correspond-
ing quantity for Cr + ions), and b;J is the hopping integral
(b;J=(i

~

V
~
j)) between the atomic tzg states ~i) and

~
j) for neighbors (i,j). However, our approach differs

from that given in Ref. 14 in two respects. Namely, we
take the band factor as -x3(l —x3) corresponding to
probability of finding one atom in the state Cr + and the
neighboring one in the state Cr +. Additionally, we take
the hopping electron between two Cr ions on the same
footing as the remaining ones, i.e., we assume that the to-
tal spin per site S=—,x3+1x4, corresponding to spins

3

S3—
p and S4 ——1 of Cr + and Cr +, respectively. This is

because all t2g electrons are indistinguishable quantum
mechanically, and Cr cations supply both localized and
itinerant 3d moments when Cr + cations are present. The
condition of applicability of the double-exchange mecha-
nism is W~ & Jd d, where Wd is the bandwidth of the 31
t2g band and Jd d is the value of the intra-atomic d-d ex-
change (the Hund's-rule coupling constant).

We have

a =a„„+a„,+IIb„+II~+a,„;,+II, d,

where the terms are given by Eqs. (2.2)—(2.7):

(2.1)
represents the s-d interaction between the residual holes
(Cu +) or of in the anion p band. The low value of the
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Curie constant CM observed (cf. Fig. 2) shows that
J, d &0. This interaction will be neglected in the following
analysis but its effect will be estimated in Sec. VI.

Taking (2.1)—(2.7) we can calculate the ground-state
and thermodynamical properties. This is what we are go-
ing to do next after reviewing briefly the experimental re-
sults. '

III. SUMMARY OF THE EXPERIMENTAL
RESULTS AND DETERMINATION

OF [Cr6+]:[Cr3+]RATIO

The brief summary of various magnetic properties as a
function of the copper concentration x is given in Fig. 2.
We plotted there the Neel temperature T& (for x &0.2) and
the Curie temperature Tc (for x &0.2), the Curie-Weiss
temperature ecw, the Curie constant CM (both from the
Curie-Weiss law in the high-temperature regime), and sa-
turation magnetization M, in the Bohr magnetons as
determined at temperature T=4.2 K. We see that there is
a steady increase of both Tc and cow with growing x.
Additionally, M, decreases for x &0.8 and CM has a pro-
nounced minimum at about x =0.2.

To show a gradual change of the transition from a
spiral structure at x=O to the ferromagnetic structure at
x &0.8 via a conical structure for 0.05 &x &0.7, we have
plotted in Figs. 3(a)—3(d) the isotherms of magnetization
in the static applied induction up to 14 T and for x=0.01,
0.05, 0.5, 0.7, and 0.8. We do not reproduce the M(B)
curves for other concentrations here but it turns out that
for x &0.05 there appears a substantial curvature in the
medium-field range (0.0&B &5T). An extrapolation to
B=O of the curves for x &0.05 gives a nonzero spontane-
ous magnetization, which means that above this concen-
tration a ferromagnetic component appears in the system.

Next, we determine the [Cr +]:[Cr +] ratio. Namely,
we assume that we have certain concentrations x3 and x4

of Cr + and Cr + ions, respectively. The magnetic mo-
ment per formula is given by M =2(g4x4+ —,

'
g3x3), where

we assume that x3+x4 ——1, and g4 ——1.86 and g3 ——2.0 are
the Lande factors for Cr"+ and Cr +, respectively. In Fig.
4 the open circles represent the values of x4 vs x calculat-
ed this way. The straight line is the line x4 ——aox +ho fit-
ted through those points. From the fitting we get the
values of parameters ao ——0.51+0.05, and
bo ——0.074+0.025. The dashed lines represent the maxi-
mal estimated error of the fitting. From the value of the
parameter ao we see that the dependence of x4(x) is on
average such that the copper atom introduced to the sys-
tem changes one Cr + ion into Cr +. In other words, the
average formula is Cu+„Cr +2 „Cr +„Se &. Obviously,
there is a substantial scattering of the points but the trend
fits surprisingly well into the Lotgering suggestion ' made
for CuCr2Se4, and verified here in the full range of x. Ad-
ditionally, there is (7.4+2.5)% of Cr + ions in polycrystal-
line ZnCr2Se4 samples synthesized and studied by us.

For the sake of completeness and reference in the de-
tailed numerical analysis following, we have reproduced in
Table I the values of the most important quantities con-
cerning the samples studied by us. The quantity S,fr is the
effective spin per Cr atom determined from the Curie con-
stant. It will be discussed in Sec. V.

IV. SPIN CONFIGURATION
IN THE GROUND STATE

For the quantitative formulation we begin with the clas-
sical expression for the ground-state energy (per spin), cor-
responding to the Hamiltonian (2.1). It is given by' @'

EG —— MH Dcos (8——8—0)

1 M (J«+J,bcosd&+ J«cos2@)sin 8
M

I I 1

Cu Zn) C "2 Se4
%0

CD

300

-4

m-3

+ (J«+J,b +J«)cos 8

+ pS I 1+2[1+2sin 8(cosg —1)] J,M
CM

(4.1)

where 8 and @ are the polar or conical (measured with
respect to the applied direction which is along the z axis)
and spiral angles, p is the amount of biquadratic exchange
(p =p«z«), taken as nonzero only between the nearest
neighbors and concentration independent. The effective
exchange constants are

-2

0.2 Q4 Qg 0.8 X

FIG. 2. Summary of experimental data for Cu„Zn] „Cr2Se4
in the full concentration range x. The presented curves are the
saturation magnetization M, (Cl) at 4.2 K in the Bohr magne-
tons per formula, the transition temperatures T~ ( g ) (for
x &O. l) and T, (o) (for x &0.2), the Curie-Weiss temperature
ec~ (4 ), and the molar Curie constant ( & ).

]J«J«z«+ 6 ~««x3(1 x3) ~

1
Jab ab ah+ 6 bab abX3( X3) ~

Jac J«z«+ 6 b«z«x3(1 x3) ~

(4.2)

(4.3)

(4.4)

In expression (4.1) we have neglected the terms (2.5) and
(2.7). Additionally, in what follows we neglect the aniso-
tropy term in (4.1) and set the applied field &=0.

Next we minimize (4.1) with respect to P=P(x) and
8=8(x). From the equation BEG/BQ=O we get either
sin8=0, or for 8&0
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J,bcosN= ——
2 4J

5
2

l J,b+— +
2 J 4Jac

(4.7b)

—,J,b +2J«cos@ —J,b (cos@ —1) —J«(cos2@ —1)=0,
(4.7a)

which can be solved analytically for cosP. The result is

GA 0.6
CONCENTRATIQN OF CG ER, X

FIG. 4. Portion x4 of Cr + ions as a function of copper con-
centration x. The solid line represents the one fitted through the
points which were obtained from M, data at T=4.2 K. The
dashed line gives an estimate of the accuracy of fitting.

—,(J,b sing+ 2 J«sin2$ )

—AS sing[1 +sin 8(cosg —1)]=0 . (4.5)

The analogical equation BE/B8=0 yields either cos8=0,
or for 8&m. /2

J,b (cos@—1)+J„(cos2@—1)
1+sin 8(cos@—1)=

8pS

(4.6)

The spiral structure corresponds to solution 8=m/2 and
0&4&m.. For the conical structure both 0&8&m./2 and
0&4&m.

For the conical structure we can substitute the quantity
1+ sin 8(cos@—1) given by Eq. (4.6) into (4.5). We get
then the equation for N

We have chosen the root for which. cosN & 0 since
/2 .Th.is result, when substituted to (4.6) gives

r

J,b (cos@ 1)—+J«(cos24 —1)—SpS
sinO=

SpS (cosC& —1)

(4.7c)

The procedure of determining 8(x) and 4(x) is as follows.
For x=0, i.e., for ZnCr2Se4, we take values' 0=90,
/=42, and the effective exchange integrals J„=60 K,
Jab ——175 K, and J„=—60 K as obtained previously.
These values when substituted into (4.7c) give @=0.41 K.
Additionally, the spiral angle for x=0.025 was found to
be ' ' 39'+ 1'. From this we get the ratio
J&b/J«

~ & p ppg= —3.13. Finally, from the magnetization
curves we draw the conclusion that for x=0.80 +=0,
which gives J,b/J„~ „p s

———4. The known values of @
in the three cases (x=O, 0.025, and 0.8) determine @(x)
and 8(x) in the full concentration range. The correspond-
ing curves are drawn in Fig. 5. Furthermore, the values of
hOPPing integrals Bab zab~ab and +ac ~ac ac are then

B,b ——673.2

(4.8)

8,=226.2

(in units of K). These values do not permit us to draw a

TABLE I. basic experimental data used in the following in order to determine the microscopic parameters (exchange integrals and
the width of 3d band).

Angle of
spiral

0.0
0.01
0.02
0.025
0.05
0.07
0.1

0.2
0.3
0.5
0.7
0.8
0.9
1.0

M, (p~)

5.74
5.82
5.86
5.85
5.74
5.74
5.74
5.53
5.25
5.08
5.14
4.42
4.44
4.76

0.074
0.071
0.063
0.063
0.102
C.118
0.126
0.181
0.299
0.307
0.339
0.614
0.606
0.488

TN (K)

22
20
16
10
14
16
20

T; (K)

377
382
390
395
404
408
416

e,„(K)
118
142
188
240
276
296
332
388
391
396
411
418
427
436

CM (Kmole ')

3.74
3.43
3.29
3.03
2.60
2.67
2.70
2.12
2.17
2.31
2.41
2.55
2.63
2.70

1 ~ 500
1.454
1.413
1.342
1.237
1.266
1.279
1.126
1.203
1.253
1.303
1.511
1.527
1.490

42'+ 1

39'+ 1'
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90- -90 (s,'s,') „=s,j—,'x, (5.3)

60-
SPI

30-

FERRO
-60

- 0

(S('Sj'(H H—be )) = —9X[J('j~ + 6xs(1 —xi)bgq+Jgq]

(5.4)

(Sg'Sj'Hb, „)~=5gjx +pi;[ ~', (8X—1)+ ,'X(—N—2)],
1(i)

(5.5)

0-

Q2 G4 Q6 G.~ x

FIG. 5. Concentration x dependence of the spiral 4 and the
conical 8 angles. Note the transitions from helical to conical
phase at x=0.05, and from the conical to ferromagnetic phase
for x=0.8. The function N(x) is -nonlinear in x at the lowest
concentrations.

X =2x4, + —,( —,
' +1)x3 . (5.6)

The expression for the susceptibility up to order 1/T can
be written as

(H)„=(H„„)
I (i )

where we have neglected again the anisotropy and s-d
terms. Additionally, since in our case we have a mixture
of spins due to the presence of both Cr"+ and Cr3+ we
should set

conclusion about the bandwidth of the 3d Cr band because
the doininant hopping integral B is still unknown. This
will be done in the next section.

The dependences 8(x ) and 4(x ) drawn in Fig. 5
represent the spin configuration in the full concentration
range. The spiral angle changes linearly with x, while
there are two characteristic points for 8(x): The conical
structure is predicted to play a role starting from x=0.05,
in agreement with the change of character of the field
dependence of the macroscopic magnetization (cf. Fig. 3).
Furthermore, there should be a second singular point of
8(x) for 0.5&x&0.7. Unfortunately, no experimental re-
sults are available in this concentration range. The ratios
x4 w 3 taken in order to draw the curves in Fig. 5 are those
obtained from the fitted curve, i.e., x4 ——0.51x +0.074 (cf.
Fig. 4).

J'= CM T (H—)„-
g (s,'s,'H )„

NX/3

(5.7)

where

1 (gPa)' N
CM= —X

3 kB V

is the Curie constant, and

(5.8)

ecw=
k

1

B

g (s,'s,'H) „
XN/3

(5.9)

is the effective Curie-Weiss temperature. Substituting
(5.3)—(5.5) into (5.2) we get

V. HIGH- TEMPERATURE SUSCEPTIBILITY eCW csex+ ed ex+ ebex+ eR (5.10)

A. High-temperature expansion where the contribution coming from the various exchange
mechanisms are

Before analyzing the data of the high-temperature sus-
ceptibility, we derive the corresponding formula with the
help of the high-temperature expansion. We start from
the exact expression for the susceptibility

(5.1)

e„„=—,'x g J,""z, ,
P

ed —
9 Xx3 ( 1 —x 3 ) g buzz

= —,
' XBX3( 1 —X3 )

P

(5.1 1)

(5.12)

where V is the volume of the system. In the asymptotic
region P=—1/ks T~O we have

and

=2 2 1
ebex 5 X gpfzg

q

(5.13)

(S Sj') P(S Sj'H)—
1 —P(H)„ (5.2) e, =-', XgZ,'z, .

P

(5.14)

where ( ) means the average taken at P=O (T=oo).
Calculating the traces of the products of spin operators'
we get

The summations over p or q mean the summation over the
consecutive coordination spheres, each of them containing
zz neighbors of a given central atom.
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B. Comparison with experimental data

A method of the further analysis is as follows. Firstly,
since the biquadratic exchange constant p is small, we as-
sume it is constant in the whole concentration range.
Secondly, we take pz as nonzero only between the nearest
neighbors (z =6). Thirdly, to check whether the
double-exchange mechanism gives consistent results we
have used the experimentally determined values of ec~ as
the input data in determining value of B = g b~z~ to see

p P P
if it depends on concentration x of copper. In doing so we
have neglected the contributions eg and B] „. This over-
simplification should give reasonable results for B at least
for larger x when the strong and predominating ferromag-
netic double exchange is taking place.

The results of such an analysis are presented in Table II.
The value of Bcw was taken as

Bcw= i~XBz + 9x3(1—x3)XB,

where Bz„was taken from (Ref. 13) and equal to 118 K.
The consistent values of 8 are obtained for x ~ 0.2. There-
fore, we have taken as value of 8 the value averaged for
the samples with x &0.2. We then get B =4140+200 K.
This value was used in order to obtain the contribution to
Bcw coming from the residual exchange (B~ ). The value
of e],„was calculated taking the value of p determined
previously. Both the fitted value (cf. Fig. 4) of
x4 ——0.51x+0.074 and the value of x4 determined from
M, (cf. Table I) were taken for a comparison.

From the numbers presented in Table II we draw the
following conclusion. The value of 8 for x (0.2 must be
anomalously large in order to explain the trend of the data
for Bcw. Besides, at the lowest concentrations of copper
(x &0.02) the residual contribution B~ is also quite large
and almost compensates the contribution 8&„. This
means that either the double-exchange mechanism is not
effective at lowest concentrations, or there is an additional
mechanism of interaction present which gives a contribu-
tion to ecw comparable to or larger than ez„, or both.

I B~AV
CM [x~(S.ff 2 )(S ff+ z )g43k'

+x3Seff(Seff + I )g 3 ] (5.15)

where NAv is Avogadro's number, and S,ff is the effective
spin per Cr ion. The value of S,fi(x) is given in Fig. 6.
S ff should be equal to —', if there were no compensation of

We are inclined to believe that both statements can be
true. In other words, for low concentration x (0.02 a
small number of holes in Cu + configuration and/or in
the anion band can create a RKKY-type interaction which
can produce a ferromagnetic contribution of the same or-
der or even larger than that of the double exchange (6&,„)
if the value of A=4140 K is taken (cf. also the discussion
in Sec. VI).

Additional evidence for the existence of holes with their
spins antialigned with those of Cr" + comes from the ex-
istence of localized-moment compensation which can be
determined from the concentration dependence of the mo-
lar Curie constant CM. This is shown in Fig. 6. In this
figure we have drawn the experimentally determined data
of CM together with the theoretical prediction basing on
our model, with Cr + concentration x4 taken from the fit-
ting the M, data. One sees that there is a pronounced
deep in the experimentally determined value of CM which
cannot be accounted for within the present model, neglect-
ing the holes antialigned to Cr ions.

We should point out that if all Cr ions were Cr + then
the Curie constant should have been equal to 3.75
K/mole. Conversely, if the ratio [Cr +]:[Cr +] is 1:1 then
CM ——2.74 K/mole. The latter value coincides with what
we have found out experimentally for CuCr2Se4. To esti-
mate the deviation of the value of effective spin S,rr from
that given by the one in our model (S,rr~ —,x3+x&), we
have extracted the value of S,ff writing down the corre-
sponding formula for CM in terms of S,ff

TABLE II. Contributions to the effective Curie-gneiss temperature Bc~ coming from various exchange interactions [cf. Eq. (5.10)],
and the value of 8 [cf. Eq. (5.12)].

(K)
Os ex

(K)

x4 ——0.51x + 0.074
Og,„ Ob,„
(K) (K) (K)

Os ex

(K)

x4 from M, data
Og,„ Ob-
(K) (K) (K)

0
0.01
0.02
0.025
0.05
0.07
0.1

0.2
0.3
0.5
0.7
0.8
0.9
1.0

12864
17558
24083
16500
12978
11162
7661
5668
4217
3953
3988
4141
4391

113.9
113.6
113.4
113.2
112.5
112.0
111.1
108.1
105.5
99.8
94.3
91.5
88.7
85.8

114.1
121.0
125.8
131.4
146.8
159.8
177.7
229.5
270.7
322.4
337.9
333.9
322.6
304.8

11.71
11.6
11.6
11.5
11.4
11.3
11.1
10.5
9.9
8.9
7.8
7.4
6.9
6.4

—121.7
—104.2
—62.8
—16.2
+ 5.3

+ 13.0
+ 32.0

39.8
49

—35.1
—29.0
—14.7
+ 8.9

+ 38.9

118.0
114.2
114.5
114.5
112.3
111.4
110.1
108.0
101.6
101.0
99.4
84.3
84.6
90.0

116.0
104.2
104.2
159.3
178.6
188.3
246.2
327.4
331.6
343.3
308.0
311.8
339.8

11.7
11.6
11.6
11.55
11.4
11.3
11.1
10.6
10.0
8.9
7.8
7.4
6.9
6.4

—99.9
—42.3

+ 9.8
—7.0
—5.3

+ 22.5

+ 23.5
—48.0
—44.9
—39.5
+ 18.4
+ 23.7
—0.3
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FIG. 6. Molar Curie constant vs x: experimental points (Q)

and the values determined theoretically based on the law
x4 ——0.51x + 0.074 (0 ). The dashed lines give an estimate of er-
ror coming from the accuracy of fitting shown in Fig. 4. The
lower curves represent the effective spin of Cr + as determined
from Eq. (5.15) (X) and from our theory.

the Cr spins. Instead, the obtained values of S,ff fall
below 1.2 for x =0.2, which gives about 25% less than ex-
pected. This shows that a certain number of compensat-
ing spins is present in Cu„Zn& Cr2Se4 for x &0.8. The
other possibility is that there is a degree of canting be-
tween the neighboring Cr +-Cr + ions due to the presence
of the short-range order in the paramagnetic phase since
the hopping of electrons in the d band correlates strongly
with their spins. This effect has not been included in the
model of the double exchange employed here. ' The de-
tailed discussion of the problem of the anomalous
behavior of CM(x) is given in the next section.

Knowing the value of B =Baa +Bab+Bac = aabaa
+z,I,b,b+z, b„, we can get B„since B,b and B„have
been found before [cf. Eq. (4.8)]. We get B„=3240+200

K. The bandwidth of the 3d t2s band due to Cr ions is
then 8'd ——2B =8280+400 K=0.63+0.05 eV. This is a
fundamental parameter of the electronic structure. It has
been found from an interpretation scheme of our magnetic
measurements. Furthermore, we have determined the
hopping integrals b;~ between the pairs of sites from first,
second, and third coordination spheres. They are
b„=540+35 K, b,b —56 K, and b„=18.7 K, respectively.

The values b;~ determined above give the values of ef-
fective exchange constants in the full concentration range.
They are listed in Table III, where also partial contribu-
tions coming from double-exchange [B;i= —,'B;ix3(1—x3)]
and the total-exchange integrals (JJ

——JJzi& +B,i ) are
given. Hence we have determined the microscopic param-
eters of the systems Cu Zn] Cr2Se4 in the full concen-
tration range. We estimate the accuracy of the values
given in Table III to be about 10%.

VI. DISCUSSION AND CONCLUDING REMARKS

In this paper we have formulated a quantitative scheme
of interpreting the data of saturation magnetization M„
high-temperature susceptibility 7, and the configuration
angles (@,8) as a function of concentration x for the sys-
tem Cu Zn& „Cr2Se4. From the interpretation scheme we
have determined the microscopic parameters of those sys-
tems such as the effective intersite exchange integrals for
the first three neighbors, the bandwidth of the 3d band
due to mixed Cr +-Cr + ions in the mixed-valence state,
and the degree of mixing x3.x4 in the mixed-valent config-
uration Cu+„(Cr +„Cr +„)2se 4. This was only possi-
ble after taking into account superexchange and double ex-
change, as well as the biquadratic exchange.

The microscopic parameters determined here allow for
a full quantitative description of thermodynamic proper-
ties and the phase transitions of the systems
Cu„Zn& „Cr2Se4. In particular, the magnetization iso-
therms [cf. Figs. 3(a)—3(e)] can be calculated provided the
anisotropy field measured previously "' ' ' is included at

TABLE III. Effective exchange integrals for the systems Cu„Zni „Cr2Se4. The integrals for the first free coordination spheres are
given.

0.0
0.01
0.02
0.O25

0.05
0.07
0.1

0.2
0.3
0.5
0.7
0.8
0.9
1.0

B
(K)

259.0
290.5
307.0
317.O
356.O
389.5
436.5
578.5
698.0
880.5
978 ~ 5
996.5
993.0
969.0

B,b
(K)

7.7
8.2
8.6
8.9

10.0
11.0
12.3
16.3
19.7
24.8
27.6
28.0
29.0
27.3

B„
(K)

2.6
2.8
2.9
3.0
3.4
3.7
4.2
5.5
6.6
8.4
9.3
9.5
9.4
9.2

J„
(K)

6O.0
350.5
367.0
377.0
416.0
449.5
496.5
638.5
758.0
940.5

1038.5
1056.5
1053.0
1029.0

J,b

(K)

175.0
183.2
183.5
184.0
185.0
186.0
187.3
191.3
194.6
199.8
202.5
203.0
203.0
202.3

J„
(K)

—60.0
—57.2
—57.0
—57.0
—56.7
—56.3
—55.8
—54.5
—53.4
—51.6
—50.7
—50.6
—50.6
—50.8

Jaa =Jaa isa
(K)

63.8
58.4
61.2
62.8
69.3
74.8
82.8

106.4
126.3
156.8
173.0
176.0
175.5
171.5

Jab —Jab i~ah
(K)

14.5
15.3
15.3
15.3
15.4
15.5
1S.6
15.9
16.2
16.7
16.9
18.9
16.9
16.9

Jac =Jac i~ac
(K)

—10.0
—9.5
—9.5
—9.5
—9.5

94
—9.3
—9.1

—8.9
—8.6
—8.5
—8.4
—8.4
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low temperature (T & 30 K). Even more interesting would
be calculating the transition temperatures T& (for x &0.1)
and T, (for x )0.2), and in particular, of the jump from
T~ ——20 K at x=0.1 to T, =380 K at x=0.2. However,
at present we have no satisfying method of calculating the
transition temperature in the noncollinear phase with a
reasonable accuracy. This is the reason why we have tak-
en in our analysis the paramagnetic temperature 6&w
which can be calculated precisely from the high-
temperature expansion for X (the mean-field approxima-
tion is not good even qualitatively since we have a
biquadratic-exchange term).

The knowledge of T~(x) and T, (x) would be interesting
also because of an additional reason. Namely, we are not
entirely certain if we can apply the concept of double ex-
change for the samples with the lowest concentration
(x &0.2). This is because both Cu+ and Cr + ions intro-
duce a certain degree of disorder which may trap effec-
tively the holes in the narrow 3d band. The observed
nonzero activation energy for x (0.2 may be due to an
activation from the trapped state across the mobility edge
or to a thermally activated hopping. In such a case the
double exchange is triggered at 1 =0 above a percolation
threshold x, -0.1—0.2 for a transition to a state with me-
tallic conductivity. This may be one of the reasons why
we get consistent values for 8 = g ~, ~b,j only for the
sample with higher concentration of Cu (i.e., x ~ 0.3). The
other reason of this inconsistency is given in Sec. VA
when discussing the results presented in Table II. Besides,
the delocalization of the Cr + holes at x =x, would cause
a steep increase of the transition temperature which is ob-
served on increasing x from 0.1 to 0.2. Additionally, it
should be noted that the conical angle decreases strongly
in the concentration range x&[0.05,0.2], so the trapped
states may be caused by the exchange interactions them-
selves, as postulated by de Gennes a long time ago. '

Clearly, further studies of the transport properties are
necessary to clarify the situation in the low-concentration
range. We hope to do such studies in the near future.

The mixed-valent configuration Cr +„Cr +& „should
give a substantial enhancement of the electronic specific
heat in the metallic phase, particularly in the ferromagnet-
ic phase, i.e., for x )0.8. The enhancement factor should
be of order 4—5 at least. Information from the field and
concentration dependence of the electronic specific heat
may throw some light onto an inter-relation between the
mixed-valent dynamics (hopping of d electrons of Cr) and
the double-exchange mechanism.

The analysis presented in Secs. III—V contains some
simplifications. We list them brieAy. Firstly, we have
neglected the anisotropy which is weak only above T=30
K, as has been shown before. " ' ' This means that the
configuration angles 0(x) and @(x) may be slightly dif-
ferent from those represented in Fig. 5. The inclusion of
anisotropy does not introduce any essential complication
in our analysis. In other words, we have presented the re-
sults in Sec. IV in the simplest possible form which is still
realistic. Secondly, we have started from a model of the
double exchange in which the hopping electrons between
Cr ions contribute to the magnetic moment on the same

footing as the remaining ones regarded as a skeleton of lo-
calized spins. The specific situation here is that the same
(3d) electrons are responsible both for magnetic moment
and a mediation of the double-exchange interaction be-
tween the neighboring Cr ions. The detailed quantum
dynamics of the hopping electrons' has been neglected in
the present approach. ' It will be needed if we are in-
terested in the contribution to the conductivity of those
hopping electrons in a very narrow band. Thirdly, we
have not discussed the infiuence of the residual itinerant
holes p or d types onto a diminution of the Curie constant
and the saturation magnetization.

I.et us discuss the last point in more detail. The contri-
bution of itinerant 1 or p holes due to the presence of
Cu + and Se holes, respectively, as invoked by some au-
thors ' to the magnetic properties should not be a decisive
one because the Curie-Weiss temperature O&w does not
show any sign of oscillations as a function x (cf. the values
of Bz in Table II, where it is shown that Bz is small al-
ways except for the three lowest concentrations). On the
other hand, the diminution of the Curie constant C~ can
be estimated as follows. Assuming that the d-d (or p-d)
coupling between the holes and Cr ions is antiferromag-
netic, one gets the following formula for the high-
temperature susceptibility':

where gz is the Pauli susceptibility due to the holes, and
J, is the d-d (p-d) exchange coupling constant. Taking
J, = —1 eV, Xp —5 && 10 cm /g, one gets b, CM/C~
-0.1—0.2, i.e., the desired order of magnitude in order to
explain the maximum deviation in Fig. 6 for x=0.2. It
should be noted that p-d exchange is expected to be nega-
tive for small x while the 1-d exchange between the hole
in the Cu + band and the Cr ions should be rather positive
since we expect that the Hund's rule holds in this case.
Additionally, the formation of magnetic polarons ' cannot
explain both the C~ diminution and the tails observed in
the temperature dependence of susceptibility when ap-
proaching T~ or T, from above.

Apart from the fact that we used some simplifications
in our analysis and that the situation is not entirely clear
at the lowest concentrations studied, we think that the
present approach provides for the first time a quantitative
and consistent picture of magnetic properties of a system
in which the double exchange is taking place. Moreover,
using as an example Cu Zn] Cr2Se4, we have shown
how the transitions from helimagnetism to ferromagne-
tism and from a semiconductor to metal with a Auctuat-
ing valence are inter-related if a part of the localized mo-
ments present in the system delocalizes and forms a very
narrow band with the carriers strongly coupled to the
remaining localized spins via the Hund's rule.
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