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The thermal conductivity, electrical conductivity, and thermopower of Nb and four Nb-based al-

loys were measured over the temperature range 80—400 K. The thermal- and electrical-
conductivity data were used to define the roles of phonon-phonon and phonon-electron scattering in
limiting the phonon thermal conductivity. The phonon-electron thermal resistance was compared
with the results of a new first-principles calculation. As expected from the high superconducting
transition temperature, phonon-electron scattering is quite strong in Nb. The theoretical calculation

reproduces the results of an earlier low-temperature experiment„but gives only about 3 of the

scattering strength derived from the intermediate-temperature data. This discrepancy is just inside
the experimental error limits, but some possible explanations of the difference are discussed.

I. INTRQDUCTIQN

Phonons can make a significant contribution to the
measured thermal conductivity of a metallic conductor,
and an understanding of this contribution is important for
making estimates of the thermal transport properties of
new materials and for improving our understanding of the
electron-phonon interaction in the metallic elements. The
results described in this paper are part of a systematic ef-
fort to develop methods for identifying the phonon contri-
bution A,~~ and to strengthen the connection between the
measurements and theory. Niobium is particularly useful
as a test of our understanding of A, ~I, because it has been
extensively studied, both theoretica11y and experimenta11y.
Niobium is also interesting because of its high supercon-
ducting transition temperature, which is indicative of
strong electron-phonon scattering. This scattering should
also be important in limiting A,~q.

The experimental techniques and methods used to
analyze the data have been described before. ' This paper
contains sections describing the Nb and Nb-alloy samples,
the experimental results, and a discussion of the results.
Measurements at high temperature for Nb have been re-
ported previously. Most of the final section is devoted to
A.~q and contains a first-principles evaluation of the resis-
tance to phonon transport due to interactions with the
electron gas. This treatment follows earlier calculations
of the electronic thecal conductivity A,, and electrical
resistivity p of Nb. The comparison between theory and
experiment is the central point of this paper.

at 2273 K in an ultrahigh-vacuum furnace. The ice-point
electrical resistivity of this sample was 0.67% lower than
the value obtained by White and Woods, and the thermal
conductivity was within about 2% of that measured by
Merisov et al. over the temperature range 100—273 K.
Our thermal conductivity values are about 6—10% lower
over this same range than those recommended by Ho
et al. in their compilation. The reason for this discrepan-
cy seems to be that the recommended A.(T) values were
obtained by fitting lower-temperature data to an approxi-
mate formula and extrapolating.

The alloy samples were prepared from electron-beam
melted Nb and Mo and crystal bar Zr. Charges were re-
peatedly arc melted in a gettered argon atmosphere to pro-
mote homogeneity and then dropcast into rods about 20
mm in diameter. The (7—8)-mm-diam samples were cut
from the outer portions of the castings in order to avoid
center line porosity. All of the samples w. re given a 24-h,
1973-K homogenization anneal in an ultrahigh-vacuum
furnace. Metallographic examination showed large (1—5
mm) grains with no evidence of coring.

Measurements of the physical characteristics of the
samples are summarized in Table I. The concentrations
of Mo and Zr were determined by a colorimetric method.
A complete impurity analysis of the 4.5 at. % Mo—5.1

at. % Zr sample showed that the major impurities (wt.
ppm) were as follows: C, 47; H, 4; N, 48; 0, 29; Cu, 4; Fe,
2; Hf, 10; Pt, 20; S, 0.2; V, 3; Ta, 2000; and W, 500.

The 6-mm-diam. Nb sample was machined from a rod
of low-Ta material that had been electron-beam zone re-
fined by Reed. After machining to produce a uniform
(+0.0025 mm) diameter, the sample was annealed for 48 h

Smoothed thermal conductivity (A, ) and electrical resis-
tivity (p) values for the five samples are shown in Table
II. Seebeck coefficient data are plotted in Fig. 1. The
higher (300—400 K) temperature p data for some of the
samples differ from our earlier values by small (&0.8%)
amounts. These differences were caused by favoring the
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TABLE I. Sample characteristics.

Vacuum annealing time (h)
Temperature (K)
Density (10 3 kg/m')
Lattice parameter
(10 ' m)
Sup erconducting
transition temperature
(K)
Residual resistivity
(10—s Qm)
Sample uniformity,
range of three resistivity
measurements at
different positions
(%)

Zone-refined
Nb

48
2273

0.0457

0.04

Nb—
5. 1 at. '% Mo

24
1973

8.662
3.293

7.72

2.87

0.03

Nb—
10.0 at. % Mo

24
1973

8.741
3.282

6.26

5.09

0.02

Nb —2.4 at. % Mo—
2.4 at. % Zr

24
1973

8.548
3.304

8.32

5.45

0.21

Nb —4.8 at. % Mo—
5.1 at. % Zr

24
1973

8.547
3.315

8.23

7.18

0.22

knife-edge p data and using additional data from the
low-temperature absolute longitudinal heat-flow' " ap-
paratus. The estimated uncertainties and experimental
techniques have been discussed previously. ' '" The prop-
erty values shown in Table II contain extra digits to elim-
inate rounding errors. The A, values for Nb —5 at. % Mo,
Nb —10 at. % Mo, and Nb —2.4 at% Mo—2.4 at. % Zr
were also checked by making measurements on smaller

companion samples with a comparative method over the
temperature range 305—360 K.

IV. DISCUSSION

The principal goal of this study was to determine the
phonon thermal conductivity A,~h of Nb at intermediate
temperatures. This result is part of a systematic study'
of the phonon and electronic thermal conductivities of the
bcc transition elements and takes on an added significance
because recent theoretical advances have led to truly
first-principles calculations of the phonon resistance due
to electron-phonon scattering W', ~h. It appears that A, ~h
measurements give a relatively good test of this theory.
This section begins with a consideration of the electrical
resistivity, the principal goal being to generate experimen-
tal parameters that are employed in deriving A,~h estimates.
The sections on phonon conductivity follow a brief con-
sideration of the Seebeck coefficient data. The electronic
thermal conductivity values, which have been discussed
elsewhere, are also included.

A. Electrical resistivity

The experimentally observed composition and tempera-
ture dependence of the electrical resistivity p is given in
Table II. We found it convenient to parametrize the tem-
perature dependence of each alloy by use of the formula

T
p=A+pBG R,'Q —BT

x/2 2

J„(x)=2" ' f dyy"
0 sinh y

Table III displays the parameters 3, B, Oz, and R /Q&
obtained by means of a least-squares fit of the data in
Table II to Eq. (1). The reader should be cautioned that
Eq. (1) should not be expected to be valid outside the
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FIG. 1. Absolute Seebeck coefficient values for zone-refined
Nb and four Nb-based alloys.

where A and 8 are fitting parameters and pBo is the
Bloch-Gruneisen formula for the ideal electrical resistivi-
ty,

5
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range 80—400 K. We do find empirically that A is in
reasonable agreement with the independently measured
residual resistivity, which is also given in Table III. The
small (positive) differences are probably due to deviations
from Matthiessen's rule, but they may also be partly attri-
butable to limitations of the Bloch-Griineisen fitting for-
mula. Note also that the po values (Table I) show that Zr
additions produce larger effects than Mo. The effect also
seems to be about 50% larger than the observations for
the analogous Hf-Ta-W series, even though the size
differences are very similar in both series. Additional
studies of binary Ta-Hf and Nb-Zr alloys are required to
clarify this point.

The term BT -in-Eq. (1) is especially interesting. In
our parametrization of the experimental data this term
merely expresses the fact that the resistivity does not in-
crease as fast at high temperature as one would expect
from the Bloch-Gruneisen formula. This phenomenon
has been called a deviation from linearity (DFL).' ' Ac-
tually p/T, which should be a monotonically increasing
function of T according to Boltzmann theory, has a max-
imum near 300 K for Nb. Several explanations for this
"saturation*' effect have been offered, among them are
"phonon softening, " "Mott-Fermi smearing, " and "inter-
band transitions. "' It has not yet been established which,
if any, of these explanations is responsible for the effect.
The DFL complicates comparisons between theoretical
calculations and experiment because it is not included in
the first-principles theory.

The characteristic temperatures S~ derived from the
data show compositional trends similar to the OD values
obtained from the literature, but Sz varies more rapidly
with composition than SD. The SD values for Nb-Mo al-
loys shown in Table III are from Powell et al. '4 and are
appropriate for intermediate temperatures. The data of
Ishikawa and Cappelletti' show that the low-temperature
SD values for the isoelectronic alloys containing Mo and
Zr are only slightly less than those of pure Nb. We es-
timated the intermediate-temperature SD values for these
alloys by multiplying the low-temperature OD values of
Ref. 15 by the ratio of the intermediate- and low-
temperature 8D value of Nb.

At high temperatures, the Bloch-Gruneisen formula for
p approaches (R/O„)T, and the R/Sz values show com-

position changes similar to those observed for Ta alloys. 2

The decrease produced by Mo additions can be predicted
from the changes in the superconducting transition tem-
perature T, . ' The isoelectronic alloys show much
smaller R/Sz decreases (-4%), and this is also about
what would be predicted from the shifts in the mass
enhancement factor A. ' Butler' has discussed the three
factors responsible for these changes in A and R/8~.
The R /Sg value shown in Table III yields a A„value for
Nb of 1.10. Typical literature values for this parameter
are 0.96—1.04.'

C. Phonon thermal conductivity (experimental)

The electrical and thermal conductivity data (Table II)
for Nb and the four Nb-based alloys were used to estimate
the phonon conductivity for Nb. The technique which we
used was the same as was used recently to determine the
phonon thermal conductivity of Ta. It requires solving
the following two equations for L (the electronic Lorenz
function for electron-phonon scattering) and A,„q the pho-
non thermal conductivity of Nb:

gNb po p(Nb) —po

LOT LT +gNb (4)

B. Thermopomer

Smoothed values for the thermopower of Nb and for
the four alloys are given in Fig. 1 for temperatures be-
tween 80 and 400 K. Presumably the observed thermo-
power consists of a positive phonon drag term, which
predominates around 80 K, plus a negative diffusion term
which varies approximately linearly in T. The phonon
drag term contains valuable information about the ratio of
the phonon-electron scattering rate to the total phonon
scattering rate. ' Unfortunately, we are unable to separate
the two contributions. Low-temperature therm opower
measurements would be very helpful in this regard, as
would a serious first-principles calculation of either com-
ponent. We report the data in this paper for complete-
ness, and because this property is useful in checking the
consistency of thermal conductivity measurements.

TABLE IV. Parameters used in evaluating the ratio of the phonon conductivities of niobium and its alloys.

Material

Nb
Nb —5 at. % Mo
Nb —10 at. % Mo
Nb —2.4 at. %%uoMo —2.4at. %oZr
Nb —5 at. % Mo—S at. % Zr

280
288
296
277
273

lim W, ~h'

T~ 00

(deg m/W)

0.201
0.178
0.158
0.196
0.191

Griineisen
constant

1.74
1.736
1.731
1.715
1.715

Mean atomic
mass

(x 10")
1.S43
1.545
1.548
1.543
1.544

Mean atomic
size
(m)

( x10")
2.620
2.614
2.605
2.622
2.631

Scattering
parameter I

4.27 x10-'
8.04 x 10-'
1.04x 10
1.60x10-'

'8' in Eq. (9).
Phonon-solute scattering parameter as defined by Abeles (Ref. 25).
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p(A) —A

LOT LI T +pgNb (5)

In these equations Lo is the Lorenz number for elastic
scattering (La=2.443X10 V /K ), A, and A.

" are
the measured thermal conductivities of Nb and one of the
alloys, and p(Nb) and p(A) are the corresponding electrical
resistivities. The quantities po and A are the residual resis-
tivities of Nb and the alloy, respectively. The quantity P
is defined to be the ratio of the phonon thermal conduc-
tivity of the alloy to the phonon thermal conductivity of
Nb and is calculated as described below. The remaining
quantities L„ the ideal Lorenz function, and A, h the pho-
non thermal conductivity are determined by solving the
two equations.

Equations (4) and (5) state that the thermal conductivity
is the sum of an electronic part and a phonon part. The
electronic thermal resistance is assumed to be the sum of
an impurity part (pp/LOT for Nb) and an electron-phonon
part. The equations also assume that L, the Lorenz func-
tion for electron-phonon scattering, is the same in the al-
loys as in pure Nb.

In the alloy method for determining phonon thermal
conductivities of metals it is usually assumed that A, pb is
the same in the dilute alloy as in the pure metal. This
amounts to setting P equal to unity in Eq. (5). Here, as in
Ref. 2, we have tried to improve upon this assumption by
estimating the changes in electron-phonon, phonon-
phonon, and point-defect scattering which occur on alloy-
ing. The ratio of the alloy phonon thermal conductivity
to that of Nb is given by

W, p},(Nb)+ Wp}, pb(Nb)
(6)8; pb(alloy)+ W,

where 8'
ph and 8'ph ph are phonon thermal resistivities

due to electron-phonon and phonon-phonon scattering,
respectively. 8' is the combined thermal resistance in the
alloy due to phonon-phonon and phonon-impurity scatter-
ing. The phonon resistance due to electron-phonon
scattering was calculated from 21,22

2

J8' 8D ( 8D
PII 2 T 3 T

(7)

where 8' is the high-temperature limit of fY ph The
8 values used for niobium and the alloys are shown in
Table IV. The method used to obtain these estimates has
been described previously. The phonon-phonon scatter-
ing in Nb, Wpb pb(Nb), was calculated from the Leibfried-
Schlomann formula:

2

Wpb pb (Nb )=5.88 && 10 3 T,
M60D

in units of deg m W '. In this formula y is the Gruneisen
constant, 5 is the cube root of the volume per atom, and
M is the atomic mass. The combined scattering in the al-
loys, 8'„was calculated from Abeles's formula using
the impurity scattering cross sections shown in Table IV.
This calculation assumes that the ratio of N to U-process-
relaxation times is 9:5, and that the lattice strain scatter-
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FIG. 2. Temperature dependence of the phonon thermal
resistance (A,~~') of niobium. The methods used to obtain parts
(a) and (b) are described in the text.

ing parameter is 40.
The values of P determined in this way are decreasing

functions of temperature. They increase with the addition
of Mo and decrease with the addition of Zr. They range
from 1.10 for the 10 at. % Mo alloy at 80 K to 0.74 for
the 5 at. %%uoMo—5at . %Zrallo ya t 40OK.

Figure 2 shows A,pb for Nb as determined from the ex-
perimental data using Eqs. (4) and (5). Figure 2(a) shows
the A,pb values determined using p= 1 in Eq. (5), and Fig.
2(b) shows A,pb for Nb when account is taken of the change
in A,pb on alloying through the parameter p. Inclusion of
p in Eq. (5) reduces the scatter between A,pb derived
using different alloys by a factor of 2.5. It also seems to
give a result which is more realistic at higher tempera-
tures. The solid line in Fig. 2(b) represents our best exper-
imental estimate of the phonon conductivity of Nb.

The uncertainty associated with the A,pb curve has two
components. The experimental part, which has been ex-
tensively discussed, arises because the A, and p values have
associated uncertainties, and the kpb values are obtained
by solving two equations containing A., p, and T measure-
ments on two samples. Both maximum determinate er-
rors and statistical analyses indicate that this uncertainty
is about +40%%uo at 100 K. The second component, failure
of the model [Eqs. (4) and (5)] due to, for example, a
change in I. on alloying, seems to be a less important
source of error. From an analysis of Eqs. (4) and (5) one
can estimate the effect on Apb of a small change in L due
to alloying. For the 5 at. % Mo alloy we find, for exam-
ple, that a 1% change in L causes a change in A,pb of
0.7%%uo, 1.8%, and 2.9% at 100, 200, and 300 K, respective-
ly.
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The phonon thermal resistance shown in Fig. 2 is the
sum of the resistance due to phonon-phonon scattering
(which should increase linearly with temperature in this
temperature range), and the resistance due to phonon-
electron scattering (which should be approximately con-
stant). It is clear from Fig. 2 that the latter resistance is
dominant. This is not surprising since the electron-
phonon interaction is known to be particularly strong in
Nb.

Assuming that the phonon-phonon resistance increases
linearly with T, which is justified above about 70 K, and
that the temperature dependence of the electron-phonon
fcs1stancc, 8 e-ph, can bc obtained from a simple Debye-
type formula ' [Eq. (7)]:

W- 280
'

A, pg (Nb) =aT+
2

280
T

D. Phonon thermal conductivity (theoretical)

Recently it has become possible to calculate the corn-
ponent of the phonon linewidth in a metal which arises
from electron-phonon scattering. ' Since the lifetime of
a phonon of momentum q and mode index j, rj(q), is in-
versely proportional to its linewidth, yj(q), i.e.,

r/(q) =fi/y J (q), (10)

one needs only to know the phonon linewidth and the
phonon dispersion to calculate the lattice thermal conduc-
t1Vity 2 1 ) 22

(W, h) '= —QCI(q, T)uj„(q)fi/yJ(q),
1

0 j,q

k~X2e~
C (q, T) = X=Acoj(q)/k&T,J '

(
I 1)2 J

Bcoj(q)
uJ„(q) =

(12)

Fitting the g h values from Flg. 2(b) to this formula yields

(z =2.87 ~ 10-',
in units of m/W, and

8 „=0.234,

in units of degm/W. The fit is excellent, with an average
difference of only 3%. This treatment indicates that the
phonon conductivity maximizes at about 150 K. For Ta,
the maximum is located at a lower temperature, and the
difference is readily understood in terms of Eq. (9).

The phonon-phonon scattering term a is about 40%
larger than the value calculated by using the parameters
shown in Table IV and the modified Leibfried-
Schlomann equation. This is satisfactory because the pa-
rameter is not well defined by the experimental result, and
the equation tends to underestimate the experimental
thermal resistance. The electron-phonon resistance is
about four times larger than the value derived from the
experimental data of Sousa.

E. Electronic thecal conductivity

The electronic thermal conductivity of Nb can be ob-
tained by subtracting the A& values estimated in Secs. IV C
and IVD from the experimental thermal conductivity
data. Figure 4 (curve labeled experiment) shows the in-
trinsic electronic thermal resistance, 8',;, obtained in this
manner after applying a small correction for impurity
scattering ( W„=W, po/I. OT). The—resultant curve has
a maximum at 130 K and decreases linearly at higher
temperature. The negative high-temperature slope and the
position of the maximum in W„are quite insensitive to
errors in estimating kzh.

This experimentally determined curve should be corn-
pared with the other curve in Fig. 4 (labeled theory),
which shows the calculated results of Pinski et al. This
calculation (and any calculation based on ordinary
Boltzmann theory) yields a W„curve that is essentiaHy
constant between 150 and 300 K. We believe it to be sig-
nificant that the negative high-temperature slope of W„ is
consistent with the —8T term used in fitting the resis-
tivity in Sec. IV A. If we assume that Ap is connected to
68' through the Lorenz number I.p we have

Ap=LpT A8'= —2X10 ' T (14)

The value of bp calculated in this manner is about 15%

This formula implies that comparison of measured and
calculated W, ~h values offers a relatively direct test of the
theoretical model. The equation only requires information
about the phonon dispersion curves which can be obtained
from experiment and the phonon lifetime which is
evaluated from theory.

We used the linewidths calculated in Ref. 28 to calcu-
late the thermal conductivity of Nb using Eq. (11). The
phonon frequencies and velocities were determined by a
Born —von Karman model fit to the experimentally deter-
mined dispersion curves. ' The linewidths taken from the
work of Ref. 28 and used in Eq. (11) contain a significant
approximation in that the rigid muffin-tin approximation
was used to calculate the electron-phonon matrix ele-
ments. We know something about the accuracy of these
linewidths, however, since they have been compared
directly with experiment and have been used to calculate
the superconducting and transport properties of Nb.

Given the linewidth, the evaluation of Eq. (11) is quite
straightforward. We used 728 points in the irreducible
~', th wedge of the Brillouin zone on a cubic mesh in order

to perform the sum. The result is shown in Fig. 3. Also
included is the "constant-a " approx'. mation which was
used previously to treat the interelement variation of

The calculations merge at high temperatures, but
the constant-a formula gives W, „h values about a factor
of 2 too high at low temperatures. The new 8', ~h calcula-
tions are supported by the low-temperature data of Sou-
sa. This suggests that the consistent differences be-
tween low- and intermediate-temperature 8' „h values
may be attributed to failure of the interpolation formula
based on the constant-u approximation.
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FIG. 3. Temperature variation of the resistance to phonon energy transport in niobium caused by electron-phonon scattering. The

solid line was obtained from Eq. (11)as described in the text.

larger than the values of BT shown in Table III. We in-
terpret this result as an indication that the "negative devi-
ation from linearity" or "saturation" effect is observable
at temperatures as low as 100 K in Nb.

The possible persistence of the DFL mechanism to rela-
tively low temperatures complicates the comparison be-

0.025
E

0.022—
M

0.023
I-
C3

I I I I I I I I

o 0.020
4J
C3
CO
2.'

1

300
~~ 0.0~9 1

200 300
TEMP ERAT 0 RE (K )

FIG. 4. Comparison of experimental and theoretical values
for the intrinsic electronic thermal resistance (A,, ') of niobium.

tween the first-principles calculation and the experimen-
tal 8'„va1ues, because the theory does not contain any
elements which could generate a DFL. Adjusting the ex-
perimental 8',; values upward to remove the hypothesized
linear, negative DFL contribution to S;; produces a curve
which is in remarkably (+1%o) good agreement with the
first-principles calculation over the whole temperature
range. This suggests that the rigid muffin-tin approxima-
tion may not overestimate the electron-phonon interaction
at high temperatures as was originally suggested by
Butler. ' According to this interpretation the rigid
muffin-tin calculations only appear to overestimate the
basic electron-phonon interaction because the electrical
and thermal resistivities are depressed by a DFL of un-

known origin.
We can only speculate about the origin of the DFL.

Part of it, no doubt, arises from "phonon softening" —a
misnomer in this case since the phonon frequencies of Nb
actually increase with increasing temperatures. This in-
crease in the phonon frequencies causes the electron-
phonon interaction to decrease and thereby decreases the
electrical and thermal resistivities. Allen ' has estimated

that this "phonon hardening" may explain about one-third
of the effect at 1000 K in Nb. He also investigated
"Mott-Fermi smearing, " the fact that the conductivity at
elevated temperatures depends not just on the Fermi ener-

gy electronic structure, but on the electronic structure
within an energy range of approximately 3k& T about ez.
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Allen calculated that this effect was small and of the
wrong sign to explain the DFL in Nb, although this con-
clusion was later challenged by Laubitz et al. ' Allen
and Chakraborty have suggested that the DFL's of Nb
and many other transition metals and compounds result at
least in part from interband transitions. These purely
quantum-mechanical transitions provide an additional
channel for electrical conduction not included in semiclas-
sical Boltzmann theory. Equation (14) which we observe
to be approximately valid would be consistent with the
phonon-hardening and interband transition explanation
for the DFL.

The experimental [from Eqs. (4) and (5)] and theoretical
(from Ref. 4', intrinsic electronic Lorenz functions are
compared in Fig. 5. The experimental curve lies about
3—4% above the prediction. When used in conjuction
with the A. and p of the Nb sample, the theoretical l. curve
also yields an estimate of A,~h of Nb. This would be justi-
fied if the theory yields errors in A,, and Tp ' which com-
pensate. This estimate of A,„h, which is somewhat more
subject to the experimental A, and p uncertainties, is dis-
cussed in the final section of this paper.

F. Comparison of A,~h results

The theoretical 8'
~h prediction shown in Fig. 3 is

about 35% less than the experimental value shown in Fig.
2 and Eq. (9). This is similar to the result obtained for
Ta,2 and enhances our belief that there is some physical
basis for the difference. Figure 2 shows that the scatter of
the four sets of calculated A,~z' values is only about +10%,
but an error analysis indicates an uncertainty of about
+40%. This is just sufficiently large to include the
theoretical value.

Attempts to reconcile the experimental and theoretical
values of W, ~h by refining the analysis were only partially
successful. The assumed additivity [Eq. (6)] of the
thermal resistivities is incorrect in principle, as em-
phasized by Callaway, due to the different frequency
dependencies of the phonon-electron, phonon-phonon, and

phonon-impurity scattering rates. However, a more prop-
er calculation in which the frequency-dependent scattering
rates were added and the sum inverted to obtain the net
phonon lifetime as a function of frequency did not yield
appreciably different results for B. The point-defect
scattering rate is rather uncertain, so we tried increasing it
by a factor of 5. The result is shown in Fig. 6. It is close
to the original result at low temperatures, does not exhibit
a maximum, and considerably (X2) exceeds the theoreti-
cal A,~h prediction at room temperature. Thus although
evaluation of the local strain scattering of phonons contin-
ues to be an important unsolved problem, Fig. 6 shows
that it cannot be used to successfully shift the experimen-
tal results. Finally, an examination of dislocation scatter-
ing results and theories leads us to believe that this
scattering would be less than 1% in our well-annealed,
large grain size, cast samples.

The possible discrepancy between theory and experi-
ment requires a closer scrutiny of the theoretical calcula-
tion. Errors in the theoretical results arising from the as-
sumed phonon dispersion [Eq. (13)] are probably small.
Qne possible source of error in the calculation is our use
of rigid muffin-tin matrix elements. Insight into the ade-
quacy of this approximation can be gained by comparing
the results of rigid miffin-tin calculations for the electrical
resistivity and for the superconducting spectral function,
a (co)F(co), with the corresponding experimental results.
The results of such comparisons indicate that although
the rigid miffin-tin matrix elements are possibly too weak
at low frequency their average over all frequencies are ap-
proximately correct.

The phonon-phonon scattering correction, which was
obtained from Eq. (8), may be responsible for part of the
discrepancy. There are three concerns: (1) estimates of
the inherent strength of the U-process scattering via Eq.
(8), (2) failure of the additive resistance approximation
[Eq. (9)], and (3) the role of N processes. Including the
theoretical electron-phonon scattering in Callaway's for-
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mula shows that the additive resistance approximation un-
derestimates the resistance by about 10%, and a further
increase can be calculated by assuming that scattering by
N processes is much stronger than the U-process term. As
mentioned previously, the magnitude of the U-process
scattering is also uncertain by a factor of about 2. Retain-
ing the prediction of Eq. (8) and assuming strong X pro-
cesses with Callaway's equation yields a phonon conduc-
tivity which is about 80% of the experimental result.

Figure 6 shows that the A,ph curve obtained by combin-
ing the theoretical L calculations (Fig. 5) with the A, and p
data for Nb (curve Q is in remarkably good agreement
with the result calculated from Eq. (11). This supports
the theory, and the only misgivings are that the tempera-
ture dependence is not quite correct and the A,„I, values are
more subject to experimental errors.

To summarize, at present we do not know how to im-

prove the experimental k„h value. The rather large error
bounds do, however, include the theoretical result. The
prospects for calculating A, ~h look promising. The A, „h

values calculated here are in good agreement with values
derived from a mixed experimental and theoretical tech-
nique in which the calculated electronic Lorenz number is
used with the experimental electrical resistivity to deter-
mine the electronic thermal conductivity which is sub-
tracted from the total conductivity to determine X~q.

Further work on other systems should be done to con-
firm our ability to calculate A,~h from first principles.
Molybdenum and vanadium appear to be good candidates
for such a study because for them A,~h should be a larger
fraction of the total thermal conductivity allowing a more
accurate experimental determination of k„h.
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