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The current state in a Josephson junction is metastable. Thermal and quantum fluctuations de-
stroy such a state and make its lifetime finite. By lowering the temperature the role of quantum
fluctuations increases. If there is a gap in the excitation spectrum, then for quantum tunneling
high-frequency processes (pair decay) are essential. Quantum tunneling is connected with a change

of a large amount of electron states.

I. INTRODUCTION

A current state of a Josephson junction corresponds to a
minimum of the free energy U(g) as a function of the
phase difference between the two superconductors. Such
minima are divided by a potential barrier. The lifetime of
such a state is finite. At not too low temperatures such a
current state decays due to thermal fluctuations. In this
case the lifetime is proportional to exp(AU /T) [where AU
is the height of the potential barrier U(p)]."? At low
temperature the quantum tunneling through the barrier
becomes important. For a sufficiently large capacitance
of the junction the time of tunneling through the barrier is
large. In this case it is possible to use the adiabatic ap-
proximation for the potential U(gp) and the tunneling
probability can be found by usual quantum-mechanical
formulas.® In several experiments* a junction with a
small capacitance was used. Quantum-mechanical tunnel-
ing in such a case is defined not only by one coordinate
(phase difference @), but by a large number of electron
states. In this case both real and virtual processes are im-
portant.

In this work it is found that, after averaging over the
electron states, the effective potential is a retarded poten-
tial. This potential is found and the problem of
quantum-mechanical tunneling through such a retarded
potential is solved. If the junction is shunted by a normal
resistance or the superconductors have a large concentra-
tion of paramagnetic impurities then electron excited
states with small energies are important and they lead to
friction in classically allowed regions. The problem of
quantum-mechanical tunneling in a system with friction
was solved phenomenologically by Caldeira and Leggett.®
Microscopic extension of the effective action was made in
a work by Ambegaokar et al.,’ but in this work the statist-
ical sum or a transitional amplitude was averaged over the
electron states. The probability is not equal to the
modulus square of such averaged amplitude. In this paper
we have found the transition probability averaged over the
electron states.
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For superconductors with large concentrations of
paramagnetic impurities or in the case in which the junc-
tion is shunted by a normal resistor, the result obtained
here coincides with the phenomenolgical result of Ref. 6
when a current is near its critical value.

For superconductors with a gap in the excitation spec-
trum, the resistance for a quasiparticle current at low tem-
perature is exponentially large;® therefore, the nonadiabat-
ic tunnel processes in this case are connected to the virtual
decay of pairs. The reader is also referred to the previous
results obtained by Widom et al.’

II. AVERAGE OF THE TRANSITION PROBABILITY
ON THE ELECTRON STATES

A Josephson junction can be described by the Hamil-
tonian

, A=A, +Hr+Hr+0%/2C, (1

where H L,ﬁ r are the Hamiltonians of the left and right
superconductors, C is the junction capacitance
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1. ,(7) is the annihilation operator for electrons with spin
o,

}/I\Tzfd3rLd3rR[f'(rL,rR )¢Ia(rL)’/’Ra(rR)+C-C.] ,
(3)
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C is the capacitance of the tunnel junction. If at a time

—T the system is in a state i then the probability to find
the system in a state f at ¢ =0 is equal to
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wi= <1147,
S =exp [—ifi)Tﬁ(t)dt] .

(4)

We shall use the Habbard-Stratonowich procedure to el-
iminate the term ¥* in the Hamiltonian. In analogy with
the work’ for the statistical sum, we obtain, for S’ matrix,

o O A
S= [ DN, DR DVT exp l~if_THeff(t)dt] )

where Ap g are complex functions,

A A~ C A~ N A
Heff=HT—7V2(t)+QV(t)+(HL)eff+(HR)eff,
A~ 1 @

= [dr¥lo | =5 = [Vio

+ fd3r[A2(r,t)¢L;(r)¢LT(r)+c.c.]

1
+— [ d |AL(r,0)]|2.
o Jdr oL

We are interested in the probability w,f which is aver-
aged over the initial and summed over the final electron
states. In the zero approximation on barrier transparency,
the functional integral over modulus | A | can be obtained
by WKB method. In this case the modulus |A| is re-
placed by its equilibrium value which is independent of
time and coordinates. In the same approximation

V() =22
at

where @ is the phase difference between the two supercon-
ductors. As a result, we have a functional integral over
the phase @(¢), which, in the interaction representation,

(6)
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has the form

2
f_ [ar-C- | 92
W; f@(p(t)W[q:]exp 1£dt2e2 [at ] ] ,

wipl=((Teexp

—i!ﬁ(t)dt]» .

Here the double angular brackets indicate the averaging
over the states of the Hamiltonian (Hj )eg+ (Hg )egr. The
integral stands for integration over the Keldish con-
tour, that is, going from (—7 to 0) and back from (0
to —T1). fc is the ordering operator on this contour.!® In
Refs. 11 and 12 the transition probability was written as a
function integral. In the problem of the Josephson junc-
tion in an external electrical field,®!* the phase ¢(¢) on the
two sides of the Keldish contour coincide. By taking into
account the small difference of these two values in the
classically permitted regions it is possible to obtain the
Langevin equation together with the correlation function
of random forces.!? A completely different picture arises
for the motion in the classical forbidden regions. Let us
call the phase value on the upper contour @;(¢) and on the
lower contour @,(¢). For small barrier transparency the
value W[g] is given by

1 ~ A~ A
—E«T”f fdtdtlH,(t)H,(tl)»

L

Wlp]l=exp

(8)

The averaging in formula (8) leads to the appearance of
the Green functions of the left and right superconductors
for zero barrier transparency. Therefore, the potential
eV(t)=0¢@ /0t leads just to a trivial phase factor. Separat-
ing this phase factor we obtain

n(WlpD= [ [ 31T, |*{ coslp(t) — () T.a (t)al(t))(T.a,(tal ()
<

O v

—cos[@()+ () Tea,(a,(t))(T.a,(t))a,(?))}dtdt; , 9)

where the index v,u labels states in left and right superconductors, respectively. The average in formula (9) is made
without the potential ¥ (z) using real values of the order parameters A; g.

The Green functions in formula (9) depend only on the energy of v,u states and have a sharp maximum near the Fer-
mi surface. The matrix element | T, | 2 averaged over these states can be expressed in terms of the junction resistance in
the normal state. The sum over the indexes p,v in formula (9) leads to the Green function integrated with respect to the

energy &.

We divide the integration contour in two parts. For all the quantities laying on the upper (lower) contour we shall

write the subscript 1 (2). Then it follows

m

In(W[@])=
M LeD= R ve?

LK=1,2

0 .
J [ dtdr 3 (D 5Kyt —1))cos[@i(8) — g (t))]— Ly (£ — 2, Jeos[ @i (1) +@x (11)]] -

(10)
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In formula (10)
Ku(O=g(g®(—n ,
Ly()=FF'(OFE(—1) ,

where
gikzifdgGik ,
Gi(t,t))=—i{Tp'(t))) ,
Gt =i (e)Y())
Gy (t,t)=—i{pypl(e)))
Gp(t,t))=—i{T (') .

(12)

Similar formulas determine the Gor’kov Green function
F. The Green functions g;; are connected with the retard-

ed g%, advanced gA, and Keldish gK functions by
1

0
Wi=[ 20 Dpexp{inWigh—i [ _dt 3 (—1)F

K=1,2

III. TRANSITION TO IMAGINARY TIME

For a current value .# lower than the critical one, the
Josephson junction can remain a long time in a metastable
state. We shall suppose that in this time the system can
reach thermal equilibrium. In the following we confine
ourselves within the limit of very low temperatures: The
initial state / is a metastable state with minimum energy
€min- For the sake of simplicity we put this energy equal
to zero.

In the classically permitted regions, each state corre-
sponds to a function ¢(¢) which provides an extremum for
the integral in the exponent of formula (15). If for the
transition from i to f there is no extremal trajectory in
real time, then the probability of such a transition is ex-
ponentially small and determined by the trajectory in the
imaginary time. To find such a trajectory we shall contin-
ue the kernels K; and L in the complex plane in time.

For temperature equal to zero the Green functions g
and F have the following property: The function g < (z) is
an analytical function in the upper half-plane, while the
function g > (¢) is analytical in the lower half-plane. The
Green function g(z) for ¢ >0 coincides with the functiorll

T
RNe2

f _"Omdﬂ'dﬁgL(T—7'1)gR(T—Tl)sin2 5

0
+ f f_wdeﬂgL(T—ﬂ )&r (T—71)sin?

0 0
- fo de_ drig (t1—71)gg (1) —7)sin?

0 ©
- f_wdﬂ'fo d7i8f (1—71)gg (11— 1)sin’
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gn=g=1lg¥+gR+gM1,

gn=8=7[g"—(gR+gM],

) (13)
gn=g <=7[g¥—(g"—g"],

gn=g>=7[g¥+(g"—g"].
In thermal equilibrium the Keldish Green function g¥ is
gX(e)=tanh(e/2T)[gR(e) —g4(e)] . (14)

Usually the Josephson junction is inserted in an electrical
circuit which fixes the total current through the junction.
For instance, large inductance at the external electrical
circuit can fix the current. In this case it is necessary to
add the magnetic energy .Z.#2/2 to the Hamiltonian (1).
The phase difference on the contact is connected with the
full magnetic flux. As a result, in the effective Hamiltoni-
an will appear an additional term —@.#/e. Then the
transition probability W/ is

2
C

2e?

L
e Pk

@k

31 (15)

r
g > (1) and, for t <0, coincides with the function g <(#).
The Green function g(¢) for >0 coincides with g < (¢)
and for ¢t <0 with g > (¢). Therefore, the Green functions
g(2),8(¢) must be continued separately from the value ¢ >0
and ¢ <0. As a result of such continuation for the func-
tions g (7) and g(7) on the imaginary axis we obtain

g(r)=g(7)
©de . g A
=—sgn7 | —2;[g (e)—g”(e)]exp(—e|T])
<(r), 7>0

g

g>(m), 7<O0. (16)

The functions g and g coincide with the Matsubara Green
functions in the limiting case of zero temperature. Analo-
gously for the Green function F on the imaginary axis we
obtain
© de R A
F(r)= —[F*(e)—F*(e)]exp(—e|7|) . (17
0 27
After such continuation the first term in formula (10) can
be written in the form

@) — (1)

=

2

) ] . (18)
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The two functions @ , can be replaced by one function ¢(7) coinciding with ¢, in the half-space (0, « } and with ¢, in
half-space (— «,0). From formulas (10) and (16)—(18) for the probability W/ we obtain

W{:f@(p(r)exp{—A[fp('r)]} )

2
Alpin]= [ dr P Sf— — (1) —€o— 2R7;e2 [ _anlFr(r—r)Fp(r—ri)cos[@(r)+@(r)]
(1)—g(;)
— 2g; (1—7))gg (T—7})sin? ELT—EEHI—

At zero temperature the system is in a state with the fixed
phase @ for a long time. The nonlocality of interaction in
time is not essential in this case, and the energy of the ini-
tial state can be determined.

The energy € in formula (19) can be found from the
condition that the energy in the initial state is zero. The
exact exponential transition probability W/ can be found
from the extremum of the functional 4 [¢(7)],

W/ =exp{ —A4[@ex(D]} .

Formula (20) is valid, provided 4 >>1, i.e., if the current
# is not too close to the critical current ..

The function @.(7) can be found from the following
equation:

Sp(T)

For superconductors without paramagnetic impurities
from Egs. (16) and (17) we get

)—_ SgnT [ dee
- A (2—A2)172

= Ak A 7)),

(20)

21

glr exp(—e|7|)

(22)
A

F(r)= exp(—e|7])

f°° de
A (62—A2)1/2

3| 3

Ko(A|T]) .

It follows from formula (22) that in the presence of a gap
in the excitation spectrum, the Green functions g(7) and
F(r) decrease exponentially at 7A>>1. As is shown
below, in the vicinity of .#, this results in the capacity re-
normalization. At low temperatures the residual contact
resistance is exponentially high in this case.

In some cases a Josephson junction is shunted by a nor-
mal resistance R,. In this case the normal resistance Ry

should be replaced by Ry,
Ry'=Ry'-R5', (23)

which defines the critical-current value. Moreover in this
case to the action 4 should be added the quantity

1 sz_wwdeTI( 1

7mRe T—T1

() — (7))

02
sin
2

)2

(24)

Formula (24) has been obtained from the general expres-
sion (19), in which the Green function g is substituted by

-
its value in a normal metal. We believe that in a shunt no
gap exists in the excitation spectrum.

For currents near the critical one the phase changes in a
small region near the value w/4. For sufficiently large
capacitance the phase @ changes slowly in comparison
with A~1. Therefore, in a first adiabatic approximation it
is possible to change @(r;) in formula (19) by @(7). Then
the action 4 [¢] is equal,

<
2e?

2
Sp

I
ar | e (r)

Aolpl= [ dr

S,
—2—e—cos[2<p(1')]—eo

(25)

Near the critical current the minimum of the functional
(25) is obtained by the function ¢(7),

3(1_x2)1/2 1
(1) —@;= , (26)
¢ i 2 cosh?(wqr/2)
and is equal to
2
c L)
Ag=—5
07 2 ) or
172
=81z | 2L
5 e? ’
where
xX=S5/F,, @;i=>sin"'x, 27
e 172
wo—(l—x2)1/4 Cc l

To first order on the adiabatic parameter the value of the
functional 4 [¢] can be found by inserting the zero solu-
tion (26) into (19)

/2 2
45¢£(3) 3X22m(ALAR)
Alp]l=4o | 1+ 3§ 2, A2 52
2 R()CC!)O 16RNC(AL +AR)
2
5 7 . |AL—AR
F _)_’ b DT E
XE oyl A2 + A% (28)

The second term in formula (28) is connected with low-
frequency dissipation during the tunneling process. This
term coincides with the value obtained in Ref. 6. If the
shunt resistance is of the order of the normal resistance
Ry and the adiabatic parameter A/w, is much larger than
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unity, then this term gives the main correction. Shunt
resistance can be larger than Ry. In this case high-
frequency processes with frequency w ~2A are important.
The last term in (28) is determined by such a process.
High-frequency processes can give essential contribution
to the transition probability, but their contribution to the
viscosity in classically permitted regions is exponentially
small. If the adiabatic parameter is not small, then the
minimum of the action can be found from the solution of
the integral equation (21).

In Ref. 14 the action was found by a variational
method. The viscosity was taken into account only by the
low-frequency contribution in the action [formula (24)].
Therefore, the result of Ref. 14 is valid only if the shunt
resistor is small with respect to Ry .

In Ref. 5 shunting resistance was in some cases larger
than Ry, and the capacitance was smalil. In this case the
term with capacitance in Eq. (19) may be omitted and the
high-frequency processes become essential. An order of
magnitude of the action in this case is given by

A~(1—=x2P3"%7,/he) . (29)

For .# near the critical value .#, the integral equation (21)
becomes a differential one, and for arbitrary value of the
capacitance C, we have

172
207,C*
A[¢]=%(1_x2)5/4 c3 ’
e (30)
i 3% 227 (A; Ag 57, A2 A% )?
8Ry(AZ +A%)27 47477 | A 4+ A% '
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Thus we see that in a large temperature region, T ~T,,
the quantum-tunneling probability is of the same order of
probability to overcome the barrier with the help of
thermal fluctuations. This corresponds to the experiment
of Ref. 5. Exponentially small probability of tunneling in
this case is connected with the fact that changes of the
collective variable @ imply a change of a very large
amount of quasiparticle states. Overlap of many such
electron states is exponentially small.

By each phase slippage, the magnetic flux changes by
one quantum. This means that in the electrical circuit an
average voltage will appear,

(eV) ~awgexp(—A4) . (31)

Formula (31) is only valid provided that after tunneling
the system stops at the neighboring potential minimum,
which is possible at a sufficiently small value of the shunt
resistance only. At high voltages quantum and thermal
fluctuations are less important. They determine only the
width of radiation line."
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