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Raman optical activity and stimulated Raman scattering along the c axis in a-quartz
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Stimulated Raman scattering of the 132- and 468-cm optical lattice vibrations was investigated

along the c axis (z direction) of e-quartz. We measured the dependence of the Raman threshold in-

tensity on the polarization of the neodymium-doped yttrium aluminum garnet (Nd:YAG) laser

pump light and on temperature from 10 to 70 K. The polarization of the stimulated Raman Stokes
light was determined for different pump light polarizations. Raman optical activity was observed
for the 132-cm ' mode of a-quartz. In a right-handed, optically active quartz crystal the Raman
threshold intensity for left-handed, circularly polarized pump light was lower by a factor of about
1.5 than for right-handed circularly polarized light. Raman optical activity was not observed for
the 468-cm mode within our experimental accuracy. A theory of stimulated Raman scattering in-

cluding the effects of Raman optical activity is applied to quartz. Relations between the Raman
circular intensity difference and the magnetic dipole and electric quadrupole polarizabilities are de-

rived. The experimental results for both Raman modes are compared with a traveling wave and an
oscillator theory of stimulated Raman scattering.

I. INTRODUCTION

Stimulated Raman scattering (SRS) in a-quartz has
been studied with powerful ruby lasers at room tempera-
ture and liquid-hehum temperature. ' The following re-
sults were obtained. The threshold intensity of SRS is
smaller at liquid-helium temperature than at room tem-
perature. There is a competition between SRS from the
132-cm ' E mode and the 468-cm ' 2

~
mode which de-

pends on the propagation direction and the polarization of
the pump light in the quartz crystal. ' Mode-pulling ef-
fects observed for the 468-cm ' mode indicate that the
surfaces of the quartz crystal form a Raman resonator.
In addition to stimulated Raman scattering, stimulated
Brillouin scattering ' was investigated, and optical dam-
age' of the surfaces of the crystal by the high laser inten-
sity was found. No systematic investigation of the depen-
dence of SRS on pump-light polarization and temperature
has been carried out. The coherent excitation of polari-
tons in e-quartz by a two-beam method, the generation of
infrared radiation, and the decay of the 468-cm ' pho-
nons were studied in Refs. 8—11.

Recently, the threshold intensity of SRS from the 132-
cm ' mode along the c axis of cz-quartz was measured as
a function of pump-laser polarization at liquid-helium
temperature. ' The threshold intensities of right- and
left-circularly-polarized' pump light differed by about a
factor of 1.5. The results were explained in terms of Ra-
man optical activity.

Raman optical activity was discovered about a decade
ago in optically active substances. ' ' A difference in
the spontaneous Raman intensities was observed for right-
and left-circularly-polarized incident light. The Raman
circular intensity difference is defined by'
=(S„—St)/(S„+St), where S, and St are the spontaneous
Raman intensities for right- and left-circularly-polarized

incident light, respectively. h, p „, was found to be of the
order of 10 for chiral molecules. ' ' It was shown that
the interference between the molecular polarizability and
optical activity tensors is responsible for Raman optical
activity. ' Investigations of the Raman optical activity of
chiral molecules provide structural and stereochemical in-
formation. ' ' Raman optical activity is complementary
to optical rotatory dispersion and circular dichroism in
the infrared spectral region. '

In this paper we present the results of a systematic
theoretical and experimental investigation of stimulated
Raman scattering and Raman optical activity for light
propagation along the c axis (z direction) of ct-quartz. In
Sec. II the theory of stimulated Raman scattering and Ra-
man optical activity of Oudar et al. ' is resumed and ap-
plied to the 132- and 468-cm ' modes of a-quartz. Ex-
pressions for the Raman circular intensity difference are
derived. The threshold intensity of SRS and the polariza-
tion properties of the Raman Stokes light are treated with
the use of a traveling-wave theory and an oscillator theory
of SRS. In Sec. III the experimental setup is described
and the experimental results are presented and discussed.
The dependence of the threshold intensity of SRS on
pump-laser polarization and temperature and the charac-
teristics of the Raman Stokes polarization are investigated
experimentally for the 132- and 468-cm ' modes and
compared with theory. The results are summarized in
Sec. IV.

II. THEORY

We describe first a traveling-wave theory for the Ra-
man generator, in which the Stokes light is amplified dur-
ing one passage through the crystal. The theory is then
extended to the Raman oscillator where the end surfaces
of the crystal form the resonator. The experimental re-
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suits will be shown [see Sec. III B 1 (a)] to lie between the
limiting cases of the Raman generator and oscillator be-
cause the end surfaces of the crystal are not perfectly
parallel to one another. This fact limits the number of
passages through the crystal and causes a dependence of
the Raman amplification on the angle between the en-
trance and exit surface of the crystal.

A. General equations

1. 8'ave equation

The interaction of the light fields with the scattering
medium is described by the wave equation'

P = —,
' I(P ' +P ' )exp[i(k z —co t)]

+(Ps oA+P s'NL}exP[i(ksz cos—t)]+c.c. I .

The superscripts OA and NIL characterize terms leading
to optical activity and stimulated Raman scattering,

respectively. M" and Q are written analogous to P".
The light beams propagate in the z direction. k and cu are
the wave vector and frequency of the light field, respec-
tively. The subscripts and superscripts I and S stand for
the laser and Raman Stokes fields, respectively. Neglect-
ing second derivatives of the amplitudes with respect to
space, we obtain the following for the amplitude of the
Stokes field in the steady-state case:

V a'E 4~ a'P" 4~ - aM"
Co dt CD C}t Co T3t

dE
dz

Q)s
(P NL+POA»

cons

2 a2

3c Bt

E is the electric field vector, e the dielectric tensor, and co
the velocity of light in vacuum. The polarization vector

A
+P, the magnetization vector M", and the tensor Q" of

the electric quadrupole moment density are written as

where

Ps Ps, ' o (ks&&M, )
'

k .Q~s

The effective polarizations P, leading to stimulated Ra-
man scattering (e =NL) and optical activity (e =OA) are
discussed below.

(g"V')XE+P ',
4~ (2a)

M'= g"'(V XH)+M '= g"' +MNL,
4m. 4~co at

QA A.E+Q NL (2c)

The first terms on the right-hand sides of Eqs. (2) cause
optical activity. They are discussed in detail in the next
section. The second terms describe stimulated Raman
scattering, including the effects of Raman optical activity.

The nonlinear polarization P " is given to first order in
u/A, , where u is a typical atomic distance and A, is the
wavelength of light, by'

P "=X"'EEE+X" 13EE+X'o.V EEE, (3)

2. Optical aetsvtty

Optical activity has been treated on a molecular basis by
Born, ' who obtained simple results for quartz. Different
approaches to the phenomenological treatment of optical
activity are discussed by Bokut' et a/. In our calcula-
tions the terms in Eqs. (2) have been chosen in such a way
to reproduce the simple results of Born's treatment.

We treat the special case of optical activity in a-quartz
for light propagation in the z direction. We introduce the
gyration tensor '

g which has the same form as the dielec-
tric tensor e of quartz, i.e., it has only diagonal ele-
ments g~ =g~z and g . The second-rank tensors g" ' and

of Eqs. (2a) and (2b) are connected to the gyration
tensor by

E= 2 IE exp[i(kLz — tc)L]IL+E exp[i(ksz cost)]—
+c.c.j, (4)

Mwhere y ' ', y, and y ~ are higher-order nonlinear sus-
ceptibilities. The nonlinear magnetization M and the
electric quadrupole moment density Q are assumed to
be proportional to the third power of the electric field vec-
tor E. The first term on the right-hand side of Eq. (3)
leads to stimulated Raman scattering. The second and
third terms of Eq. (3) together with M and Q are re-
sponsible for the effects of Raman optical activity on
SRS.

To simplify the wave equation (1) we make the ansatz
of plane waves with slowly varying amplitudes. We
have

A20.k =
—gk

2kS~kk
=0, for i&k,

A2 J
2kse

The third-rank tensor A of Eq. (2c) couples the electric
quadrupole moment to the light field. It has the same

form as the tensor A which is responsible for Raman opti-
cal activity of the 468-cm ' mode of quartz (see Appen-
dix).

The plane-wave approximation of Eqs. (4) and (5) is

substituted in Eqs. (2). The effective polarization PoA is
then given by
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g + ,'g-—~ksA... (ksXES),
8m

' 9

where ks ——(0,0, 1) is the unit vector in the z direction.

3. Nonlinear susceptibilities

The effective nonlinear polarization P NL has been treat-
ed in detail in Ref. 19. We shortly summarize the essen-
tial parts of the calculations.

It is convenient to fold the various contributions to the
nonlinear susceptibilities 7 into a single effective suscepti-
bility such that

I

S eff L L S
~NL, i +ijklEJ' Ek EI (12)

The nonlinear susceptibilities entering g ' have been
shown' to be related to the matrix elements (f ~H ~i ),
(f ~

G '
~

i ), and (f ~

A
~

i ) of the electric dipole polariza-
bility a, the magnetic dipole polarizability G=iG, and
the electric quadrupole polarizability A, respectively. The
matrix element (f ~H

~

i ) of the electric dipole polarizabil-
ity tensor a for the Raman transition between states i and
f is termed the Raman scattering tensor. To simplify the
notation we write, for the matrix element (f ~

H
~

i ) of the
electric dipole polarizability tensor with components
(f ~ a;j ~

i ), simply H and a;j, respectively. A similar no-
tation is used for the other polarizability tensors. Using
the relations given in Ref. 19, we get

jkl [cx 'jcrkl i tt 'j( nL Glp5p~ ns Gkp5pl ) +i akl ( nL Gjp5pj ns Gjp5p&'z )
2hco6v

6 i&j'(kLAl k ksAkzl )+ 6 i~kl(kLA jks'Aj )l' (13)

5,jk is the fully antisymmetric Levi-Civita tensor. ' nI
and n~ are the refractive indices at the laser and Stokes
frequency, respectively. N is the number density of primi-
tive cells in the crystal, 5v is the spontaneous Raman
linewidth (in cm '), and h is Planck's constant. The elec-
tric dipole polarizability a is responsible for Raman
scattering. It can be seen from Eq. (13) that the interfer-
ence terms between the electric dipole polarizability tensor
a and the magnetic dipole and electric quadrupole polari-
zability tensors G' and A lead to Raman optical activity.
In the following sections the theory of SRS and Raman
optical activity presented above is applied to the 132- and
468-cm ' modes of a-quartz.

B. 132-cm ' mode

I. Differential equations and solutions

+ (E„'*E,' E„'E,'*+ ~,'
~

E—'
~

')E,'I

+Ps',S
dE~J' 1 —

I
(ELELe ELeEL ~ /F

~

EL
~

2)Es
z

(16)

I

The x and y components of G' have the same form as
those of H (see Appendix).

We consider first stimulated Raman scattering in the
forward direction and substitute Eqs. (11)—(15) in Eq. (6).
The equations for the x and y components of the Stokes
field E are given by

dE„'"=—'g I[[EL~'+iaP(ELE'* E'*E')]E'—

+[ ~E
~

its.'(E"EL —E'E' )]E,I—The Raman scattering tensor n of the 132-cm ' E
mode of a-quartz is given by

c 0 0
H(x)= 0 —c d

0 d 0

PSE-S (17)

(14a) The following abbreviations have been used: Raman gain
factor

0 —c —d
H(y)= —c 0 0 (14b)

g, =(2trNtosc )l(hcons5v, ),
specific rotatory power for the Stokes light

The x direction corresponds to the a
&

axis of the quartz
crystal. The y axis is orthogonal to the x and z direction.
The magnetic dipole polarizability tensor G and the elec-
tric quadrupole polarizability tensor A are given in the
Appendix. For our calculations we need the tensor com-
ponents

4~
PS ——3coS g + —,g — ksA„y,9

(4nsco ) (19)

which is positive for left-handed, optically active quartz, '

and the quantity

b,, = —[6G,' (nL ns) + (kL —k—s)Ad ]l3c,
A(x): A~=As ——Ag, A~=As~ ——0,
A(y): A~ =A~ =0, A~ = —Ay~ ——Ad . (15b)

which describes Raman optical activity for forward
scattering. It will be shown in Sec. II 8 3 that 6, is equal
to the Raman circular intensity difference A,~,„, used in
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spontaneous Raman scattering. ' For backward scattering
we get

b,, = —[66,'(nL+ns)+(kr +kg)Ad]/3c .

shown to be given by

I„=—,
' I(1+sin2y ),

I& = —,I(1—sin2y) .

(30a)

(30b)
It is convenient to introduce left- and right-handed

circularly-polarized light fields'

(22a)

(22b)

respectively (j=I.,S). Equations (16) and (17) can then be
written for forward Raman scattering in the simple form

dE' = i gt It'E'+iPsE' (23)
dz

s - s= —,g„I„Et i PsEt— (24)
dz

I„and II are the intensities of the right- and left-handed
circularly-polarized components of the pump laser light.
g, and gI are the corresponding forward Raman gain fac-
tors, which are given by

g, = — g, (1+&,)=g, (1+&,),
CpnI

(26)

E„=E,(0)exP( ,' gt It l+iP—sl),
Et =—Et (0)exp( , g„I„l iPsl) .—— (28)

E„(0)and Et (0) are the initial values of the Stokes fields.
The x and y components of the Stokes fidd may be ob-
tained from Eqs. (22), (27), and (28).

For elliptically polarized laser light, the forward Stokes
intensity I for a traveling-wave system is obtained from
Eqs. (27) and (28):

I =I„(0)exp(gi It 1)+It (0)exp(g„I„ l), (29)

where I„(0) and It (()) are the initial values of the Stokes
intensities.

In our experiments elliptically polarized pump light is
generated by a polarizer and a quarter-wave plate (see Sec.
III A). The transmission direction of the polarizer and the
optical axis of the quarter-wave plate form an angle y.
When I is the intensity of the incident light wave, the in-
tensities of the right- and left-handed circularly-polarized
components of the elliptically polarized pump wave can be

The Raman gain factor g, is estimated in Sec. III C 1(b) to
be about 3& 10 cm/MW for T & 10 K. Its temperature
dependenc= is given by the inverse spontaneous Raman
linewidth I/5v, [see Eq. (18)].

It is interesting to note that according to Eqs. (23) and
(24) there is no coupling between the right- and left-
handed Stokes components. For forward Raman scatter-
ing the right-circularly-polarized Stokes component E, is
amplified by the left-circularly-polarized laser intensity II
and vice versa.

Equations (23) and. (24) are solved and yield the forward
scattered Stokes fields for a traveling-wave system of
length I,

In the following sections we derive an expression for the
threshold intensity of SRS and discuss the polarization of
the Stokes light.

+It (0)exp[ —,
'
g„I'"l(1+sin2y)] . (31)

The threshold intensity I""is calculated numerically from
Eq. (31).' If g„&gt, there is a difference in the thresh-
old intensities of right- and left-circularly-polarized pump
light (y =45' and 135', respectively), which is due to Ra-
man optical activity.

It is interesting to discuss approximate solutions of
Eqs. (29) and (31). For g„I„&gt It the second term
on the right-hand side of Eq. (29) dominates. Neglecting
the first term, we find for the right-circularly-polarized
component of the threshold intensity

(32)

From an estimate of the initial values of the Stokes inten-
sity we calculate for the traveling-wave system a threshold
gain of

(33)

which is needed to exceed the detection limit ID. With the
use of Eq. (30a) the incident laser intensity at threshold as
a function of y is given by

2Ith
Ith( ) (34)

1+sin2y

For g, I, &gI II an analogous expression may be derived.
Equations (18), (25), and (32) show that the threshold

intensity I'" is proportional to the spontaneous Raman
linewidth 5v„ i.e., for a traveling-wave system the tem-
perature dependence of I'" is the same as that of 5V, .

3. Raman circular intensity difference

In spontaneous Raman scattering the Raman circular
intensity difference h,~„,was used to characterize Raman
optical activity. It is defined by' b„~,„,=(S„—St ) /
(S„+St ), where S„and St are the spontaneous Raman in-
tensities for right- and left-circularly-polarized incident
light, respectively. Both the spontaneous Raman intensity
S and the Raman gain factor g are proportional to the Ra-

2. Threshold intensity for stimulated Raman scattering

We define the threshold intensity I'" for stimulated Ra-
man scattering as the laser intensity where the Raman
Stokes signal I becomes detectable by our detection sys-
tem. This corresponds to a Raman conversion efficiency
of about 1%. The experimental detection limit ID of the
Stokes intensity and the laser intensities of Eq. (30) are
substituted in Eq. (29). We get an equation for the deter-
mination of the threshold intensity I'" of SRS:

ID =I„(0)exp[ , gt I'"l(1——sin2y)]
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man scattering cross section. For forward scattering the
Raman circular intensity difference may therefore be writ-
ten as

~.' .t=(g,'—gt')/(g, '+gt') (35)

Using Eqs. (25) and (26) for g„and gt, we find b,,~„,
The Raman circular intensity difference may

be determined from Raman gain measurements. '

For circularly-polarized pump light the Raman thresh-
old intensity is given by Ir or Il, which is proportional
to 1/g„or 1/gt, respectively [see, e.g., Eq. (32)]. With
these relations Eq. (35) is written as

I

—B
S[

ii g

I

—8
Sl

BB

This equation is also valid for backward scattering if su-
perscript F is replaced by 8 and the Raman threshold in-
tensity is measured in the backward direction. Applica-
tion of Eq. (36) to experiments should be considered with
caution, because in traveling-wave systems there is often a
competition between forward and backward SRS, which
has not been taken into account in the derivation of Eq.
(36).

4. Polarization of the Itarnan Stokes light

F
vL vS

B™vs[

The polarization of the Stokes light of stimulated Ra-
man scattering in the traveling-wave system is discussed
for different elliptical polarizations of the pump laser
light with the use of Eqs. (27)—(30). As an example we
consider the case where g„~gI, e.g., g, =1.5g~ . Four dif-
ferent situations are to be distinguished.

(i) The right-circularly-polarized component of the el-

liptically polarized pump light dominates, i.e ~ gr Ir
&gI II . This condition is fulfilled when the angle y be-
tween the electric field vector of the incident light and the
optical axis of the quarter-wave plate which generates the
elliptically polarized pump light (see Sec. IIIA) is in the
range 0'(y &90' for g„=1.5g~. The first term on the
right-hand side of Eq. (29) is neglected. The Stokes light
is left circularly polarized in a good approximation. It has
the opposite sense of rotation as the elliptically polarized
pump wave.

(ii) For g„I„&gI II (100' & y & 170 ) the left-
circularly-polarized component of the pump light dom-
inates, and the Raman light is right circularly polarized.

(iii) g„I„=gIIt (90'( y ( 100 and 170(y & 180'). In
these regions the Stokes light is elliptically polarized. The
detailed Stokes polarization depends on the Raman gain
factors and the laser polarization.

(iv) For g„I, =gt It (y=95.8' and 174.2' for g„
=1.5gI ) the Raman light should be linearly polarized be-
cause the right- and left-handed Stokes components have
equal amplitudes [see Eqs. (27) and (28)]. The orientation
of the electric field vector of the Stokes wave depends on
the optical rotatory power Ps.

5. Eaman oscillator theory

(a) Frequency dependence of the Raman gain factor.
There is experimental evidence that the surfaces of the
quartz crystal act as a resonator for the Stokes light [see

FKy. 1. (a) Vain profiles for forward and backward SRS of
circularly polarized pump light. (b) and (c) Quartz crystal acting
as a Raman resonator (for details see text).

Sec. III 8 1(a)]. In the Raman oscillator forward and
backward Raman scattering occur, which have different
frequencies and gain factors for the 132-cm ' mode be-
cause of the different wave vectors of the excited phonons.
A linear wave-vector dependence of the frequency of the
132-cm ' mode was found in Ref. 6. The mode is doubly
degenerate for zero wave vector of the phonons, but the
degeneracy is lifted to first order in wave vector along the
c axis. The Raman spectrum of the 132-cm ' mode
shows at liquid-helium temperatures two closely spaced
narrow lines which are circularly polarized with the oppo-
site sense of rotation of the electric field vector. The line
splitting increases linearly with the wave vector of the
132-cm ' phonon. For a pump-laser wavelength of 1.064
pm it is 6)&10 and 0.083 cm ' for forward and back-
ward scattering, respectively. The Raman linewidth of
each component is 5v, =0.05 cm ' for T & 10 K.

The frequency dependence of the Raman gain factor is
determined by the shape of the spontaneous Raman line.
Therefore, the behavior of the Raman oscillator is strong-
ly affected by the splitting of the 132-cm ' Raman line.
Figure 1(a) shows the frequency dependence of the Raman
gain factor g for left- and right-circularly-polarized pump
light as broken and solid lines, respectively. The Raman
gain curves for both polarizations are clearly separated for
backward scattering due to the frequency splitting of the
Raman lines (vent —vs, ——8.3 X 10 cm '). The splitting
v~~ —V~, ——6&10 cm ' for forward scattering is too
small to be seen in Fig. 1(a), we assume vs„—vsI =vs. The
peak values gt, g„, and g„of the gain factors of left-
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and right-circularly-polarized pump light are different be-
cause Raman optical activity depends on the scattering
direction [see Eqs. (20, (21), (25), and (26)]. It should be
noted that subscript r (or 1 ) of the gain factor refers to the
pump light polarization. It corresponds to subscript l (or r)
of the Stokes frequency, because laser and Stokes light
have the opposite sense of rotation of the electric field
vector for the 132-cm ' mode in quartz (see Sec. IIB4).
The first and second superscripts of g refer to the super-
scripts of the Stokes frequency Vq and the stimulated Ra-
man circular intensity difference h„respectively. It will
be discussed in Sec. IIIB1(c) that in our experiments
b,,=0 and b,,&0, i.e., g„=gt and g„&gt

(b) Stimulated Raman Stokes intensity As .an example
we treat an oscillator pumped with right-circularly-
polarized laser light. We consider first the case where the
Raman oscillator starts with forward scattering [see Fig.
1(b)]. The Stokes light with frequency vs is amplified
with gain factor g„=gc(1+6,), which corresponds to g„
of Eq. (25). After reflection at the end surface of the crys-
tal, it is amplified at the wing of the backward scattering
gain profile [see Fig. 1(a)] with gain factor

g„=g„ /[1+(vst —vs) /(5V, /2) ], (37)

where g„=g,(1+6,). At the reflection, the polarization
of circularly-polarized light is changed from left to right
and vice versa. This is due to the change of propagation
direction, while the sense of rotation of the electric field
vector in a frame fixed in space remains unchanged at re-
flection. The Raman gain depends on the relative sense
of rotation of the laser and Stokes electric field vectors,
which is not changed at reflection. Therefore, for back-
ward Raman scattering the same laser and Stokes com-
ponents interact with each other as for forward Raman
scattering.

There is a second amplification process in the Raman
oscillator [see Fig. 1(c)]. It starts with Raman backward
scattering with frequency vent. The Stokes light is first

1

It (2) =CI, (2)exp[g„ I, (2)l ]

+RIt (1)exp[g„ I, (2)l], (39a)

where the second term on the right-hand side represents
the amplified reflected backward Stokes intensity of the
first run. R is the reflectivity of the quartz surfaces. The
backward Stokes intensity is given by

It (2) =CI„(2)exp[g„ I„(2)l]

+RIt (1)exp[g„ I„(2)l] . (39b)

In the third run we take into account that the first and
second terms on the right-hand side of Eq. (39b) have dif-
ferent frequencies vst and vs, respectively. After reflec-
tion they are amplified therefore with different gain fac-
tors. The forward Stokes intensity is given by

amplified with gain factor g, and after reflection with
[see Fig. 1(a)]

g„=g„ /[1+(vent —Vs) /(5v, /2) ] . (38)

We discuss now the iterative steps of the calculation of
the left-circularly-polarized Stokes intensity Ii (m) after m
passages through the crystal with length I. After the first
run we get for forward scattering with frequency vs [Fig.
1(b)]

It (1)=CI„(1)exp[g„ I, (1)l]

and for backward scattering with frequency Vst [Fig. 1(c)]

It (1)=CI, (1)exp[g, I„(1)l],
where I„(1) is the intensity of the right-circularly-
polarized laser component at the first run through the
crystal. We assumed the initial Stokes intensity for for-
ward and backward scattering to be given by CI, . The
constant C is estimated from spontaneous Raman data.
After the second run we get for the forward Stokes inten-
sity

IisF(3) =CI„(3)exp[g„ I„(3)l]+RCI„(2)exp[g„ I„(2)l+g„ l„(3)i]+.R It (1)exp[g„ I„(2)l+g„ I, (3)l] .

An equivalent expression is obtained for the backward direction. After m passages through the crystal we get for the
forward Stokes intensity outside the crystal (m even)

m/2 —1 m/2 —1

It (m)=(1 —R)C exp[g„ I, (m)l] I„(m)+ g I„(m 2v)R2"exp l g —[g„ I„(2p)+g„ I„(2@+1)]
v=1 p=m/2 —v

m/2 —1 m/2
+ g I„(m —2v —1)R +'exp i g [g„ I„(2p—1)+g, I„(2',)]

v=0 p=m/2 —v

(40)

Mode-pulling effects are neglected in Eq. (40).
An expression similar to Eq. (40) can be derived for

right-circularly-polarized Stokes light, leaving the Raman
oscillator in the forward direction. When the laser light is
elliptically polarized, the total intensity is given by
I =I, +II.

(c) Threshold intensity for stimulated Raman scattering
We discuss the dependence of the threshold intensity I'"
on pump-laser polarization, which is varied by changing

l

the angle y between the electric field vector of the laser
light and the optical axis of a quarter-wave plate (see Sec.
III A). We consider first the region of laser polarization,
i.e., of y, where I„«Ii . It can be seen from Eq. (33) that
an amplification of the Stokes light of about e is neces-
sary to exceed the experimental detection limit ID. This
amplification is reached in Eq. (40) when the right-
circularly-polarized component I„of the pump light
exceeds the threshold value I„' . Using Eq. (30), we find
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the threshold intensity of the incident laser light

2I,'
yth(~ )

1+sin2y

In the region of y where I, dominates, we get

2I(
yth(~ )

1 —sin2y

It is interesting to note that the dependence of the thresh-
old intensity on pump polarization is the same for the Ra-
man oscillator and the traveling-wave system [see, e.g. ,
Eq. (34)] over almost the complete range of y. The abso-
lute values of the threshold intensities I,'", I~'", and I'"
differ substantially for the oscillator and traveling-wave
system.

For the calculation of the absolute values of the Raman
threshold we use a gain factor of g, =3&&10 cm/MW
[see Sec. IIIC1(b)) and a crystal length of 1=8 cm. It
will be shown in Sec. III 8 1(c) that agreement with experi-
ments is obtained with Raman circular intensity differ-
ences 5, =0 and 6, =0.48. In the oscillator calculations
we use a Gaussian time dependence of the pump-laser
pulse with a 1/e half-width of 11 ns and a reflectivity of
the quartz surfaces of R =0.04. With the numbers given
above we find threshold intensities for right-circularly-
polarized pump light of 833 and 212 MW/cm for the
traveling-wave system and the oscillator system [Eq. (40)],
respectively. Owing to the feedback from the crystal sur-
faces, the threshold intensity of the oscillator system is
substantially lower than for the traveling-wave system.

The temperature dependence of the Raman oscillator
threshold intensity is more complicated than for the
traveling-wave system. There are two counteracting ef-
fects (i) Th. e gain factors g„and g„decrease with in-
creasing temperature because of the increasing Raman
linewidth 5v, [see Eqs. {18)and (25)]. This effect is the
same as in the traveling-wave system. (ii) For the gain
factors g„" and g„ the decrease of g„and g„"with T is
compensated by the increase of the Lorentz factors in Eqs.
(37) and (38). As a result the threshold intensity for the
oscillator system rises less with temperature than for the
traveling-wave system. The results of quantitative calcu-
lations using the numbers given above and the Raman
linewidth from Ref. 5 are shown in Fig. 5.

The polarization properties of the Raman Stokes light
for the oscillator system are similar to the traveling-wave
system (see Sec. IIB4).

C. 468-cm ' mode

Differential equations and solutions

The Raman scattering tensor of the 468-cm ' A
&

mode
is given by '

a 00
a= Oa0 (42)

[00b
The magnetic dipole polarizability tensor G and the elec-
tric quadrupole polarizability tensor A are given in the

Appendix. Tensor Cx' is obtained from (42) by replacing a
and b by G,' and Gb, respectively. For our calculations we

need ihe following tensor components of A:

(43)

=Ay~ ——0 .

We substitute Eqs. (11)—(13), (42), and (43) in Eq. (6)
and get differential equations for the x and y components
of the Stokes field for the traveling-wave case:

aE„' = —,g, [[ i E„ i
+ih, (E„E~* E*E—)]E

+(E„'E," iS.'
~

E'
~

')E,']+P,E,',
dz'J' & —[(E eEL gt

~

EL
~

)Es
clz

(44)

+ [ ~ Ey ~
+i b, (E„Ey ' E„*Ey )]—Er J

PsE. —.S

The Raman gain factor of the 468-cm ' mode is

COPlL 27TXQ)g
ga= ga=

h~ 0)is ~Va

The Raman optical activity for forward and backward
Raman scattering is characterized by

= —[6G,'(nL +n~)+(kL +ks)Ah]/6a,

b,,= —[6G,'(nL ns)+—(kL —ks)Ah]/6a, (47b)

respectively.
The differential equations for the right- and left-

circularly-polarized components of the Stokes field are ob-
tained from Eqs. (22), (44), and (45). We have

a'E„'

clz
= —,'g. [{1+25,)

~

EL
~

'E„+E„E,'E, ]+ P E„,
(48)

EJ=EJexp(iPiz),

Ei =E iexp( iPJz) (j =L,S) . —
(Soa)

(50b)

Equation (49) is then differentiated with respect to z. In
the resulting equation the Stokes field E „and the deriva-
tive dE „/dz are expressed by E i with the use of Eqs. (49)
and (48), respectively. We get a second-order differential
equation for E ~'.

dz ,g, [Ei E, *E„+(1——26, )
/
Ei

f
Ei ] iPsEt . —

(49)

We take into account optical activity of the quartz crystal
by substituting the following for the light fields in Eqs.
(48) and (49).
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d E
dz

1+~
[

~
dE—2i(p. —P, )
ck

Equation (51) is solved by the ansatz

E t =C&exp(r&z)+C2exp(rzz) .

—
~ H(g. ~.')'

I
E,' I

'
I

Ei'
I
'+i(p~ —Ps)g. I

Et'
I

'(1 —»')]E t =0 . (51)

(52)

The expressions for r
&

and r2 are not given here because they are too lengthy and a simple approximation is found for
our experimental situation. The difference PL —ps between the optical rotatory powers at the laser and Stokes frequency
is about 0.18 rad/cm. The Raman gain factor has been estimated in Sec. IIIC1(b) to be g, =(1.1+0.4)X10
cm/MW for A,L = 1.064 pm at T & 70 K. It will be shown in Sec. III C 1(a) that the threshold intensity I'" for the 468-
cm ' mode is about 1.4 GW/cm, i.e., g,I ) 1.5 cm ', and nearly independent of pump-laser polarization. From these
results it follows that pL —ps «g, I and A, (I„It )/I —«1. Using these approximations, we get from Eqs. (51) and
(52)

IL
2t (P—L —Ps) IL

L L L L
PL, Ps —I„Ii ~F Ii It-

~1= 2 gaI 1 —16 L L &
+26a

g,I (I )

(53)

PL, Ps-L L L

r2 =gg, I —2i(PL —ps)
g,I (I )

(54)

The right-circularly-polarized Stokes component E„ is
calculated from Eqs. (49) and (52). With the use of the re-
sults for E„and E~, the constants C~ and C2 are deter-
mined as a function of the initial conditions E„(0) and
Et (0) for the Stokes light. The Raman gain for the
Stokes light field corresponds to the real parts of r] and
r2 For .(PI —Ps)/g, I «1 we find ReIr&I »ReIr2I
and obtain the following for the Stokes fields of a
traveling-wave system with length I:

E'= [I: I

E'
I

'E'«)+E'E"E'(»]/(2
I

E'
I

')
I

)& exp( r
&
I i ps l), —

Ep EI Ep /EI

(55)

(56)

2. Threshold intensity for stimulated Raman scattering

The threshold intensity I'" for SRS is obtained from
Eq. (57) by equating the Stokes intensity to the experimen-
tal detection limit ID. Neglecting Raman optical activity
(b,,=0) we get

I'"=1 [I n/I D(0)]/(g, l) . (58)

The only term in Eq. (58) which depends on the pump-
laser polarization is the effective initial value I (0). How-
ever, this dependence may be neglected because I (0)
enters via the logarithmic term in Eq. (58). For negligible
Raman optical activity we expect the threshold intensity

We calculate the total Stokes intensity I =I, -+II from
Eqs. (55) and (56). Neglecting the second term in the
square brackets of Eq. (53), we get

I =I (0)exp[g, I [I+26,,(I„II)/I . ]lI, —(57)

where I (0) is an effective initial value that may be calcu-
lated from the square bracket of Eq. (55).

for SRS from the 468-cm ' mode to be independent of
the pump-laser polarization. This behavior is in contrast
to the threshold intensity dependence of the 132-cm
mode. The difference between both modes is due to their
different symmetry.

Eg =
2 (

I
Ez'

I
+

I
E„'

I ),
E'n= 2(IEi

I

—IE'I) (j =I S) .

(59a)

(59b)

The orientation of the axes is obtained from the phase
difference of the right- and left-circularly-polarized fields.
Using Eqs. (55), (56), and (59), we calculate the major and
minor axes of the ellipse of the Raman Stokes light

Eg =Eg IEi'I /IEt'I

Ev =Eq
I Et I

/
I
Et

I

.

(60a)

(60b)

It follows immediately from Eqs. (60) that the ratios of
major to minor axis of the ellipse of Stokes and laser light
are equal, i.e.,

/E —E /E (61)

The principal axes of the ellipses of Stokes and laser light
have, in general, different orientations depending on the
values of the optical rotatory powers PL, and ps.

3. Polarization of the Raman Stokes light

For a discussion of the polarization properties a few
fundamental relations of polarization optics should be re-
called. The magnitudes E/ and Ez of the principal axes
of elliptically polarized light are determined by the ampli-
tudes of the right- and left-circularly-polarized corn-
ponents
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FICi. 2. Experimental setup for the investigation of SRS from
the 132- and 468-cm ' modes of a-quartz. F1, F2, and F3-
filters; PD1, PD2, and PD3—photodiodes; POL and AN—
polarizers; QWP1 and QWP2 —quarter-wave plates; L—lens;
GP—glass plate; and TP—90' deflecting prism.

0.0—

Laser intensity I (64(/cm )

4. Raman oscillator theory

The oscillator theory for the 468-cm ' mode is simpler
than for the 132-cm ' mode because there is no shift and
splitting of the spontaneous Raman line. We neglect Ra-
man optical activity, i.e., we assume 4,—6,=0 [Eqs.
(47)j, since the experimental results of Sec. IIIC 1(a) pro-
vide no evidence of Raman optical activity within the ex-
perimental accuracy. In this case the four gain factors
g, g, g, and g are equal. We expect the sameBB

dependence of the threshold intensity I'" on pump polari-
zation and temperature for the oscillator and traveling-
wave theory. The absolute value of I'", however, is lower
for the oscillator system than for the traveling-wave sys-
tem.

III. EXPERIMENTAL RESULTS
AND DISCUSSION

A. Experimental setup

Stimulated Raman scattering in quartz is excited by a
Nd:YAG (yttrium-aluminum-garnet) laser system, emit-
ting single longitudinal- and transverse-mode light pulses
with a duration of about 18 ns and an energy of 30 mJ.
The frequency width of the Nd:YAG laser line is about
0.005 cm '. lt is small compared to the spontaneous Ra-
man linewidth of 0.05 cm ' of the 132-cm ' mode at
liquid-helium temperature. The laser power is attenuated
by filters Fl and registered by a fast photodiode PD1 (see
Fig. 2). The pump-light polarization is adjusted by polar-
izer POL and quarter-wave plate QWP1. The polariza-
tion is varied by rotating the optical axis of the quarter-
wave plate. The laser light is focused with lens L (focal
length 80 cm) into the quartz crystal (length l =8 cm, di-
ameter d =1 cm). The entrance and exit surfaces of the
quartz crystal are perpendicular to the optical axis (c axis)
within 0.5'. The laser light propagates along the c axis.
Two quartz crystals were used whose end surfaces were
nearly parallel with an angle of 0=10" and 0=1'. The
end surfaces of the crystal form a Raman resonator with a
reflectivity of R =0.04. Since the Raman threshold is
small at low temperatures, the crystal is mounted on a

FIG. 3. Ratio of the number L of laser pulses with SRS to
the total number I., of laser pulses vs incident laser intensity I.
I'" threshold laser intensity; AI'" error limit.

cold finger in the vacuum chamber of a helium cryostat.
The temperature of the quartz crystal was varied between
10 and 70 K.

The Raman Stokes light is measured with photodiodes
PD2 and PD3. The transmitted laser light is discriminat-
ed by filters F2 and F3. The polarization of the Raman
Stokes light is analyzed by the quarter-wave plate QWP2
and the analyzer AN (see Fig. 2) as described in Ref. 21.
The direction of the optical axis of QWP2 and the
transmission direction of analyzer AN are varied indepen-
dently to find the positions where extinction is obtained
with the analyzer. In this case the optical axis of QWP2
is parallel to one of the principal axes of the ellipse of. the
Stokes light. The ratio of major to minor axes and the
phase shift between y and x component of the Stokes field
are calculated from the orientations of QWP2 and AN ac-
cording to Ref. 21. Part of the Raman pulse is coupled
out for reference by glass plate GP and is directed to pho-
todiode PD2 via a 90' deflection prism TP. Glass plate
GP is inserted nearly normal to the laser path to minimize
changes of the Stokes polarization.

The pump-laser threshold intensity for stimulated Ra-
man scattering is determined in the following way. The
pump-laser power is measured by the calibrated photo-
diode PD1 and the corresponding Stokes power is record-
ed with photodiode PD3. A detectable signal at photo-
diode PD3 corresponds to a Raman conversion efficiency
of about 1%. The pump-laser intensity I is calculated
from the pump power and the measured laser beam area.
Photodiodes PD1 and PD3 are interfaced to a computer.
The ratio of laser pulses I. with detectable Stokes signal to
the total number I, of laser pulses is plotted versus
pump-laser intensity I in Fig. 3.

The threshold intensity I'" for SRS is defined by
I, /I, , =0.5. The error limits Ll'" of our experimental re-
sults correspond to L/L, =0. 1 and 0.9 (see Fig. 3). The
relative error AI'"/I'" of the threshold intensity is typical-
ly 5%%uo. For each determination of the threshold intensity
at a definite pump-laser polarization about 200 laser shots
are analyzed by the computer.
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FIG. 4. Normalized threshold intensity I'"(y ) /[I'"(45')
+I'"(135')], , of SRS vs angle y. The open and solid cir-

cles correspond to the 132-cm ' mode of right- and left-handed,
optically active quartz, respectively. The open rectangles
represent the 468-cm ' mode. The solid, broken, and dashed-
dotted lines are calculated curves. I linearly, e elliptically, rc
right circularly, and lc left circularly polarized pump light.

B. 132-cm ' mode

I. Threshold intensity for stimulated Roman scattering

(a) Quartz crystals with different angles between the end
surfaces. Two quartz crystals with different angles 0 be-
tween the end surfaces mere investigated at T = 10 K. For
right-circularly-polarized pump light the threshold inten-
sity of the crystal with 0=10"was lower by about a factor
of 1.8 than that with 0=1'. In addition the threshold in-
tensity increased with rising angle between the laser beam
and the optical axis of the quartz crystal. Both results in-
dicate that the surfaces of the crystal form a Raman reso-
nator. The measured threshold intensity for right-
circularly-polarized pump light is about 400 M%'/cm
(for 0=10"). In Sec. III C 1(b) the Raman gain factor g,
of the 132-cm ' mode is determined by comparison of the
threshold intensity of this mode with the 468-cm ' mode,
whose gain factor is taken from spontaneous Raman data.
Using this value of g, =(3+2)X 10 cm/MW we calcu-
lated in Sec. IIB5(c) threshold intensities of 212 and 833
MW/cm for the oscillator system and the traveling-wave
system, respectively. The measured threshold intensity of
about 400 MW/cm is between the two limiting cases.
This fact indicates that an oscillator with a reduced num-
ber of passages through the crystal due to the angle 0 be-
tween the crystal surfaces gives the best description of the
experimental situation.

(b) Dependence on pump /aser polarization The thr-esh-.
old intensity for SRS was measured for different polariza-
tions of the pump laser light at T=10 K. The pump-light
polarization was varied by changing the angle y of the op-
tical axis of the quarter-wave plate QWP1 with respect to
the transmission direction of polarizer POL (see Fig. 2).

The measured threshold intensities I'"(y) are normalized
to the sum I'"(45')+I'"(135'), which is of the order of 1

CxW/cm . The results are plotted in Fig. 4. The open and
solid circles correspond to SRS from the 132-cm ' mode
of right- and left-handed, optically active quartz crys-
tals, ' respectively. The solid and broken lines are calcu-
lated according to Eqs. (40) and (41) of the oscillator
theory. It should be mentioned, however, that the polari-
zation dependence of the threshold intensity is the same
for the traveling-wave and oscillator systems over almost
the complete range of y. There is good agreement be-

tween theory and experiments. The foHoming results
should be emphasized. (i) The Raman threshold is lowest
for circularly-polarized pump light (y =45 and 135 ). (ii)

There is a difference in threshold intensities for right- and
left-handed circularly-polarized pump light, which has the
opposite sign for right- and left-handed, optically active
quartz crystals. It is caused by Raman optical activity.
Neglecting Raman optical activity, the Raman threshold
intensities for right- and left-circularly-polarized pump
light must be equal [see Eqs. (25), (26), and (31)].

(c) Raman circular intensity difference. We determine
the Raman circular intensity difference 6, and 6, for for-
ward and backward scattering by comparing the measured
ratio I'"(135')/I'"(45') of the threshold intensities of left-
and right-circularly-polarized light with calculations.
Since the end surfaces of the quartz crystal form a Raman
resonator [see Sec. III B 1(a)], comparison is made with the
Raman oscillator theory of Sec. IIB5. According to Eq.
(20) the forward Raman circular intensity difference 6, is
determined by the differences of the refractive indices,
nI —ns, and wave vectors, ki —ks, while the sums of
these quantities enter 6, for backward scattering [see Eq.
(21)]. We expect, therefore, Raman optical activity in the
backward direction to be large compared to the forward
direction, i.e., 6, ~~A, . In the calculations we assume 5,
to be zero. The measured ratio I'"(135 )/I'"(45 )=1.5
(for left-handed, optically active quartz) is reproduced by
the oscillator calculations when a value of 6, =0.48 is
used.

In Ref. 12 the results of Fig. 4 were discussed using a
traveling-wave theory, i.e., neglecting the effect of reflec-
tions on the Raman intensity. Since the difference be-

tween forward and backward scattering was also not taken
into account, a mean value of (b,, )„=0.2 was determined
from the experimental results.

The measured value of 4, of quartz is considerably
larger than the Raman circular intensity differences h,z,„,
of chiral molecules investigated recently. ' ' The origin
of this large difference is not clear at present.

(d) Polarizability tensors The magnetic di.pole polariza-
bility 6,' and the electric quadrupole polarizability Ad

may be determined from the Raman circular intensity
differences 6, and 6, using Eqs. (20) and (21). However,
the small value of 6, cannot be calculated with sufficient
accuracy from our experimental results. We therefore use
the results of spontaneous Raman measurements to deter-
mine 6,' and Ad. Pine and Dresselhaus investigated
spontaneous Raman scattering in the backward direction
from the 132-cm ' mode in quartz at liquid-helium tem-

perature. For a laser wavelength of A,l ——488 nm they
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FICx. 5. Normalized threshold intensity I'"{T) /
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~ of SRS in a-quartz vs temperature T. The open
132 cm

circles and rectangles correspond to the 132- and 468-cm
modes, respectively. The solid, broken, and dashed-dotted lines
are calculated curves {for details see text). (a) Linearly polarized
pump light. {b) Right-circularly-polarized pump light.

tern the threshold intensity is proportional to the spon-
taneous Raman linewidth 6v„which has been measured
as a function of T. In Ref. S the experimental results were
discussed using phonon decay and scattering processes
and were found to be in good agreement with calculations.
The normalized Raman linewidth 5v, (T)/ov, (0) is shown
as a solid line in Fig. 5(b). The broken line is calculated
according to the Raman oscillator theory of Sec. II 8 5(c).
The increase of I'" is smaller for the oscillator system
than for the traveling-wave system. In the oscillator sys-
tem the gain factors g, and g, of the forward and back-
ward propagating Stokes light are different due to the dif-
ferent center frequencies of the Raman gain profiles [see
Fig. 1(a)]. This difference decreases with increasing tem-
perature because of the increasing Raman linewidth.
Thus the increase of I'" with 5v, in the travding-wave
system is partially compensated by the larger values of
g, and g„[see Eqs. (37) and (38)] in the oscillator sys-
tern for higher temperatures.

In Fig. 5(a) the results for linearly polarized pump light
are shown. The discussion is similar to Fig. 5(b). The
only difference between both figures is the higher thresh-
old intensity of the 132-cm ' mode for linearly polarized
laser light compared to right-circularly-polarized laser
light.

2. Polarization of the Raman Stokes light

found no difference in the spontaneous Raman intensities
of right- and left-circularly-polarized incident light. We
conclude that b,, (488 nm)=0. Spontaneous Raman mea-
surements were also made at a laser wavelength of
A,L

——632.8 nm. For this wavelength a small difference in
the Raman intensities of right- and left-circularly-
polarized incident light was found. We estimate a value
of 5, (632.8 nm) of about 0.08 from Fig. 4 (upper trace)
of Ref. 6. Together with b., (488nm) =0 we get

i 6,' i
/c =0.06+0.03 and iAd i

/c=(3. 01+1.5)X10
cm. The Raman scattering tensor component c is estimat-
ed from the gain factor g, to be about 3.6X10 cm
[Eqs. (18) and (25)).

(e) Temperature dependence. We measured the thresh-
old intensity I'" of SRS as a function of temperature for
right-circularly, left-circularly, and linearly polarized
pump light in left-handed optically active quartz. In Figs.
5(a) and 5(b) the threshold intensity is plotted versus tem-
perature T for linearly and right-circularly-polarized
pump light, respectively. The solid and broken lines cor-
respond to the traveling-wave and oscillator systems,
respectively. The curves are fitted to the experimental
points. All threshold intensities are normalized to the
threshold intensity [I„'"(0)], , of the 132-cm ' mode
for T~O K. The circles and rectangles correspond to the
132 and 468-cm ' modes, respectively. The 468-cm
mode will be discussed below [Sec. III C 1(b)].

In Fig. 5(b) the threshold intensity I„'" of the 132-cm
mode increases drastically with rising temperature. It fol-
lows from Eqs. (18) and (32) that in a traveling-wave sys-

The polarization of the stimulated Raman Stokes light
was determined for different polarizations of the pump-
laser light. It was analyzed with quarter-wave plate
QWP2 and analyzer AN according to the procedure
described in Sec. III A. The measurements were carried
out at T =20 K for left-handed optically active quartz.
In Fig. 6 the ratios of the minor to major axes E;/E, of
the laser and Stokes ellipses (triangles and circles, respec-
tively) are plotted versus angle y between the transmission
direction of polarizer POL and the optical axis of
quarter-wave plate QWP1. The open and solid symbols
correspond to right- and left-handed polarized light. '
Three different regions are distinguished.

(i) For 0'(y (87 the ratio E;/E, is about 1 within
the experimental accuracy. The Stokes light is left circu-
larly polarized. It has the opposite sense of rotation of the
electric field vector as the elliptically polarized laser light.

(ii) For 104' & y & 166 the laser light has left-handed el-
liptical polarization, while the Stokes light is right circu-
larly polarized.

(iii) In the regions 87'(y (104 and 166'&y & 180'
measurements of the Stokes polarization were difficult be-
cause of the large fluctuations of the Raman light.

The experimental results of regions (i) and (ii) are in
agreement with the calculations of Secs. II B4 and II B 5.

C. 468-cm ' mode

Raman threshold intensities

(a) Dependence on pump laser polarization. -Stimulated
Raman scattering from the 468-cm ' mode of a-quartz
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TABLE I. Ratios E~/E„of the principal axes of the ellipses
of laser (1.) and Stokes (S) light for SRS from the 468-cm
mode of o.-quartz.

EL /EL

0.5
E

0.0
0 90 180

0
0.07+Q. 05
0.37+0.05
0.57+Q. 03
0.98+0.03

0
0.07+0.05
0.42+0.05
0.60+0.03
0.97+0.03

FIG. 6. Ratio E;/E, of minor to major axes of the ellipses
of the laser and stimulated Stokes light of the 132-cm ' mode vs

angle y. The triangles and circles correspond to the laser and
Stokes light, respectively. The open symbols represent right-
handed polarization, the solid symbols left-handed polarization.

was investigated at T =65 K. The dependence of the Ra-
man threshold intensity on pump-laser polarization is
shown in Fig. 4. The threshold intensity ( ) is normal-
ized to the sum [I'"(45')+I'"(135')], , of the thresh-

old intensities of the 132-cm ' mode and plotted versus
angle y of the polarizer POL, with respect to the optical
axis of quarter-wave plate QWP1. The threshold intensity
is about 1.4 GW/cm . Within the experimental accuracy
it is independent of pump-laser polarization. This result
is expected from Eqs. (57) and (58) if effects of Raman
optical activity are neglected. We conclude that the Ra-
man circular intensity differences are small, i.e., 6, and
kg ((1.

(b) Temperature dependence The temp. erature depen-
dence of the threshold intensity of the 468-cm ' mode is
shown in Fig. 5(b) for right-circularly-polarized pump
light in left-handed optically active quartz. The threshold
intensity is normalized to the threshold intensity
[I„' (0)]&32, , of the 132-cm ' mode for T~O K. The

open rectangles are the experimental points. The dashed-
dotted line represents the normalized spontaneous Raman
linewidth of the 468-cm ' mode. '" The 468-cm ' mode
could be observed only in a narrow temperature range be-
tween 55 and 70 K. Below 55 K stimulated Raman
scattering of the 132-cm ' mode occurs and suppresses
the 468-cm ' mode. Above 70 K our quartz crystal was
damaged because of the high pump-laser intensity.

For linearly polarized puxnp light SRS from the 468-
cm=' mode could be observed in the temperature range
between 30 and 70 K because of the higher Raman thresh-
old of the 132-cm ' mode [see Fig. 5(a)]. The Raman
threshold of the 468-cm ' mode was nearly constant
within the experimental accuracy as expected from the
temperature behavior of the spontaneous Raman line. '"

We estimate the ratio g, /g, of the Raman gain factors
of the 132- and 468-cm ' modes from the crossing point
T, of the Raman threshold intensities of both modes. For
right-circularly-polarized pump light we obtain a crossing
temperature of T, =55+3 K from Fig. 5(b). Numerical
calculations for the Raman oscillator [Sec. II8 5(c)] yield

a crossing of the curves at, 55 K for g, /g, =0.89. Taking
into account the temperature dependence of the spontane-
ous Raman linewidth we get g, /g, =3.2 for T(10K.

We estimate the value of the Raman gain factor g, of
the 468-cm ' mode from spontaneous Raman data. Mea-
surements of the absolute Raman scattering cross section
of this mode have been carried out at room temperature in
Refs. 29 and 30. Taking into account the temperature
dependence of the spontaneous Raman linewidth '" 5V„
we find a value of the Raman gain factor g
=(1.1+0.4)X10 cm/MW for T &70 K at a pump
wavelength of A,L

——1.064 pm.
From our measured ratio g, /g, we determine a Raman

gain factor of the 132-cm ' mode of g, =(3+2)~10
cm/MW for T ( 10 K. It should be emphasized, however,
that this value represents a lower limit since mode-pulling
effects and transient effects have not been taken into ac-
count in the estimate.

2. Polarization of the Raman Stokes light

The polarization of the laser light and the stimulated
Raman Stokes light was measured with quarter-wave plate
QWP2 and analyzer AN as described in Sec. IIIA (see
Fig. 2). The measured ratios Et/E„of the principal axes
of the ellipses of the laser and Stokes light are given in
Table I. E~/E& ——0 and 1 correspond to linearly and cir-
cularly polarized light, respectively. The ratios Eg/E„
and E~/Ez are equal within the experimental accuracy in
agreement with theory [Eq. (61)]. The sense of rotation of
the electric field vectors of the laser and Stokes light were
found to be the same.

IV. CONCLUSIONS

Stimulated Rarnan scattering of the 132- and 468-cm
modes along the c axis (z direction) of a-quartz was in-
vestigated with a single-mode Nd:YAG laser as a pump-
light source. The 132-cm ' E mode and the 468-cm
mode exhibit a different behavior according to their dif-
ferent symmetry.

(i) 132-cm ' mode. Strong variations of the threshold
intensity of stimulated Raman scattering with pump-laser
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polarization were found. It is lowest for circularly-
polarized pump light. ' The observed difference in the
threshold intensities of right- and left-circularly-polarized
incident light is due to Raman optical activity. In the in-
vestigated temperature range between IO and 55 K the
threshold intensity increased rapidly with rising tempera-
ture due to the increase of the spontaneous Ram an
linewidth. For elliptically polarized laser light the polari-
zation of the stimulated Raman Stokes light was circular,
except for the case where the laser light is nearly linearly
polarized. The electric field vectors of the laser and
Stokes light had the opposite sense of rotation.

(ii) 468-cm mode. The threshold intensity of stimu-
lated Raman scattering is nearly independent on pump-
laser polarization and temperature for T ~ 70 K. No indi-
cation of Raman optical activity was found within our ex-
perimental accuracy of about 5%. The polarization of the
stimulated Raman Stokes light was the same as that of the
laser-pump pulse.

The experimental results were compared with calcula-
tions of stimulated Raman scattering and Raman optical
activity and found to be in satisfactory agreement. For
most situations the traveling-wave theory and the oscilla-
tor theory of stimulated Raman scattering yielded the
same results. When a difference between both theories
was found, e.g., for the absolute values and the tempera-
ture dependence of the threshold intensity of the 132-
cm mode, the experimental results were observed to lie
in between the limiting cases of the traveling-wave system
and the perfect oscillator system. The experimental re-
sults correspond to an osciHator system with a reduced
number of passages through the crystal because of not
perfectly parallel crystal surfaces.
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APPENDIX: POLARIZABILITY TENSORS

The magnetic dipole polarizability tensor 6 is general-
ly a nonsymmetric second-rank Cartesian tensor, whereas
the electric quadrupole polarizability tensor A is a third-
rank tensor being symmetric in the last two indices,
A,jk

——A;kj. These tensors must be decomposed with
respect to the irreducible representations of the point
group D3 of crystalline quartz in order to determine the
nonvanishing tensor components which contribute to Ra-
man scattering. Usually only the irreducible parts offully
symmetric tensors are tabulated. ' Therefore we have
performed the required decomposition by standard
group-theoretical procedures. The tensors considered here
were written in form of direct products, 6;~=u;uj. and
A,J~ ——u;uj-uk, where u; and u; symbolize vectors being dif-
ferent from one another. Linear combinations of these
products transforming according to irreducible representa-
tions of D3 were determined in the basis x +iy, x —iy for
the E representation and z for A2 by applying the coup1ing
coefficients given in the tables of Koster et al. -' The re-
sulting expressions were transformed into the basis x,y (E)
and z (2 2 ), which is usually used to describe Raman
scattering. Each irreducible representation occurring in
the decomposition was identified by an invariant denoted
by the symbols 6,' to Gf for G,J and A, to A& for A,&k.
Then the irreducible Cartesian tensors were expressed in
terms of these invariants as given in the following.

Magnetic dipole polarizability G,z ..

6' 0 0
G'= 0 G,

' 0, A2. G'(z)=

0 0 Gb

0 6,'0
—6,' 0 0

0 0 0

6,' 0 0

E: G'(x)= 0 —6,' Gd, G'(y)=

Gf

—6,'
—Gf

—6' —Gd

0 0

0 0

In the case of G ' being symmetric, i.e., G,z ——Gz, , 6,' vanishes and Gf ——Gd.
Electric quadrupole polarizability A,jk

..

A~ 0 0
A ) .. A„,J —— 0 —A~ Ab, Ay, j. ——

0 Ab 0

0 —Ab

0 0

0 0

000
A„J——0 0 0

000
0 A;

A2: A„,J(z) = 2; 0 0

0 0

0 0 0 0

0 AJ

Ay, j.(z) = 0 —A; A), A„J.(z) = 0 Ak 0

0 0 0 A)
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E: A„;J(x)=
A, +A,

0

0 Ad 0 0

0 0 0 A, Ad

A, —A, Ad, A J(y)= A, 0 0

Ad

0 A, Ad

Ayti(x) = A,

Ad

0 0, Ayj(y)=
0 0

A, —A,

0

0

0 0

A, +A, —Ad

Af

0 Ag Ag 0 0
A„.J(x)= Ag 0 0, A„J(y)= 0 —A Ah

AI, 0 0 0 Ag 0

In the case of A,Lk being fully symmetric, we have As ——0, Ak =AJ, Ad =A, 2A, =A„and Af ——As.
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