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Low-temperature expansions along the gas-solid coexistence curve in lattice gases
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In lattice-gas models for which there is no symmetry between low-density (gas) and high-density
(solid) phases, the locus of the phase-transition fugacity and transition densities can be determined
exactly as a series in the appropriate low-temperature parameter. One equates the low- and high-
density fugacity series for the pressure and writes the fugacity as a series in the low-temperature pa-
rameter, the resulting equation being a recursion relation for the unknown coefficients. All of the
thermodynamic functions can then be evaluated as low-temperature series along both branches of
the coexistence curve. With the use of this technique the tricritical parameters of several lattice-gas
models are determined.

I. INTRODUCT1ON

Recently we analyzed the low- and high-density activity
series for a lattice gas with nearest-neighbor exclusion and
next-nearest-neighbor attraction between particles on the
simple quadratic lattice. ' At low temperatures the phase
diagram for this model is similar to that for the standard
Ising model with nearest-neighbor attraction (which we
will refer to simply as the Ising model) in that there is a
coexistence curve defining low- and high-density phases.
The model differs from the Ising model in that the two
branches of the coexistence curve meet at a common den-
sity with a characteristic tricritical temperature that is the
origin of a locus of second-order transitions, marking the
onset of sublattice ordering as the density is increased,
that persists to the highest temperatures. The sublattice
ordering is a necessary consequence of nearest-neighbor
exclusion, this interaction forcing particles to occupy al-
ternate lattice sites (thus defining a sublattice pattern) at
close packing. The sublattice structure at close packing is
illustrated below where one can consider the A sites as be-
ing occupied and the B sites as unoccupied, or vice versa:

ABABA
BABA B
A BABA
BA BAB

While we were able to quantitatively characterize many
features of this model, which we will call the (A, B) model
[emphasizing the (A,B) sublattice nature of this model],
we were not able to locate the tricritical temperature accu-
rately. The method we used was the determination of the
point of intersection of extrapolations of the low- and
high-density activity series for the pressure. This method
accurately gives the coexistence curve at low temperatures,
but becomes inaccurate as the low- and high-density
branches approach one another, defining the tricritical
temperature.

In this paper we give a method for determining exact
low-temperature expansions along both the low- and
high-density branches of the coexistence curve for models
such as the (A,B) model where there is no symmetry be-
tween low- and high-density phases. Such exact low-

temperature expansions allow one to determine the tricriti-
cal parameters precisely.

II. RECURSION RELATION
FOR LOW- TEMPERATURE EXPANSIONS

We begin by defining the necessary variables. We let z
be the activity and we take e as the attractive energy of in-
teraction between appropriate particles. The Boltzmann
factor for attractive interactions (where kT has the usual
meaning) is then

x =exp( —e/kT) . (2.1)

1 0 as T~O
1 as T~ op

For the quadratic lattice the fugacity is

g =ZX 2

(2.2)

For the Ising model the low-density (L) and high-
density (H) fugacity series for the pressure are (with
P= 1 /kT)

PpL ——g b„(u)y", (2.4)

PpH
——lny + g b„'(u)y (2.5)

where the b„and b„' are finite polynomials in u and reflect
the different ways one can associate and arrange n parti-
cles and n holes, respectively. In the Ising model there is
symmetry between the low- and high-density phases and
one has

b„(u)=b„'(u) . (2.6)

As a consequence of this symmetry the two phases are in
equilibrium when

y =1, 0(u &u, (2.7)

where u, is the critical value of u marking the end of the
coexistence curve. We use the subscript o. to indicate the
condition of being on the coexistence curve. For the Ising

The low-temperature expansion variable is the inverse of
X,
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model thermodynamic functions such as the density p and
the compressibility P, obtained from the standard rela-
tions

app, happ„

Blny
'

Blny

~PL, pa
XL +H

Blny Blny

(2.8)

(2.9)

are given as expansions solely in terms of u along the
coexistence curve by setting y= 1 in the series determined
by (2.8) and {2.9).

For models such as {A,B), there is no symmetry between
low- and high-density phases and one has, in general, the
following forms for the low- and high-density fugacity ex-
pansions for the pressure:

Ppi ——g b„(u)y", (2.10)

PpH ———lny+ —Q b„'(u)y
1 1

v n

(2.12)

where v is the number of sites occupied per particle at
close packing.

The general condition for two phases to be in equilibri-
um is that the pressure, the chemical potential (or y), and
the temperature (or u) simultaneously be identical in both
phases, i.e.,

pL (y. , u ) =.nH (y. , ~ )

Using (2.10) and (2.11) in (2.13), one has

lny =vg b„(u)y" —g b'(u)y

(2.13)

(2.14)

The radius of convergence of the series in (2.14) is deter-
mined by a root on the negative-real axis which, from nu-
merical studies (see Fig. 8 of Ref. 1), moves from
y' '= —1 at u=0 in toward the origin as u~l. Thus
the radius of convergence of the series in (2.14) is y = 1 at
u=0 and y & 1 for u~1. However, useful information
can be extracted from (2.14) if we use this relation to de-
fine a series fory .

By assuming that one can write y (u) as a series in u,

which one observes is a recursion relation for the unknown
coefficients g which are properties of the system evaluat-
ed aty (u =0)=1.

Given all the terms in b„(u) and b„'(u) in (2.16) through
u determines y (u) through u . Knowledge of y (u)
through the u term likewise determines thermodynamic
functions such as p and g of (2.8) and (2.9) through u
along both the low- and high-density branches of the coex-
istence curve.

III. ON THE NATURE OF THE u DEPENDENCE
OF b„AND b„'

The length of the u series that can be obtained from
(2.16) is a function of the u dependence of the b„and b„'.
Here we review the u dependence of the b„and b„' for lat-
tice gases on the quadratic lattice having attractive in-
teractions with maximum coordination number 4.

Given n particles, suppose that a given configuration of
these particles has k bonds (factors x), leading to a term
x in b„. The conversion of the activity z to the fugacity y
involves the following relation [see (2.3)]:

z 7f
y lk~ —21k (3.1)

An immediate result of (3.2) is that the larger k is (the
more bonds), the smaller m is for fixed n Thus com. pact
highly bonded particle clusters contribute to the lowest
powers of m for a given b„.

Table I shows the occurrence of terms u in b„giving
all contributions through u for the Ising model on the
quadratic lattice. One sees that the highest-order b„ that
contributes to u is b&6. The pattern of occurrence of u

TABLE I. Occurrence of u terms through m =8 in the coef-
ficients b„ for the quadratic lattice. The labels S and M refer to
terms representing single and multiple clusters of particles,
respectively.

Thus in the y series the factor x in b„ is converted into a
factor u as follows:

m k —2n

(3 2)

y (u)=1+Y(u),

Y(u)= g ( u
m=i

(2.15)

m I! d F(u)
dum

Pf =2 n

+v Q b„(u) 1+n Y+ Y2+ .n(n —1) 2

n =]I

—g b„'(u) 1 nY+-n(n+1)
@=1 2

(2.16)

then (2.14) becomes [on expanding the ln(l + Y) term]
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terms is the same for both the (A,B) model and the Ising
model, and is the same for the low- and high-density fuga-
city series since the pattern depends only on the maximum
number of bonds that can be formed between n particles.
The labels S and M in Table I refer to terms that
represent, respectively, particle configurations where all n

particles are either in a single cluster or are divided into
two or more clusters. A cluster is defined by the property
that one can trace a path of attractive interactions between
any two particles in the cluster. The importance of this
distinction is that for the (A,B) model the numerical
values of the coefficients labeled S are the same as those
for the Ising modd (both on the quadratic lattice). This
follows because the combinatorics of forming a single
cluster with either nearest-neighbor or next-nearest-
neighbor attractive interactions is the same; for two or
more clusters the effect of nearest-neighbor exclusion
makes the combinatorics different for the two models.
Thus we can borrow liberally from the published series for
the Ising model. From Table I one sees that in order to
determine y (u) through u one needs the b„and b„' for
the (A, B) model through n=10 only (one needs the M

Pm =Ppf +~Op~,

PPH = 2»y + i (Pal +~13pH ) .

(4.1)

(4.2)

The series Ppl is the same as Ppl except that y is replaced
by „-'.

For reference we reproduce the u series for the pressure
for the Ising model on the quadratic lattice through terms
inu:

terms only). Since the activity series for the (A,B) model
are known through n =11, we can evaluate the thermo-
dynamic functions for the (A,B) model along the low- and
high-density branches of the coexistence curve through
eighth order in u.

IV. y (u) FOR THE (A, B) MODEL

From Table I one sees that a large number of terms (the
S terms) in the series for the pressure are the same for the
{A,B) model and for the Ising model. It is thus convenient
to express the low- and high-density pressure series for the
(A,B) model as differences from the pressure series for the
Ising model (which we designate as Ppl )

~PI=(u )y+(2u —2 —, u )y +(6u —16u'+10 —,
'

)y +(u +lg„5 g5„6+llg„7 52 „s) ~
4

+(8u +43u —400u +926u + ' . )y'+(2u +40u +30u7' 1651„8+ )y

+(22u +136u —486us+ ' )y7+(6u6+134u +194—'u + . . )

+(u +72u +540u + ' )y +(30u +461u8+ . . )y'0+(8u7+310u + . )

+(2u +151u + )y +(6gus+ ~ ~ )y~3+(22us+. . . )y14+(6u8+ )yl5

+(u 8+. . . )y 16+ .

From the published series for the (A, B) model one has

6PpL ——( —2u )y +( —12u'+22u )y'+( 65u6+—244u' 231u—')y4

+( —9u —312u +1940u )y +(—112u —1167u )y +(—24u —842u )y

+ ( 378u 8
)y

8 + ( 90u 8
)y

9+ ( 16u 8
)y

10

bgpH ——(u )y +(8u7 —10u )y +(4u +40u )y +(44us)y +(18u )y +(4u )y

(4.3)

(4 4)

(4.5)

Use of the series (4.1)—(4.5) in (2.16) with v=2 gives the
following u series for y along the coexistence curve:

y (u)=1+u'+2u +4u +8u +16u

y (u)=l+u g (2u)
k=0

or

u
y (u)=1+ (4.7)

+32u +64u

The regularity of this series is striking. If the same pat-
tern continues indefinitely, one then has

I

dynamic functions along the coexistence curve:

pL(u)=u'+4u'+14u +5()u'+190u6

+768u +3258u 8+ ~ ~ .

&H(u)= 2 l I —(u +4u +16u'+66u'+281u'

+ 1228u +5491u s+ . )],
+L{u)=u +8u +53u +326u +1950u

+11480u +66810u

X {u)=—,'(u +8u +59u +398u +2559u'

+15916u +96638u + )

(4.8)

(4.9)

(4.10)

(4.11)

With the use of (2.8) and (2.9), the series (4.1)—(4.5) and
the series (4.6) give u series for the following thermo-

For comparison, the same functions for the Ising model
are
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pg(u)=u +4u +17u +76u +357u

+ 1736u +8659u

p~(u) = 1 —pL(u),

XL, (u) =XH(u)

=u +8u +60u +416u +2791u

(4.12)

+18296u +118016u (4.13)

u, =V 2 —1=0.414 . (5.1)

At infinite temperature (x = l, u =1) the model reduces to
I

V. y (u) FOR THE (1,2) MODEL

A model that we have recently studied' by analysis of
the behavior of the complex roots of low-density activity
series is a variant on the standard Ising model in which to
each particle can have two orientations (along either axis
on the quadratic lattice) which we will call orientations 1

and 2. Particles with a given orientation interact attrac-
tively only with nearest-neighbor particles of like orienta-
tion. The details of the model have been discussed else-
where. ' At low density, particle clusters can form as in
the standard Ising model, but the particles within a cluster
can have one of two orientations. At close packing and
low temperature the particles will either all have orienta-
tion 1 or orientation 2. As the temperature is increased, at
close packing, one passes through a critical temperature at
which point there are equal numbers of particles having
either orientation. The model at close packing is identical
to the Ising magnet. Again letting x =exp( —e/kT) (e
representing either a 1-1 or a 2-2 attractive interaction)
and u =1/x, then it turns out that at close packing the
critical value of u at which the two orientations become
equally likely is

independent particles with two noninteracting orienta-
tions, and hence there are no singularities except at close
packing.

The phase-transition behavior of this model is in many
ways very similar to the (A,B) model just discussed, with
the two orientations 1 and 2 playing the role of the two
sublattices A and B. The difference is that there is no
order-disorder transition at high temperature, this transi-
tion occurring first, as the temperature is lowered, at close
packing at u, of (5.1). As the temperature is lowered
below u„a hne of second-order transitions marking the
onset of order with respect to one orientation moves from
the close-packing density to lower values of the density
until at a special temperature, uzcp, where TCP refers to
the tricritical point, the second-order transition changes to
first order and in the density-temperature plane splits into
the two branches of the coexistence curve. We turn now
to the determination of the thermodynamic functions
along the coexistence curve for this model which we will
call the (1,2) model.

Again it is convenient to relate the low- and high-
density pressure series to the Ising series (4.3):

PS L =2Ppr+ ~@PL

i3SH =Iny+Ppi +~&aH

(5.2)

(5.3)

Upon comparing (S.2) and (5.3) with (4.1) and (4.2), one
sees that there is no factor —, in (5.3) since in the {1,2)
model the maximum density is unity, not —, as in the
{A,B) model (because of the nearest-neighbor exclusion).
However, (5.2) contains a factor of 2 (because of the two
orientations") times the Ising series and hence with
respect to the Ising series, both (4.1) and (4.2) and (5,2)
and (5.3) differ by a factor of 2. Thus we expect the two
models to have some similarity. From the activity series'
for the (1,2) model one has

Aper ——( —u )y +( —8u +10u )y +( —50u +136u —89—,
' us)y4+( —8u —264u +1224u )y

+(—104u —1102u )y +(—24u —816u )y +( —385u )y +(—96u )y +(—18u )y'

KPpH=(u +2u +4—,
'

u )+(4u —Su +12u —6u )y '+(18u 44u +—87u )y

+(4u +72u —300u )y +(40u +229u )y (12u +240u )y

+(154u )y +(48u )y +9u )y

(5.4)

(5.5)

Using (5.2)—(5.5) in (2.16), one obtains the following ex-
pansions along the coexistence curve:

(u) =u +8u +59u +402u +2651u

+17064u +107975u (5.10)
y (u) =1+u +2u +6u +20u +68u

+244u +897u

pL (u ) =2(u +4u + 17u +74u +332u

+ 1520u +7076u + . - ),

(5.6)

(5.7)

UI. TRICRITICAL POINT PARAMETERS
FOR THE (A,S) AND (1,2) MODELS

The order parameter measures the difference between
the densities on the two branches of the coexistence curve

p (u)=1 —(u +4u +16u +70u +319u R (u) = [pH(u) —pL (u)]/po, (6.1)

+ 1504M +7249u + )

gg{u) =2(u +8u +59u +398u +2576u

+16196u +99866u +. . . )

(5.8)

(5.9)

where po is the maximum density at close packing. The
tricritical temperature, expressed in terms of the variable
u, is the value of u, uzcp, at which R(u) vanishes, i.e.,
when the two branches of the coexistence curve meet at a
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common density. From the series given in the previous
sections for pL and pH, one obtains the following series:
For the (A, B) model,

0.04—

0.0 2

0.00
ALl (n)

—0.0 2

R (u) =2(p~ —pL )

=1—(3u +12u +44u +166u +661u

+2764u +11997u + . . ),
-0.04

(6.2)
-0.06—

I

0.2
l/n

for the (1,2) model, 0.40.30. I0,0

R (u) =p~ —pL

= 1 —(3u + 12u +50u +218u +983u FIG. 1. Extrapolation of zeros of the order parameter as ex-

pressed by the function hue(n) [see Eq. (6.8)] for the (A, B) and

(1,2) models.+4544u +21401u + . . ) (6.3)

and for the Ising model,

R (u) =pH —pL terizing the branches of the coexistence curve
=1—(2u +8u +34u +152u +714u

+3472u + 17 318u + . )
(p(u)) = —,[PL, (u)+PH(u)] . (6.13)

(6.4)
Unlike pL and p& separately, this function does not vary
dramatically with u; for the Ising model it is simply a con-
stant

One can write R (u) in the following form:

R(u)=1 —u g aku".
k=I

(6.5)

(p) = —,
' (0&u &u, ) . (6.14)

If one considers the truncated version At uTcp pL, =pH=pTcp and one has

R„(u)=l —u g aku",
k=1

&p(uTcp)~ pTcp .(6.6) (6.15)

From the series for pL and pH previously given, one has

(p(u)) = —, + ~ u +u +3u +8—, u +24 —, u
then it is an empirical fact that the values of u that make
R„(u)=0, i.e., the uo(n), are linear when plotted versus
1/n in the Ising model and extrapolate to the Ising
critical-temperature parameter +77u +258—u (6.16)

u, =(~2—1) =0.1716 (6 7) for the (A,B) model, and

(p(u)) = —, +u +4u +18u +78u +345u

+ 1536u +6903u

with great accuracy. The values uo(n) for both the (A,B)
and (1,2) models also vary linearly with I/n. A sensitive
way to evaluate uTcp is to form the following difference
function

(6.17)

for the (1,2) model.
The diagonal and off-diagonal Pade approximants to

(p(u)) vary smoothly with u and agree with one another
within a percent when evaluated at u Tcp. The results are

duo(n) =uo(n) —[uo(n)]„;„,, (6.8)

where uo(n) is the appropriate value for the (A,B) or (1,2)
model. This function is shown in Fig. 1 for the (A,B) and
(1,2) models, the points for each model giving a very good
straight line. The intercepts are estimated to be

pTcp ——0.278+2

for the (A,B) model, and

Tcp =0.635+5

(6.18)

b,uo( Do ) =0.022+2 (6.9) (6.19)

for the (A,B) model, and

b uo( eo ) =0.004+2

for the (1,2) model. Using (6.7) and (6.8) then gives

u Tcp =0.194+2

for the (A,B) model, and

uTcp =0.176+2

for the (1,2) model.
In the same manner, one can evaluate the value of the

fugacity at the tricritical point. The diagonal and off-
diagonal Pade approximants give (the error indicating the
spread of the various approximants)

(6.10)

(6.11)
(6.20)yTcp =1 0568+1

for the (1,2) model. If the generalization of (4.7) is vahd,
then we have [using (6.11)]

for the (1,2) model.
Having an estimate of urcp we turn to the evaluation

of the tricritical density pTcp. One can determine pTcp ac-
curately by forming the mean of the two densities charac-

u Tcp2
yTcp = 1 + = 1.0615

1 —2u Tcp
(6.21)

for the (A,B) model.

LO&-TEMPERATURE EXPANSIONS ALONG THE GAS-SOLID. . .
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(A, B) model

yo (p)
(1,2) model

y. &p)

1.0000
1.0376
1.0522
1.0579
1.0601
1.0610
1.0613
1.0614

0.2500
0.2594
0.2667
0.2710
0.2733
0.2746
0.2754
0.2759

1.0000
1.0310
1.0419
1.0476
1.0510
1.0530
1.0543
1.0551

0.5000
0.5310
0.5528
0.5701
0.5832
0.5935
0.6015
0.6079

The Pade approximant evaluation of pTcp and yTcp
represents a mild extrapolation of the u series for these
functions. That these series converge rapidly is shown in
Table II where the truncated series for pTcp and yTcp are
evaluated at u Tcp as a function of the extent of truncation.

In summary, the tricritical parameters for the (A, B) and
(1,2) models are

u Tcp =0.194+2,

pTcp=0. 278+2 (6.22)

yTcp = 1.062+2

for the (A,B) model, and

uTcp =0.176+2

pTcp =0.635 +5 (6.23)

yTcp = 1 057+2

TABLE II. Partial series for y (urop) and (p(urcp)) e»lu-
ated through the u" term, for the (A, B) model u Tcp=0. 194 and
for the (1,2) model u Tcp ——0.176.

{1,2) models. The two branches of the coexistence curve
can be estimated using Pade approxirnants to the partial
series for pz(u) and pH(u). A test of the accuracy of this
method is to compare the Fade approximants with the ex-
act function for the Ising model'

p, (u)=—1

2

1/4
{1+u)(1—6u +u )'

(1—u)

=1—pH(u) . (7.1)

Table III compares pL(u) as obtained from (7.1) and as ob-
tained from the diagonal and off-diagonal Pade approxi-
mants to the series (4.12). The numbers in Table III show
that while the Pade approximants work very well when
(u/u, )' is less than about 0.9, they completely miss the
very rapid increase in pl (u) at u, .

Figures 2—4 show the phase diagrams, respectively, for
the Ising model (for comparison), the (A,B) model, and
the (1,2) model. In all, the upper graph shows y as a
function of u ' while the lower graph shows pl and p~
(using the scaled variable p/po, po being the maximum
possible density) as a function of u; the variable u iy2 i
chosen simply to give an appropriate scale for the graphs.

In Figs. 3 and 4 the closed circle represents the tricriti-
oal point [using the data of (6.22) and (6.23)j. The solid
curves in the first-order portion of the p (u) diagrams are
Pade approximants to pI and p~ run as close to u Tcp as
the data of Table III suggest is valid; the dashed curve is
the extrapolation by hand to the tricritical point.

The second-order lines in Figs. 3 and 4 have been es-
timated elsewhere. " The solid portion of the second-
order line is the numerical estimate obtained from the
(A,B) or (1,2) order parameter (the order being with
respect to the A and B sublattices or the 1- and 2-type
orientations); the dashed portion is an extrapolation by
hand to the tricritical point.

for the (1,2) model. The errors given for pTcp and yTcp re-
flect the uncertainty in u Tcp' the errors are, of course, not
rigorous bounds.

UII. PHASE DIAGRAMS

Having estimates of u, p, and y at the tricritical point,
we can construct the phase diagrams for the (A,B) and

5.0

4.0—

3.0—

2.0—

I.O

TABLE III. Comparison of pL(u) along the coexistence curve
for the simple quadratic Ising lattice gas as calculated using
Pade approximants to the series (4.12) and the exact function
(7.1). The diagonal and off-diagonal approxirnants agree to at
least the number of figures shown. The values of u shown are
given by V u =n (u, )'~ /20 with u, =0.1716.

I I I

Q,Q Q.2 0.4 0.6 0.8 1.0

I,Q

0.6—
pip,

0.4—

15
16
17
18
19
20

Pade approximant

0.0156
0.0224
0.0326
0.0489
0.0783+0.0001
0.152 +0.002

Exact

0.0156
0.0224
0.0327
0.0491
0.0800
0.5000

0.2—

Q2 04 06 08 l 0

FIG. 2. Phase diagram for the Ising model showing the locus
of singularities for y and p as a function of u. The closed circle
is the critical point in each graph.
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VIII. TRICRITICAL SINGULARITIES

0.0 O. I

l/n
0,2 0.3

FIG. 5. Ratios as a function of 1/n for the u series for pL,
pH, g~, and gH for the (A, B) model. The ratios for p and g
along the coexistence curve for the Ising model are shown for
comparison.

Writing the series for pL (u), pH(u), XL, (u), and XH(u)
for the (/I, B) model [(4.8)—(4.11), respectively] in the
form'4

the ratios should vary asymptotically as'

r„-u, '[ I + ( v —1)/n], (8.3)

f(u)= ga„u",

~n =&n~&n —) ~

(8.1)
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FIGe 4. Phase diagram for the (1,2) model showing the locus
of singularities for y and p as a function of u. The closed circle
is the tricritical point in each graph.

and the ratios r„as a function of 1/n for these functions,
as well as pL (u) and XL (u) for the Ising model [using
(4.12) and (4.13)], are shown in Fig. 5. For functions that
have a singularity of the form

f(u)- 1
(8.2)

u —uC

if u, determines the radius of convergence of f(u). We
assume that pL(u), pH(u), +L(u), and XH(u) have a corn-
mon singularity, uT&p,

' the intercept at 1/n=0 shown in
Fig. 5 is u Tcp using uTcp =0.194 of (6.11) obtained from
extrapolating zeros of the order parameter.

We speculate that the ratios for pL and p& will ap-
proach a common curve as will those for +L and g~.
Clearly, from the data shown, it is not possible to estimate
the limiting slopes of the ratios for these common p and g
functions with the accuracy required to determine reliable
estimates of the exponents.

The uncertainties in u Tcp given in (6.11) and (6.12) like-
wise preclude' the accurate determination of the ex-
ponents associated with pL, pH, XL, and XH calculated us-
ing Pade approximants (by determining the residue of the
logarithmic derivative of the function with a simple pole
removed at uTcp). The behavior of the series for the (1 2)
model is similar to that for the (A, B) model.

IX. ANISOTROPIC INTERACTIONS

In this section we consider the case where the interac-
tion energy between particles is anisotropic, either with
respect to the fixed Cartesian axes of the lattice in the
(A,B) model or with respect to the manner of orientation
in the (1,2) model. We will show that one can determine
y and the other thermodynamic functions (including the
order parameter R) as a function of two low-temperature
parameters, u~ and uz. From the estimate of the locus
R(u~, u2)=0, one can determine the tricritical ternpera-
ture and density as a function of the extent of anisotropy
and, in particular, one can extrapolate the results to the
case of completely anisotropic interactions. This is of in-
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terest since, in the case of completely anisotropic or one-
dimensional-like interactions, low-temperature expansions
do not exist. We first review the anisotropic Ising model.

In Onsager's original treatment of the two-dimensional
Ising magnet he considered the case where, for the qua-
dratic lattice, the energy of interaction was different along
the x and y axes. Treating the lattice gas, we let e1 and e2
be the two appropriate interaction energies and define the
two Boltzmann factors

u1 =u

K
u2 =u

(9.5}

The parameter ~ can be thought of as a charging parame-
ter: As ~ is turned on from zero to unity, the system
evolves from the case of completely anisotropic interac-
tions to the isotropic case. With (9.4) the low-temperature
parameters u1 and u2 are given by

x1 ——exp( —e1 /k T),
(9.1)

Using the notation of (9.4), the critical value of u is the
solution of the equation'

x 2
——exp( —e2/k T),

(
—1/2 1/2

)(
—K/2 K/2

) (9.6)

u1 ——1/x1, u2 ——1/x2 . (9.2)

with the corresponding low-temperature expansion param-
eters

For limiting values, one has

0 for v=0
~u(K) =

(v2 —1) for a=1
(9.7)

The fugacity is now

y =zx1x2 (9.3)

E1=6,
6'2 =KG

(9.4)

Alternatively, one can replace e1 and e2 by a single ener-

gy, e, and a parameter, ~, using the relations

with u, (v) varying approximately linearly with ~ between
these two limits. In the limit ~=0, the two-dimensional
lattice gas consists of independent rows of sites, each row
behaving as a one-dimensional Ising lattice gas (the critical
temperature for the one-dimensional model being 0 K).

The coefficients in the fugacity series for the pressure
are now double series in u1 and u2. For the anisotropic Is-
ing model' (with, for example, e1 and t 2, the energies of
interaction along, respectively, the x and y axes), one has
[through all terms u '~u ~z with (i +j) & 6]

Ppl =( ,uu)y +(u, pu—2 —, u )up+u(up)y +(u )up+4u, u~+u, u~ —Su, u~ —Su, u~+10 —, u, u~)y
2 & 2 2 2 2 3 2 2 3 3 2 2 3 & 3 3

+(u1u2+u1u2+8u1u2+8u1u2+u1u2 —16—, u1u2 —52u1u2 —16—, u1u2+ . . )y
2 2 4 3 2 2 3 4 & 4 2 3 3 & 2 4 4

+ (4u 1u 2+4u 1u 2 +u 1u 2 + 12u 1u 2 + 17u 1u 2 + 12u 1u 2 +u 1u 2 +. . . )y
3 2 2 3 5 4 2 3 3 2 4 5 5

+(u1u2+u1u2+8u1u2+24u1u2+8u1u2+ - - )y +(4u1u2+ 14u1u2+4u1u2+ )y
3 2 2 3 4 2 3 3 2 4 . . . 6 4 2 3 3 2 4 7

+(u1u2+4u1u2+u 1u2+ . )y'+(u 1u2+ )y + (9.8)

The density along the low-density branch of the coexistence curve (where y = 1) is given by

pr = =Pl (u»u2) =PL(u, K) (9.9)

with

pH(u, l~) =1 pL (u)a. ) . —
The order parameter is then

R (u, K) =pH( u~K) pl (u, lr) = 1——2pL (u, x.)

which gives a series in fractional powers of u,

(9.10)

(9.11)

R (u, a) =1—u g a;(u")' .
i=1

Again we consider the truncated version

(9.12)

R„(u,v)=1 —u g a;(u")', (9.13)

and plot the value of u, uo(n, ~), that makes R„(u,~) =0 as a function of 1/(nK). The results give linear plots that extra-
polate accurately to the exact values, u, (~), given by (9.6). With the Use of the series of (9.8), the results (closed circles)
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FIG. 6. Extrapolation of zeros of the order parameter for the
anisotropic Ising model (closed circles) and the anisotropic (A, B)
model (open circles} as a function of a.

FIG. 7. Solid line is the variation of u, for the Ising model as
a function of x as given by Eq. (9.6) while the closed circles
represent the variation of uTcp for the (A, B) model, the points
being taken from the extrapolations in Fig. 6.

are shown for x=1, —,', and 4 in Fig. 6, the points at 1/na=O being the exact values from (9.6). Clearly, with a
minimom of exact data, the series of (9.8), one can estimate the variation of u, with ~ for the Ising model with fair accu-
racy.

The procedure used to calculate u, (~) for the anisotropic Ising model can be used to calculate the variation of u Tcp
with ~ in the anisotropic (A,B) model, the anisotropy being, as in the case of the Ising model, with respect to fixed
orthogonal axes in the lattice (determined by the geometry of the next-nearest-neighbor interactions). Again we can use
(4.1) and (4.2) to express low- and high-density pressure series for the (A,B) model as differences from the Ising series,
Ppi of (9.8). One has

b Ppl. ——( —2u, u z )y + ( —6u ]u z +22u ] u z
—6u ]u z )y + ( —12u ]u z

—41u ]u z
—12u, u z )y + ( —9u, u z )y

2 2 2 2 3 3 3 3 2 3 2 4 3 3 4 2 4 3 3 5

~13pH =(u]uz)y

By writing (2.15) as a double series

y {u] uz)=1+ g0.u] uz,
m, n

(2.16) then becomes a recursion relation for the g „. Using (4.1), (4.2), (9.8), and {9.14) in (2.16) gives

y (u},u2)=1+(u/u2)+(u/u2+u]u2)+(u]u2+2u]u2+u]u2)+(u/u2+3u]u2+3u )u2+u]u2)2 2 3 2 2 3 4 2 3 3 2 4

+(u]u2+4u iu2+6u ]u 2+4u )u2+u )u2)+5 2 4 3 3 4 2 5

As with y (u) of (4.6), (9,16) has a striking simplicity which is easily generalized:

]X] u )u2
y( uu])=z1 +u]ugz(u]+uz)"=1+

1 —(u]+uz)

(9.14)

(9.15)

(9.16)

(9.17)

The order parameter for the (A,B) model is given by

R(u], uz)=2[pH(u„uz) —pl {u],uz)] .

Given y (u], uz ) and the series for Ppr and PpH, one obtains

R(u, ,uz)=1 —(3u]uz+6u]uz+6u]u +9u]uz+26u]uz+9u]uz+12u]uz+71u]uz+71u, uz
2 2 2 3 2 2 3 4 2 3 2 2

+12u )u2+15u)u2+15u )u2+327u )u2+152u )u2+15u )u2+. . . ) .

(9.18)

(9.19)

Using (9.5), one can convert (9.19) into the form of (9.12). As with the Ising model, one can extrapolate the values of u

that make the truncated series for R equal to zero. The points (open circles) obtained in this manner are shown in Fig. 6,
again for ~=1, —,', and 4. As with the data for the Ising model, which allowed us to estimate u, (~), the extrapolated
curves allow us to estimate urcp(a). The variation of urcp with a for the (A,B) model, as estimated from data as in Fig.
6, is shown in Fig. 7 where the solid line is the variation of u, (]r) for the Ising model given by (9.6).

For the (1,2) model, the differences from the Ising series are defined in (5.2) and (5.3). One finds

Eel. ——( —u, u z )y + ( —4u, u z + 10u, u z 4u ]u z )y —+ ( —10u ]u z —30u ]u z
—10u ]u z )y + ( —8u, u z )y

2 2 2 2 3 3 3 3 2 3 2 4 3 3 4 2 4 3 3 5

APpH ——(u]uz+u, uz)+(u]uz 5u]uz+u—]uz)y +(3u]uz+12u]uz+3u]uz)y +(4u]uz)y2 2 3 3 2 3 3 3 3 2 —) 2 4 3 3 4 2 —2 3 3 —3
(9.20)
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FIG. 8. p (u) phase diagrams for the (A, B) model in the lim-
its of x = 1 and ~=0.

FIG. 9. p (u) phase diagrams for the (1,2) model in the limits
of ~= 1 and a.=0.

In analogy with (9.16) and (9.19) one obtains

g~(u], u2)=1+(u]u2)+(u]u2+u ]u2)+(u]u2+4u ]u2+u ]u~)+(u]u2+» ]u2+» ]u2+u ]u2)
2 2 3 2 2 3 4 2 3 3 2 4

+(u ]u 2+ 15u ]u 2 +36u ]u 2+ I~u ]u 2 +u

]up�)+

5 2 4 3 3 4 2 5

R (u], u~) =1—(3u]u2+6u]u p+6u, u2+9u, u ~+32u ]up+ 9u ]u2+ 12u, u 2+97u ]u 2+97u ]u 2
2 2 3 2 2 3 4 2 3 3 2

+12uiu2+15u)u2+214u )u2+525u )u2+214u iu2+15u )u2+ . . ) .

(9.21)

(9.22)

The use of (9.22) to give R (u, ~) for the (1,2) model al-
lows one to estimate uTcp(sc) as in Fig. 6 for the (A, B)
model; this function, as can be seen from Fig. 1 for the
case ~= 1, is very close to u, (~) for the Ising model.

In the Ising model, as ~~0 the critical point drops to
u, =0 at p= —,. In the (A,B) model, as ~~0 the tricriti-
cal point drops to u Tcp ——0 at p= 4 leaving a second-order
line dividing the density-temperature plane. The change
of the phase diagram from the case for a =1 (isotropic) to
the case for ]c=0 (completely anisotropic) is shown
schematically in Fig. 8. Figure 9 shows the analogous
behavior for the (1,2) model.

In the limit ~=0, the nature of the interaction gives rise
to linear clusters, as illustrated in Fig. 10. For the (A,B)
model the feature of having anisotropic interactions with
respect to fixed lattice axes is, of course, somewhat artifi-
cial. The (1,2) model is more interesting in this regard
since the linear clusters, because of the two possible orien-
tations, are not fixed in direction. A much more interest-
ing model would be to allow the particles in the (A, B)
model to have two orientations giving an (A, B)-(1,2)
model. The phase diagram in this case would be approxi-
mately given by the superposition of Figs. 8 and 9 for both
the cases ~=0 and ~=1; in the case ~=1 there may be
two tricritical points although they probably are merged
into one point. While we have extensive low-density ac-
tivity series for the (A,B)-(1,2) model, it is quite complex
and we defer discussion of this interesting multiphase sys-
tem to a future publication.

X. SUMMARY

Any lattice-gas model in which there is exclusion
beyond a single lattice site will be forced to exhibit sub-

I

lattice ordering at high density, this selection of a subset
of lattice sites characterizing the solid phase. The tech-
nique outlined here is applicable for all such models where
the low- and high-density fugacity series are not related by
symmetry (in cases where a low-temperature expansion ex-
ists). Thus the low-temperature expansions that work so
well for the Ising model, where there is symmetry between
low- and high-density phases, can be obtained for models
with no such symmetry.

~ ~

I
]

0 ~
]

~ ~ ~ 0

~ e ~ ~

(I -2)

~ ~ ~ ~ ~ ~ ~

(o- B)

FIG. 10. Illustration of the formation of linear clusters in the
limit ~=0 for the (1,2) and the (A, B) models.
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