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Response of superconducting films to a periodic optical irradiation
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%'e present a theoretical study of the quantitative response of a superconducting film driven out of
equilibrium by modulated laser irradiation. A numerical solution of the time-dependent coupled
equations is performed, the quasiparticle distribution being represented by a Fermi-Dirac distribu-
tion with an effective temperature P". The time evolution of a typical Sn film is first studied at a
drive frequency f= l GHz. The film response is then analyzed as a function of the drive frequency.
It is shown that, in Sn, it is limited by the energy transfer from the quasiparticles to the phonon sys-
tem. Although the film response depends on the phonon escape time and on the intrinsic times of
the quasiparticle-phonon system, none of these times is sho~n to determine alone the time behavior.
The characteristic times of the response also depend on the specific-heat ratios of the phonon and
quasiparticle systems. Results are presented for the modulation depths and phase shifts of the
quasiparticle temperature and of the power transferred to the phonon for different specific-heat ra-
tios, intrinsic times, and phonon escape times. A comparison with the results obtained from a sim-
ple analytic model is done. We have also briefly discussed the situation for some other supercon-
ducting materials.

I. INTRODUCTION

Since the initial historical experience by Testardi, opti-
cal irradiation has frequently been used to drive a super-
conductor in an out-of-equilibrium state. The aim of most
of the experiments, performed either in the steady-state re-
gime or in the pulsed regime (with microsecond-to-
nanosecond laser pulses), was to reach the microscopic
behavior of nonequilibrium superconductors through tests
of quasiparticle-dynamics models, ' determination of the
distribution functions of the excitations, study of inter-
mediate resistive states, " and determination of the in-
trinsic relaxation times. ' ' ' During the last years,
particular interest has been devoted to the superconductor
response to picosecond laser pulses. ' ' Moreover, some
workers have considered periodically irradiated supercon-
ductors. ' ' From recent experimental work, it has been
concluded that the response is limited in the high-
excitation-frequency range by the escape time ~„of the
phonons out of the illuminated region, ' even when the
laser-pulse duration is comparable to the electron-phonon
interaction time. ' This seems to agree with the qualita-
tive predictions which have been deduced ' from previous
steady-state results. ' To get rid of this rather long lim-
iting time (~„=10 sec) some experimentalists have pro-
posed using variable-thickness bridges, where the quasi-
particle diffusion out of the illuminated region becomes
important. ' They expect a transient response time deter-
mined by the pair-breaking time for an efficient quasipar-
ticle diffusion. However, these qualitative predictions are
deduced from an analysis based on the simple Rothwarf-
Taylor equations.

In this paper, we analyze the quantitative response of

the quasiparticle-phonon system through approximations
of the complicated quasiparticle and phonon-collision in-
tegrals which are not so crude as in the Rothwarf-Taylor
model. We study the behavior of a superconducting film
perturbed by a periodic laser drive. We are particularly
interested in the dynamics of the quasiparticle population,
which is the relevant quantity in the determination of the
superconducting parameters such as the order parameter
4, which we consider below, and the critical current in a
junction. The role of the phonons, which, in the steady
state, is to transfer the input power from the quasiparticle
system to the substrate, is considered. Indeed, the pho-
nons provide an energy releasing mechanism through the
substrate-film contact and a heat reservoir, which may
both be determinant in the time behavior of the whole sys-
tem.

We consider different frequencies in the GHz range; the
excitation periods are thus comparable to the electron-
phonon interaction times and to the phonon escape time in
the Sn film studied. This is not the case for strong cou-
pling superconductors such as Pb and Nb which electron-
phonon interaction times are small; indeed, the electron-
phonon relaxation time is about 10 psec (Pb) and the pho-
non pair-breaking relaxation time can be as short as 10
psec (Pb) or smaller (a few picoseconds in Nb) i8, 25 and
then far shorter than the phonon escape time.

Moreover, the quasiparticle system acts, like the phonon
system, as a heat reservoir, and we are going to see below
that, depending on the relative specific heat of these two
reservoirs, quite different time behaviors of the supercon-
ducting film are expected. Therefore, we study here the
influence of characteristic quantities such as the intrinsic
relaxation times of the excitations and the specific heat on
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the film response. The results obtained allow us to show
which response is expected from superconducting films
such as Sn or In films under periodic laser irradiation and
to foresee the time behavior of Pb or Nb films, in the same
conditions of irradiation.

A detailed study of the coupled dynamics of quasiparti-
cles, pairs, and phonons is performed here through the nu-
merical solution of the relevant coupled equations.

The film is assumed to be uniformly illuminated by the
laser light. The quasiparticles absorb the optical power;
their coupling with the phonons leads to phonon devia-
tions from equilibrium. We thus study the quasiparticle-
phonon energy exchanges. Amplitudes and phase shifts
are considered for the latter as well as for the quasiparticle
temperature T*.

The calculation model and the coupled equations for
quasiparticles, pairs, and phonons are presented in Sec. II.
In Sec. III, the numerical method used to solve these equa-
tions is given and the results are presented in Sec. IV. In
Sec. V, we compare our numerical results with the analyt-
ic results deduced from a simple macroscopic model for
both phonons and quasiparticles.

proximation therefore remains a good approximation for
laser-optical irradiation in the case of a mean coupling be-
tween the phonons and the substrate. It retains the essen-
tial physics of our problem but considerably simplifies the
mathematical analysis.

The time-dependent superconducting gap 6 is deter-
mined by the instantaneous nonequilibrium distribution
function f (E) through the BCS equation,

6/Ao ——exp —I de f (E)/E (l)

which we assume to hold instantaneously; 60 is the zero-
temperature gap and e=+(E 6)'~ .—

Therefore, the energy balance for the quasiparticle gives

(2)

P;(t) is the input power, P~(t) is the power lost by the
quasiparticles and transferred to the phonons, and C, is
the quasiparticle specific heat. In order to avoid its com-
plete calculation from the BCS equation, we use the fol-
lowing expression

II. FORMULATION {REF.23)
C, =ayT, exp( bT, /T')—, (3)

The quasiparticle distribution function f (E) is taken to
be a spatially uniform Fermi-Dirac function at an effec-
tive time-dependent temperature T*(t), with a chemical
potential p=0 as in the BCS theory. These two assump-
tions require both a very short time for the thermalization
of the quasiparticles' at T* and a time for recombination
shorter than the time for quasiparticles to thermalize with
respect to the low-energy phonons. This latter condition is
indeed satisfied in thermal equilibrium in a large region of
energies E for T &0.5T, (Refs. 1, 25, and 27—29) and
remains valid for nonequilibrium superconductors since
the recombination time decreases with excess quasiparti-
cles. The use of a single temperature T* to characterize
the quasiparticle distribution is of course an approxima-
tion, the full exact calculation requiring the solution of the
kinetic equations for both quasiparticles and phonons.
However, for laser drive, the initially generated excitations
are broadly distributed and a T* Fermi-Dirac distribution
is the more closely approached as the phonon coupling
with the substrate is weak. Moreover, it has been shown
experimentally that the measured quasiparticle distribu-
tion for optically illuminated films is well described by a
T* distribution. ' ' The T* Fermi-Dirac distribution ap-

where y is the ratio of the normal-metal specific heat to
the temperature. Equation (3) is quite a good approxima-
tion for Sn with a=9 and b=l.5. This approximation
introduces no important quantitative error in the range of
temperatures considered below.

The power received by the phonons from the quasiparti-
cles is given by

N( T*)—N
Pg(t) = g fico

+Pa
q, a

BNa= g fico
at

q, a

X(T") is the Planck distribution at T' and N is the pho-
non distribution in the mode a, assumed to be spatially
uniform. ' The phonon relaxation time v.z is given by

—1 r —1
&pa = ( &pB +&pS ~a =7p

the phonon pair-breaking and -scattering relaxation times,
7 pB and ~ps, being, respectively, given by

Ace —5 Q2
C j dE p(E)p(~ —E) l + [ l —f(~—E)—f(E)]E (Ace —E)

0 for Ace(26

and

oo Q2
rps'=2C I dE p(E)p(E+fico) E(E+A )

[f(E) f(~+E)] . —

These quantities are time dependent through T and A.
The constant C, which partly results from the electron-
phonon matrix element, writes, in the deformation-
potential approach,

(~Ea )C=
27' pDQa

m is the electron mass, pD, E, and u are, respectively,
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the density of the crystal, the deformation-potential con-
stant, and the sound velocity in the a mode.

The phonon distribution X is computed from the pho-
non Boltzmann equation

(8)

where (BN /Bt), gives the effect of the quasiparticles on
the evolution of the phonon distribution whereas the rate
of change of N due to phonons escaping from the film
can be written phenomenologically as follows:

T

aN.
at

N —N(Tb )

+es
(9)

The time ~„represents the time for the phonons to
thermalize to the bath temperature at Tb,' it is of the order
of the phonon transit time d/u: ~„=gd/u {d is the film
thickness, u is the mean sound velocity, and g is a con-
stant, determined by the phonon transmittivity).

III. NUMERICAL METHOD

The time variations of the phonon distribution function
and of the quasiparticle effective temperature T* can be
determined from Eqs. (1)—(9).

We assume that the system is initially in a stationary
state characterized by the values Tq and N z, respectively,
of the quasiparticle temperature and of the phonon distri-
bution. Then, the modulation of the input power P;(t) is
applied at to ——0; we choose a sinusoidal form,

P;(t) =P&(1+since;t) . (10)

Pz is thus the input power corresponding to the initial sta-
tionary state.

Therefore, we first perform a numerical evaluation of
P~ along with the corresponding value of N z for a given
Tg ~

Ps= g Rru[N(Ts) Ns]l&p =Pxs—
q, a

with the longitudinal phonons. In tin, the coupling of the
electrons with the transverse phonons is important owing
to the departure from the free-electron model. However,
it has been shown that this real-metal effect can be con-
sidered in a deformation-potential approximation with a
deformation-potential constant E2 ——2.5 eV for both of the
transverse modes.

Different phonon escape times, ~„=0.1, 0.3 nsec, are
considered. For excitation frequencies larger than the
characteristic frequencies of the system, the whole system
is expected to be quite insensitive to the modulated excita-
tion. Therefore, we choose excitation frequencies co;
smaller than 10 GHz,' this frequency just corresponds to
the condition co;~ && 1 in our work.

Under these conditions, the results obtained are shown
in Figs. 1—9. A fixed frequency f= 1 GHz is first con-
sidered (Sec. IVA) for which the time behavior of the
quasiparticle temperature and of the power transferred to
the phonons and the effect of the phonon and quasiparti-
cle specific heat are analyzed. Then, the frequency is
varied (Sec. IV B).

A. Time behavior at a fixed frequency;
importance of the specific heat

In Figs. 1 and 2, a typical time behavior is shown of the
quasiparticle effective temperature T*, of the gap parame-
ter 6, and of the power P~{t) received by the phonons
from the quasiparticles, for a phonon escape time r„=0.3
nsec. The initial quasiparticle temperature and input
power are, respectively, Tq ——2.98 K and Pz ——14.1)&10
%cm

4.7

4.6
where P~z is the power transferred to the phonons in the
initial stationary state. Then, a small time interval At is
considered. During this time, T* and N undergo small
variations, 5T* and 5X, which we calculate from Eqs. {2)
and (8). Having thus determined the values of T", we
determine 6 and P& from Eqs. (1) and (4), and we contin-
ue to the next interval. The time interval At is chosen
such that

4,5

—5.05

ec

ht &min
20

(12)

where 7 is a time smaller than all the relaxation times in
the system.

IV. RESULTS

We choose a Sn film with b,o
——0.561 meV (6.5 K),

pa ——7 gcm, and m =mo, the free-electron mass. The
bath temperature is Tb ——1.5 K.

Both transverse and longitudina1 phonons are con-
sidered. A deformation-potential constant E =E

&

3 EF:6.89 eV is taken for the coupling of the electrons

2,95—
/' r

l
~es /

/

0 05 1

t (nsec)

FICx. 1. Quasiparticle temperature T"(t), gap parameter b, (t),
and input power P;(t) (arbitrary units) vs time t, for a drive
period f '=1 nsec and a transverse and longitudinal phonon es-

cape time ~ =0.3 nsec.
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FIG. 2. Input power P;(t) and power P&(t) transferred from
the quasiparticles to the phonons vs time t for a drive period
f ' = 1 nsec and an escape time r =0.3 nsec for both transverse
and longitudinal phonons.
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FIG. 3. Power transferred from the quasiparticles to the pho-
nons P~(t) vs time, taking account of the longitudinal phonons
only [A system; curve (a)], or of the transverse phonous only [B
system; curve (b)] for a drive period f '=1 nsec. The phonon
escape time is v. =0.3 nsec.

The quasiparticle-temperature modulation depth,

t*/(Ts —Tb)=(Tm» —Ts)/(Ts —Tb) ~

is of about 5% which is rather small [curve 1 in Fig. 1]
though the frequency f is smaller than most of the charac-
teristic frequencies in the system as can be seen in Table I.
This can be understood [Eq. (2)] from the large value of
the quasiparticle specific heat C„at the temperatures con-
sidered, compared to the phonon specific heat Cp
{C, /Cp-1. 5 with C, =430 J m K ' and Cz —300
Jm 3K ') as it will be seen below. Therefore, a rather
small modulation of the gap parameter b, (=4%%uo) is ob-
tained [curve (2) in Fig. 1] although the initial temperature
Tz ——0.8T, has been chosen in a region where the varia-
tions of 5 with T* become important according to the
BCS theory.

The quasiparticle temperature T' [curve (1) in Fig. 1

(Ref. 33)] is seen to be nearly in quadrature with the input
power P;(t) {dashed curve in Fig. 1), the phase shift be-
tween T* and P;(t) being cp, =83 . This is due to the rath-
er small role of P~ [Eq. (2)] in the case considered.

From Fig. 2 it is seen that the amplitude
p~ ——P~,„—P~q of the power transferred from the quasi-
particles to the phonons [curve 1] is far smaller than the
amplitude p; =P;,„Ps of the —input power P;(t) [dashed
curve (2)], their ratio being p~/p;=0. 3. The variations of
P~(t) are complicated since P~ depends on T in a non-
linear way essentially through N(T*) [Eq. (4)], but it also
depends on the heating of the phonon system through the
phonon distribution N [Eq. (4)], and on the rate at which
the phonons absorb energy from the quasiparticles which
is characterized by the phonon relaxation time rp [Ref. 34,
Eq. (4)], these factors being all interdependent.

The importance of the phonon specific heat in the am-
plitude response of Pz(t) is seen in Fig. 3 where we have
considered two different systems: the first (A system) in-
cludes pairs, quasiparticles, and longitudinal phonons
only; the second (B system) includes pairs, quasiparticles,
and transverse phonons only; the corresponding calculated
time behavior of P~(t) is represented, respectively, by
curves (a) and (b) for an initial quasiparticle temperature
Tz ——2.98 K and a phonon escape time ~„=0.3 nsec. The

TABLE I. to is the initial time, at which the modulation of the input power P; is applied; the times t ~

and t2 correspond to the maxima of P;(t) and T*(t), respectively. TPBL(T] and v.psL(T] are, respectively,
the phonon pair-breaking and -scattering relaxation times for 2h energy phonons; v.p is the phonon re-
laxation time 'Tp =7ps +7PB'. The indices L and T stand, respectively, for the longitudinal and trans-
verse phonons which are simultaneously considered here, with a phonon escape time ~ =0.3 nsec and a
drive frequency f= 1 6Hz. The times are expressed in nsec.

to

t2

'TPB L

0.135
0.141
0.147

+PSL

0.833
0.800
0.763

7 PL

0.116
0.120
0.123

&PBT

0.601
0.627
0.656

&PST

3.715
3.556
3.41

0.517
0.533
0.550

T* (K)

2.9776
3.015
3.046
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mean phonon relaxation time &p(2~ )TABLE II. Phonon escape time ~, mean p onon
C /C is the ratio of the quasiparti-of the uasiparticle-phonon system;, p is e

Itl-
characteristic times, v.

& and ~2, o q
s ondin~ to the same initial quasipa i-ts. P is the initial input power correspon in

toTh (Al) d (A2) [8] o o dK in all the cases considered. e an
nd

le temperature T~ ——2.98 K
in taken into account. ein

'
Th times are expressed m nsec, anlongitudinal (transverse) phonons only being

7g) —T~ +1p e

0.3
0.1

0.12
0.12

0.086
0.055

2.5
0.85

C, /Cp

16.4
16.4

0.083
0.054

r2

7.1

3.65

Pz (10~ %'cm 3)

3.8
7.66

0.5 1 0.54 0.26 0.95 1.64 0.22 2.04 7.8

same ini ia em't'
1 temperature Tz has been chosen to compare

the two systems. eTh corresponding initial powers Pz
tern withof course i eren,d'ff t the larger being for the 8 system wi

I's ——10.3 X 10 W cm [I'~ ——3.8 X 10 W cm or e
system (Table II)].

t are lar er forTh riatlons P =P~(t) —P~g of P~(t) aie lalgei ore varia
the 8 system than for the A system. is can pa
ex lained by the large ratio of transverse-to-longitudinal
phonon heat capacities CpT/ &L— in
the large transverse phonon den yensit of states n, co

) ]. However, the phonon relaxation times
r~ are different in the two systems considered &rpL

-0.53 nsec) and the larger ~pT for transversensec and &AT- . nsec an
phonons ac st directly towards a smaller Pz, w

e uilibriumt roug eh h the departure of the phonons from equi i rium
with the quasiparticles, it acts towards a arger

f the honon distribution from a Planck distri-
bution at T*, which would be the phonon distribution in a
quasipa ic c-rt 1 -phonon system in equilibrium at, is
represented in ig. as a uF 4 function of Acu/6 through the

ntit cu [g(T*)—N ] for the A system [curve (a)] and
sca e time ~„=0.3the 8 system [curve (b)] for a phonon escape

nsec at a time t which corresponds approximatively to the
for I' (t) in both cases (A andoccurrence of a maximum or ~ in

8) (as it is seen in Fig.
'

. 3).
fromIn Fig. 5 is s own eh th energy density transferred rom

the quasiparticles to the phonons,

cun (co)[&(T*)—X ) ~ u 'cu'[g(T*)
in the same conditions as above, o

~ ~

r the A s stem
. 2 10 ' curve (a)] and for the 8 system

u = 1.95 && 10 m s '; curve (b)]. A comparison between

clearly shows the influence of the phonon specific heat in
the determination of P (t) through the different state den-

2 —3sities n (cu) ~co u

r P t is notThou h the time behavior of the power Pz t is no
le to analyze, particular attention w' p

'
ill be aid to it,

since this term is representative of the abil' y p
'

it of the ho-
shift ives infor-nons to receive or give heat, and its phase s i g

mation of the time response of the phonons to the excita-
tion through the quasiparticles.
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FICs. 4. Spectrum of the quantity co [X(T*,—N, which

shows the departure of the phonon distribution from equilibrium
at T* with the quasiparticles. Curves (a) [(b)]
systems with longitudinal (transverse) phonons only, at time
t=0.4 nsec.
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FICx. 5. S ectrum of the energy density concon co N(T*)—% ]
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Curves (a) [(b)] are for the A (8) systems with longitudina
(transverse) phonons only.
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FIG. 8. Modulation depth p&/I'q and phase shift qv~ of the
power transferred from the quasiparticles to the phonons vs

drive frequency f.

respond to periods f '=5 and 7 nsec far larger than the
mean intrinsic times of the system (see Fig. 6) which are
of the order of 0.15 and 0.8 nsec, respectively, for the
pair-breaking relaxation time and for the scattering relaxa-
tion time, at the temperatures considered. However, as ex-
pected, the quasiparticle temperature modulation depth is
larger in case 2 [r„=0.1 nsec; curve (a2)] than in case 1

[r„=0.3 nsec; curve (al)].
For the frequencies considered (0.1 &f& 10 CxHz) the

T* phase shift y, (Fig. 7) between the quasiparticle tem-
perature T' and the incident power P; for z„=0.3 nsec,
remains close to —m./2 (1 &f& 10 CxHz), the departure
from this value increasing when the frequency f decreases
from 1 to 0.1 6Hz [curve (a3) in Fig. 7]. This is expected
from the rather small variations of P&(t) as it can be seen
in Fig. 8 and from Eq. (2).

For large frequencies, the quasiparticle temperature T*
is rigorously in quadrature with the incident power, since
in these conditions P&(t) itself is in phase with T as it
will be seen below. The phase shift y, obtained for
r„=0.1 nsec (case 2) shows more important deviations
from —m./2 [curve (a4) in Fig. 7]. This is expected from
the larger variation of P~(t) and from Eq. (2). Therefore,
as the phonon trapping in the film decreases, the impor-
tance on the quasiparticle-system behavior of the energy
transfer from the quasiparticles to the phonon system in-
creases.

The phase shift p~ and the P~(t) modulation depth
p~/P~ are shown in Fig. 8 as functions of the excitation
frequency f. The modulation depth p~/Ps (lower curves)
decreases monotonically with f in the frequency range
considered. It is larger for the phonon escape time
r„=0.1 nsec [curve (a2)] than for &„=0.3 nsec [curve
(al)]. This is well understood since a smaller phonon es-
cape time ~„means an easier transmission of the phonon

energy to the substrate; when ~„=0.3 nsec&~z (case 1),
the quasiparticle and phonon systems are closer to an
equilibrium system in which there is no more transfer of
energy from quasiparticles to phonons. For very small ex-
citation frequencies, p~/Pz must tend towards 1 since at
each time, the system is then in a quasistationary state.

The phase shift y~ exhibits a nonmonotonic behavior
between the two extreme values —m/2 (f~ 0e ) and zero
(f=0) as is seen in Fig. 8 [curves (a3) and (a4)]. For large
frequencies, the phonon distribution remains nearly con-
stant since B%/Bt=0 and P& is entirely determined by the
quasiparticle temperature T*; it is then in quadrature with
the incident power as T* itself. From these results, it
seems that the phase-shift behavior is more striking than
the amplitude behavior.

The same kind of behavior is observed for ~„=0.1 nsec.
However, the positions of the maximum and minimum are
different. From Figs. 7 and 8 together, we can deduce
that the response of the film is better in case 2 than in case
1.

Let us now consider the B system (transverse phonons
only) with a single phonon escape time ~„=0.51 nsec
(Table II). The coupling of the transverse phonons with
the quasiparticles leads to larger quasiparticle-phonon re-
laxation times as can be seen in Fig. 6. The phonon escape
time v. =0.51 nsec is such that ~„-~p{2h),( 'Spa(26 ) (7"ps (2A ) (right part in Fig. 6). We thus
have an intermediate situation between the two cases just
considered. As we mentioned before, the ratio of the
quasiparticle and phonon specific heat in this case is
C& /Cp T 1 .6 (Table II) and therefore smaller than above
(case 1 and case 2).

As can be seen in Fig. 8 [curve (bl)], the modulation
depth p&/Pz of the power transmitted to the phonons is
larger than in case 1 and case 2 [curves (a)] though the ra-
tio r„/rt (Table EI) is larger than for case 2 [curve (a2)].
However, it must be borne in mind that the phonon specif-
ic heat is here an order of magnitude larger than for case 2
(CpT/CpL 10), which exPlains the larger P~/Ps obtained.
The phase shift y~ [curve (b2) in Fig. 8] is either larger or
smaller than in case 1 and case 2 above {A system; longitu-
dinal phonons only), according to the frequency. But, the
most striking fact is the quite different behavior of y&,
which is here a monotonic function of the frequency in
the range studied.

The quasiparticle temperature modulation depth is
shown in Fig. 7 [curve (bl)], as a function of the frequen-
cy. Its behavior is quite similar to the behavior obtained
in case 1 and case 2 [curves (a); A system]. However, the
calculated values are far nearer to curve (a2) (~„/~p & 1;
Table II) than to curve (a1) (~„/~z & 1). This again results
from the large phonon specific heat. The quasiparticle
phase shift y, (filled circles on the upper curve in Fig. 7)
is quite similar to the phase shift y, in the A-2 case above
in the range of frequencies considered.

In the above analysis, we have seen that a large value of
the quasiparticle specific heat C, compared to the phonon
specific heat Ct (C, /Ct ~ 1) leads to a small response of
the system, essentially due to the small amount of energy
transferred to the phonon system. This was particularly
clear in the 1-GHz modulation study and was confirmed
by the frequency analysis [Fig. 8; curves (al) and (bl)];
indeed, the quasiparticle temperature phase shift
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remains close to —~/2, and therefore nearly independent
on the energy transferred to the phonons, for a large range
of frequencies. As the ratio ~„/~p decreases, there is a
larger possibility of energy transfer to the phonons [curves
(al) and (a2) in Fig. 7]. In the Sn film study just above,
the phonon response is seen to be essentially determined by
the ratio C, /Cp whereas the quasiparticle response is very
sensitive to the ratio r„/rt [comparison of curves (a2) and
(bl) in Figs. 7 and 8].

Moreover, the nonmonotonic behavior of yz observed
in certain conditions makes us guess that there are charac-
teristic frequencies in the system that are different from
the frequencies ~,, ' and ~p . It also shows that previous
qualitative predictions about the response of the supercon-
ducting film are far too simple. '

It would be interesting to determine exactly the charac-
teristic times of the system. Moreover, in considering oth-
er materials such as Pb with C, /Cp & 1, we could get more
information. Unfortunately, the calculation would be very
long even with the quasiparticle T Fermi-Dirac distribu-
tion approximation, particularly for materials which in-
trinsic times are short compared to ~„. So, let us intro-
duce a simple analytic model that can be used, as is shown
below, in the study of other materials behavior, which is
beyond the scope of this paper and will be done else-
where.

V. COMPARISON

In this model, the phonon system is characterized by a
single temperature Tt (t) and a single constant relaxation
time ~p. The equations equivalent to Eqs. (2) and (8)
above are then

C, (dT*/dt) =P; —C, (T*—Tp)/~,

and

Cp(dTp/dt) =Cp(T* —Tp)/v. p —Cp(TP —Tb)/w„

(14)

'Tp + 7 es 1 +JCO) 7 ~.*=Ps
Cp (1+jco;r, )(1+j~;r2)

(15)

and

1+JCO;1 es
pNc —Ps (1+jco;r~)(1+jco;r2)

(16)

with
' 1/2

1+ 1 —4
~pp C,

and

7" ='T +'Tp ( 1+Cp/C& )

—1 —1 —1
+P ++es

From these equations, it is seen that, besides the intrinsic
times, there exists characteristic times in the system, 71
and w2, which are functions of the former times.

The modulation depths and phase shifts corresponding
to Eqs. (15) and (16) are shown in Figs. 9—11 along with
our results for the A system in case 1 (Figs. 9 and 11) and
for the B system (Fig. 10). The type of behavior obtained
with this model is quite similar to the behavior obtained
before with the full numerical calculations, except for the
quantitative values which differ slightly. Therefore, from

From detailed balance, we have C, /~, =Cp/7p, 7 being
the quasiparticle relaxation time by phonon scattering. In
these conditions, the amplitudes t*=T*,„—Ts and
pz ——Pz „—Ps can be expressed in the complex form by
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0.1—10 CxHz which can be seen in Figs. 9—11 for the A
system (case 1) and for the 8 system. From the expres-
sions of the characteristic times r, and rq in Eqs. (17) and
(18) the importance of the specific-heat ratio C, /C~ is
clearly seen. Therefore, it would be interesting to study
materials with different values of the ratio C, /Cz. A de-
tailed study of the response of different materials in the
scope of this simple analytic model will be presented in
another paper.
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FIG. 11. Quasiparticle temperature modulation depth
t*(Ts —Ts) and phase shift y, vs drive frequency f for the ana-
lytic model [curves (1) and (2)] and for our numerical calcula-
tions [curves (al) and (a3)] in the A system {longitudinal pho-
nons only).

Eqs. (15) and (16), we can guess that the behavior of p&
and t* are determined by the relative values of the charac-
teristic times ~& and ~z compared to ~„and ~~, respective-
ly. These times w& and ~z are shown in Table II.

Let us first consider the phase shifts g~ and tp, . From
Eq. (16) it is seen that for small frequencies such that
Q)g Peg ((1 coj~& z && 1, the phase shift y& remains close to
zero. When the frequency is increased, the largest of the
characteristic times ~z will cause the phase shift y~ to de-
crease towards —m/2 for frequencies co; such that cu;~z —1

as long as co;~i „&&1. Then according to the relative
values of ~„and ~&, it may behave differently, either ex-
hibiting a nonmonotonic behavior when rl «r„[A sys-
tem, case 1; curves (a3) and (2) in Fig. 9] or a monotonic
behavior for ~i-~„. This type of behavior can also be ob-
tained for ~I &~„(~z, if these times are not too different
from each other; this is the case of the 8 system as can be
seen in Table II and Fig. 10 [curves (b2} and (2)]. More-
over, the frequency for which the phase shift will nearly
reach the zero value (which characterizes the response of
the film phonons) is the larger as the three characteristic
times are small. This explains the rather fast response ob-
tained for the 8 system. The phase shift y, of the quasi-
particle temperature exhibits a monotonic behavior [see
Figs. 11, curves (a3) and (2), and Fig. 7] since in all the
cases considered above, the time r& in the expression of y,
is close enough to ~&.

As can be seen from Eqs. (15}and (16), the amplitude of
the response for the power Pz(t) as well as for the quasi-
particle temperature T* are governed by the same charac-
teristic times ~] and ~z. With the values of Table II, it can
be shown from Eqs. (15) and (16) that the amplitudes t'
and p~ are decreasing functions of the frequency for all
the systems considered above. This agrees with the results
of our computer analysis over the range of frequency

VI. DISCUSSIQN AND CONCI. USION

The response of the system of quasiparticles and pho-
nons to a periodic laser irradiation, is seen to be slow in a
superconducting Sn film, which behavior is expected to be
determined essentially by the transverse phonons. The
quasiparticle temperature modulation depth remains small
for the smallest frequency considered.

From the frequency study of the quasiparticle tempera-
ture T and of the power Pz received by the phonons
through the quasiparticles, it is clearly seen that the pho-
non escape time does not determine the film response so
directly as it has been suggested in previous work. ' ' ' In
fact, it is the largest of the characteristic times ~& z an
which first perturbs the response of the quasiparticle sys-
tern and therefore the modulation of the superconducting
film properties through the gap modulation. The times ~&

and ~z depend both on the phonon escape time ~„and on
the phonon relaxation time ~p. In order to analyze the
part played by these different times, we have studied the
frequency dependence of the amplitude and of the phase
of the power P~(t) transferred to the phonon system by
the quasiparticles. This frequency dependence exhibits a
behavior which is characteristic of the response of both
quasiparticle and phonon populations. The times ~& and
~z also depend on the ratio C, /Cz of the quasiparticle and
the phonon specific heat, the largest characteristic time v.z
decreasing as C, /Cz decreases in the cases studied.

In the case of Sn just considered, the response of the
quasiparticle system is restricted by the energy exchanges
between the quasiparticles and the phonons. This was
clearly seen when we considered the longitudinal phonons
only, with the largest phonon escape time 7.„=0.3 nsec; in
this case, most of the energy remains in the quasiparticle
system and the film response is particularly slow and
small. However, in Sn, the transverse phonons yield a fas-
ter response than the longitudinal ones, according to their
smaller ratio C, /Cz. For very small C, /Cz (which is the
case for lead where C, /Cz —0.07), the energy provided by
the laser irradiation is expected to be essentially
transferred to the phonon system. (Whereas it is trapped
in the quasiparticle system for C, /Cp & 1.) In these condi-
tions, the intrinsic times of the phonon system, and partic-
ularly the phonon escape time, become determinant in the
system response.

Let us note that in our calculations, the laser irradiation
is described by a quasiparticle injection term. This is quite
valid for the Sn film considered, but in lead, according to
the small ratio of the quasiparticle and phonon relaxation
times (~, /~p ((1},a phonon injection term would prob-
ably be necessary.

We have shown that the results of a simplified model
for the phonons yields qualitative results which agree with
our full numerical calculations. This allows us to deter-
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mine analytically the excitation frequency for which a
maximum amplitude modulation of the quasiparticle tem-
perature and of the gap is obtained, as a function of the
characteristic times of the system. In Sn this frequency

AM ——~2 is smaller than the frequency ~„. Information
concerning the qualitative time behavior of any supercon-
ducting film could therefore be deduced from this
model. "
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