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Lattice distortions and local compressibility around trivalent
rare-earth impurities in fluorites
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We have calculated the lattice distortions around trivalent rare-earth dilute impurities, occupying
substitutionally metal sites in fluorites. Explicit results are given for the equilibrium positions of the
nearest fluorine ligands, R, the induced electric dipole moments, and the local hydrostatic strains for
MF2 (M=Cd, Ca, Sr, Pb, and Ba). These results are used to study the impurity-ligand distance
dependence of the fourth-order cubic-crystal-field parameter, b4, for Gd'+ and the isoelectronlc ion
Eu'+. Comparison is made with the change of b~ with hydrostatic stress using the calculated local
compressibility of the lattice. A consistent description of the experimental data is obtained assuming
b4 ~R with m —10.

INTRODUCTION

The analysis of microscopic properties of dilute
paramagnetic ions in solids, such as the crystal field or the
transferred hyperfine interactions, requires the knowledge
of the actual position of the ligand ions. These are dis-
placed from the regular sites of the perfect lattice, and
their actual equilibrium positions can be estimated
through a minimization of the cohesion energy of the im-
pure crystal.

In a previous paper, ' hereafter called I, we studied the
local distortions for the case of divalent thulium impuri-
ties in fluorite-type lattices. We report here the extension
of our mode1 to the case of trivalent rare-earth impurities,
where the excess charge produces important changes in
their neighborhood. The results are used to correlate the
crystal-field parameters for Gd + (and Eu +) in different
fluorites with the calculated equilibrium positions of the
ligand ions. The functional dependence obtained is com-
pared with experimental data on the crystal-field changes
with an externally applied hydrostatic pressure, taking
into account the local compressibility of the lattice.

LATTICE DISTORTIONS

The local distortions around substitutional trivalent
rare-earth impurities in A%2 (M=Cd, Ca, Sr, Pb, and Ba)
have been calculated by a11owing radial ionic displace-
ments up to the eighth coordination sphere, in order to
minimize the cohesion energy of the lattice with the im-
purity. This was accomplished, as in I, within the frame-
work of a shell model where ions are described by a core
of charge X
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being the net ionic charge. For
the shell charges we have used here the revised estimates
given in Ref. 3, assuming for F, Ca +, Sr +, and Ba~+
the values calculated for the isoelectronic rare gases, i.e.,
Y= —2.40, —4.35, —4.95, and —5.65, respectively. For
Cd + and Pb + the values Y = —5.45 and —6.35 were ob-
tained by interpolation according to atomic number.
Values for the electronic polarization of the metal ions,
a~ ——1.33 and 3.41 A for CdF2 and PbF2, respectively,
have been estimated from dielectric constant data ' using
the relation

TABLE I. Lattice parameter and elastic constants for CdF2
and PbF2, at 4.2 and 10 K, respectively.

a (A)
C„(10"dyncm )

C» (10" dyncm ')
C44 (10" dyncm )

CdF2'

5.365
19.79
7.294
2.490

PbF2

5.902
10.91
5.45
2.37

'D. O. Pederson and J. A. Brewer, Phys. Rev. B 16, 4546 (1977).
M.H. Dickens and M. T. Hutchings, J. Phys. C 11, 461 (1978).

aM+2aF ——(3a /16')[(e„—1)/(e„+2)]
where a is the lattice parameter. The electronic polariza-
bility of the F ions has been taken equal to the average
of the values given by Sharma et al. for the alkaline-earth
fluorides: Q.F

——0.80 A'.
As was described in detail in I, the cohesion energy has

Coulomb and short-range contributions as well as terms
associated with the formation of induced electric dipoles
on the ions surrounding the impurity. For the short-range
interactions we have used here Born-Mayer potentials,
V(r)=A exp( —r/p), whose coefficients have been deter-
mined from the elastic constants of the pure lattices. For
CaF2, SrF2, and BaF2 we have used the values of the po-
tential derivatives given in I, and for CdF2 and PbF2 those
listed in Table I. Potentials for the rare-earth —fluorine in-
teraction were obtained by Kimble et al. from dielectric
relaxation data on rare-earth doped fluorites in the case of
Sm +, Eu +, Gd + and Tb +. The values of other
trivalent rare earths shown in Table II have been extrapo-
lated assuming a relation between A and the ionic radius
of the rare-earth ions, r;, given by

3; ~(r;+rF) exp[(r;+rF)/p]

where rF is the F ionic radius; p =0.2997 A was used for
all rare earths as in Ref. 7. This dependence for A is con-
sistent with ligand distances equal to the sum of the ionic
radii, r; +rF, in ionic rare-earth trifluorides, if short-range
interactions between fluorine ions are not considered. For
the F -F short-range interaction we have used a Buck-
ingham potential,

V (r) =A exp( —r /p ) —C /r
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TABLE II. Born-Mayer potentials for metal-fluorine short-range interaction V(r)=A exp( —r/p);
p=0.2997 A for all trivalent rare-earth ions.

(eV) p {A) (eV)

Cd'+
Ca'+
Sr'+
Pb'+
Ba'+
Eu +

'Reference 7.

7835
1918
3100
4246
5252
3384

0.2334
0,2805
0.2794
0.2763
0.2792
0.2770

Ce +
Pr'+
Nd'+
Sm'+
Eu +
Gd'+

2965
2813
2691
2488'
2408'
2349'

Tb'+
3+

Ho'+
Er +

Tm'+
Yb'+

2251'
2174
2101
2036
1978
1926

TABLE III. Equilibrium position 8, and hydrostatic local
strain el/e for nearest neighbors in Gd +:BaF2, when expanding
about Ro at the nth step of the calculation. Changes in R are
typically smaller than 0.1% after the third iteration.

n Ro {A) R {A) e&/e

2.675
2.437
2.404
2.408

2.199
2.404
2.408
2.408

1.609

0.632

that describes the existence of two force regions, one at-
tractive and the other repulsive. The values 3 =4370
eV, C =144 eVA, and p =0.2753 A, have been
chosen to fit the measured values of the elastic constants
of the fluorites considered in this paper.

Values for the equilibrium positions of the rare-earth
ligands have been obtained following an iterative method
of calculus, where the cohesion energy is successively ex-
panded up to second order in the ionic displacements
around positions that converge from the perfect 1attice
sites toward the final equilibrium distances. We have
found that this point is of fundamental importance in the
case of heterovalent substitution, where the distortions
reach values close to 10% of the lattice parameter due to
the excess charge on the impurities. As an example, we
show in Table III the results obtained at intermediate
iteration steps for Gd + in BaF2. Here, the final equilibri-
um positions differ significantly from the values obtained
in the first step where the energy was expanded around the
perfect lattice sites.

These differences are even greater when considering lo-
cal strains, which are associated with the curvature of the
potential at the equilibrium positions. For the large lattice
distortions found for trivalent rare-earth impurity ions,
the assumption of curvature independent of ionic posi-
tion' is no longer valid, and important changes are ex-
pected. Actually, in cases such as the one shown in Table
III this approximation predicts a 1ocal softening of the lat-
tice, while the final result of our ca1culation is a consider-
able hardening.

In Fig. I we display the calculated nearest-neighbor
equilibrium positions, the induced electric dipoles, and the
ratio between local and macroscopic hydrostatic strains.
These values have been obtained by a11owing up to eight
coordination spheres around the impurity to relax to new
equilibrium positions. The need for this is seen in Fig. 2,
where we show the change in the calculated equilibrium
position for the nearest ligands as a function of the num-
ber of relaxed coordination spheres.

CRYSTAL FIELD FOR Gd +

In the case of Gd + ions occupying substitutionally cu-
bic sites, the crystal field for the ground state (4f S7/g)
is described by just two parameters': b4 and b6. Com-
parison of experimental values of b4, from electron
paramagnetic resonance (EPR) experiments in different
lattices, indicates an R dependence on the metal-
fluorine distance R. Assuming for R the same values as in
the perfect lattices, m -2 is obtained for Gd + in fluor-
ites, "while m -4 results for the isoelectronic ion Eu + in
the same lattices. "' These values of m are at variance
with those obtained from hydrostatic stress experi-
ments' ': m -7 for Gd + and m -9 for Eu +. In a de-
tailed study of the correlation between crystal-field param-
eters and ligand distances, Edgar and Newman' conclud-
ed that the inconsistency of these results is related to the
local lattice distortions and the changes in local compres-
sibility. However, their use of the equilibrium distances
calculated by Ivanenko and Malkin did not improve the
correlation and the need for more detailed calculations of
local distortions was suggested.

In this paper we compare b4 for Gd + and Eu + in cu-
bic sites of different fluorite lattices as a function of our
calculated equilibrium distances, listed in Table IV. (The
values reported here for Eu + differ slightly from those
obtained in I due to the iterative process introduced in the
present calculation. )

As shown in Fig. 3, b4 closely follows a rnonotonically
decreasing function of the calculated equilibrium distances
for both Gd + and Eu +. The only exception is Eu + in
CdF2 where the measured value might indicate a larger
lattice distortion. However, the importance of different
contributions to b4 in this case cannot be ruled out since
CdF2 has not the same electronic structure as the
alkaline-earth fluorides. The calculated logarithmic slopes
are very similar for both ions: m =9.7 for Gd +, and
m =9.6 for Eu +, if the value for Eu +:CdF2 is not con-
sidered. The inclusion of this point would lead to
m =7.9.

Hydrostatic' *' ' ' and uniaxial' ' stress experi-
ments provide independent information on the ligand dis-
tance dependence of b4, when appropriate values for the
local compressibility are known. Using our calculated
values for the local strain and the data on db4/dP listed in
Table V we obtained values of m averaging 10, with Eu +
in BaF2 being the only significant deviation. This case,
however, must be treated with caution since the fitting of
the EPR spectra' indicates also surprisingly large changes
with pressure in both the hyperfine structure constant A
and the sixth-order crystal-field parameter b6.
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FIG. 1. Calculated impurity-ligand distance 8, induced electric dipole moments D= —yF (e [paR/( R (, and local hydrostatic
strain e j /e for the trivalent rare-earth ions. Numbers in parentheses are the corresponding perfect lattice distances in A.

TABLE IV. Crystal-fie/d parameter b4 in units of 10 cm ', extrapolated at 0 K, and calculated

equilibrium positions A.

50.45(1)'
48.6(3}
42.3(23'
43.3(1)"
37.75(8)'

2.432
2.454
2.507
2.507
2.566

CdF2 2.336
CaF2 2.346
SrF2 2.377
PbF2 2.375
BaF2 2.408

"'R. H. Borchert, T. Cole, and T. Horn, J. Chem. Phys. 49, 4880 (1968).
K. Horai, J. Phys. Soc. Jpn. 19, 2241 (1964).

'M. M. Abraham and L. A. Boatner, J. Chem. Phys. 51, 3134 (1969).
"J. M. Baker and R, L. %'ood, J. Phys. C 12, 4033 (1979).
'L. A. Boatner, R. %'. Reynolds, and M. M. Abraham, J. Chem. Phys. 52, 1248 (1970).
Reference 12.

gJ. M. Baker and F. I. B. %illiams, Proc. London Soc. 267, 283 (1962).
"T. Rewaj, Fiz. Tverd. Tela (Leningrad) 9, 2978 (1967) [Sov. Phys. —Solid State 9, 2340 (1968)j.

56.3(3)'
58.75(1)g
47.6(5)"

38.3(5)"
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FIG. 2. Calculated impurity-ligand distance in Gd +:BaF2 as
a function of the number of coordination spheres allowed to re-
lax.
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In conclusion, we have shown that it is possible to ob-
tain a high degree of internal consistency on the analyzed
body of experimental data with b4 ~R™(m —10) using
our calculated values for the equilibrium distances and lo-
cal strains. We have not attempted to make a similar
correlation for b6 due to the scatter of the available experi-
mental data.

0.39 0.40
lagJp R ( R jn A )

0.41

FIG. 3. Fourth-order crystal-field parameter b4 vs calculated
impurity-ligand distance.

TABLE V. Pressure derivatives of b4 in hydrostatic (Pq) and uniaxial (P„) stress experiments, in
units of 10 cm '/kbar, calculated local hydrostatic strains e&/e, and exponent m corresponding to
b4~R

db4

de,
db4

dP„

CdF2

0.142'

0.09(5)b

0.20(16)'

0.798
12.0

CaF2

Gd'+

0.133(13)

0.12(4)

0.708
10(1)

SrF2

0.128(20)"

0.685
9.3(1.4)

BaF2

0.158(13)"

0.683
9.9(8)

db4

de
db4

dP„
e)/e

'Reference 16.
Reference 18.

'Reference 19.
Reference 13.

'Reference 17.
Reference 20.

gReference 14.
"Reference 21.

0.164'

0.16(5)

1.041
10.0

Eu2+

0,201(20)g

0.19(15)"

0.941
10(1)

0.205(16)g

0.991
9.7(8)

0.140(21)~

1.074
6.1(9)
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The parameters b4 and b6 are coefficients of the spin
Hamiltonian describing the splitting of the ground state
S7&2 of the configuration 4f . Similar parameters can be

defined for the excited states, and their correlation with
the ion-ligand distance has been analyzed in Ref. 22 for
the multiplets P, /, and P, /, of Gd + in CaF2, SrF2, and
BaF2. Their results for the fourth-order term correspond
to slopes m = 12.9 and —1.8, if our values for R are used.

Relating all these phenomenological parameters to mi-
croscopic crystal-field interactions requires the knowledge
of the particular perturbation mechanism that gives rise to
the observed splittings. The electronic configuration 4f
is a half-filled shell, and thus all the diagonal crystal-field
matrix elements are zero between pure Russel-Saunders
coupled states. It is then essential to completely diagonal-
ize the free-ion Hamiltonian including spin-orbit, spin-
spin, spin-other-orbit, and configuration interactions in or-
der to obtain intermediate coupled wave functions that
could explain the observed nonzero splittings. This was
done in Refs. 22 and 23, and the authors found that a sim-
ple first-order perturbation mechanism in the microscopic
crystal-field interaction H, f cannot simultaneously explain
the observed splittings for the S'7/2 P7/2, and P5/2
states or their different impurity-ligand distance depen-

dence. Instead, a full diagonalization of H, ~ with the
lowest fifteen free-ion multiplets was required in order to
obtain a reasonable fit of the optical spectra of the P7/2
and P»2 states. The microscopic crystal-field parameter
A4(r ) estimated in this way follows an impurity-ligand
distance dependence with a logarithmic slope m =8.6, if
again our results for R are used. This value is close to the
slope m =10 we have obtained for the S7/z ground-state
splitting, as might be expected since almost 80%%uo of the
calculated splitting for the S7/2 ground state in Ref. 23
was obtained from a first-order perturbation mechanism.
A more detailed study of the relation between the micro-
scopic and phenomenological crystal-field parameters for
Cxd + and Eu + would require a critical analysis of the
ground-state free-ion eigenvectors, which is beyond the
scope of this paper.
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