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Dilute resonant scatterers in a parabolic band: Density of states as a function
of scattering strength
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The model of dilute resonant scatterers in a constant —density-of-states metal is extended to the
case where the conduction band is parabolic as is the case for a semiconductor near its band gap.
Within this model a self-consistent formulation of the density of states is evaluated with the use of
both standard numerical methods and an analytical integration technique recently proposed for par-
abolic bands. In the limit of weak scattering the two methods agree reasonably well, but the analytic
method fails badly as the scattering strength increases. In the course of the analysis, we (i) develop a
coherent-potential approximation for the self-energy, (ii) display densities of states projected both on
the localized scattering impurities and on the initial conduction-band states, and (iii) discover that
the analytic method implicitly {and necessarily to maintain its simplicity) assumes a zero-range po-
tential and hence cannot lead to an impurity band.

I. INTRODUCTION

The resonant-level model (RLM) [also known as the
virtual —bound-state model (VBM)] describes a localized
state in a continuum; the conduction electrons make tran-
sitions between the localized level and the conduction
band thus forming a scattering resonance. By varying the
parameters of the model one can adjust the position of the
scattering resonance with respect to the Fermi level thus
displaying a variety of physical phenomena.

Since its introduction, ' numerous applications for the
RLM have been found. These include discussions of resi-
dual resistivities due to transition-metal impurities in sim-
ple metals, magnetic susceptibilities of virtual —bound-
state alloys, ' and static and dynamic ' aspects of chem-
isorption. Owing to its convenient mathematical proper-
ties the RLM has often been employed as a model interac-
tion in cases where an analytic treatment has been desired.
As an example, we mention recent studies of high-
electric-field quantum transport.

In metal physics it is commonplace to make the so-
called constant —density-of-states approximation, i.e., the
momentum summations are performed according to the
prescription

d kf,f(k)= f dekX(ek) f "f(ek,k)
(2~)' 4~

where f (k) is an arbitrary function of the momentum.
Here X(ek) is the density of states which, for example,
would have a characteristic square-root dependence on en-

ergy for free electrons. To our knowledge, until quite re-
cently all work on the RLM has been within the

constant —density-of-states approximation. The reason is,
of course, the enormous technical complications one
might expect to arise from a more realistic choice for the
density of states. However, Pankratov has succeeded in
carrying out the analysis with the free-carrier density of
states X(ek) —~ek. Such a density of states occurs near
the band gaps of semiconductors in contrast to metals
where a constant density of states often is more appropri-
ate. The main technical novelty in Ref. 9 is the applica-
tion of contour-integration techniques: Use is made of the
branch-cut properties of the square-root function arising
due to the free-electron density of states.

Unfortunately the final results in Ref. 9 are misleading.
The point is that, in the self-consistent determination of
the self-energy functional, the author of Ref. 9 arbitrarily
truncates the perturbation series after the first two terms.
In fact (see Sec. II B), it is possible to carry out the sum-
mation exactly to all orders. After this has been done it is
interesting to compare how well the results obtained with
the analytical technique [which requires a somewhat
ad hoc cutoff procedure (see Sec. III)) agree with numeri-
cal calculations. It is found that in the weak coupling lim-
it the two calculations are in reasonable agreement,
whereas in the strong coupling limit the analytical method
fails badly in the sense that it can never lead to an isolated
impurity band. This failure can be traced precisely to the
cutoff procedure implicit in the analytical method.

The organization of this paper is as follows. We first
review the technique of impurity averaging as it applies to
the resonant-level model. We then introduce the analyti-
cal method suggested by Pankratov and apply it to the
coherent-potential-approximation (CPA) equations for the
self-energy. We present numerical calculations corre-
sponding to the analytical results and conclude by proving
that in the Pankratov scheme no isolated impurity bands
can arise. An explanation for this behavior is provided.
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II. IMPURITY AVERAGING: THE RESONANT-LEVEL
MODEL

A. General remarks

The problem is defined by the Hamiltonian

H=ge a a +E+b b

P a

+ g [V(p)e a b~+ V*(p)e b~a ] .
p, a

Here a is the destruction operator for an electron in a
P

state p, and b is the destruction operator for the local-
ized state at the location Ra. The energy E defines the po-
sition of the localized level with respect to the conduction
band and V(p) is the hybridization matrix element be-
tween the localized level and the conduction band.

The objective is to calculate the density of states with
the formula

p(e) = ——Tr Im G(e),l
(3)

where G is the impurity-averaged retarded Green function.
In the calculation of the Green function we follow the

standard procedure: The equation of motion for the
Green function is iterated and impurity averaged term by
term. Finally, an infinite partial resummation is carried
out in order to construct a self-energy functional which
can be used in (3). In what follows, we give a rather de-
tailed treatment because this allows the introduction of the
notation used in later sections in a convenient way.

G(p, p ', t)= —ie(t)({a (t),a, (0)I ),
g (a,a';t) = i e(t)( I

—~b(t), b (0) I )

(4)

(5)

for the conduction electrons and the localized levels,
respectively. In (4) and (5) the curly brackets indicate an
anticommutator and e(t) is the unit step function. The
equation of motion for G is obtained in the standard
fashion; after Fourier transforming with respect to time,
one obtains the following integral equation for G.

G(p, p ';e)=5,GO(p, e)+ Go(p, e)V(p)go(e)

—i(p —k) R
X e

B. Construction of the self-energy functional

In this paper we need to consider only the following re-
tarded Green functions:

GRATA( )
c [V(k)]

e E —g —
~
V(q)

~
Go(q, e)

In (9), c denotes the concentration of the resonant impuri-
ties. Next, the CPA is obtained by summing the same
single-site diagrams as leading to (9) but with the full
impurity-averaged Green function inserted self-
consistently in the internal lines. The result is

c [ V( k )]
e—E —y ~

V(q)
~

'G(q, e)
(10)

As it stands, (10) implies multiple counting of certain dia-
grams; this can be corrected by subtracting the multiply
counted terms and determining the self-energy from the
following self-consistent equation (see Ref. 10 for details
and references to the original papers):

yCPA( )
c [ V(k)]

e E —g I—[V(q)]'—(e—E)X- (e)IG(q, e)

It should be noted that (ll) requires rather an involved
self-consistent solution because the impurity-averaged
Green function appearing in (10) or (11) itself depends on
the unknown self-energy via

G( q, e) = [e—e —X (e)]

It would also appear that the momentum dependence of
the self-energy might complicate the matters. However,
the separable character of the resonant-level interaction fa-
cilitates the following simple analysis.

In order to simplify the notation let us introduce

go(a, e) = (e E—+i ri)

Note that before impurity averaging the translational in-
variance is broken and two momenta are needed to
describe the Green function.

The next step is to iterate (6), to average it term by
term, and to arrange the result into the form of a diagram-
matic perturbation theory. The details can be found, for
example, in the review article by Elliot, Krumhansl, and
Leath'; see especially their Sec. IIIA3. It is therefore
sufficient to state their main results modified so as to cor-
respond to the resonant-level model.

The simplest possible choice for the self-energy would
be the so-called averaged —t-matrix approximation (ATA)
where one chooses

k, a

X V"(k)G(k, p ';e) .

(6)

A(e)—:+[V(k)] G(k, e),

8(e):—g X-„(e)G(k,e) .

(13)

(14)

In (4) we have used the noninteracting Green functions for
the conduction electrons and the localized level, respec-
tively,

Go( p, e) =(e e+i ri)— ~( )
CA (e)

(e—E)—& (e)+(e E)&(e)'—(15)

Then the self-consistent solution involves the iteration of
the following two coupled equations:
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A(e)= g V( )'q

cV(q)
e —e

E E——A (e)+(e E—)B(e)
(16)

I (e)=AN (e) V

and N (e) is the density of states for free electrons.

III. ANALYTICAL CALCULATION

(21)

—= [ V(q)]'g(e) .

In the second part of Eq. (17) we note the connection be-
tween the conduction-electron self-energy and the
resonant-level propagator g (e), Eq. (5).

Let us examine now some limiting cases of the above
self-energy functionals. For the case c =1 the system con-
sists only of resonant levels. Therefore the solution

&cvA( )
~

[V(k)]
k

(18)

which follows from (11) by inspection, leads to the correct
expression for g (e) when substituted in (17).

Next, in the dilute concentration limit c ~&1 the full
CPA equation (11) reduces to (10). It should be noted,
however, that even (10) contains all powers of the concen-
tration through the self-consistent solution for the
impurity-averaged Green function. In what follows we
will confine ourselves to the dilute limit. Hence in all our
calculations the simplified expression (10) is used.

Pankratov uses in his work the first two terms of the
series expansion of (11),

Once a convergent solution for (15) and (16) has been
found, the self-energy is finally computed from

c [ V(q)]
e E ——A (e)+(e E)B—(e)

In this section we use Pankratov's contour-integration
technique to solve the self-consistent problem defined by
(10), (12), and (13),

c [V(q)]
e —E —W(~)

(22)

a(cp)= ——~y J dy
vr P U (Ey)

y —(co+1)+&
cp —a (co)

where we have introduced
(23)

tp = (e/E) —1,
a =A/E,

(24)

We remind the reader that the choice (10) for the self-
energy implies a dilute impurity concentration. We will
assume that the interaction V( q ) does not depend on
direction so that the integration in (22) can be transformed
into an one-dimensional energy integration. We write the
interaction V( k ) as V(k ) = Vpv (Et, ), where 'Vp is a
strength parameter with units of energy and the form, or
range, function U(et, ) is dimensionless but involves anoth-
er parameter describing the range of the interaction.
Equation (22) is then transformed into

X~-„(e)=c [ V(k)] gp(e)+c [V(k)] gp(e)A (e), (19)
I (E) vrN (E)Vp

2E 2E

lmyRLM( )
C I (eF)

~N(eF) (cp
(20)

where the level width is given by

where the auxiliary quantity A(e) was defined in (13).
This is clearly inadequate: The very nature of the
resonant-level model requires an infinite summation of the
quantity gp(e) in order to build in the resonant form for
the imaginary part of the self-energy [see also Eq. (20)
below]. It is therefore no surprise that Pankratov's final
results involve unphysical features: (i) his "impurity
band" vanishes as the interaction is made stronger (which
is the opposite to what one expects), and (ii) in the weak
coupling limit his result for the density of states does not
reduce to a narrow resonance superposed on the unper-
turbed conduction band (see also Fig. 3).

We conclude this section by pointing out that it is rela-
tively straightforward to solve the self-consistent equa-
tions (10) and (12) within the constant —density-of-states
approximation if one assumes that the momentum depen-
dence of the interaction V(k) is weak. One obtains as a
final result the expected resonant structure for the ima-
ginary part of the self-energy,

6=cV /E

The model is thus defined by three parameters: y, 6 and
the as of yet unspecified range parameter. It is interesting
to note that the concentration does not appear as an in-
dependent parameter because it is involved only through 5.
However, had we used the full CPA expression for the
self-energy the concentration would appear as an indepen-
dent parameter.

The integral in (23) converges only if the range function
v(Ey) vanishes sufficiently rapidly at infinity. Impurity
potentials are often approximated by a screened Coulomb
potential for which we have

U(Ey) =(1+Ey/E"')
where we explicitly display the range parameter E"'. The
form (25) vanishes sufficiently rapidly to make (23) con-
vergent.

In Pankratov's work it is assumed that the interaction
is constant "in the important region of integration" and
that it vanishes (but in an unspecified way) at infinity.
Therefore, Pankratov replaces u (Ey) in (23) by unity and
treats the now formally divergent integral as convergent.
This procedure will, however, lead to severe problems as
we shall see below. Here we proceed with the analysis as
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indicated by Pankratov.
Define

„ z'"V(z)
c z D(—co)

(26)

Recall first that the density of states vanishes if the
quantity a (co) is real [see (3)]. Rewrite (30) as

a (co) 6
(31)

4y co —a (co)
where the contour C is depicted in Fig. 1. We have

IC ——I@+I +I,+I+ . (27)

In (23) we need I+, since Iz and I, vanish and I equals
I+ we get

I+ xi &——D(co ),
or, going back to (23),

5
a (co)= —2i v y co+ 1—

CO —0 (CO)

'
]./2

(28)

(29)

which can be rearranged to give

a (co)—coo (co)+4y(1+co)a (co) —4y[co(co+ 1)—5]=0 .

(30)

Now, in principle, one can write down the solutions of this
cubic equation but the resulting expressions are quite
unwieldy and not particularly useful for extracting quali-
tative information about the density of states such as the
existence or nonexistence of isolated impurity bands for
some particular values of the parameters. However, (30)
can directly be used to show that the density of states re-
sulting from a(co) determined by (30) cannot exhibit an
isolated impurity band, and we proceed to give such a
proof.

The question of whether the density of states vanishes or
not can now be formulated in terms of a graphical con-
struction. Equation (31) describes a parabola and hyper-
bola; if these two curves have three intercepts a (co) is real
and hence the density of states vanishes, whereas if there
is only one intercept a (co) can be chosen to be complex
which leads to a finite density of states. The first situa-
tion corresponds to the situation where the cubic equation
(30) has three real roots and the second one corresponds to
the case where there is one real and two complex roots
(which are complex conjugates corresponding to the re-
tarded and advanced Green functions, respectively). Fig-
ure 2 shows these curves for two different choices of pa-
rameters. We will focus on the right-hand branch of the
hyperbola because the left branch always leads to a real
a(co), i.e., a vanishing density of states. The behavior is
now simple indeed: As the energy is increased, the hyper-
bola moves towards the lower-right-hand corner. At a
certain critical energy, the hyperbola passes below the par-
abola. (In Fig. 2 this happens at about co- —1.5.) Thus
(30) possesses complex solutions (which are needed for a
finite density of states) only above this critical energy.
The center of the hyperbola moves on a straight line when
the energy is changed and hence it is not possible for the
right-hand branch of the hyperbola to intersect the para-
bola once it has moved outside of it. Thus it is not possi-

IC= I+IR+I +I~

FIG. 1. Contour C introduced by Pankratov. Contribution
from the large circle vanishes due to the implicit cutoff in the
scattering interaction and the contribution from the small circle
vanishes as e—+0. Hence I~ ——I++I =2I+ ——2+i X(sum of
residues). The last equality leads to the result (28) used in the
text. The branch cut in (26) is placed on the positive x axis.
Pole at z =ReD(co)+i ImD(co) is placed in the lower half-plane
because we are dealing with the retarded function.

—5.0

t

!

!!

-2.5
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0.0
a
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2.5 5.0

FIG. 2. G raphical representation of (36) for the cases
y=5=1 (curve 1) and y=2, 5=1, (curve 2), and for energies
~= —3 (dashed-dotted curve), m= —1.45 (dashed curve), and
m=1 (solid curve). Allowed energies begin when the hyperbola
moves outside the parabola; this occurs at approximately
co- —1.5; this value is very closely the same for curves 1 and 2.
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COAd
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FIG. 4. (a) Conduction-electron density p' " (m) and (b) the
localized level density of states p' (co) for 5=1, @=1 (the in-
teraction is 4 times stronger than in the case of Fig. 3, other pa-
rameters unchanged). Solid line represents direct numerical
solution of the self-consistent equation (23) with the model in-
teraction (3S) and D =S. Broken line represents results for the
analytical integration technique. Dots represent results for
Pankratov's self-energy (19). Adding the two dotted curves leads
to a total density of states which coincides with the original re-
sults shown in Fig. 6 of Ref. 9. Note the different scale for
p"" (a)) and p' (a)}.

resonant scatterers. The calculations are carried out for a
parabolic conduction band; we use an analytical technique
suggested recently by Pankratov and compare the analyti-
cal results to those obtained from a direct numerical solu-
tion of the CPA-like self-consistent equations. It is found
that only in the weak coupling limit are the results in
reasonable agreement; the analytical method fails in the
strong coupling limit because it implicitly assumes a zero-
range potential and hence cannot lead to an impurity
band. Therefore, we are forced to conclude that the
analytical method in its present formulation seems to have
only a limited range of applicability.

Analytical methods are always very useful in model cal-
culations, and it is therefore justifiable to ask what could
be done to improve the method outlined here to increase
its range of validity. To our mind the largest drawback of
the method is the implicit way the integral (23) appearing
in the self-consistent procedure is made convergent.
Hence we have sought a model interaction which would
allo~ a more rigorous application of the contour tech-
nique. Unfortunately, we have been unable to find such
an interaction. For example, the screened Coulomb in-
teraction (25) does make the integration well defined and
it is possible, in fact, to work out the residues needed in
the contour calculation. Unfortunately the resulting self-
consistent equation for the quantity a(co) is extremely
complicated, discouraging further work on it. A final as-
sessment of the analytical method cannot be made before a
detailed comparison is made between a numerical study
and the analytical method addressing precisely the same
model. It would appear to us, however, that the labor in-
volved in the analytical method might well exceed what is
needed in the numerical application.
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analytical method fails to yield the impurity band; the lo-
calized level electrons hybridize extremely strongly with
the conduction-electron continuum. The role of the cutoff
is clearly visible: It prevents the localized level electrons
from "leaking out" into the conduction band, which is
what happens in the Pankratov case.

For comparison, we also display in Fig. 4 Pankratov's
original results. The large gap extending from co= —1 to
+1 has nothing to do with an isolated impurity band; it
results from not summing the divergent quantity go{co) to
infinite order when constructing the self-energy [see also
the discussion following Eq. (19)j. In fact, it is easy to
show' that the Born approximation to self-energy (19) al-
ways leads to a forbidden energy region around co =0.

V. DISCUSSION

APPENDIX: CALCULATION OF DENSITIES
OF STATES

1. Conduction electrons

p(&) = ——f 3 ImG(p, e)
(2m. )

X f d Ek~Ep Im' 1

e —ek —ReX(e)+i ImX(e)

(Al)

The general formula for the density of states, Eq. (3),
reads for the case of conduction electrons as

In (Al) we have explicitly indicated that the retarded
We have evaluated the density of states for a model of a Green function has a pole in the lower half of the complex

semiconductor containing a dilute concentration of energy plane. The integral in (A 1) is evaluated along the
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contour shown in Fig. 1 and the result is

p(e)= —, [ [e—ReX(e)+i ImX(e)]'/
E

—[e —ReX(e) i—ImX(E)]'/

which is Eq. (32) used in the text (recall that ca =@/E —1).
Observe that as the interaction is turned off [i.e., X(e)~0]
(A5) reduces to the free-electron value p(e)=X(e), as it
should. It is also seen that for large negative values of e
for which ImX(e) vanishes (A5) also vanishes, provided
that e —ReX(e) ~0.

It is important to notice that the branch cut of the
square-root function was placed on the positive real axis
(see Fig. 1). Hence the phase angles of all complex num-
bers are restricted to the range [0,2m. ]. Thus (A2) is of the
form

2. Localized level density of states

The form of (3) appropriate for the localized levels is

2 E
1 1

p)„(e)= ———g Img (a,a;e) .
a

(A6)

where

r =
I [e—ReX(e)] + [ImX(e)] }

'/

In our calculation we have [see Eqs. (10) and (17)j

g(a, a;e) =
go (e)—g ~

V(k)
~

'G(k, e)
(A7)

e= tan
—' ImX(e)

I
e —ReX(e)

(A4)
from which we get [note that c /Em= , N (E)o/.W—y]

A simple trigonometric calculation with (A3) and (A4)
then gives

p(e) = ( e —ReX(e)X(E)
v'2E

+ f [e—ReX(e) ] + [ImX( e) ] I
'/ ) '/

(A5)

1 5 Ima(co)
2 t y [ca —Rea(co)] +[Ima(co)]

For a numerical example, see the discussion in Sec. IV.
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