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Ab initio study of structural and electronic properties of beryllium
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An ab initio calculation of the structural and electronic properties of beryllium is presented. The
calculational method used is the self-consistent pseudopotential approach within the local-density-
functional scheme. The calculated lattice constants, cohesive energy, bulk modulus, Poisson's ratio,
electronic band structure, density of states, and charge density are all in good agreement with the
experimental measurements.

I. INTRODUCTION

Beryllium has attracted a lot of theoretical and experi-
mental interest because of its simple atomic electronic
configuration and anomalous physical properties. The
crystal structure is hexagonal close packed with only two
valence electrons per atom. The experimental c/a ratio is
1.586,' which is smaller than the ideal ratio of 1.633 by
3%. The Debye temperature is very high (1440 K) com-
pared with close neighbors in the Periodic Table, e.g.,
lithium (344 K) and magnesium (400 K). Poisson's ratio
is extraordinarily small (about 0.05), 1 order of magnitude
smaller than those of other common metals. It has been
suggested that the electronic structure of beryllium metal
deviates substantially from that of a free-electron-gas
model.

Several ab initio calculations on beryllium have been
performed. Janak et al used the. augmented-plane-wave
(APW) method in the local-density-functional formalism
to study the thermomechanical properties. However, their
calculation assumes that beryllium is in the fcc structure.
Dovesi et al. employed a Hartree-Pock (HF) linear com-
bination of atomic orbitals (LCAO) self-consistent-field
(SCF) method. The agreement between the calculated lat-
tice constants and those measured is good, but the static
structural properties are not calculated.

The present work presents an ab initio calculation of
various properties of beryllium. The pseudopotential
method in the local-density-functional scheme is em-
ployed. This first-principles approach has been applied to
a wide range of systems, such as Si, Ge, C, Sn, ' and
Al, " and it has been very successful in predicting the lat-
tice constants, static structural properties, and phase tran-
sitions. The only input needed is the atomic number and
information about the crystal structure. The calculational
results include both structural and electronic properties.
A brief report on the static structural properties has been
published. ' By minimizing the total energy, the predict-
ed lattice constants a and c are in good agreement with the
experimental values. The bulk modulus and Poisson's ra-
tio are also in reasonably good agreement with experi-
ment. The electronic properties, such as the band struc-
ture, the density of states, and the charge density, are also

presented in this paper. From the angular-momentum-
projected density of states, we find that the amount of p-
like character of the electrons in the crystal is about twice
as much as s-like character. In other words, when the
crystal is formed, a large fraction of the 2s valence elec-
trons of the beryllium atom are promoted to p states. The
role these p-like electrons play in the crystal binding is
under investigation.

The rest of this paper is organized as follows: The cal-
culational method is described in Sec. II, the structural
properties are discussed in Sec. III, the electronic proper-
ties are examined in Sec. IV, and the conclusion is given in
Sec. V. The computed Compton profiles, which are close-
ly related to the electron-momentum distribution, are re-
ported in detail in a separate paper. '

II. CALCULATIONAL METHODS

This calculation is based on the pseudopotential ap-
proach within the local-density-functional formalism.
The core electrons are assumed to be frozen, i.e., to be
atomiclike, and only the valence electrons are allowed to
respond to the change in the chemical environment. The
pseudopotential used is angular momentum dependent and
is required to reproduce the results of all-electron calcula-
tions in the atomic limit, including the energy eigenvalues,
eigenfunctions (outside the core region), and also the exci-
tation energies in various electronic configurations. In the
density-functional scheme a Schrodinger-type equation is
obtained in varying the ground-state energy functional
and it is solved self-consistently. The advantages and
limits of this approach have been discussed previously.

In this work the norm-conserving pseudopotentials' are
generated from the atomic configuration of Be
( ls 2s '2p '). These pseudopotentials can reproduce the
all-electron energy eigenvalues to within 10 Ry and ex-
citation energies to within 10 Ry. The Hedin-
Lundqvist' formula for the correlation energy is em-
ployed for both the atomic and solid calculations. We
have also checked the effect of changing the correlation
term by performing the calculation using the Wigner
correlation formula, ' which gives bulk modulus and
cohesive energy slightly closer to the experimental values
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than the Hedin-Lundqvist formula, but the lattice con-
stants and Poisson's ratio are about the same. A plane-
wave basis set is used to expand the crystal wave functions
and the energy per unit cell is calculated in the
momentum-space representation. ' This energy is the to-
tal crystal energy for the system consisting of valence elec-
trons and ionic cores. By investigating the total energy, it
is possible to predict theoretically the static structural
properties, crystal stability, and phase transitions.
Since beryllium is in the hexagonal close packed structure,
there are two independent lattice parameters a and c. By
examining the change in total energy with respect to the
lattice parameters, the theoretical lattice constants, the
cohesive energy, Poisson's ratio, and the bulk modulus can
be obtained. The band structure, the density of states, and
the charge density are also computed assuming the experi-
mental lattice constants.

III. STRUCTURAL PROPERTIES

A. Lattice constants and cohesive energy

In the present work, the energy minimum is found for
lattice constants a =4.2SS a.u. and c =6.7S a.u. The
cohesive energy is computed as the difference between the
crystal energy and the energy of the pseudoatom. Since
beryllium has the highest Debye temperature of the ele-
ments other than carbon (OD ——1440 K), the correction
due to the zero-point vibrational energy cannot be ignored.
It is estimated to be —,k~OD in the Debye model, ' which
is of the order of 0.14 eV. The cohesive energy in the cal-
culation is found to be 3.86 eV/atom. If the Wigner
correlation formula is used, the calculated lattice con-

stants are almost the same as these computed using the
Hedin-Lundqvist functional, but the cohesive energy (3.60
eV/atom) is closer to the experimental value 3.32
eV/atom. ' A comparison of the theoretical and experi-
mental values is given in Table I. The lattice constants a,
c, and the c/a ratio are in good agreement with the mea-
sured values; the deviations from experimental values are
about 1—2%, which is of the same order as other previ-
ous local-density-functional calculations. " Beryllium
has the smallest c/a ratio among hexagonal close packed
elements, and this result is also predicted successfully.
The theoretical cohesive energy is less accurate, about 8%
larger than that observed, which is also consistent with
previous local-density-functional calculations. " A pos-
sible explanation could be that the local-density functional
is not accurate for the atom where the electronic density
varies very rapidly. In fact, the calculated total energy of
the pseudoatom is —27.19 eV, while the experimental ion-
ization energy of Be + is 27.S3 eV. This difference is
consistent with the 0.3-eV deviation of the cohesive energy
from the observed value in this calculation.

Janak et aI. calculated the thermomechanical proper-
ties for beryllium using the APW method in the local-
density-functional approach where the fcc structure is as-
sumed for the crystal. They obtained an atomic volume
4.S% smaller that observed, and a larger cohesive energy
of 4.00 eV/atom (see Table I). Dovesi et al. have also re-
ported an ab initio calculation for beryllium in the hcp
structure, using the HF SCF LCAO method. The calcu-
lated lattice constants are listed in Table I. The agreement
with experiment for the lattice constants is about the same
as in the present calculation. However, other properties of
beryllium were not calculated in the HF calculation.

TABLE I. Comparison of the calculated lattice structural properties with experimental values and

previous calculations.

a (A)
c (A)
c/a

Experiment

2.2850+5, " 2.2858+2"
3.5847+5," 3.5843+3"
1.569, ' 1.568"

Present work

2.25
3.57
1.586

Calculations
Janak et ar.

(Ref. 4)

3.14 (fcc)

Dovesi et al.
(Ref. 5)

2.29
3.59
1.568

Cohesive Energy
(ev/atom) 3.32' 3.60 4.00

Bulk Modulus
(10 dyn/cm )

1.27
1.14, 1.10' 1.31 1.35

Poisson's ratio 0.05, ' 0.02' 0.05

'Reference 1.
Reference 2.

'Reference 19.
Reference 24.

'Reference 21.
Reference 22.
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B. Poisson's ratio

With the total energy as a function of lattice constants
a and c, it is possible to determine Poisson s ratio theoreti-
cally. Poisson s ratio is defined as the negative ratio of
the transverse strain to the corresponding axial strain in a
body subject to uniaxial stress, and can be written as

Aa/a d lna
hc/c d lne

-4.576 ~
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—4.577—

—4.578—
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Therefore, we are interested in the change of lattice con-
stant a when the crystal is compressed or expanded along
the c axis. For a given lattice constant c, the value of the
lattice constant a, with the lowest energy, is determined. '

These points, a vs c, are plotted on a logarithmic scale and
a straight line is expected (Fig. 1). Poisson s ratio is the
negative of the slope, which is found to be 0.05. This re-
sult has a very small dependence on the correlation formu-
lation used.

For most materials, Poisson's ratio is similar and ranges
from 0.3 to 0.4. Beryllium is an anomalous material hav-
ing the minimum s ratio, 1 order of magnitude smaller
than the standard value. Experimental values for
Poisson's ratio of beryllium vary from 0.02 to 0.05. '~
Although our calculated Poisson's ratio is not as accurate-
ly determined as the lattice constants due to the accuracy
of the total energy, it is still within the experimental limits
{Table I).

C. Bulk modulus

4.26

4.25

cu

E 4.24

8 4.23
cd

4.22 I

6.5
I I

6.7 6.9
Lattice parameter c (a.u. )

I

7.1

FIT+. 1. Lattice constant a which gives the minimum total en-

ergy for a fixed lattice constant c. Plot is based on a logarithmic
scale. Negative slope is Poisson's ratio which is found to be
0.05.

The bulk modulus 8 is given by

p BE
BV

where Vp is the equilibrium volume. For every volume
the minimum energy and the corresponding c/a ratio are
found. ' The energy-versus-volume curve is shown in Fig.
2 where the solid line is a nonlinear least-squares fit using
Murnaghan's equation of state. The fit is better than
1.5X10 Ry and the bulk modulus is found to be
1.37& 10' dyn/cm . lf the %'igner correlation functional
is used the bulk modulus is 1.31&10' dyn/cm . The ex-
perimental bulk modulus, which is computed from the

—4.583—

—4.584—

-4.585
0 95

I I

100 105 110
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I
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FIG. 2. Total energy per cell as a function of volume. Solid
curve is obtained by fitting Murnaghan's equation of state to the
calculated values.

measured elastic constants, ranges from 1.10& 10' to
1.27&&10' dyn/cm . ' lt appears that the Wigner
correlation gives better results. The bulk modulus report-
ed in the APW calculation by Janak et al. is 1.35&10'
dyn/cm; they also employed the local-density-functional
method with the Hedin-Lundqvist expression for the
exchange-correlation potential. The similarity of the re-
sults obtained by the APW calculation and our pseudopo-
tential calculation indicates that the deviation from the
experimental values is not a result of the pseudopotential
scheme. Also it cannot be concluded that the discrepancy
between the experimental and calculated bulk modulus is
caused by the local-density-functional method owing to
the large range of experimental values.

IV. ELECTRONIC PROPERTIES

A. Band structure

A ball-and-stick model of the hcp structure is given in

Fig. 3(a) and the first Brillouin zone is shown in Fig. 3(b)
with symmetry points specified. Several band-structure
calculations of beryllium have been reported. ' The
Fermi surface has also been studied extensively using dif-
ferent methods. It is suggested that the Fermi sur-
face consists of two parts: (1) a six-cornered hole surface
known as a "coronet" in the second Brillouin zone, and (2)
six equivalent electron surfaces, known as "cigars" in the
third Brillouin zone, with the axes along the H —K sym-
metry direction.

The band structure from the present calculation {Fig.4)
is quite similar to the results from previous calculations.
The topology of the Fermi surface is consistent with ex-
periment. The first energy band does not deviate too
much from that obtained assuming a free-electron gas, but
higher bands split and generate crossings and other com-
plexities. Since the local-density-functional approach is
strictly applicable to ground-state properties only, the op-
tical properties of beryllium are not discussed in the
present work.
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FIG. 3. (a) Ball-and-stick model for the hcp structure.
Charge-density maps containing these labeled atoms are shown

in Figs. 6 and 7. (b) First Brillouin zone of the hcp structure
with symmetry points specified.

Ever cILI t.'Rg )

FIG. 5. Total density of states per atom for beryllium in the
hcp structure. Fermi energy (0.82 Ry) is shown by a vertical
line. (b) The contributions to the density of states from different
angular momenta of the wave functions. Contribution from p~,
which is not shown in this figure, is the same as that of p .

B. Density of states

The total density of states is shown in Fig. 5 together
with the individual contributions from different angular
momenta of the wave function. The characteristic feature
of the total density of states is the dip near the Fermi lev-
el. This dip appears in both s and p bands. According to
the decomposition, the numbers of electrons with charac-
ters s, p„(or p~), and p, are 0.63, 0.41, and 0.44 per atom,
respectively, where z is chosen to be along the c axis. Al-
though the atomic valence configuration of beryllium is
2s, a large amount of electrons appear to have p charac-
ter in the solid. The p„(or pz) component is very similar
to the p, component; there is no strong anisotropy in the
density of states. However, the small difference between
p„(or p~) and p, density of states at about 0.6 Ry may be
important for the observed small c/a ratio. For the ideal
c/a ratio, we find that the p„, p~, and p, components are
almost indistinguishable below the Fermi level. Higher
angular-momentum components (l =2 and above) are not

C. Charge density

The valence charge density is obtained directly from the
self-consistent calculation. A contour plot of the valence
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shown in Fig. 5; they contribute to the density of states
mainly through the unoccupied states above the Fermi
level. Below the Fermi level, the s band and p band over-

lap to a large extent. Both the band structure and the den-

sity of states suggest that there is a large deviation from
the free-electron model near the Fermi level.
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FIG. 4. Calculated band structure for hcp beryllium. Fermi
energy is 0.82 Ry. First Brillouin zone is shown in Fig. 3(b).

I

FIG. 6. Contour plot of the calculated valence charge density
for beryllium in the (1120) plane passing through the two
nearest-neighbor atoms, atom 1 and 2. Atoms are denoted by
filled circles. Numerical labels are the same as in Fig. 3(a).
Units are electrons per cell volume. Contours are plotted in in-
tervals of 0.2. Contours with a charge density smaller than 4.0
(the average charge density) are shown with dashed lines. Con-
tours with a charge density smaller than 2.8 are not shown.
Tetrahedral holes are marked by T and the octahedral holes by
O.
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charge density in the (1120) plane, parallel to the c axis
and passing through the nearest-neighbor atoms, is shown
in Fig. 6, with corresponding atoms labeled in Fig. 3(a).
The contours are in intervals of 0.2 electrons per cell
volume with dashed lines representing a charge density
smaller than the average charge density, 4.0 electrons per
cell volume. The departure from the free-electron model
is also evident here. Charge is accumulated in the region
near the atoms. The charge binds the nearest-neighbor
atoms and two successive A planes in the packing form
ABAB of the hcp structure. Another important feature is
that the charge variation is much larger along the hor-
izontal direction than along the c axis. A similar plot in
the (0001) basal plane is shown in Fig. 7. The charge ac-
cumulates in the triangular region between atoms 1, 3, and
4, where there is an atom above and another atom below
the center of the triangle. The p character of electrons
makes the charge transfer possible. It has been claimed
that the bonding is stronger along the c axis than in the
basal plane. According to the charge-density maps we
find that the highest peaks in the (0001) basal plane and in
the (1120) plane are of the same order. However, unlike
semiconductors, the highest peaks (with a charge density
of 4.7 electrons per cell volume) do not depart dramatical-
ly from the uniform charge density (4.0 electrons per cell
volume).

X-ray-diffraction studies of beryllium have been per-
formed by Brown and more recently by Larsen and Han-
sen. The two sets of structure factors are quite different
from each other, and there have been doubts about the ex-
tinction problem and absolute scale in Brown's data.
The present calculated charge density does not agree with
that reconstructed from Brown's data by Stewart and
Yang and Coppens, with the main discrepancy lying in
the region near the octahedral sites. But the agreement is
quantitatively good in that region compared with the ex-
periment by Larsen and Hansen.

The calculated valence structure factors are listed in
Table II. The choice of different formulas for the correla-
tion energy functional has very minor effect on the struc-
ture factors. To compare with the observed values, the
contribution from the 1s core and the correction due to
the thermal vibration are included. The 1s-core contribu-
tion is taken from the HF LCAO SCF calculation ' and
the thermal-motion parameters (B» ——0.469 A and

B2z ——0.424 A ) are suggested by neutron-scattering data. "'
Table II shows the theoretical values compared with the
recent observed x-ray structure factors. The agreement
is fairly good.

D. Compton profiles

The momentum distribution of electrons can be exam-
ined experimentally using Compton profiles which mea-
sure the integrated electron-momentum distribution over a
plane perpendicular to a specific direction. We have per-
formed a detailed calculation of the profiles and have re-
ported the results earlier. ' The agreement between the
calculated and experimental profiles is excellent. As an
example, the anisotropy of Compton profiles in (0001)
and (1120) directions compared with experiment and
other calculations is shown in Fig. 8. This agreement sug-
gests that the theoretical approach used here can also give
an accurate detailed description of the valence wave func-
tions.

V. CONCLUSION

In conclusion, we have shown that both the structural
and electronic properties can be obtained using a single
ab initio approach. The lattice constants for beryllium
have been predicted accurately by calculating the total
structural energy. The calculated Poisson's ratios are
within the range of the measured values; this is satisfying
because of the anomalously low value of this parameter.
The bulk modulus is in fair agreement with experiment.
In addition, the charge density, the topology of the Fermi
surface, and the Compton profiles are in good agreement
with experiments. The overall results for beryllium indi-
cate that the static structural and electronic properties of
crystalline solids can be obtained using a density-
functional pseudopotential method with no input informa-
tion beyond the atomic number of the constituent atoms
and the crystal structure.
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FICx. 7. Contour plot of the calculated beryllium valence

charge density in the (0001) basal plane. The numerical labels
are indicated in the ball-and-stick model shown in Fig. 3(a). De-
tails are given in the caption for Fig. 6.
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FIG. 8. Comparison between calculated and measured aniso-
tropy of the Compton profile for (0001) and (1120) directions.
Convoluted theoretical results are present calculation (solid line),
LCAO (Ref. 42) (dotted line), and pseudopotential calculation by
Rennert (Ref. 43) (dashed line). Crosses represent the experi-
mental data by Hansen et al. (Ref. 44).
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TABLE II. Comparison of the calculated structure factors with the recent x-ray measurements (Ref.
36). First column lists the calculated valence structure factors. Second column lists the total structure
factors including the contribution from the 1s core (Refs. 5 and 40) and the correction due to the
thermal motion (Ref. 41). Third column is the absolute values of the structure factors obtained from
experiment (Ref. 36), where the estimated standard deviations are shown in parentheses.

hkl

002
004
006
100
101
102
103
104
105
106
110
112
114
200
201
202
203
204
205
210
211
212
213
214
220
300
302

Valence

0.0664
—0.0215

0.0005
—0.0888

0.0880
—0.0534
—0.0539

0.0036
0.0018

—0.0000
—0.0843

0.0434
—0.0029

0.0316
—0.0306
—0.0091

0.0037
0.0012

—0.0001
0.0019
0.0030

—0.0012
—0.0009

0.0000
0.0000

—0.0016
0.0007

Total

—3.330
2.173

—1.184
—1.829
—2.816

1.442
2.105

—0.977
—1.280

0.539
2.621

—2.303
1.582

—1.168
1.975
1.036

—1.534
—0.714

0.956
—0.854
—1.434

0.755
1.129

—0.535
1.041
1.390

—1.238

Experiment
(Ref. 36)

3.348(29)
2.216(19)
1.212(3)
1.839(16)
2.815(24)
1.473(13)
2.151(19)
0.995(8)
1.307(3)
0.551(1)
2.668(23)
2.335(20)
1.606(3)
1.188(10)
2.007(17)
1.044(9)
1.550(4)
0.727(2)
0.977(2)
0.863(2)
1.449(3)
0.762(1)
1.142(2)
0.541(2)
1.056(2)
1.408(3)
1.251(3)
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