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Ammonium dihydrogen phosphate and potassium dihydrogen arsenate impurity effects
on the dielectric behavior of potassium dihydrogen phosphate crystals
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The dielectric constants of two types of mixed potassium dihydrogen phosphate crystals, one with

ammonium dihydrogen phosphate (ADP) impurities and the other with potassium dihydrogen arsen-

ate (KDA) impurities, have been measured at various impurity concentrations. The change of tran-
sition temperature and the dielectric behavior of the mixed crystals obtained from the dielectric-
constant measurements are related to the role of impurities in the phase transition of the crystals.
The transition temperatures of both mixed crystals decrease linearly as the impurity concentration
increases, but the rate of decrease is strongly dependent on the type of impurity. The change of tran-
sition temperature in the mixed crystals is more sensitive to the concentration of ADP impurities
than of KDA impurities. Domain-wall mobility in the region below the transition temperature
remains high for crystals with ADP impurities, but becomes low for crystals with KDA impurities.
A modified proton-lattice coupled model introduced here has proved to be a good theoretical model
for explaining our experimental results and the roles of impurities in the crystals.

I. INTRODUCTION

The KH2P04 (KDP) crystal is a well-known ferroelec-
tric material in both theoretical and experimental aspects,
and there are some other crystals with the same properties
and structure as the KDP crystal. These KDP-type crys-
tals separate into two groups below their transition tem-
perature ( T, ): one group with a ferroelectric phase
(KH2P04, RbH2P04, KH2As04, etc. ) and the other with
an antiferroelectric phase (NH4H2P04, NH4H2As04, etc.).
All the KDP-type crystals show a large isotope effect.
When the protons in these crystals, whose hydrogen bonds
link the four nearest-neighbor P04' radicals, are substi-
tuted with deuterons, the transition temperatures of the
crystals rise greatly.

The phase transition of KDP-type crystals has been ex-
plained through several theoretical models. The first
theoretical model which was suggested by Slater' failed to
explain the isotope effect on KDP-type crystals. Blinc
was the first one who could explain the isotope effect.
Even though Blinc's transverse Ising model explained the
phase-transition mechanism qualitatively, it was impossi-
ble with this model to explain clearly the appearance of
the spontaneous polarizations whose directions are nearly
perpendicular to that of the hydrogen bonds. ' This diffi-
culty was solved by the proton-lattice coupled model (or
modified tunneling model) suggested by Kobayashi. In
his model the hydrogen bonds are strongly coupled with
an optical-phonon mode of the crystal. The ordering of
the hydrogen bonds triggers the freezing of the optica1-
phonon mode so that cooperative displacements of heavy
K+ and PO4 ions occur. This causes spontaneous po-
larization to appear below transition temperature. Many
experimental results from Raman scattering and neutron
diffraction ' have supported the Kobayashi model but the
effects of fluctuation and local ordering of polarizations
have been neglected in the model.

These effects can be explained more easily by consider-
ing mixed crystals with impurities. Recent EPR and ESR
experiments have shown the occurrence of local ordering
of small polarization clusters around impurities. Samara
has shown that partial deuteration is a valuable tool for in-

vestigating the mechanism of ferroelectricity in KDP-type
crystals. Strong changes in the low-temperature Raman
spectra of mixed KH2PO4-KD2PO4 crystals on deutera-
tion and under hydrostatic pressure have been observed ex-
perimentally.

Very recently Courtens' first investigated the phase
transition of crystals of ferroelectric RbH2P04 (RDP)
mixed with antiferroelectric NH4H2P04 (ADP) molecules.
This may have been the beginning of the study of KDP-
type crystals mixed with different KDP-type impurities in
comparison with many theoretical" and experimental'
studies of partially deuterated KDP crystals.

The purpose of this paper is to report on the experimen-
tal results for KDP crystals mixed with antiferroelectric
ADP impurities and KDP crystals mixed with ferroelec-
tric KH2As04 (KDA) impurities. We have measured the
effect of impurities on the dielectric constants of these
mixed crystals. The transition temperatures of the mixed
crystals and the domain-wall mobility in the ferroelectric
phase are discussed. The results are explained on the basis
of a modified proton-lattice coupling model. The dif-
ferent roles of ADP and potassium dihydrogen arsenate
(KDA) impurities in the crystals are explained in detail.

II. EXPERIMENTAL

A. Sample preparation and characterization

The mixed crystals with impurities were grown by slow
evaporation of aqueous KDP solutions with 5, 10, 15, and
20 mole% of impurity powder with respect to the KDP
power before evaporation. The impurity concentrations of
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Impurity
(mole%)

Concentration (x)
K& „(NH4)„H&PO4 KH2P~ „As„04

TABLE I. The concentrations of impurity molecules in the
mixed crystals.
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the mixed crystals were analyzed by the titration method
and are shown in Table I.

The relative ratios of the impurities in the crystals to
those in the sample solutions are quite different for dif-
ferent impurities as shown in Table I. The ratio is 0.14
for ADP, but it is 0.72 for KDA. The ratio seems to de-

pend mainly on the structural similarity between the KDP
and the impurities. The ratio of the lattice constant for
the c axis to that for the a axis at room temperature is

0.936 for KDP, 1.007 for ADP, and 0.938 for KDA. '

The room-temperature unit-cell volume of KDP differs
from that of KDA by only 7.6% but from that of ADP
by 9.8%. As the amount of the impurity in the solutions
increases the mixed crystals become less transparent.
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FIG. 1. Dielectric constant along the c axis of mixed KDP
crystals with ADP impurities as a function of temperature for
various impurity concentrations.

B. Dielectric-constant measurements

The dielectric constants of the sample crystals were
measured with a capacitance meter (model: Sanwa MI-
318) at 100 kHz. The samples were c-cut plates. The
samples placed in a sample cell were cooled with liquid ni-

trogen and their temperature was controlled from 80 K to
room temperature with a temperature controller. A ther-
mocouple was used to measure the temperature of the
sample.

Particular attention was paid to accurate measurement
of the difference in the transition temperature between the
mixed crystal and the pure KDP crystal. Two samples, a
pure KDP sample and an impurity mixed sample, were

placed together in the same sample cell in order to give the
same conditions. The dielectric constants of the two sam-

ples were measured simultaneously, and then the differ-
ence in the transition temperatures of the crystals was ob-
tained.

III. EXPERIMENTAL RESULTS
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mental results for the pure and mixed KDP crystals with
KDA impurities are shown in Fig. 2.

In Table II the transition temperature (T, ) obtained
from Figs. 1 and 2 for the two types of mixed crystals are
listed. These are also shown in Fig. 3 as a function of

The pure KDP crystal and the pure KDA crystal was
known to show phase changes at temperatures of 123 and
96 K, respectively. ' They have isomorphic tetragonal
(orthorhombic) structure above (below) their transition
temperatures. The pure ADP crystal, on the other hand,
has an orthorhombic structure whose space group is dif-
ferent from that of the KDP crystal below its transition
temperature of 148 K.

The dielectric constants measured along the c axis of
the pure and mixed KDP crystals with ADP impurities
are shown in Fig. 1 as a function of temperature for dif-
ferent concentration of impurities. The equivalent experi-

I

I IO

I

I20 130

TEMPERATURE (K)
FIG. 2. Dielectric constant along the c axis of mixed KDP

crystals with KDA impurities as a function of temperature for
various impurity concentrations.
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TABLE II. The transition temperatures of the mixed crystals with ADP and KDA impurities.

Concentration (x)

K l „(NH4)„H2PO4
Transition

temperature (K) Concentration (x)

KH2P l „As„04
Transition

temperature (K)

pure
0.007
0.014
0.022
0.034

123.0
120.6
117.9
115.7
112.8

pure
0.035
0.076
0.107
0.126

123.0
120.5
118.2
117.1
115.6

concentration of impurities in the crystals. The transition
temperatures of the mixed crystals decrease proportionally
with increase of impurity concentration, though the rate
of decrease of T, is dependent on the type of impurity in

the crystal.
Figure 1 shows clearly the typical dielectric behavior of

the KDP-type pure crystals in the ferroelectric phase: the
presence of the plateau region where the dielectric con-
stant remains very large. This plateau region disappears
at about 100 K. Figure 2 shows that the plateau regions
vanish as the ferroelectric KDA impurities increase,
whereas Fig. 1 shows essentially no change in the plateau
region in spite of an increase in the antiferroelectric ADP
impurities. This fact is shown more clearly in Figs. 4 and
5.

Figures 4 and 5 show the inverse dielectric constants of
the mixed crystal with ADP and KDA impurities. They
show that the Curie-Weiss law is well satisfied for the
pure and mixed crystals. The measured Curie constants
for the mixed crystals below the transition temperature are
listed in Table III. Because of the presence of the plateau
region, the pure KDP crystal and the mixed crystals with
ADP impurities have very high Curie constants. But the
Curie constants below the transition temperature of the
mixed crystals with KDA impurities approach the value

predicted by the mean-field theory as the concentration of
KDA impurity increases. Thermal hysteresis was not
found during the dielectric-constant measurements and a
sharp but continuous phase transition took place at the
transition temperature for all mixed crystals.

IV. DISCUSSION

A. Modified proton-lattice coupled model

Blinc et al. '" ' discussed the dynamics of isotopically
disordered ferroelectric crystals of the K(Hi „D„)2P04
type on the basis of the coupled proton-deuteron
tunneling-lattice optic-mode model. This model can be
modified to describe the phase transition of mixed crystals
with randomly distributed impurities.

The modified proton-lattice coupled model to be used
here is based on the following Hamiltonian which is writ-
ten in the usual pseudospin formalism. ' The Hamiltoni-
an consists of three parts:

cK cP Pl P +MPFP ]gg +cP ]gg e

P ~„describes the tunneling motion of protons in the
0—H—0 bonds of the crystal. The proton part of the
Hamiltonian has the explicit form

——, g [(1—C;)(1 CJ)JJ S,*(K)SJ'—(K)+C;(1 C~)Ji S (I)S—f (K)

+.(1 C )CJJJ S (K)S)'(I)+C CJ J~j~~s (I)S~(I)]—g (1.—C )pcs (K}E—g C;IJIS;(I)E

Here S,' (K or I) is the pseudospin along the c axis of the
crystal of the KDP or impurity molecule at the ith site.
C; is 0 if a KDP molecule is at the ith site and 1 if an im-

purity molecule is at the ith site. 0 and J,J are the tunnel-

ing frequency of the protons in the molecules and interac-
tion energy between two nearest-neighbor pseudospins on
the c axis at the ith and jth sites, respectively. The super-
scripts for J,J show what kind of molecules interact; thus
KI( means that two KDP molecules interact. p represents
the electrical dipole moment of the molecules along the c
axis and E represents the applied electric field along the c
axis.

The proton-phonon interaction term, P ~„~„,has the
following expression:

~pro-iai = g F ( 1 —C; )Q (E)s; (IC)e
q

q, &

—g F C, Q (I}S(I)e
q, i

Here F is the spin-phonon interaction and Q is the dis-
q q

placement along the c axis of the relevant ions (K+,
P04 ) for KDP molecules, (K+, As04 ) for KDA mol-
ecules, or (NH4+, P04' ) for ADP molecules. The polar-
ization density is then associated with Q q'

The last term, P'~„, is the Hamiltonian of the lattice vi-

bration. The lattice vibration of the disordered system has
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FIG. 3. Transition temperature of mixed crystals as a func-
tion of impurity concentration. The theoretical curves are calcu-
lated using the modified proton-lattice coupled model of Sec. III.
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q

With the mean-field approximation (MFA) we get

(4)

already been studied extensively. ' Here we assume that
the bare frequency co, associated with the motion of the+f

relevant ions in the absence of any coupling to the proton
system, is the same for KDP and impurities. This is very

probable because a low-energy optic-phonon mode does
not show strong local vibrations near impurities. ' There-
fore 8 i„ is written as
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FIG. 5. Inverse dielectric constant of mixed KDP crystals
with KDA impurities for various impurity concentrations.
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We can greatly simplify the Hamiltonian using the
virtual-crystal approximation (VCA) since the basic forces
are long range. Then the Hamiltonian of the modified
proton-lattice coupled model is expressed as

A = —Qx g S; (K)—g H;*(K)S (K)

NFG
(Q (K) ) =

q
(S'(K)),

Np
(5)

—Qi g S,"(I) gH, '(I)S—(I),

where H,'(K or I}is the effective field felt by the KDP or
impurity. The explicit forms of Hf (K) and H,'(I) are
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FIG. 4. Inverse dielectric constant of mixed KDP crystals
with ADP impurities for various impurity concentrations.

where N is the total number of unit cells. After Eqs. (5)
and (6) are inserted into the Hamiltonians of Eqs. (3) and

(4), the proton-lattice coupled model is transformed into
the usual proton-tunneling model with renormalized pseu-
dospin interaction energy JJ (Ref. 14), where

H,'(K)=(1—x)Jii (S,'(K))+xJ f (S,'(I))+pxE,

Hi'(I)=xJp (Si'(I))+(1—x)Jf (S (K))+piE

where x is the concentration of impurities in the mixed
crystal and

N IF =p I

Jp =JG +
N q=

etc., where Jf =g J,z an. d Jf = g.J,
&

. The
thermal expectation values of the the pseudospin operators
are now determined from the following equations:

S'(K)) Tr[S (K)e ] 1 H'(K}
tanh( —,

'
pH ),

Tre ~ 2 Hg

TrS'Ke ~ 1 fix
Tre-&~ 2 &g

(S'(I) ) — —— tanh( —,
' pH },

(S (I)) Tr[S (I)e ] 1 I
tanh( 'pH )—

Tre ~ 2 HI
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where P= llkri T and TABLE III. Curie constants of the mixed crystals.

(Hx ) =Q x+ [H'(K)], (Hr ) =Qr + [H'(I )]
K) „(NH4) H2PO4

x T(T, (K)
KH2Pl „As„04

x T(T, (K)

The transition temperature T, can be determined by
linearizing the equations for (S*(K)) and (S'(I)), so we

obtain the following equation:

pure
0.007
0.014
0.022
0.034

225 000
180000
96 200
35 100
26 700

pure
0.035
0.076
0.107
0.126

225 000
21 600

5240
4670
2370

I —[J pxtanh( —,p, Qx )/2Qx ](1—x)—[J p tanh( 2 p& Qr )&2Qr ]x

+[Jp J p (J—p ) ]x(1—x)tanh( —,p, Qx)tanh( —,p, Qr) =0, (11)
K I

where P, = 1lkrr T, .
The isothermal electric susceptibility 7 can be expressed

by

BI' BI'
X=(1—x) +x

a(S'(K) ) a(S'(I) )=2% 1 —x px +xpi

(12)

where P and P are the electric polarizations of the KDP
and impurity molecules, respectively. This goes to infinity
as the temperature approaches T, .

The modified proton-lattice coupled model mentioned
above seems to be a good theoretical model for the
KH2P& „As„04 crystal. KDP and KDA crystals have
long-range orderings along the c axis so the change in the
interactions between the c-axis components of the pseu-
dospins of the KDP and KDA molecules seem to be a pri-
mary factor for the change of dielectric behavior in the
mixed crystals. The modified model takes this fact into
account. But the situation of the Ki „(NH4)„H2PO4
crystal is different. The ordering of the protons in the fer-
roelectric phase of the KDP crystal is an "up-down"
Slater configuration, while the "lateral" ordering perpen-
dicular to the c axis of the KDP crystal generates the anti-
ferroelectric phase of ADP. '

The phase transition of the ADP crystal has been ex-

plained with two different theoretical models. The first
model, proposed by Ishibashi et al. ,

' showed that the
phase transition of ADP could be accounted for with the
dipolar interaction and Slater configuration energy dif-
ferent from that of KDP. Havlin et al. ' proposed the
second model, which was very similar to the proton tun-
neling model. There, pseudospins in ADP experience the
short-range ferroelectric interaction and the long-range an-
tiferroelectric interaction only along the c axis. The pro-
ton tunneling is negligible compared with the proton-
proton interaction. Recently the phase transition of mixed
ferroelectric-antiferroelectric hydrogen-bonded systems
has been explained'" ' with a theoretical model based on
the model of Ishibashi. In our experiment the concentra-
tion of antiferroelectric ADP impurities was so small that

the long-range antiferroelectric interaction between ADP
impurities could be neglected when using the Havlin
model to consider the effect of ADP impurities. Then our
modified proton-lattice coupled model is also adequate to
explain the phase transition of Ki ~(NH4), H2PO4.

When impurities with a negligible proton-tunneling fre-
quency Ql, such as ADP, are mixed into the KDP crystal
and their concentration can be assumed to be very small,
Eq. (11) gives the transition temperature

Tc =Tc 1
(4k TPjJKK) (JKlgJ KK)2

1 —(2Q, rip')'

(13)

Here T, is the transition temperature of the pure KDP
crystal.

B. Transition temperature

The dependence of T, of the KDP crystal with antifer-
roelectric ADP impurities on impurity concentration is
given by T,=T, (1 —2.6x) at x (0.034 as shown in Fig. 3.
The decrease of T, proportional to the impurity concen-
tration is what can be expected from Eq. (13). The T, of
the KDP crystal with ferroelectric KDA impurities in
Fig. 3 can be described by T, = T, (1—0.50x) at x & 0.126.
It is evident that the rate of decrease of T, for mixed crys-
tals with ferroelectric impurities is quite small compared
with that for mixed crystals with antiferroelectric impuri-
ties.

A good fit for T, for the mixed crystal with ADP im-
purities is obtained as shown in Fig. 3 for a value of

~

J p (ADP)
~

=0.38Jp using the following values, derived

by Havlin et al. : Jo ——816 K and Qk ——370 K for a
pure KDP crystal. ' We can conjecture from the
sharp decrease of T, that J p (ADP) is negative:
J p (ADP) = —0.38J p . This indicates that there is com-
petition between ferroelectric and antiferroelectric ex-
change interactions, and this frustration effect between
pseudospins may lower the transition temperature. As the
concentration of antiferroelectric impurities in the crystal
increases, there is a possibility that there is no long-range
order, so that no ferroelectric phase is present. The role of
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ADP impurities in the mixed RDP crystals studied by
Courtens' is considered to be the same in the mixed KDP
crystals.

The theoretical curve shown in Fig. 3 for crystals
with KDA impurities provides a value of

~
Jti (KDA)~=0 73.Jtt using Jti ——404 K and Qt ——80 K

for Eq. (11) as values for the pure KDA crystal. The
slow decrease of T, indicates that the ferroelectric impuri-
ties in the mixed crystal experience the ferroelectric ex-
change interactions with pseudospins of the KDP hosts.
This Jo (KDA) is conjectured to be positive. In that case
the ferroelectric interactions between KDA impurities and
KDP hosts maintain the ferroelectric phase in the low-

temperature region at all impurity concentrations, as in
the case of partially deuterated KDP crystals.

C. Domain-wall mobility

Another remarkable impurity effect in mixed crystals is
the change in dielectric constants in the ferroelectric
phase. Two types of impurities seem to affect the
domain-wall mobility quite differently. The domain-wall
mobility of the ferroelectric KDP crystal was sharply re-

duced at about 100 K. According to Fedosov and Sidor-
kin this reduction shows that there is a sharp increase in
the lattice energy barrier which must be overcome by a
moving domain wall at that temperature. The reduction
of mobility can explain the freezing of the domain struc-
ture and thus cause the decrease in dielectric constant, that
is, the disappearance of the plateau region.

They also showed that the form of the domain walls be-

tween two domains, which have opposite orientations,
may be of two different types: type I (t t) and type II
( t t). Each arrow or dot corresponds to the amount of po-
larization along the ferroelectric axis. In the plateau re-

gion the type-I configuration has a lower energy and much
higher mobility than the type-II configuration. The exper-
imental results show that ferroelectric KDA impurities
seem to strongly suppress the formation of domain walls

of type I so that the plateau region is sharply reduced. On
the other hand, antiferroelectric ADP impurities seem to
have a minor effect on the domain-wall mobility so that
the plateau region remains. Reduction in the mobility of

the domain walls has also been noted in KDP-type crys-
tals under y-ray irradiation and strong dc electric
fields. As shown in Table III, the Curie constants for
the ferroelectric phase of KDA mixed crystals approach
the mean-field value at high-KDA impurity concentra-
tions. This seems to indicate that the fluctuations in po-
larization in the mixed crystals are reduced by adding im-

purities so that the mean-field approximation adequately
describes the ferroelectric phase as well as the paraelectric
phase. Experiments by using mixed crystals should give
some clue in the study of fluctuation effects on phase
transition.

V. CONCLUSIONS

Using dielectric-constant measurements on mixed crys-
tals with ADP and KDA impurities we have showed the
effect of impurities on the dielectric behavior of the sys-
tem. A modified proton-lattice coupled model predicts
the exchange interaction energy between an impurity and a
host, Jo to be —0.38JO for ADP and 0.73J& for
KDA impurities. This indicates that the rapid decrease of
T, for antiferroelectric impurities is due to the frustration
effect. The ferroelectric interaction between KDA impur-
ities and KDP hosts seems to keep the rate of decrease of
T, low at the impurity concentrations we measured.

KDA impurities have a large influence on the dielectric
constants in the ferroelectric phase. The disappearance of
a plateau region suggests a change from high to low
domain-wa11 mobility due to the KDA impurities. The
behavior of the dielectric constant in the ferroelectric
phase of the mixed crystals with ADP impurities is nearly
the same as for the pure KDP crystals.

ACKNOWLEDGMENTS

The authors wish to express their appreciation to Pro-
fessor J. J. Kim of the Korean Advanced Institute of Sci-
ence and Technology (KAIST) and to Professor D. Kim
of the Seoul National University for discussing various as-
pects of this problem. This work has been supported by
the Korea Science and Engineering Foundation.

'To whom correspondences should be addressed.
'J. C. Slater, J. Chem. Phys. 9, 16 (1941)~

2R. Blinc, J. Phys. Chem. Solids 13, 204 (1960).
G. E. Bacon and R. S. Pease, Proc. R. Soc. London, Ser. A 230,

359 (1955).
4K. Kobayashi, J. Phys. Soc. Jpn. 24, 497 (1968).
5I. P. Kaminow and T. C. Damen, Phys. Rev. Lett. 20, 1105

(1968); C. Y. She, T. W. Broberg, and L. S. Wall, Phys. Rev.
B 6, 1847 (1972).

H. A. Levy, S. W. Peterson, and S. H. Simonsen, Phys. Rev.
93, 1120 (1954).

K. A. Muller, N. S. Dahal, and W. Berlinger, Phys. Rev. Lett.
36, 1504 (1976); R. Blinc, P. Cevc, and M. Schara, Phys. Rev.
159, 411 (1967).

G. A. Samara, Ferroelectrics 5, 25 (1973).
P. S. Peercy, Phys. Rev. B 13, 3945 (1976).

' E. Courtens, J. Phys. Lett. (Paris) 43, L199 (1982).
"(a) R. Pire and P. Prelovsek, Phys. Rev. B 15, 4303 (1977); (b)

R. Blinc, R. Pire, and B. Zeks, ibid. 13, 2943 (1976); (c) E. J.
S. Lage and R. B. Stinchcombe, J. Phys. C 9, 3681 (1976); (d)
P. Prelovsek and R. Blinc, ibid. 15, L985 (1982); (e) K. Mori,
J. Phys. Soc. Jpn. 50, 3688 (1981).

'2They are referred to Ref. 8.
W. R. Cook, Jr., J. App. Phys. 38, 1673 (1967)~

i4R. Blinc and B. Zeks, Soft Modes in Ferroelectrics and Antifer
roelectrics (North-Holland, Amsterdam, 1974).

' I. F. Chang and S. S. Mitra, Adv. Phys. 20, 359 (1971).
'60. Madelung, Introduction to Solid-State Theory (Springer,

New York, 1978).
'7W. Kanzig, Ferroelectrics and Antiferroelectrics (Academic,

New York, 1957).
' Y. Ishibashi, S. Ohya, and Y. Takagi, J. Phys. Soc. Jpn. 33,



3928 Y. KIM, S.-I. KWUN, S. PARK, B. OH, AND D. LEE 28

1545 (1972).
' S. Havlin, E. Litov, and H. Sompolinsky, Phys. Rev. B 14,

1297 (1976).
~ S. Havlin, E. Litov, and E. A. Uehling, Phys. Rev. 8 9, 1024

(1974).
'J(0) and I in the paper by Havlin et al. (Ref. 20) are related to

Jo and 0 in our paper as follows: Jo ——4J(0), 0=2I. Their

definition of pseudospin S is different from ours.

V. N. Fedosov and A. S. Sidorkin, Fiz. Tverd. Tela (Len-

ingrad) 19, 2322 (1977) [Sov. Phys. —Solid State 19, 1359
(1977)].
L. N. Kamysheva, S. N. Drozhdin, and A. S. Sidorkin, Fer-
roelectrics 31, 37 (1981).

~4H. M. Barkla and D. M. Finlayson, Philos. Mag. 44, 109
(1953).


