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The theory of master equations for open systems is applied to describe the spin relaxation
of muonium in solids. An equation of motion for the density matrix of muonium is derived
which takes into account the interaction of the bound electron with the host. The calculated
muon relaxation rates depend strongly on the applied magnetic field. The range of validity
of the Markov approximation is investigated and the results are compared with those of pre-

vious theories.

I. INTRODUCTION

The positive muon is used extensively as a probe
in solid-state physics and chemistry. In insulators,
semiconductors, and liquids, the muon may bind an
electron to form a one-electron atom which can be
studied by measuring the time dependence of the
muon spin polarization.

Two different paramagnetic muon states have
been observed! in silicon, germanium, and diamond.
The hyperfine spectrum of the so-called normal
muonium state is analogous to that of vacuum
muonium but with a reduced hyperfine frequency.
The observed spectra of anomalous muonium are
describable by an axially symmetric hyperfine in-
teraction.

In the presence of an external field B the magnetic
interactions of a muonium atom in its ground state
are given by the Hamiltonian

Hyy =A§y 'ge +geﬂB§e '§+gy“u§u ‘B. (1.1

The hyperfine structure constant 4 is found from
the relativistic interaction energy (Fermi contact
term) to be?

8
A= ——
3

where | ,(0) | % is the electron density at the muon
and where the operators for the magnetic moments
of the electron and of the muon are

Fe=—8elpSe » (1.3)

K= —8utuSy - (1.4)

The time dependence of the muon spin polarization
which is determined by the Hamiltonian (1.1) can be
solved analytically.

Using the notation

8elB8uby | ¥15(0) |2, (1.2)

Yu=
measured in MHz/kG,
_ 8eMB—8uMp

2.82, (1.6
r W )
measured in MHz/G, and

vo=A/h , (1.7)

the eigenvalues of (1.1) are given by

El/h =Vl=V0/4+FB/2—"}/#B N
E3/h ='V3=‘V0/4—FB/2+Y”B , (1.8)

(V%_'_I'\ZBZ)I/Z
2 .

A plot of the energy levels of the Hamiltonian (1.1)
in the case of germanium (vy=2361 MHz) versus
the field strength is given in Fig. 1.

The M =1 levels diverge linearly with the field
because they are eigenstates with m,=m,= t%.
The two M =0 levels are field-dependent linear
combinations of m, = —m, == %

In a muon-spin-rotation (£SR) experiment in a
longitudinal field, i.e., where the initial u+ polariza-
tion is parallel to the applied field, only the transi-
tions obeying the selection rule AM =0 occur. The
parallel component of the muon polarization is
given by

E2’4/h =V2,4= —-’Vo/4i

Pﬂ(t):l—a+acosw24t , (1.9)

where wy,=2m(E,—E,)/h and

5

A=—s—— . (1.10)
2v3+2T%B?
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FIG. 1. Breit-Rabi diagram for muonium in Ge.

Since the present experimental resolution is lower
than 500 MHz, all terms oscillating with the fre-
quency w,4 are averaged to zero.* Thus in a longitu-
dinal field experiment, no uSR frequency is ob-
served, but since the ratio between the constant part
and the oscillating part of the polarization depends
on the field and on the hyperfine frequency v,, a
measurement of the polarization as a function of the
field yields information about v.

In a transverse field, transitions with |AM | =1
occur and one gets

pul)= 5 [c0s2B(coswy,t +coswqst)
+sin?B(coswyt +coswyst)] , (1.11)

where
tan(23)=v,/I'B, (1.12)

and where the two frequencies wy4; and w43 between
the singlet and triplet states are (for normal muoni-
um) too high to be detectable. The transitions 1<>2
and 2<>3, however, are in the experimentally acces-
sible range for fields below 300 G.

Equations (1.9) and (1.11) also apply to the case of
anomalous muonium if the field is along a (111)
axis of the crystal. Since the hyperfine parameters
are then 1 order of magnitude smaller than for nor-
mal muonium, the corresponding frequency w,,
should easily be observable in small longitudinal
fields and the amplitude a would strongly depend
on the field.

The dependence of the transition frequencies on
the field and (for anomalous muonium) on the crys-
tal orientation has been measured in various experi-
ments. All results are well described by Egs. (1.9)
and (1.11), and precise values of the hyperfine
parameters as a function of temperature have been
obtained.” The observed time dependence of the
muon polarization, however, also shows marked
depolarization effects which depend on external
parameters such as temperature, doping concentra-
tion of the crystal, etc. To account for these relaxa-
tion phenomena the interactions between the muoni-
um electron and the host must be considered. Vari-
ous kinds of interactions which affect the electron
spin exist in semiconductors. There is the hyperfine
interaction® between the muonium electron and the
magnetic moments of nuclei (*°Si,’*Ge). At low
temperatures the exchange interaction of the elec-
tron with paramagnetic dopant atoms may be im-
portant, and at higher temperatures there are col-
lisions with charge carriers. Furthermore, all
mechanisms which lead to spin-lattice relaxation
may play a role in certain temperature ranges.

A phenomenological description of the influence
of a general relaxation mechanism on the muon spin
polarization has been given by Yakovleva’ by adding
to the equations of motion for the polarization com-
ponents a term which leads to a relaxation of the
muonium electron with a rate v. This model, which
is based on the Wangsness-Bloch theory,® has fur-
ther been applied to muonium in solids by Nosov
and Yakovleva® and by Ivanter and Smilga.'®

In this work a general approach to muonium
depolarization is presented. It is based on the theory
of master equations for an open system interacting
with a reservoir. The derivations of the basic for-
mulas of this theory are given in Sec. II. The appli-
cation to muonium in solids, where the bound elec-
tron is interacting with the surroundings, is dis-
cussed within the Born approximation in Sec. III.
An equation of motion for the density matrix of
muonium is obtained by integrating over all degrees
of freedom of the reservoir. Following Argyres and
Kelley,!! correlation functions of the reservoir are
introduced which describe the dissipative behavior
of the host.

In Sec. IV it is shown how the previous models
for muonium relaxation can be obtained as a limit-
ing case of our general theory. The dependence of
the muon relaxation rates on the magnetic field is
discussed in detail. Finally, in Sec. V the results are
compared to recent SR experiments in Ge and Si.

For definiteness, all equations have been formu-
lated to describe the behavior of (normal) muonium
in solids. They can easily be modified to account
also for anomalous muonium.
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II. THEORY OF MASTER EQUATIONS

A. Formal derivation

The theory of master equations has been applied'?
to investigate the dynamics of open systems (A)
behaving irreversibly under the influence of their
surroundings (B). As a basis for the discussion of
the open system A we use a complete microscopic
description of the composite system A& B. By elim-
inating the coordinates of B we infer the behavior of
A. The motivation for this approach is that nature
frequently confronts us with coupled systems only
one of which is of experimental relevance. We shall
restrict ourselves in the following to the case where
we have only two subsystems. A generalization to
more than two subsystems is straightforward. Fur-
ther, as it is our aim to obtain dissipation effects we
have to choose at least one of the two subsystems
macroscopically large; this is necessary in order that
dissipation may occur. We call the subsystem of in-
terest S and the other one R (reservoir). In order to
derive an equation of motion for our system S we
shall only make assumptions about the initial state,
i.e., that S and R are initially separated and that
only the macroscopic properties of the reservoir are
known.

With the use of the projection-operator technique
of Zwanzig!? an exact equation for the reduced den-
sity matrix of S is established by summing over the
degrees of freedom of the reservoir. The reduced
density matrix then enables one to calculate all ex-
pectation values of the observables for the subsystem
of interest.

In quantum statistical mechanics the states of a
given system are represented by statistical operators
p, called density matrices. The time evolution of the
states is governed by the von Neumann equation

i%‘tﬁ=[ﬂ,pm] , @.1)

where Zi=1. The Liouville operator L for the total
system is defined by

LX =[H,X]=HX —XH . (2.2)

It operates on elements X of the Liouville space
which is the product space of .£5 and .£ ;. The
spaces .£’s and .£ i are generated by the set of all
Hilbert-Schmidt operators on the Hilbert space of
the subsystem S and of the reservoir R, respectively.

For the Laplace transform of the density matrix

P
p2)=["dte (1), (2.3)
J

the von Neumann equation (2.1) reads
izp(z)—ip(t =0)=Lp(z) . (2.4)

S and R are assumed to be uncorrelated initially
such that the density matrix at time zero factorizes,

where p% is a stationary distribution.
The total Hamiltonian H is decomposed into

H=H,+V, (2.6)

where H is the sum of the Hamiltonians of S and
R,ie,

H02H5+HR > (2.7)

and V is the interaction between S and R. We are
interested in the dynamics of the reduced density
matrix of S, which is obtained by summing over all
degrees of freedom of R,

Ps =Ter . (2.8)

In order to get an equation of motion for pg it is
convenient to define a linear operator P which acts
on elements X of .Z in the following way:

PX =pXTrgX . (2.9)

P is idempotent. Its complement is denoted by Q.
Operating with P and Q, respectively, on the von

Neumann equation (2.4) one gets two coupled equa-

tions for Pp and Qp. Elimination of Qp leads to

izPp(z) —ip(t =0)
=PLPp(z)+PL (iz—QL)"'QLPp(z) .  (2.10)

According to (2.6) and (2.7), the Liouville operator L
is split into

L=Lg+Lg+Ly. 2.11)
It is assumed that
Trgr(Vp%)=0. (2.12)

This condition, which assures that PL,P =0, im-
plies no restriction since it can be fulfilled in general
by an appropriate redefinition of Hy and V.

Furthermore, the relations P(Lg+Lg)=LgP and
LgP =0 hold. Therefore, we have

PLPp(z)=LgPps(z) . (2.13)

In a similar way the last term of (2.10) can be
rewritten. By the use of the relations PLQ = PL,Q,
QLPp=LyPp, and QLQ =(Lg+Lg +QL})Q, one
obtains

iz Pp(z)—ip§px =LsPp(z) + PLyliz —Ls—Lg —QLy)~ 'Ly Pp(z) . (2.14)
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Using (2.8) and (2.9), one finally obtains the equa-
tion of motion for the reduced density matrix gy in
the form

liz—Ls—M(2)]ps(z)=ip3 , (2.15)
where
M(z)=Trg[Lyliz—Lg—Lg—QLy) 'Lyp%].
(2.16)

Thus in time space ps obeys the integro-differential
equation
dps(l‘)

t
S =Lsps(0+ [ drmpste =1y,

(2.17)

i

with the memory kernel

M(t)= —iTrg{Lyexp][ —i(Ls+Lg+QLy)t]

XLypx} . (2.18)
o
M(z)=Trg LV,—1—~ [QLy(iz —Lg—Lpg
1Z —LS_—LR n=0

However, this perturbation series makes sense only
if it can be identified to be in terms of a small di-
mensionless parameter which is, formally,
O(Ly)/O(Lg+Lg). The present theory is not ade-
quate in cases where the interaction between S and
R is too strong for the expansion (2.19) to converge.

If, on the other hand, the series is in terms of a
small dimensionless parameter, the use of the gen-
eralized master equation offers substantial advan-
tages over other methods of evaluating pg(?), e.g.,
the perturbation theoretical solution of (2.1). This
latter method proceeds by expanding the time-
evolution operator in

ps(t)=Trg{exp[ —i (Ls+Lg+Ly)t]p(0)} ,

in terms of Ly. It is easy to see that an infinite
number of terms of all orders of this elementary per-
turbation expansion have to be summed up in order
to recover a given finite order approximation to the

series (2.19).
J

These equations in conjunction with the initial con-
dition pg(0)=Trgp(0) determine completely the
time evolution of all observables in our subsystem of
interest. The first term in (2.17) describes the unper-
turbed motion of S, whereas the term containing
M (1) may be considered as a generalized collision
operator, correct to all orders in V. It is clear that
this term involves memory effects, i.e., the rate of
change of pg(¢) at time ¢ depends on all earlier
values of pg(2).

This form of equation of motion represents a con-
venient starting point for obtaining microscopic
foundations of phenomenological equations which
describe dissipation.!? The application of the gen-
eral theory to specific problems usually requires an
approximate treatment of M, which can be obtained
by a perturbation expansion of the exponential
exp[ —i(Ls+Lg+QLy)t] occurring in (2.18) in
terms of the interaction Liouvillian L:

)" "Lyp% | . (2.19)

B. Born approximation

In order to see more explicitly the nature of the
equation of motion for pg(¢), Eq. (2.17), we consider
here the case of a system interacting weakly with the
reservoir. In the lowest Born approximation the
operator M is of order ¥? and is obtained from
(2.18) by replacing exp[ —i(Lg+Lg+QLy)t] by
exp[ —i(Lg+Lg)t]. Since we want to analyze (2.17)
in terms of the separate properties of the reservoir, it
is useful!! to expand V in a complete set of operators
U, ie.,

V=uw,, (2.20)
K
where u, and v, operate in the spaces of the reser-

voir and the system of interest, respectively. Bear-
ing in mind that

exp(—iLot)V =exp(—iHyt)V exp(iHyt) ,

we can rewrite (2.17) in the lowest Born approxima-
tion:

ips(t)=Lgps(t)—i, fotdf{cxl(f)[vk,exp(—iLST)v;LpS(t —7)]—cp( =)V, exp(—iLsT)ps(t —7)vy 1} -
KA

(2.21)

In the last expression all reference to the reservoir has been concentrated in the quantities ¢,; (7), which are the
thermodynamic correlation functions for the Heisenberg operators u,(¢) =exp(iLgt)u, of R, defined by

() =Trg[pRu(rus] .

(2.22)



The Laplace transform of Eq. (2.21) is given by
(iz ~Ls )ﬁs(z)=ips(0)+M(Z)ﬁs(Z) ’
with

_12 [vm.]xk(z +1LS [Uk’pS
KA

Mz )ps(Z

where [a, b]+ =ab + ba, and
ja2= [ dre~Te(n)
and
Ja(2)= fow dre ¢ (1)

are the Laplace transforms of the correlation func-
tions

(2.25a)

(2.25b)

KK(T =2 [ka("')+cxx( —7)]= +CM( —7).
(2.25¢)

If the influence of the reservoir can be approximated
by a random field of force, which requires that the
reservoir temperature is much larger than typical
system energies, the expression (2.24) considerably
simplifies,!!

M(Z)ﬁS(Z)z _12 [vx’jxl(z +iLS)[UA’ﬁS(z)]] .
KA

(2.26)
J

ips(t)=Lgps(t)—iY, [V, [j & (iLs)vp,ps(t
KA

The Laplace transform of this Markovian equation
of motion reads

liz —Ls—M (2)]ps(z)=ip$ ,

(2.29)
M (2)ps(2)=—i3, [V, [J & (iLs vy, Ps(2)]
KA

+[ja(iLs)Uk,ﬁs(Z)]+] .

If the influence of the surroundings on the subsys-
tem can be described by a random field of force, this
equation reduces to

M(Z)ﬁs(2)= -—12 [Ux’[jxk(iLS )Uk,ﬁs(z)]] ,
KA

(2.30)
which is the Markovian approximation to Eq. (2.26).

III. APPLICATION TO MUONIUM

In this section the general theory is applied to
describe the behavior of the muon spin polarization
in a muonium atom where the bound electron is in-
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(2.23)

2)]+ja(z +ils)[va,ps(2)]14], (2.24)

|

Equations (2.24) and (2.26) will be further dis-
cussed in the next section. At this point we would
like to indicate the differences between our approach
which leads to relaxation functions involving
memory effects [see Egs. (2.21) and (2.23)] and
theories which work directly with Markovian equa-
tions of motion. It can be shown that Eq. (2.21) can
be approximated by a Markovian equation of
motion under the assumption that the relaxation
times of the system are much larger than 7, the re-
laxation time of the reservoir. The latter can
mathematically be characterized by the condition
that for all thermodynamic correlation functions
¢, (7) one has

calr)=0 for |7| > . (2.27)

This implies the energy spectrum of the reservoir to
be continuous, otherwise the c,;’s are quasiperiodic
functions of 7, as seen from (2.22).

Under these restrictions one finds that for long
times (¢ > 7.),

)]+[j,(_}‘(l'Ls)U)\',p5(t)]+] . (2.28)

1
teracting with the surroundings. With the use of the
concepts and the formulas of Sec. II, an equation of
motion for the density matrix of the muonium spin
system alone will be obtained.

In dealing with the dynamics of the muonium
spin system it is convenient to represent the observ-
ables in the basis generated by the direct product of
the Pauli spin matrices 7' and o' (i =1,2 3) of the
electron and the muon, respectively, and P=0%=1,
where 1 is the identity matrix.

We denote the basis vectors by

f®B=097P, a,=0,1,2,3. (3.1)

Whereas H), or p are linear operators in the four-
dimensional Hilbert space spanned by the states of
the spln-———spm-i system, one considers!* in the
Liouville formalism a different space which has di-
mension 16. In .£ 5 the quantum-mechanical opera-
tors are vectors which will be expressed in terms of
the basis (3.1), and the Liouville operator Lg as well
as the resolvent R are linear operators in this vector
space which is spanned by the basis (3.1). For our
spin problem a scalar product is naturally defined by
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(f%B f1v) =Tr(o% Po k1) =48,,88, - (3.2)

Thus the Hamilton operator (1.1) is given by the fol-
lowing vector expressed in terms of the basis (3.1):

A i b, S o
= - —f7, 3.3
Hyo=7 /"5 /"+5 S (3.3a)
where the sum over i is implied and
b;=g.upB; ,
i el BD; (3.3b)
¢ ng.u‘yBi .

The action of the linear transformation L; on the 16
basis vectors can be easily obtained. Using the com-
mutation properties of the Pauli matrices one gets

Lyf®=0,

o A
Lsf%=i€j [a’f””rb/f()kl ,
(3.4)

0 -
Lgf? =1€jx

%fkl_i_clfk()] ’
i . A
LSf’]:leijk?(fOk“‘fko)

. ki . s ik
+i€gcif ™ +ieub 7.

Therefore, the transformation operator Lg can be
represented by a 16X 16 matrix according to

LSfaB:_(LS),uv/an“v ’ (3.5)

where the sum over repeated indices is implied. All
operators in .5 can be written as linear combina-
tions of spin operators and can therefore be
represented by matrices.

The basis (3.1) is most convenient since the initial
value of the reduced density matrix pg can be writ-
ten as

pS =161, (3.6)

where the HgB are the components of the initial po-
larization matrix

op="Trs(p%fP) . (3.7)

Further, the Laplace transform of the time-
dependent polarization matrix can be expressed as

Nop(2)=Trs[ps(2)f *P]=Trs[R (2)p5/*P] ,
(3.8)

where the resolvent operator R (z) follows from
(2.15),

R(z)=[z +iLg+iM(2)]" !, (3.9

and is given by the 16X 16 matrix with elements
R(z)f"ﬂ=(_1§),”/,,p(z)f’“'. (3.10)
Using (3.8) and (3.10) we finally obtain
Uap(2) =R ap/un D TT5 (S f*) =R ()L, -
(3.11)

This equation determines the evolution of the spin
system from the initial polarization if the elements
of the resolvent matrix R are known.

To proceed, the interaction V between the muoni-
um system and the reservoir has to be specified. In-
stead of investigating a particular microscopic in-
teraction in which S, couples to magnetic moments,
we discuss the general features for a model where all
relaxation mechanisms are approximated by a ran-
domly fluctuating field. This field is assumed to
jump randomly between two values + T, (a=x,,z)
with a probability per unit time equal to (27.)~ .
Such a change in the field may have its origin, e.g.,
in the diffusion of the muonium atom or in col-
lisions with charge carriers, or in the flipping of lo-
calized spins due to exchange or spin-lattice relaxa-
tion.

With the use of the notation of Eq. (3.1), the in-
teraction Hamiltonian V is thus written as

ex

2

where the T;’s are the Cartesian components of the
fluctuating field representing the reservoir and 8., is
the interaction strength. This particular choice of
the interaction possesses many of the features of a
dipolar coupling; however, it is more simple to treat.
In fact, the assumption of a random field of force
and the resulting form of the thermodynamic corre-
lation functions between the bath operators consid-
erably reduce the complexity of the formalism
sketched in Sec. II.

The correlation functions for the reservoir are
found to be!®

V=—"Ti(2)f%, (3.12)

Bax
e =—"Tre[T(D)T3p ]
82

= 4 SKA( ler >ave

—|7| /7,

’ K,)M=x,y,2 .

(3.13)

In the following we will assume an isotropic fluc-
tuating field which implies

(T2 ay=AT)ay=(T)p=1. (3.14)

Then with the help of (3.13) and (3.14), Eq. (2.26)
can be rewritten as
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M(Z)ﬁS(Z)z ”"2 [vmjx(z +IIL5)[UK,55(Z)]] ’

(3.15)
where
Jel2)= [ " dre="e,(r) (3.16)

or, using our basis representation,

M@)ff=—i 3 [f™jdz+iLs)[ff*1] .

k=123
(3.17)

Further, the action of j, (z +iLg) on a general basis
vector is given by
2

8%
Jjulz +ilg)f*P=—"

-1
Z+—l‘ 1+iLs| f°.
4 T

[4

(3.18)

This leads finally to the following form of the relax-

ation matrix M(z),
2

Bex
M(z)=—i—> 3 F*
4 k=1,2,3

(3.19)

where F% and (z+1/7.)1+iLg are 16X 16 ma-
trices, whose elements are determined according to
the notation introduced by Egs. (3.5) and (3.10).
Thus FO is the matrix representing the action of the
commutator [7%,...] on all other elements of the
basis (3.1), and the elements of this matrix identify
the coefficients of such an expansion on orthogonal
operators. With the help of (3.9), (3.11), and (3.19),
we are now able to determine the complete evolution
of the muon spin polarization. This result is ob-
tained in the Born approximation but is valid for ar-
bitrary long correlation times 7.

As a consequence of the interaction of the muoni-
um with the medium, one then expects a broadening
or a splitting of the different lines corresponding to
transitions between the four energy levels of the
muonium spin system [Eq. (1.8)]. The characteristic
features of the line shapes are determined by the two
parameters of our model, &, and 7,. Different
choices can generate a variety of possible relaxation
effects, which will be discussed in more detail in the
next section.

An interesting case occurs when the correlation
time of the reservoir becomes very small (e.g., small-
er than the typical relaxation times of our spin sys-
tem, which are known from experiments and are of
the order of 1 us). Then, as discussed at the end of
Sec. II, the memory effects can be neglected and the
Markov approximation, represented by Eq. (2.30),

becomes valid.
Following the same lines leading to (3.19) one
finds

(z +iLs+M)ps(z)=p3 , (3.20)

where M is now frequency independent and has ele-
ments given by

Bex
M="23

Ka,B

—1

FOrpab
af/0x

Latirg

Te

(3.21)

It should be noted that this equation differs from
the z =0 limit of Eq. (3.19). This difference can al-
ready be seen from (2.26) and (2.30).

The evaluation of M is still tedious, but we have
here the advantage that M, as well as iLg, are ma-
trices with constant elements. Instead of (3.20) we
can then write

(z +iL ot )Ps(2)=p3 (3.22)

and a simple diagonalization of the -effective
Liouvillian L . is possible.

The spin dynamics of our system is then fully
determined by the complex eigenvalues of the ma-
trix —iL.¢4, which are ¢ numbers representing the
complex frequencies governing the time evolution of
the polarization components I1,4(¢):

p()=3 ;™" (3.23)
j

where the 4;’s are the complex amplitudes found by
decomposing the initial polarization in a linear com-
bination of the eigenvectors. Let us here briefly con-
sider the case of free muonium (L g=Lg). As a
consequence of the reversibility in the evolution of
the total system, no dissipation will occur, and one
has purely imaginary eigenvalues A.

Now the introduction of irreversible processes
leads in a first-order approximation to damping ef-
fects. The free muonium frequencies are unchanged
if the strength of the interaction and the correlation
time 7. are small enough. Thus instead of (1.9) and
(1.11) we can write

p,','(t)zae —Aif , (3.24)
pt(t) = %[coszﬁe _A“tcos(wzlt)
+sin?Be “*cos(wxt)] (3.25)

where we have omitted the frequencies which cannot
be detected experimentally, and where A|| (A3 and
A,3) are the so-called parallel (transverse) relaxation
rates. A study of the dependence of these dampings
on the various parameters, in particular on the field
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strength assuming 7, and &, to be fixed, and a com-
parison with the results of the Ivanter-Smilga
model'? is part of the subject of the next section.

IV. RESULTS

Before presenting the results of the theory
developed in the previous sections we would like to
discuss other theories of muonium relaxation.
Yakovleva’ derived an equation of motion for the
muonium density matrix based on the Wangsness-
Bloch theory,? starting from the premise that, in-
dependently of its interaction with the u* spin (and
with the external magnetic field if present), the
muonium electron becomes depolarized in the medi-
um. In other words, the existence of a mechanism is
assumed by which the electron spin flips from time
to time, the average time between such events being
denoted by 1/v.

Various predictions of this model have been dis-
cussed by Nosov and Yakovleva.® Later, Ivanter
and Smilga'® generalized the model by taking into
account the effects of a finite chemical lifetime of
muonium.

In our formalism the assumption made by
Yakovleva can be formulated simply by choosing a
particular ansatz for the relaxation matrix M. If
one assumes that the electron interacts with the sur-
roundings independently from its coupling with the
put spin and with the external field by flipping with
a mean expectation time 1/v, one has

Mf®=Mf1°=0,
MfY=2v1f%, (4.1)
MfFi=2v1fy.

The solution of (3.20) with M given by (4.1) is still
complicated but analytic results can be found in the
cases of fast or very slow flipping frequency.”'°

Thus the model of Yakovleva and of Ivanter and
Smilga is contained as a limiting case in the master-
equation approach. Starting from Eq. (3.21), one
can show that when 7, becomes very short, i.e.,
when

'rc_1 >>A,b;,c; , (4.2)

the complexity of the relaxation matrix M consider-
ably reduces. Assuming that

ol

"’:Tcl ’
one finds for M a simple diagonal matrix which be-
comes identical to the relaxation matrix (4.1) if one
sets

8eTe=V . 4.3)

Tec

1+iLs

This result can be identified as a motional narrow-
ing effect.!® The electron depolarizes independently
only if the rate of change 1/7, of the fluctuating
field is fast enough.

If the inequality (4.2) does not hold, the muon
damping rates predicted from the master-equation
approach show a marked difference from the results
based on the Wangsness-Bloch theory.>!° This is il-
lustrated in Figs. 2—4 which show the results of nu-
merical solutions of Eq. (3.20) for a representative
set of parameter values 8., and 7.. The hyperfine
parameters used are those referring to normal
muonium in silicon (4 /A =2012 MHz).

In Fig. 2 both the longitudinal relaxation rate A
and the transverse relaxation rates A, are plotted in
units of 82,7, versus the field strength for a value of
7.=10"""s. In this case, the inequality (4.1) still
holds and the predictions of Eq. (3.20) completely
agree with those obtained by Ivanter and Smilga.'”
For r,= 10~ 10 however, one has A7, ~1, and the
calculated relaxation rates shown in Fig. 3 exhibit a
different field dependence. The ratio of A to Ay is
increased as compared to Fig. 2. This change is
more pronounced for 7,=10"" s which is still small
enough to justify the Markov approximation
(1¢A << 1) since A~10°%s~!. This case is shown in
Fig. 4 where the value of §., has been fixed to
3.16 107 s~!. The parallel relaxation rate A de-
creases from 0.5 us~! at zero field with increasing
field. The relaxation rate A, corresponding to the
lower triplet precession frequency also decreases
with higher field values, whereas A,; first also drops
but then asymptotically reaches a constant value.
The different behavior of A, and A,; at very low
fields is of no relevance since the difference of the
frequencies w; and w,; is smaller than A,;.

The different behavior of the relaxation rates A IIs

2.0 _
Az
1.5H A12 -
5
)
S 1.0 A|l J
<

0.5+ Tc=1o—113 ]
Sex=316x1085™"

1 L 1
0 100 200 300 400
FIELD (G)

FIG. 2. Parallel (A)) and transverse (A, and Aj) re-
laxation rates vs field for parameter values 7,=10"1! s
and 8,=3.16X10® s~!. The hyperfine parameters used
are those referring to normal muonium in silicon.



28 MASTER-EQUATION APPROACH TO MUONIUM. .. 47

1 1 1
0] 100 200 300 400
FIELD (G)

FIG. 3. Parallel and transverse relaxation rates vs field
for 7,=10"1%s and 8., =10%s~1.

A1, and A, at high fields can be traced to the fact
that in the Paschen-Back region the muon and elec-
tron spins are decoupled, and an interaction of the
form (3.12) has no effect on the transitions 1<»2 and
3<>4. This can be demonstrated by the following
solution of Eq. (3.20).

If the field becomes very large we can assume that
the dominant part of iLg is given by the terms
bi=g.upB; (i=12,3). Then the evaluation of
[(1/7.)1+iLg]™" is straightforward; omitting all
terms of order 1/b; and choosing the field direction
along 3 one finds

1 .
—1+iLg =Tc
Te 03,03
and (4.4)
—1
Liyig|  =o,
Te aB,0x

15 76 =107% _
—~ 2 1ax10 -1
= Bey=316%10 s

1
o 100 200 300 400
FIELD (G)

FIG. 4. Parallel and transverse relaxation rates vs field
for 7.=10"% s and 8,=3.16X107 s~!. The field depen-
dence is more pronounced than in Figs. 2 and 3, where the
correlation time was smaller than the inverse of the hy-
perfine frequency.

for all others a,B,x. This allows us to simplify Eq.
(3.21),
82
M=~—=1.F"F”, @.5)

i.e., the only nonvanishing terms of M are on the di-
agonal, and an analytical solution of Eq. (3.20) is
possible leading to two undamped frequencies,

wp=ilc +A/2—A%/4b) ,

(4.6)
w3 =ilc —A/2—A%/4b) ,
and to two damped oscillations,
wya=—L+i(b+4/24+A4%/4b) ,
4.7)

wyp=—T+ilb—A/2+A%/4b) ,

where the damping term is given by I'=82%r,. This
asymptotic result is different from that obtained in
the model of Ivanter and Smilga, where the ex-
change frequency v is considered to be independent
of all system parameters (hyperfine frequency and
external field). In the latter case, even for very large
applied transversal fields, no undamped frequencies
are found.

As can be seen from Figs. 2—4, 7, is a very sensi-
tive parameter governing the characteristic depen-
dence of the different dampings (A, A) on the ap-
plied field. Thus by measuring the various muoni-
um relaxation rates as a function of the external
field, one can determine the correlation time 7, of
the reservoir.

Deviations of the results of the general theory
from those of the Markov approximation are also
seen in Figs. 5—7 where we have plotted some line
shapes of the spectrum of our spin system. These
representations seem especially interesting because
of the possibility to compare them with the mea-
sured Fourier spectra.

The line shapes are obtained by evaluating the real
part of the polarization components Il g(z) as a
function of the pure imaginary frequency z =iw.
As a consequence of the interaction with the medi-
um, one then expects broadenings or splittings of the
different energy levels of our two-spin system [Eq.
(1.8)]. The widths of the lines give a measure of the
relaxation rate of the corresponding transition. The
frequency range was chosen in order to show one
(wy,) of the two visible lines in a uSR experiment in
silicon with a transverse applied field of 100 G. In
addition, in Fig. 7 the evolution of the line shape at
zero frequency [referring to the nonoscillating part
ofp,’,l(t)] is shown.

As has been discussed in Sec. II, the validity of
the Markov approximation is restricted to cases
where the correlation time 7, of the reservoir is suf-
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FIG. 5. Calculated line shape of the transition 1<»2 at
a transverse field of 100 G for three different values of
the correlation time 7.

ficiently small, e.g., smaller than the measured re-
laxation times ( ~1 us). This can clearly be seen by
a comparison of Figs. 5 and 6. For 7, > 1077 s, the
Markov approximation gives a result which is very
different from that obtained from formula (3.19).
The results of the latter give for 7. greater than
107% s a characteristic splitting of Aw ~8,, for the
frequency w, in a transverse field. In this case the
dynamics of the subsystem is governed by frequen-
cies which are much higher than the rates of change
[1/(27.)] of the fluctuating field produced by the
reservoir. This implies the occurrence of two effec-
tive fields in which the electron spin precesses. The
splitting in Fig. 5 is due to the approximation of the
interaction term by Eq. (3.12) using a single value of

04— y T T T
»
< 0.3 " -1
a Tc=1o S
s
é 0.2r N =

\
5 ! 1 -6
a 106 v 5x10°s
> 01 S -
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FIG. 6. Line shape calculated in the Markov approxi-
mation for three values of the correlation time 7.. For
7.=1077 s the line shape is the same as the corresponding
one in Fig. 5. For larger values of 7., the Markov approx-

imation predicts different line shapes.
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FIG. 7. Plot of the line shape at zero frequency for
7.=10"° s and 7,=3X10"° s (where the maximum of
the amplitude is at 0.8).

Oex- In actual cases one has to consider a distribu-
tion of 8., values which is determined, e.g., by the
average distance between the muonium and the
neighboring spins. Instead of a splitting, one then
observes a distribution of frequencies obtained by
taking a statistical average over all §,,.

On the other hand, as shown in Fig. 7, the line
shape at zero frequency is characterized by the fact
that no splitting occurs, even for large 7, (>1077s).
This means that the parallel relaxation rate disap-
pears in the static limit, as expected.

V. COMPARISON TO EXPERIMENTS
AND CONCLUSIONS

Recently transverse and longitudinal relaxation
rates of muonium have been measured as a function
of temperature in germanium!’ and silicon.!® For
high temperatures (7> 150 K for Si), the ratio be-
tween A, measured at 10 G and A at 200 G de-
creases from about 2.0 to 1.5 with increasing tem-
perature. For temperatures lower than 50 K, A is
very small, and A, has a typical value of some 10°
s~! depending on the doping concentration of the
crystal.

The measurements have been interpreted!’ in
terms of different depolarization mechanisms. At
low temperatures the muonium relaxation is due to
the exchange interaction with paramagnetic dopant
atoms, while the strong increase of the relaxation
rate at high temperatures is attributed to either a
chemical reaction or a Raman process.

The existing data are too scarce to allow a sys-
tematic analysis in terms of the relaxation theory
discussed in this paper. The general features, how-
ever, agree with the behavior expected from our dis-
cussion. At low temperatures the correlation times
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are large (7, > 107" s), and one is close to the static
limit where the longitudinal relaxation rate is zero
and the transverse rates are proportional to §., due
to the splitting of the frequencies (see Figs. 5 and 7).

For intermediate values of the correlation time
(107" <7, <107%5), one expects a characteristic
field dependence of both longitudinal and transverse
relaxation rates (see Figs. 2—4). With decreasing 7,
the ratio A, /A || decreases towards a value of 1.5 at-
tained in the limit of complete motional narrowing.
A decrease of this ratio with increasing temperature
has indeed been observed.!® We therefore suggest a
measurement of the relaxation rates as a function of
both the field and the temperature. This then would
allow one to make a direct comparison with our
model of relaxation and to extract the temperature
dependence of 7.. The qualitative agreement be-
tween the existing data and our predictions is en-
couraging.

In conclusion, the application of the theory of
master equations for open systems to muonium in
solids leads to a general description of relaxation
phenomena. It has been shown that the model al-
lows one to study depolarization effects for arbitrary

correlation times going from the static limit to the
limit of motional narrowing. In the latter case, the
model of Ivanter and Smilga based on the
Wangsness-Bloch equations is recovered. The fact
that the dynamics of the spin system under con-
sideration cannot be separated from the relaxation
mechanism with the reservoir shows up in the field
dependence of the relaxation rates. Therefore, an
analysis of the field and temperature dependence of
the relaxation rates of both normal and anomalous
muonium in semiconductors with the help of the
formalism presented here allows one to extract in-
formation about the intrinsic relaxation times of the
host.
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