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Axial-channeling radiation of MeV electrons in high-Z materials
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Within the framework of classical mechanics, the radiation emitted by axially-channeled electrons
in high-Z materials has been studied by computer simulations. The axial and temperature depen-

dences of the axial-channeling radiation emitted by 5-MeV electrons have been investigated in detail
for a Mo crystal. The intensity of the axial-channeling radiation emitted by 5-MeV electrons is

compared with the forward-directed bremsstrahlung, which is also calculated numerically by com-

puter simulation. %e show that the intensity is much higher ( —10 ) than the intensity of the in-

tense x-ray tube RU-1500.

I. INTRQDUCTION

Several years ago, Vorobiev et al. ' and Kumakhov
pointed out the possibility of spontaneous emission of y
quanta by relativistic channeling electrons, which was
predicted to arise from transitions between the bound
states formed in the field of atomic rows and planes.
Kumakhov also predicted that the radiation power near
61axlmuID ls higher by appIoxlIDatcly 2 oldcrs of IDagnl"
tude than that of ordinary bremsstrahlun.

Recently, this new physical effect was first observed by
Alguard et al. They observed the channeling radiation of
56- and 28-MCV positrons along the major planes and the
major axes of a 18-pm-thick silicon crystal. Subsequently,
many authors have successfully observed the photon spec-
trum emitted by the channeling of electrons and posi-
trons.

As for the low-energy electrons in relatively low-Z ma-
terials, Andersen et aI. ' have theoretically and experi-
IDcntally lnvcstlgated thc axial-channcllng I'adlatlon ln a
silicon crystal for 3.5- and 4-MeV electrons, while
Komaki et a/. have calculated the photon energies and
intensities of channeling radiation from the axially-
channeled electrons in silicon and germanium single crys-
tals, using the tight-binding approxin1ation and the
IDuffln-tin potcntlal.

As was already pointed out by Kumakhov, the pho-
ton intensity of axial-channeling radiation of electrons is
proportional to Z (Z indicates the atomic number of the
target atom), and the spectral density of the channeling ra-
diation begins to exceed that of the ordinary bremsstrah-
lung at an electron energy of several MCV, at which inten-
sive x-ray will be emitted.

In this paper, we have calculated the photon intensity of
axially channeled electrons in Mo and % crystals, using
the classical binary-collision approximation' and classical

electrodynamics. "' The photon intensity of channeling
radiation was calculated by Fourier transform of an elec-
tron trajectory determined by the binary-collision approxi-
mation. In the case of high-Z materials, even if an elec-
tron energy is of order of several MeV, the number of
bound levels is large enough to justify the use of classical
mechanics to calculate the photon intensity emitted by
axially channeled electrons.

The criterion governing the applicability of the classical
description of electron channeling is that the number of
quantum states be significantly larger than unity. For axi-
al channeling of electrons, the number of states is given
approxirDately by'

where ao is the Bohr radius, d is the distance between the
stilllg atoIIls, alld 1' = ( 1 —v /c ) is tile relativistic
factor. As is seen from this formula, the number of levels
increases with rising energy.

For the case of planar channeling of eltx:trons, the num-
ber of states is given by

where X ls thc atomic nuIDbcr dcnslty, Rnd d& ls thc lntcr-
planaI' dlstancc.

Tables I and II give the values of n, and n& for various
energies, targets, and channels of present interest. The
critical angles are also listed for later discussions. These
tables tell us that the axial case is "more classical" than
the planar case and that axial channeling in high-Z ma-
terials such as Mo and % crystals can be reasonably treat-
ed within the framework of classical mechanics.
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TABLE I. Number of levels and critical angles for electron planar channeling.

Target

Mo

Mo

Mo

Energy
(MeV)

8.8
10.7
8.8

10.7
8.8

10.7
8.8

10.7

Direction

(100)
(100)
(110)
(110)
(111)
(111)
(111)
(111)

Critical
angle

0.20
0.19
0.24
0.22
0.15
0.14
0.18
0.17

Number of
levels n~

2.0
2.2
2.4
2.6
1.5
1.7
1.5
1.7

In the present simulation, an electron trajectory in a
channel is described as a sequence of straight hnes be-
tween collisions of an electron with the atoms in the
string. Details of the simulation procedure have been
described in Refs. 10 and 12. As the attractive potential
between an electron and an atom in the string, the Moliere
approximation to the Thomas-Fermi (TF) potential was
employed. The effect of thermal vibration is also taken
into account in a usual manner. '

The energy radiated by an electron per unit frequency
and per unit solid angle is given in classical electrodynam-
ics by the formula"

d E =2
/
A(a))

i

where A(c0) is a vector proportional to the Fourier com-
ponents of the electric field intensity,

1/2
ce n grt)A(t0}= dt exp Eco t-

8&c

X nx[(n —p)x p]
(1—n P)

(4)

III. AXIAL-CHANNELING RADIATION
OP ELECTRONS IN CRYSTALS

The classical treatment of positron and electron chan-
neling is similar to the channeling theory of light ions.

n is a unit vector in the direction of the emitted y photon,
p= vs, v being the velocity, and r(t) is specified by the
electron trajectory. Once r(t) is specified for the entrance

condition, the vectors p and p can be determined.

Neglecting multiple scattering and energy-loss effects the
transverse energy Ez for motion perpendicular to the con-
sidered channel axis is conserved, i.e.,

P L 2

Ei —— + 2
+U(r), (5)

2myr

where p„ is the radial momentum component, L the angu-
lar momentum, and r the distance between the electron
and the atomic string. U(r) is the string potential for the
axial channeling, and the following Lindhard's standard
potential' is often used:

Z'e 2 30yFU(r}=— ln +1
d r2

The last two terms in Eq. (5) form an effective potential,

W(r, L)=
2

+U(r) .I.
2l7l fr

If one neglects the effects of thermal vibration, both the
transverse energy and the angular momentum are con-
stants of motion, and they are determined by the entrance
condition at the crystal surface. Since the r dependence of
U(r) is weaker than r at small distance, the effective
potential has a local minimum for L ~ 0. This means that
the electron trajectories are spirals around the atomic
string. Such motion is called "rosette motion. " The clas-
sical description of a rosette motion has been given by
Kumm et a1. ' While a quantum-mechanical treatment
was developed by Komaki and Fujimoto, '6 and Tamura
and Ohtsuki. "

As was already discussed in the preceding section, axial
channeling in high-Z materials can be described within

TABLE II. Number of levels and critical angles for electron axial channeling.

Target

Mo

Mo

Energy
(MeV)

8.8
10.7
8.8

10.7
8.8

10.7
8.8

10.7

Direction

(loo)
& loo&
&11o&
(110)
(111)
(111)
&111)

Critical
angle f,

0.75
0.68
0.63
0.57
0.81
0.73
1.07
0.97

Number of
levels n,

20.6
25.1

14.5
17.8
23.8
29.0
28.6
35.0
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the framework of classical mechanics. But certain physi-
cal effects connected with channeling can only be ex-
plained in terms of quantum theory.

PHOTON ENERGY (NeV)

FIG, 3. Photon spectra in the forward direction for 5-MeV
electrons in the (110) axis of a 1-pm-thick Mo crystal. The an-

gular divergence of the electron beam is 0.5' and the tempera-
ture is 300 K.

Using the classical collision approximation and classical
electrodynamics, we have calculated the channeling radia-
tion emitted by low-energy electrons going through a crys-
tal of high-Z materials along major axes. In the present
simulation, 5-MeV electrons are impinged on a thin single
crystal of Mo and W (see Fig. 1). The angular divergence
58 of the electron beam was taken into account. As is
seen in Table II, the number of' quantum states for 5-MeV
electrons in crystals of high-Z materials such as Mo and
% is larger than twenty, and so a classical approach is
reasonable.

A. Axial dependence of channeling radiation

Radiation intensities are calculated, for 5-MeV elec-
trons impinging on the (100), (110), and (111) faces of a
1-pm-thick Mo single crystal. The angular divergence is
taken as 0.5', and temperature is set equal to 300 K. The

numerical result«« the (100)
are shown in Figs. 2, 3, and 4, respectively. The photon
spectra with 0 marks are calculated using rough mesh in-

tervals for the Fourier-transform integral in Eq. (4). The
upper bound-photon energy fico,„of axial-channehng ra-

diation can be roughly estimated as corn, „=2yati, /r„where
r, is the critical distance above which the electron will not
undergo dechanneling. Since r, is roughly equal to the
screening length ci, using this a yields fau~, „of 185, 155,
and 200 keV for (100), (110), and (111),respectively.
This is the reason why photon spectra with marks,
which do not include the high-frequency component, de-
crease rapidly near fuu = 100 keV.

The profiles of emitted photon spectra show large low-

energy enhancements and resemble the photon spectrum
observed by Swent et al. for 56-keV electrons in the
(110) channel of a 18-p,m-thick silicon crystal. The max-
imal photon energies of the calculated spectra are listed in
Table IH where the photon number per angstrom, per unit
solid angle, and per ampere are also listed for each case.
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FIG. 2. Photon spectra in the forward direction for 5-MeV
electrons in the (100) axis of a 1-pm-thick Mo crystal. The an-
gular divergence of the electron beam is 0.5' and the temperature
is 300 K.

FIG. 4. Photon spectra in the forward direction for 5-MeV
electrons in the (111)axis of a 1-pm-thick Mo crystal. The an-
gular divergence of the electron beam is 0.5' and the temperature
ls 300 K.
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TABLE III. Maximal photon energies and emitted photon numbers at the maximal photon energy for electron channeling along
varmus axes.

Direction

( 1oo&

(11o)
(111)
(111)
(111)
(111)
(111)

(111)

(111&

0.5'

0.5'

0.5'
0.5'

0.5'

0.5
0.5'

0.5
0.5'
0.5
0.5'

Temperature

300
300
300

10
300
300
300
300
300
300
300

Thickness
(pm)

1.0
1.0
1.0
1.0
1.0
0.25
0.50
0,75
1.0
1.5
2.0

Maximal
photon
energy
(keV)

Photon numbers'
10' /AAsrsec

0.78
0.47
0.90
2.33
3.84
0.30
0.55
0.67
0.90
1.2
1.4

'Photon numbers at the maximal photon energy.

One interesting point is the relatively flat feature of the
(110) spectruln. This is due to the fact that the beam an-
gular spread of b,8=0.5' is comparable to the critical an-

gle for (110)axial channeling (see Table II).
According to Kumakhov's classical estimate for the

axial-channeling radiation of a relativistic electron, the to-
tal mtcnslty ls given by

2 6 33Ze y (g)
m(r )

where r is the mean-square radius of the spiral about the
string. For the present cases, we have the following ine-

qualities:

(r )&III) &(" )&Ioo) &(r )&Iio) ~

This explains why we get the most intensive radiation for
the

(ill�)

axial channeling as is shown in Table II and
Pigs. 2, 3, and 4.

In order to investigate the large enhancement in the
higher-energy region (fico& 100 keV), we have calculated
the photon spectrum for 8=3.0' relative to the (100) axis
but leaving the detector set to face the direction of the in-
cident electron beam. The result is shown in Pig. 5. In
this case, the maximal photon energy is 86 keV, which is
larger than the expected photon energy radiated by chan-
nding electrons. One possibility is the contribution of
coherent bremsstrahlung. As is well known, coherent
bremsstrahlung is an interference effect causA by the lat-
tice periodicity and its photon spectrum will have peaks at

8. Temperature and thickness dependence
of channeling radiation

At finite temperature, the atoms in the string are
thermally deviated from their equilibrium positions and
corresponding changes in the transverse Harmltonian alter
the character of the tightly bound states. Thermal vibra-
tion is responsible for the finite depth of the ground states
and increases with rising temperature. This aspect is
clearly shown in Pig. 6, where the photon spectra
Mo(111) at 10 and 300 K are plotted versus the photon
cncrgy.

Tlllckncss dcpcIldcIicc of tllc pllotoI1 llltcllslty ls 111us-

trated in Fig. 7 for 5-MeV electrons in the (111)channel.
For this range of thickness, the intensity radiated by chan-
neling electrons shows a nearly linear proportionality to
the thickness of crystal, since the dechanneling length is

I I 111111 I I I I ililj i I I 1 iiIII I I i I iiii

5 HV 1 —+ 80&100&
8= 3

where n =1,2,3, . . . . ' For 5-MCV electrons intersecting
the (100) plane at an angle of 3', the characteristic photon
energy is 83 keV. This is in good agreement with the
maximal energy in the photon spectrum of Fig. 5.
Enhancement in the higher region of Figs. 2, 3, and 4 may
be mainly due to the coherent bremsstrahlung of dechan-
nclcd clcctrorls.
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FIG. 5. Photon spectrum in the forward direction for 5-MeV
electrons directed at the (100) face with an angle of 3' relative to
the (100) axis of 1-pm-thick Mo crystal. The angular spread of
the electron beam is 0.5 .
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clearly specified than the case of finite angular spread.
Figure 8 shows the incident-angle dependence of the

channeling radiation, where the angles 0.0', 0.4', and 0.8'

are relative to the (111)axis and the detector is set at the
direction of the incident electron beam. The maximal

photon energy of each angle of incidence is seen to in-

crease slightly with increasing the angle of incidence (see
Table III), and the profiles of the photon spectra of 8=0',
0.4', and 0.8' resemble each other. At the higher photon
energies the channeling radiation of 8=0.4' is most inten-
sive. This may be due to the fact that the angle 8=0.4' is
nearly equal to half of the critical angle of a 5-MeV elec-
tron.

D. Channehng radiation and ordinary bremsstrahlung
in high-Z material

PHOTON ENERGY (MeV)

FIG. 6. Temperature dependence of photon spectra in the

forward direction for 5-MeV electrons in the (111) axis of 1-

pm-thick Mo crystal. The beam angular divergence is 0.5'.

much larger than 2.0X10 cm. ' It is interesting that
the maximal photon energies becomes slightly larger as
the thickness increases.

C. Incident-angle dependence of channeling radiation

The incident angle determines the initial population of
the various levels. Therefore, in this section, the channel-
ing radiation will be calculated under the condition of
b,8=0', since the entrance condition at the surface is more

I l I I 'f ~ ll/ I I 0 I I III1 I I I ~ ~ IIII

5 NV e ~ Ho~ill&
a8 = 0.5

Channeling-radiation. intensity begins to exceed that of
ordinary bremsstrahlung at an electron energy of several
MeV. Ordinary bremsstrahlung is caused by multiple
scattering of electrons on atoms and electrons in solids
and thus has a very broad angular distribution. Channel-
ing radiation, on the other hand, is highly forward dirt':t-
ed and may provide a powerful flux of x-ray or y-ray
quanta. The photon intensity of the ordinary bremsstrah-
lung is given by

=3.8y 10 'y' (9)

in the relativistic limit for the optimum thickness I. pt,
where

I.,p,
——5.4& 10

Here, R is the radiation length and it is roughly given by
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FIG. 7. Thickness dependence of photon spectra for 5-MeV
electrons in the (111) axis of Mo crystal. The temperature is
300 K and the beam angular divergence is 0.5'.

FIG. 8. Incident angle dependence of photon spectra for 5-
MeV electrons. The emitted radiation is for the direction of the
(111) axis, the temperature is 300 K, and the beam angular
divergence is 0.5'.
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FIG. 9. Comparison of the axial-channeling radiation with

the forward-directed bremsstrahlung for 5-MeV electrons in a
1-pm-thick Mo crystal. The photon emission is in the direction
of an incident electron beam, the angular divergence of the beam

is 0.5', and temperature is 300 K. The incident angles are,
respectively, 8=0' and 8=9' relative to the (111) axis for the
forward-directed bremsstrahlung and channeling radiation.

where M is the atomic mass of the target atom, and p is
the density of the target material.

Equation (9) tells us that the photon intensity of ordi-
nary bremsstrahlung of 5-MeV electrons in the Mo target
is comparable to that of channeling radiation. It is diffi-
cult, however, to apply Eq. (9) directly to low-energy
bremsstrahlung, since the angular distribution of the emit-
ted photon by low-energy electrons is not so forward
directed.

In order to predict the photon intensity of bremsstrah-
lung emitted by low-energy electrons, we have calculated

the forward-directed photon intensity under the condition
of 8=9' and b,0=0.5'. Comparison of channeling radia-
tion with the forward-directed radiation is shown in Fig.
9, where open circles and solid circles correspond to chan-
neling radiation and forward-directed bremsstrahlung,
respectively. The ratio of the former radiation to the
latter radiation is about 10 in the photon-energy region
less than 100 keV.

More intensive radiation may be expected with a
higher-Z material. The case of a 1-pm-thick W crystal is
shown in Fig. 10. In this case, the maximum photon in-

tensity of channeling radiation in W(111) is higher than
that in Mo(111) by a factor of about 2.2, while the ratio
of the intensity of channeling radiation to that of
forward-directed bremsstrahlung is about thirteen at the
peak of the channeling radiation spectrum.

In Fig. 11 the photon numbers radiated per an electron,
per angstrom, and per unit solid angle are plotted against
the wavelength for 5-MeV electrons directed along the
(111) axis of 1-p,m-thick Mo and W crystals under the
same conditions. Note that the photon number as a func-
tion of wavelength is peaked at a wavelength correspond-
ing to a photon energy larger than the maximal photon
energy. The values of maximum photon number per
angstrom are 0.28 and 0.13 for W(111) and Mo(111),
respectively.

We may compare the channeling-radiation intensity
with the x-ray intensity from an ordinary x-ray tube RU-
1500 which is 4.3 X 10' photons/A A s sr for 50 keV elec-
trons on a W target at 20 keV photon energy. From Table
III, the corresponding value for 5-MeV electrons along W
(111) is 3.84X10' AAssr. Channeling radiation is

clearly more intense than any x-ray tube source.
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FIG. 10. The same as in Fig. 9 but for 1-IMm-thick W crystal.

FIG. 11. Photon numbers per an electron, per angstrom, and

per unit solid angle are plotted against the wavelength of the ra-
diated photon. The angular divergence of the 5-MeV electron
beam is 0.5', the temperature is 300 K, and the thickness of Mo
and W crystal is 1 pm.
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V. CONCLUSION

With the use of the classical binary-collision approxi-
mation and classical electrodynamics, channeling radia-
tion emitted by axially-channeled 5-MeV electrons in
high-Z materials, such as Mo and %, has been studied.
Axial dependence of the channeling radiation was investi-
gated for the three major axes of a Mo single crystal, i.e.,
(100), (110), and (111). The calculated maximal pho-
ton energy and the intensity of the photon spectrum de-

pend strongly on the string potential (mainly the distance
between the atoms in the string).

Thermal vibration is seen to have an effect on the axial
channeling of electrons. This is reflected by the reduced
photon intensity as well as the maximal photon energy.

The thickness of the crystal affects the maximal photon
energy as well as the intensity radiated by channeling elec-
trons. When the thickness is less than the dechanneling
length, the intensity shows a near proportionality to the
thickness of material.

The angular variation of the photon intensities reflects
the variation of population of initial states. For 8=0, the

photon intensities in the low-energy region is relatively
large. However, the most intense radiation will be ob-
served for an angle of incidence less than the critical angle
because more states are populated.

Comparison of the intensity of the channeling radiation
with that of the forward-directed bremsstrahlung was un-

dertaken. For 5-MeV electrons, the ratio of the former in-

tensity to the latter intensity in the direction of the in-
cident electron beam is about ten on average. This large
ratio is reasonable since the angular spread of ordinary
bremsstrahlung is inversely proportional to the half-power
of the radiation length. '

A large ratio of the channeling radiation intensity to the
intensity from an intense x-ray tube was also obtained.
This suggests a new x-ray source for the ordinary x-ray
laboratory.
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